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Abstract . In this paper, we investigate the New Mixture Distribution with discussion its studied
mathematical and statistical properties. The classical methods (maximum likelihood, ordinary least
square , and rank set sampling methods) are used to estimate the parameters of New Mixture with
comparison between them using the mean square error for different sizes of simulation samples
generated. Finally, we illustrate the usefulness of proposed by application of complete real data.

1. Introduction

In order to keep abreast of developments in the medical and engineering fields and other scientific
areas related to data analysis and extract information that will help to take appropriate action based on
this information. An important technique in analyzing data, especially in the field of reliability and
survival, which was used of statistical distributions. These distributions which play important roles in
the processing and analysis of data. In view of the developments in modern medical and technological
fields, needing to develop statistical methods in processing and extracting data. The methods that the
researchers developed is the style of a combination of statistical distributions to generate new
distributions comparable to the characteristics known distributions. One method developed by the
researchers is a combination of one of these ideas, which is based on the tail distribution in two or
more distributional combinations. New mixture distribution is mixed between the exponential Weibull
and exponential Rayleigh. Firstly, mixing between exponential and Weibull distributions. Secondly,
mixing between exponential and Rayleigh distributions. Gauss (2013) introduced a new method to
mix the distributions by using a tail of these distributions, and represented this new method to mix
between exponential of one parameter and Weibull of two parameters[4]. Suleman, N., (2016); found
a new distribution called "Serial Weibull Rayleigh distribution: theory and application[10]. Maysaa
Jalil and lden Hasan (2018a)[7] used the tail technical to introduce a new mixture distribution Besides
that, Gauss M. Cordeiro and et al(2016), introduced a new distribution. It depending on exponential
Weibull distribution said" The Kumaraswamy exponential-Weibull distribution: theory and
applications[5]. Faton Merovci and Ibrahim Elbatal (2015)[3], represented a new distribution called
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"Weibull Rayleigh Distribution™. It depending on another method to mix between the distribution

(integral method). Marcelo et al.(2014)[2], represented Weibull — G distribution based on odds fg)y)
where 3(y,9) is the (CDF) of random variable such that:
19(9}?) 5.01°
F(y,a,b,9) = f Y abzb-1eaz" 4z = 1 — e{_aTy) }y € R;a,b> 0.
0

Ahmad Mahir Razali et al.(2008) introduced "On Simulation Study of Mixture of Two Weibull
Distributions”. Which is mixed between two Weibull Distributions[1]. Rodrigues & Silve, (2015),
represented “The Exponentiated Kumaraswamy- Exponential Distribution”. That is extended the
exponential distribution[6].

In this article, discussion the definition of New Mixture Distribution. The researcher introduces the
structure of mixed distribution with some preliminaries and properties of this distribution in section
two, the estimation the three parameters of New Mixture Distribution using Maximum likelihood,
Ordinary least square, and rank set sampling methods) in section three, simulation study to generate
different sizes of samples and comparison between the methods above by using mean square error for
the parameters estimation in section four, finally ,an application using real complete data in section
five.

2. Preliminaries

2.1 New Mixture Distribution
In this section, present the new distribution with three parameters. It is mixed between exponential
Weibull and exponential Rayleigh. The pdf of the new mixture distribution is:

B a
f(x) =(2Y + Bx + ocx"‘_l)e_(ZYX'FEX2+X ), x>0 1
Where, Y > 0, 8 > 0 are two scale parameters and o > 0, is the shape parameter of a new mixture
distribution. The cdf function is

—(2Yx+gx2 +x°‘)

Gx)=1-—e , x>0 )

The survival and hazard functions respectively of new mixture distribution are:

S(X) — e—(2YX+gx2+x°‘)’ >0 (3)

h(x) = 2Y + Bx + ax*"1, x> 0 (4)
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Figure(1): The density function of
New Mixture Distribution the scale
parameters are constants with different

Figure(2): The cumulative function of
New Mixture Distribution the scale
parameters are constants with different

shape parameter values shape parameter values

2.2 The Statistical Properties
The rth moment about origin of New Mixture Distribution is:

M; = EX") =2YK(,Y,B,a) + BK(r+ 1,Y,B, o) + aK(r+ a —1,Y, B, a) 5)
Where,

i (=2Y)" (=)™ F<r +n+2m+ 1)

n! 2M m! o

1 [oe]
K(rY,B o) = —Z
“=

) m=0
Then, the mean is:

EX) = 2YK(1,Y,B,a) + BK(2,Y,B,a) + aK(a, Y, B, ).

