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Abstract. In the present paper, discuss the concept of fuzzy topological spectrum of a bounded
commutative KU-algebra and study some of the characteristics of this topology. Also, we show
that the fuzzy topological spectrum of this structure is compact and T,-space.

2010 AMS Classification: 06F35, 54A05, 03E72

Key words: KU-algebra, fuzzy ideal, fuzzy prime ideal, fuzzy spectrum.

1. Introduction

Iseki [2] introduced BCK-algebras. The topology on M>
M = {all fuzzy prime ideal of a commutative BCK -algebra} was introduced by [1]. A new

algebraic structure which is a KU-algebra was introduced by [5]. In [4] a topology on the set of all
prime ideals of a commutative KU-algebra was studied. Now, the purpose of this paper is to define
the concept of fuzzy spectrum and discusses some properties of this topological space over a bounded
commutative KU-algebra.

2. Preliminaries:

Definition 2.1 [3,5]. Let M # ¢ with a binary operatione and a constant 0, then (M,,0) is a KU -
algebra, if

(kuy) (sew)e[(wez))e(sez)]=0,

(ku,) se0=0,
(kuy,) Qes=s,
(ku,) sew=0and wes =0 impliess =w,
(kuy) ses=0,

Foralls,w,ze M.

On a KU-algebra(M,e,0) , a binary relation < on M define by:

u<v<veu=0.Therefore (M,<) is a partially ordered set also 0 is its smallest element. Hence
(M,,0) It meets the conditions as it comes: Vs,w,z e M

(kuy): (wz)*(s*2) < (S*W)

(ku,): 0<s

(kuy): s<w,w<s implies s=w,

(ku, ): wes<s.

Theorem 2.2 [3]: Let (M,,0) be a KU-algebra, the following axioms are satisfied:

Vs,w,zeM,

(1): s<wimplywez <sez,
(2): se(wez)=we(sez), VSs,w,zeM,
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(3): ((wes)es)<w.
Definition 2.3 [4]: A KU-algebraM is KU-commutative if it satisfies: (We S)es = (Sew)ew, Vs, w
inM. Forall s,w
(w*s)*sis denoted by s A w.
Definition 2.4 [4]: A KU-algebraM is bounded if de € M satisfyingu < e Yu € M.. In this case,
YU eM u=*eisdenoted by N, .
Definition 2.5 [3]: A subset J of a KU-algebra (M,e,0) is a KU- ideal of M , if
(1) 0eJ
(I,) Vs,w,zeM ,if sx(wxz)eJ and we J, implys*zeJ.
Theorem 2.6 [4]: Any bounded commutative KU- algebraM with respect to (M, <) is a KU- lattice.
Definition 2.7 [4]: Let M be a KU-lattice and Pra proper ideal of M . Then Pr is a prime if
UAVvVePr implies ueProrvePr Yu,vinM.
Theorem 2.8 [4]: In a KU-lattice M , a proper ideal ProfM is a prime if A(1B < Pr implies
AcProrBcPr VAB idealsinM.
Lemma 2.9 [4]: Every maximal KU-ideal is prime.
Lemma 2.10: Every KU-ideal is contained in a maximal KU-ideal.
Proof. Straightforward
Definition 2.11 [6]: A fuzzy subset o of M is a functiono: M — [0,1]. Let o and 7 be fuzzy sets
in a set fuzzy sets, we define:
(1) o=n < (VseM)(o(s) =n(s)),
(2) o =< (VseM)(o(s) <n(s)).
The union is defined by (o U7)(s) = max{o(s),n(s)},Vse M.
The intersection is defined by (o (17)(s) = min{o(s),77(s)},Vu e M.
More generally, for a family of fuzzy sets {o; : j € A} inasetM, the union and the intersection are
defined by
(o)) =sup,., o,(5), ((o;)s) =inf,_, o,(s), respectively Vs € M.
jeA jeA
M is a KU- lattice unless otherwise indicated.
Definition 2.12: For any fuzzy subsets gand i inM . un is defined as

pn(u) = sup{min(z(v),7(W)} vy v,wem.

U=VAW

Definition 2.13: Letu € M, then Ut the fuzzy point of M is a fuzzy subset of M , which is defined

t u=v
by U (V) = {0 Uy , wheret e (0,1].
Definition 2.14: Let u be a fuzzy subset of M , if ©(u) =0 Yu e M, then y is called empty fuzzy
set denoted by @ .
Definition 2.15: If u is a fuzzy subset of M and Uy is a fuzzy point of M. Fort € [0,1], the set

4, ={u e M pu(u) >t}is alevel subset of zand if U e g, then U, < 1 .