And the variance of the New Mixture Distribution is:
Var(X) = E(X?) — [E(X)]?
=2YKQR,Y,B,a) + BKQ3,Y,B,a) + aK(a + 1,7, B, )
—[2YK(L,Y,B,a) + BK(2,Y,B,a) + aK(a,Y, B, @)]?

The Moments Generating function is:
M(t)=2 YK(t, 2Y-t, B,o)+PK(t+1, 2Y-t, B,0) +aK(t+a-1,2Y-t,B,01) (6)
The Factorial Moments Generating function is:

M, (=2 YK(t, 2Y- Int, B,0)+BK(t+1, 2Y- Int, B,o)+oK(t+a-1,2Y- In t,B,0) @)
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Finally, the Characteristic function is:
@ (>it) =2 YK(t, 2Y-it, B,a)+pK(t+1, 2Y-it, B,0)+aK(t+a-1,2Y-it,B,0) (8)
We can see another properties of the New Mixture Distribution in [7 ].

3. Estimation parameters of New Mixture Distribution

In this section, determine classical estimation methods to estimate the parameters of
New Mixture Distribution (Y, 3, a).

3.1 Maximum likelihood Estimation method

B «
Using (1), f(x) =(2Y +Bx + ocx“‘l)e_(ZYX+EXZ+X )’ x>0

n
L( X1,X9, ....Xn,Y, B, O(,) = H f(XiIYI B' (X)
i=1

LOnBax) = | | Feuv.po
i=1

n

—yn B2
L(Y, B, a,x;) = 1_[[( 2Y + Bx; + ax;* N e Z’=1(2YX’+2X‘ > 1)]

i=1
The log-likelihood function is:

n

n
InL(Y, B, o, %;) = Z In( 2Y + Bx; + ax;“ 1) — <2Yxi + gxiz + x“i)
i=1 i=1
Assume that:
oy Ok - - R o
g( )_O_Y_ Z( +BX1+O[Xi ) _in (9)
i=1 i=1
W OIL O et Ic
W(B ) = 6_[3 = Z( 2Y + Bx; + ax; )7 (%) — > X (10)
i=1 i=1

n

n
N dInL
d(a ) = WZ( 2Y + Bx; + ax;* ) ;% Haln(x;) + 1] — Z x;%In(x;)
i=1

(11)
i=1
When % = 0:; = G;L = 0, there is no closed solution of equations(9),(10),(11). Therefore,
numerical technigue( Newton —Raphson method) should be applied[9].
"t Y g(Y")
B i+1]l = B il — ]_1 W(BA) (12)

41 o’ d(a")
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da

6g(Y) 0g(Y) 0g(Y)]
6W(B) 6W(B) OW(B)l

Where the Jacobean matrix is define as: | = | P
[Bd(ot) 6d(a) ad(oc)J

da
? ‘gg) =—4 i=1( 2Y + Bx; + ax;* )72

: g((xY) =2 Z( 2Y + Bx; + o * )2 aln(x) + 1)

a‘g—éﬁ) =-1 Z( 2Y + Bx; + ") 2 () (a In(x) + 1)

aw(B) [Z( 2Y + Bx; + ax; )72 ]

ad(a)

Z( 2Y + Bx; + o, % 1)1 %, In(x;)
n

— Z( 2Y + Bx; + ax;® 1) 72 %2 D[aln(x;) + 1] Z “(ln(xl))
i=1

i=1
Since the Jacobean matrix must be a non —singular symmetric matrix, then:

ag(y) ow(p) ow(p) ad(a) and dg(Y) 9d(a)
g oy '’ da OB ' da Y

3.2 Ordinary Least Square Estimation Method

Minimization the sum of squared differences between the sample value (J;) and the expected
values E (P,) is the main idea of this method by the formula:

;e% - ;(Pi ~E(®)

Y= (= Bo— Buxi — Boxi® — Bari)’
i=1

i=1

=}

By taking the c. d. f. of three parameters New Mixture Distribution:
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—<2YXi+gXi2+Xia)

Gix)=1-—e , x>0

ZYXi+gXi2+Xia)

1-G(x;) = e_<
In(1-G(x)) = —2Yx; — gxiz —x;“
P =In(1-G(x)),Bo = 0,1 = —2Y,B; = _g' and B = —1

e =In(1—-G(x;))+2Yx; + Exiz + x;¢

2
n n B 2
€ = ln( 1-— G(Xi)) + 2Yx; + =x;% + x;©
24-2l :
X, €° > B
——— =g =4 ) [In(1-G(x;))+2Yx; + %% + x;,*] (x;)
o 2. i
n o .2 n
Q2iaci Zi—,zﬁl ) = Z [in(1—G(x)) +2Yx; + gxiz + ;9] (%)
i=1
n 2 n
azlazé €; = d(a) =2 Z [ln( 1-— G(Xl)) + ZYXL' + gXiz + Xia] (Xia ln(Xi))

=1

J is the Jacobean matrix is define as follows:

0g(Y) ag() 0g()
oY B da
= ow(B) ow(B) ow(B)
| oy B da
dd(a) dd(a) 0dd(a)
[ 9y aB do |

Then, from the equations(14,15,16):

n
ag() _ 82x-2
ay Lt

i=1

n
09(Y) _ sz_3
o L

(13)

(14)

(15)

(16)
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0g(Y) ~

9

e 4 El x; "1 In(x;)
i=

0 W(B) 1/22

2B =Y ke nge)

da ;
i=1

n

d d(O() Z Ln( 1- G(Xl)) x;* (]n(Xl.))Z + Zyxia+1 In(x;) + gximz In(x;)

+ 2X11 “(In(x)?]

Y'i " g(¥?)
B [ = 8|17 | w(BY )
a1 o’ d(a")

It is numerical( Newton —Raphson method). Since Jacobean matrix is non-singular matrix, then
99(r) _ ow(p) Iw(p) _ dd(a) d ag(Y) _ ad(w)

ap ay ' oda  ap "’ da  dY

3.3 Rank Set Sampling Estimation Method
The p.d.f of the new mixture distribution which obtained by increasing ordering random

sampling (Xy, X, Xa, o o . X,) is:
FG) = oy 1 1 = GGl 7 () (18)
16 = 7, (n l) [ (el )]H [1 —1+ e‘(”"”gx’]”"a)]n_i [(zy + Bx
+ax® e (2”*%’“2”“)]
letM = T then,

n—i+1
f(x ) = M(ZY + BX + ax%™ 1) [1 _ ZYX1+ Exi2+x;* ] [ 2Yx;+ Exl +x; )]
The likelihood function is,

n

L(Y,B, a,%x;) = M" 1_[[( 2Y + Bx;

n ( B 2 « i-1 n B 2 « n—i+1
— —(2Yx;+5x;" +x; ) —(2Yx-+—x- +x; )
+axi“1)||[1—e bt ‘] ||[e T
i=1 i=1

The log- likelihood function is,
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N n - (B2 a
InL =nlnM + z In( 2Y + Bx; + ax; 1) + Z (i — Dln <1 —e (ZYxl+2xl +Xj ))
i=1 i=1

n
_ Z (i D20+ gxiz +x,%)
o

n
N dInL
g(Y ) = W = ZZ( 2Y + BXi + (xxi“_l)_l

n 2 a -1
n Z (l . 1) (1 . e—(z}’xi+gxi +x; )) e (ZYx +'8xl +x; >(2 L) (19)
i=1

_ zn (n—i+1)2x)
i=1

w(p") = afl,rgL Z( 2Y + fx; + ax® ) M)

B ! Byzia
n Z (-1 <1 _ (ZYxl+2xl +x; )) e—(ZYX1+2X12+Xl ) (l xi2> (20)
i=1

2
—Z. (n—l+1)(—xl )

d(a/\) _ OInL Z( 27 + Bxl + axla 1) X; a-— 1(a ln(xl) + 1)

1
" Z (i-1) <1 _ e—(ZYxi+§xi +x; )) e—(ZYxi+gxl.2+xi0‘) (xf‘ ln(xi)) (21)
i=1

~3 =i+ DeinG).