Definition 2.16 [3]: A fuzzy set o of a KU-algebraM is fuzzy KU-ideal if
(F)o(0) = o(s),Vse M.
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(F)o(sez)>min{c(se(wz)),c(W)}, Vs,w,ze M.
Lemma 2.17 [3]: Let  be fuzzy KU-ideal of M. YU,V € M, ifu <v, then z£(U) = u(V) .

Definition 2.18: The fuzzy KU-ideal generated by x (u is a fuzzy subset of M ) which is denoted by
() is the intersection of all fuzzy KU-ideals 77 of M . (i.e)

() = 1t < 17,77 is fuzzy KU-ideal of M}

Obviously, we get 1z < (), and if u is fuzzy KU-ideal of M, then u={u) .

Lemma 2.19: If 4,7 are two fuzzy KU-ideal of M, then A =A7.

Proof. Letu e M, u=b Acand 4,7 be fuzzy KU-ideals. Since b Ac<b So,

A(b) < A(b Ac)=A(u)and7n(c) <n(b Ac)=n(u) by Lemma 2.17. Hence,
min{A(b),n(c)}< (AN n)(u). Therefore, An < (A 7n)(u) or equivalently Ain < AN7.
Conversely, An(u) =sup,_,;,{MIN{A(v),7(W)}}=> min{A(u),n(u)}= (A Nn)(u).

So An 2 ANn.Thus An=ANn.

Corollary 2.20: If 4,7 are two fuzzy KU-ideal of M , then A7 is a fuzzy KU-ideal of M.
Lemma 2.21: If 4,7 are two fuzzy KU-ideal of M and A7 is a fuzzy KU-ideal of M . Then
AncniAncv.

Proof. If n7is a fuzzy KU-ideal of M. If s=wWA z, thenn(z) <7(s) by Lemma2.17
Hence,

177(3) — SUpSZW/\Z{min{ﬂ/(W),U(Z)}}S Sups:w/\z{n(z)}S 77(5) .

Therefore Ancn.

Definition2.22: A non-constant fuzzy KU-ideal o of a bounded commutative KU-algebra M is called

prime if o (s Aw) < max{c(s),c(W)} Vs,weM.

Definition 2.23: A non-constant fuzzy KU-ideal u of a bounded commutative KU-algebraM is called

prime if, for all fuzzy KU-ideals Aand o such that Ao < , theneither A c poroc u.

Lemma 2.24: Leto be a fuzzy prime KU-ideal of a commutative KU-algebraM . Then

o, ={s e M:o(s) = o(0)}is a prime KU-ideal of M.

Proof. Let s,we M be such thato(0) = (s Aw) < max{c(s),c(w)}=c(s) or o(w). It follows

from (F,) that o (s) = o(0) or o(w) = o(0) . Hence S € O, or W€ 0, . Therefore o, isa prime KU-
ideal of M .
Corollary 2.25. Let u be a fuzzy KU-ideal of a commutative KU-algebraM , then

pr={ueM: u(u) =1}is either pr=® or aprime ideal of M.

3. Fuzzy spectrum:

In this section we define a topology on spec(u) and we give some properties about the induced space,
we prove this space is T, -space and we can define a nontrivial base for this topology.

Definition 3.1: If M is a bounded commutative KU-algebra and g is a fuzzy set of M . The set L of
all prime fuzzy KU-ideals of o is spectrum of o and denoted by spec(o).

(i.e.) L=spec(oc) ={p: p is fuzzy prime KU-ideal of o}. And for each proper fuzzy KU-ideal A of
o, let D(1) ={p e spec(o): 1 < p}.

Notation 3.2: L(1) = L\ D(1) ={p € spec(o): 1 & p}, > L\ D(A4) is the complement of
O(4)inK.
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Clearly D({1)) = D(A), for all fuzzy subset of o .

Theorem 3.3: If M is a bounded KU-commutative algebra and o is a fuzzy set of

M,z ={L(1): Aisafuzzy KU-ideal of o}. Then the pair (L, 7)is a topological space, it is called
fuzzy spectrum of o .

Proof. L(o) = Spec(o) = Land L(®) = ¢, where @ is the fuzzy empty set. Thus K,g e 7.

Now, prove that 7 is closed under finite intersection.

If Aand 7 are two fuzzy ideals of 4 . We claim that D(1) U D(#7) = D(47) . Let u € D(An7) . Then
An < u.Sincepel,wehave A < porn < . Hence e D(A)UD(®7).

Conversely, if £ € D(1)UD(#), then e D(A4)or i€ D(n).