Assume that @ = a;; = % 0, by using the numerical method ( Newton —Raphson) to find the

solution of these equations, therefore, and the Jacobean matrix is define as follows:

0g(Y) dg(Y) 9g()
oY op da
ow(B) aw(B) aIw(pB)
oY op da
dd(a) dd(a) dd(a)
oY B o

Where:
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0 g(Y) = —42( 2Y + Bx; + ax; 1)~
Z(l ~1) (1 _ (2Yxl+ Ex? +xl ] 2Yxl+ Exi?+x; >(4xi2)]
Z(l ~1) [(1 _ (2Yxl+ Ex? +xl ] 2Yxl+ Exi?+x; )(4 12)]
? gg{) =-2 Z( 2Y + Bx; + ax;* D72 (xy)
n -2
IS (1- e lreedeen)) ] [e‘z(ZYXH%Xt”Xf“)(xﬁ)]
_ Z._ (l _ 1) [(1 _ (ZYxl+gxl +xl ] [ ZYxl+Bxl +x;% ( 13)]
d g((xY) =-2 Z( 2Y + Bx; + ax; " H 72,V (aln(x;) + 1)
i=1
n -2
~2)G-1) [(1 ) e_(zy,q+§x,.2+x,.a)> [e et )(xl““)(ln(xl))]
n=1
? \géB) =-1 ;( 2Y + Bx; + ax;* )72 (x%)
n -2
_%Z(i —1) [(1 _ e—(ZYxi+§xi2+xi“)> ] [e 2(2}’x,+’8xl +x; )( 14)]
n=1
n -1
_ %Z(l —1) [(1 _ e—(ZYxi+§xi2+x,-“)> ] [e 2(2}’x,+’8xl +x; )( 14)]
i=1
° Vgéﬁ) =1 Z(ZY + B + @) 2 () (@In(x) + 1)

n -2
%Z _ 1 [(1 _ (ZYxi+§xi2+xi“)> ] [e—z(zyxi+§xi2+xz“) (x,%*2)(In xi)]
"t -1
z ~1) [(1 _ e—(zyxi+§xi2+xi“)> ] [e—Z(ZYxﬁgmzﬂina)(xia+2(ln xl_))]
i=1

| (o

2
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0d(e) _ X N
P Z( 2Y + Bx; + ax;* 71 (x;* 1 In(x;)) (aIn(x;) + 2)
i=1
n
- Z( 2Y + Bx; + o * 1) 72 (2@ D) (aln(xy) + 1)2
& B2, a)\ 2 B2, a
- -1 [<1 - orlermsiten )> ] [<‘ ) ) i >]
i Br2, a)\ Br2,y,a
- Z(l -1) [(1 - e_<2Yxi+7xi B )> ] [e_<zyxi+7xi bl )(Xiza)(ln xi)z]
Tl=1n
=) (=i D) () InG))?
Since, Jacobean is non-singular matrix, then, a“‘;g) = a‘g;ﬁ), av;ff) = a';;“) and ai—(g) = ac;sx).
Therefore,
"1 Y’ g(Y")
BAi+1 = BAi -] W(BA) (22)
o1 o d(a")

It is numerical( Newton —Raphson method)to find the solution of these equations.

4. Simulation Study

In this section, provided the method to generate different sizes of the random samples. It
depends on the cumulative distribution function of new mixture distribution. From the equation
(2)the CDF of New Mixture Distribution is:

B2y ya B2, ya
GO0 = 1— e (@) o0 then 1 — G(x) = e~ (x5 +x%)

Take the Logarithm to both sides in the equation, besides that substitution o =1 . As a result,
getting the following equation:

—2Y+ 1) F (Y + 1)? =28 In(1 — u))/?
x= B (23)

Because (x ) is positive, the negative values resulting from this generation are ignored. According to
equation (23), generating different sizes of samples n=10,30, 50, 100. And estimation the unknown
parameters by using (MLE, OLS, RSS)methods. Therefore, calculating the value of mean square error

A_9\2
to compare between the methods. MSE=Y'%_, @ Lﬁ) , where n is the size of sample and L which is the

number of Repeating the experiments(L=500), n=10,30, 50, 100.

4.1 Results and discussion
In this section, discussing the MSE of different sizes of samples that used to compare the estimation
methods. Repeating the experiments 500 times for each sample.

10
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Table (1): The MSE values where ( Y=0.0102, =0.0291 and a =1

MLE RSS OLS
n AN A AN A AN A
(y'ﬂ ’ a) (y'ﬂ ’ a) (yvﬁ , a)

V.69E-5 3.48E-33

(2)'(2)3];’7%1 3.12E-5  4.24E-32

10 0.000124 9.85E-9  6.94E-31
2.09E-5 1.67E-6  6.64E-35

30 0.051679 2.33E-5  2.46E-34
0.001114 2.31E-8  1.89E-33

5.85E-5 8.31E-6  1.63E-35

50 1.43278 1.15E-5  8.26E-35
0.003097 3.37E-9  1.29E-33

0.000232 4.01E-6  3.57E-35

100 0.57353 1.61E-5  9.79E-35
0.012405 3.84E-9  3.91E-34

In this table assumed that ( Y=0.0102, $=0.0291 , . =1) in the equation of generated samples. And
suppose that (Y=0.000166, p=0.0077 ,o. =0.00099) are the initial values which are needing for(
Newton —Raphson)in equations(12,17and 28).

Table (2): The MSE

values where

((¥=0.0102, p=0.0291 MLE RSS OLS ,a=1)
n AN A AN A AN A
(y:[} ’ a) (y:[} ’ oz) (y'ﬁ ’ oz)
3.52E-5 1.26E-5  1.18E-32
10 0.072995 0.00088  2.05E-31
0.000125  4.15E-9 3.6E-11
0.000263 3.4E-5 1.07E-33
30 0.655548  9.03E-5 1.2E-32
0.001165 6.33E-9 3.6E-11
0.000882 4.29E-5  1.71E-33
1.872483
50 0.003168 3.85E-5 2.5E-32
' 1.51E-9 3.6E-11
0.003199 291E-5 1.21E-33
100 7395463  5.63E-5 1.61E-32
0.012654 2.67E-9  3.61E-11

In this table, having the same initial value that assumed in table (1)to generate the samples. The initial
values which are for (Newton—Raphson) in (12,17,28) are(Y'=0.0005,=0.003333,0=0.0006).

11
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Table (3): The MSE values where ( Y=1.2, p=1.1and a. =1)

MLE RSS OLS
n AN A AN A AN A
(yvﬂ ’ a) (yvﬂ , a) (y'[} , a)
Y.07E-6 73662%]1213 2.16E-34
10 0.001594 6. 8.27E-34
2.73E-8 2 73E-8 2.47E-33
3.33E-9 3.65E-6 1.4E-33
30 0.01437  3.01E-6 6.77E-33
0.000588 7.15E-6 2.66E-32
3.19E-6 1.25E-8 4.01E-35
50 2.69E-6 0.039659 1.41E-35
1.81E-8 0.001423 9.88E-34
1.93E-8 3.33E-6 2.76E-10
100 0.158667 1.61E-5 7.1E-35

0.006542 1.6646E-9 5.68E-34

In this table assumed that (Y=1.2, f=1.1and a =1) in the equation of generated samples. And
suppose that (Y=0.004, p=0.01and o. =0.00066) are the initial values which are needing for(
Newton —Raphson) in (12,17 and 28) equations.

Table (4): The MSE values where ( Y=1.2, 3=1.1, a =1)

MLE RSS oLS

Gg ) Gpdd  Gprad
785E5  34E5  8.1E7
0.073333  0.000291  1.8E-31

10 8.48E-5 8.18E-9 3.01E-34
0.000782  2.66E-5 2.55E-34
30 0.662101 0.000279  4.31E-33
0.000755  1.07E-8 2.34E-35
0.00225 2.4E-5 6.17E-34
50 1.841437 0.000223 5.72E-33
0.002086  1.65E-9 3.27E-35
0.008722  3E-5 9.76E-34
100 7.356559  4.7E-5 1.06E-32

0.008382 2.41E-9 4.74E-35

In this table, having the same initial value that assumed in table (3) to generate the samples. The initial
values which are needing for ( Newton —Raphson) in (12,17and 28) equations are ( Y'=0.001, $=0.023,
0.=0.00077).