An=ANncAandin =ANncn.Thus, An < mandso € D(An). It follows that
D(1)UD(n) < D(4n) .We get D(1) U D(r7) = D(An7) , are equivalently,

L(A) N L) =(LAD(A))N(L\ D)) = (L\(D(A)U D(7)) = (L\ D(47)) = L(4n) . By
Corollary (2.18), An is fuzzy ideal and so L(A)(\L(7)=L(An)er.

Finally, if {4, : j € A}is a collection of fuzzy ideals of M . Now, prove that ﬂ D(4;) = D(U 4;).

jeA jeA
Let pe[|D(4;). thenforany jeA,peD(4;)andso 4; < p .Hence, | J1; < p and thus
jeA JeA
p e D(|J4,;) .Conversely, let p  D(| J4;) , then| J4; = p. Thus, for
jeA jeA jeA
any je A, 4, | J4 < p.Hence pe D(A;)forall je Aandsop € (| D(4;).
jeA jeA
This shows that (| D(4;) = D(| J4;) . By Notation (3.2), we get D(| J4;) = D({| J4;)) and so
jeA jeA jeA jeA
(\D(4;) =D J4;)-
jeA jeA

Furthermore, we get

Ur@) =Jw\p@,)=L\(DA;) =LADKA N =L er.

jeA jeA jeA jeA jeA

Hence (L, 7)is a topological space.

Theorem 3.4: The family ¥ ={L(u,) :u € M,t € (0,1} of 7 is a base for 7 . Where u, is a fuzzy
point of M.

Proof. VueM,te (0], L(u,) = L(u,))andso L(u,) er.

We will prove that WV is a base for 7. LetL(4) e 7, L(1) =L\ D(A) and

D(4) = (| D(u,) (since D((_J4;) =[D(4,)). SoL(2) = L\ [ D(u,) .Hence L(4) = [ JL(u,) ,

Ny jeA jeA Ui U
therefore Y is a base for 7 .

Theorem 3.5: The topological space L = Spec(o)isa T, space.

Proof. Let p,, p, € Land p, # p,. Then, either p, & p,or p,  p,.

If o,  p,. then p, & D(p,)but p, € D(p,). Moreover, p, € L(p,) butp, & L(p;).

If p, < p,, similarly we can get p, € L(p,)butp, ¢ L(p,). Hence, L = Spec(c) isa T, space.
Lemma3.6: Let t,,t, € (01]Jand t, <t,. Then L(u; )= L(u, ) forueM.

Proof. Suppose that u € L(utl), then U, & u =1t > u(u).
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ut t, >t then t, > z(u)and hence u, & = e L(u, ). Therefore L(u, )< L(u, ).
But t, > t,then t, > z(u)and h . L(u,,). Therefore L(u, ) < L(u,

Lemma3.7:If F < (04]and L= {L((u;),): je A,te F,u; e M}, then sup{t:te F}=1.
Proof. Clear.
Theorem 3.8: The topological space L = Spec() is a compact space.

Proof. Since the set W ={L(u;) :u € M, i € (0,1]}is a base for this topological space, we assume that
the set {L((u;),): jeAu; eMteF < (01} isacoverfor L. Letg=sup{t:te F}. By Lemma
3.7, p=1and by Lemma (3.6) the set {L((u;),) : j € A}is a covering for L. Now we have

L= J(L@u)),) = LJW;)) =L\D(J(u;),)) . On the other hands we have

jeA jeA jeA
DU J W) =D JW;),),soL = LAD(| J(u;),), hence D(| J(u;),) = 4. Let Pr be any
jeA jeA jeA jeA
) ) . 1 uePr
fuzzy prime KU-ideal of M and if u(u) =
0 uegPr.
Clearly,  is a fuzzy prime KU-ideal of Mand 4 ¢ D(| J(u;),), then | J(u;); & 4,50 Tk e A
jeA jeA

5 (u.), < u, therefore w(u,) <land hence u, & Pr. Thus, there is no any fuzzy prime KU-ideal
consist the set {u; : j € A}and then there is no fuzzy KU-ideal consist the set{u; : j € A},

otherwise A — mfor some fuzzy maximal ideal m by Lemma2.9 and Lemma2.10, m is fuzzy prime
which is contradiction. Hence ({u; : j € A}) =M, since M is bounded, thene e {u; : j € A}) . Now

we showthatD(LnJ(uj)l) =¢.Letue D(O(uj)l). Then Lnj(uj)1 c u.So

j=1 j=1 j=1
Vj=12,.,n,(u;), c u,therefore Vj=12,..,n, u(U;) =1 andso(u;) =1 Vj=12,..,n. Thus
Vj=12,..,n,u. € u,and hence ({uj 1 Je A} < u, , therefore e € 4, , which is a contradiction.

Thus D(U(uj)l) = ¢, and so

L= D(J@,)) = L\ D)) = D = UL,
This shows that L is compact.
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