12
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Noting, according to the classical estimation methods and depended to the measure of the mean
square error that utilizing for estimating unknown parameters, the best method of estimation
parameters of new mixture distribution is the ordinary least square method.

Mixtuer CDF & Empirical CDF
1 | I ] | T

= Mixtuer cdf
empirical cdf| 7

Dataset

Figure (3): Comparing empirical CDF(blue) with Mixture CDF(red) of n=100 dataset

5. Real application

Murthy et al (2004), has taken the data for life times of 20 electronic components[8]. It was follows:
0.03,0.12,0.22,0.35,0.73,0.79, 1.25, 1.41, 1.52, 1.79, 1.8, 1.94, 2.38, 2.4, 2.87, 2.99, 3.14, 3.17,
4.72, 5.00.

Table 5: of MSE of estimation parameters of 20 electronic samples

MLE RSS OLS
n (;”B ’ &) (;”B ’ IIX\) (;\Hﬁ , r;)
2.25116E-05 1.59E-08 2.55743E-34

20  0.000202779 1.1E-06 1.60925E-35
0.001643384 1.22E-06 1.42235E-34

In this table, assumed that the initial values which are needing for( Newton —Raphson)in
(12,17and28) equations are ( Y=0.0003, p=0.0009, a. =0.00099). Noted that the Ordinary least
square method is the best of parameters estimation methods.

Conclusion. In this research, a New Mixture Distribution was proposed. Statistical and mathematical
characteristics were studied. Using classical estimation methods to estimate unknown parameters of
New Mixture Distribution. Besides that, simulation study was used to generate different sizes of
samples. Utilizing the mean square error to compare between estimation methods referred to above.
Noted that the ordinary least square method is the best method because it has a minimum error for all
different sizes of samples. Finally, applied these methods using real complete data.

References

[1] Ahmed Mahir Razali, Ali A Salih, Asaad A Mahadi and Azami Zaharim. 2008. On
Simulation Study of Mixture of Two Weibull DistributionsProc., of the 7th WSEAS Int.,
Conf.,on System Science and Simulation in Engineering (ICOSSSE '08).

13



ICCEPS

IOP Publishing

IOP Conf. Series: Materials Science and Engineering 571 (2019) 012014 doi:10.1088/1757-899X/571/1/012014

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

B. Marcelo, R. Silva , and Gauss M Cordeiro, 2014 The Weibull - G Family of Probability
Distributions Journal of Data Science, vol 12, pp. 53-68.

Faton Merovci, and Ibrahim Elbata2015 Weibull Rayleigh Distribution: Theory and
Applications Int.,Journal”. Applied Mathematics & Information Sciences" .vol 9, No. 4,
pp:21-27.

Gauss M. Cordeiro , Edwin M.M. Ortega and Artur J. Lemonte 2013 The Exponential —
Weibull lifetime distribution Journal of Statistical Computation and simulation. vol 84, issue
12,pp. 2592-2606.

Gauss M. Cordeiro, Abdus Saboory, Muhammad Nauman Khan Gamze Ozel. and Marcelino
AR. Pascoa 2016 The Kumaraswamy exponential-Weibull distribution: theory and
applications Hacettepe Journal of Mathematics and Statistics vol 45 (4) , pp: 1203-1229.

Jailson de Araujo Rodrigues and Ana Paula Coelho Madeira Silva 2015 The Exponentiated
Kumaraswamy- Exponential Distribution British Journal of Applied Science & Technology,
vol 10, No.5, pp: 1-12.

Maysaa Jalil Mohammed, and Iden Hasan Hussein, 2018 Study of New Mixture
Distribution[a] Int., Conf., of Engineering Medicine and Applied Sciences ICEMASP in
Turkey.

Murthy, D.N.P, Xie, M. and Jiang, R 2004 Weibull Models John Wiley & Sons, Inc.,
Hoboken, New Jersey.

Nadarajah S 2011 The exponentiated exponential distribution: A survey. Advances in
Statistical Analysis vol 95:219-251.

Suleman N 2016 Serial Weibull Rayleigh distribution: theory and application Int., Journal of
Computing Science and Mathematics vol 7, No. 3, pp: 239-244.

14



