IOP Conference Series: Materials Science and Engineering

PAPER « OPEN ACCESS

The Martingle as an Orthogonal Projection

To cite this article: Suha Jumaa and H.H. Ebrahim 2019 IOP Conf. Ser.: Mater. Sci. Eng. 571 012009

View the article online for updates and enhancements.

Bringing you innovative digital publishing with leading voices

to create your essential collection of books in STEM research.

This content was downloaded from IP address 113.78.254.205 on 19/09/2019 at 01:55


https://doi.org/10.1088/1757-899X/571/1/012009
https://oasc-eu1.247realmedia.com/5c/iopscience.iop.org/241605166/Middle/IOPP/IOPs-Mid-MSE-pdf/IOPs-Mid-MSE-pdf.jpg/1?

ICCEPS IOP Publishing
IOP Conf. Series: Materials Science and Engineering 571 (2019) 012009 doi:10.1088/1757-899X/571/1/012009

The Martingle as an Orthogonal Projection

Suha Jumaa' and H.H.Ebrahim?

Department of Mathematics College of Computer Science and Mathematics University of Tikrit
1Suhajumaal987 @gmail.com
2 Hassaan1962pl @ gmail.com

Abstract

This paper studies martingale as an orthogonal projection. It is proved that martingale achieves infimum
relation if and only if it satisfies orthogonality relation. It is also proved that orthogonal martingale in
Hilbert space achieves minimum relation. It is observed that martingale differences are orthogonal in
Hilbert space and martingale can be represented as the sum of orthogonal difference.
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1. Introduction
This paper is concerned with the study of martingale and it’s orthogonality. Therefore, the definition

of norm inL"(Q,F,P), the inner product and L’-martingale are needed. If L* -martingale is closed
subspace of a Hilbert space L”(Q,F,P) then satisfies the property of infimum if and only if it satisfies the

orthogonality relation.
It is concluded that the projection of X, belongs toL’(Q,F,P) has a unique representation on L’ -

martingale. There are many previous studies which studied martingale. These studies have in some way or
another a relation to the current study, like Mansuy’s that studied the origins of the word "martingale" [1]
and Merkouris’s which tackled the transform martingale estimating functions.[2]

1.1 Definitions

Definition 1.2 [3]: LetX ,,X ,,... be a sequence of integrable a random variable on a probability space
(Q,F,P) andF, cF, anincreasing sequence of subo— fieldsof F , X, is assumed F, - measurable
thatis X , : (Q,F) > (R,B(R)),{ X, ,F, } is said to be Martingale if and only if E[X,  IF,]=X, ae, for
alln=1,2,....

n? n+l

Definition 1.3 [4]: A martingale { X, ,F, } is said to be L’ -- martingale or (square-integrable) if X , e’ ,
forall. neN .

Definition 1.4 [5]: For XY eL*(Q,F,P) the inner product or (scalar) is defined as:
(XY)=EXY).

Definition 1.5 [5]: If E(|Y|?) < 0 it’s said ¥ €L’ (Q,F,P) for PE [1,0) and then the norm defined as:

Wl = {E6 ).
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Orthogonality 1.6 (Pythagoras theorem) [5]: Pythagoras theorem takes the form |[W +Z | =W | +||Z |} if.
(W,Z)=0 .Itis said that , W and Z are orthogonal or perpendicular if (W,Z)=0 thus, it is written as
follows: W 1L Z .

Now, we need the following theorem to prove the main results.
Theorem 1.7 (completeness of L") [6]: If X ,,X,,... form a Cauchy sequence in L” where 1 < P < oo,

that is,
tlim sup ”Xu - Xv”P =0.

=0y vl
Then there exist X € L” such that X;, - X in,thL" at is
lim X, = Xl = 0
2 Main Results

for all j=1,2,...,n then

Theorem 2.1:If X, is L - martingale and orthogonal and ¥ €L*(Q,F,P) is orthogonal with X
is minimized when E (X ;) = %,bj #0.
n .

’y -2.bX,
Jj=1 2 J
2
)Y —Z;bjxj :<Y —Z;bjxj,y —ijxj>
J= b j= i=

—E[W ~3b,X )]

Proof: 0<

=E[Y -2 zn:bjxj +(Z":bjxj)2]
j=1 j=1

SE0 =23 b EXX )+ Y EGIX )
Jj=1 Jj=1
—Ex H+1. ]

Our next proposition shows that for each finite P > 1 the space L"(Q,F,P) is a Banach space for the
norm ””P . Further, L*(Q,F ,P)is Hilbert space for the inner product <X Y > =E(XY).

Proposition 2.2 [5]: For each P > 1 and o —field F , the space L”(Q,F,P) is a Banach space for the
norm |||, . Further, L*(Q.F ,P) is Hilbert space.

If I* - martingale is a closed subspace of, L*(Q,F ,P) the X, is called the projection of X, on L’ -

n+l

martingale. The following result helps to justify terminology.

Theorem 2.3: If X, is an L’- martingale, letL’- martingale be a closed subspace of a Hilbert space
L(QF,P) and X,,el*(QF,Pythen |X,, -X [, =inf{|X ,-Y|,:¥ eL’—martingde}. (1)

If and only if it satisfies the orthogonality relations
E[X,,-X,)Z1=0 ...Q2)
forallZ e L’ - martingale. Then it’s said that X, is orthogonal projection of X, .

n

n+l
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Proof: If X, e L* - martingale satisfies (1) then considering ¥ =X , +aZ forany Z e L* - martingale

andax €R ,
0<|x, ¥ [;-[X,.-X

2
2

n

2

=X =X, —az [ -, - X, [;

XX, 20X X, 2Z) 0z X
=a’E(Z*)-2aE[(X,.,—X )Z]

By elementary calculus, this inequality holds for alla¢ e R if and only if E[(X,,,-X,)Z]=0

n
2
2

n

n+l

Conversely: supposeX , € L’ - martingale satisfies (2) and fix Y e L’_martingale then, considering
Z =Y —-X, we have

2 2
XY [, =X 0 =X, -2,

n+l n+l

2

:"XnH —X” 2 _2<Xn+1 _Xn’Z>+||Z"z

:||Xn+l _Xn z _2E[(Xn+1 _Xn)Z]+|IY _Xn z

=X =X, L+ X B2 X
Therefore |X ., Y |, 2[X,., -X,],. thus. |

"X n+l _X n

) T inf {"X n+l Y "z}

We may give still another way of characterizing the projection of X onL’ - martingale.

n+l

Theorem 2.4: Let L’ - martingale be a closed subspace of the Hilbert space L (Q,F , P) .if
X, €L*(Q,F,P)then X
Y L L’- martingale .Furthermore , X, is the projection of X

has a unique representation X ,,, =X, +¥ where X, € L’ - martingale and

n+l n+l

on L’ - martingale.
X

n+l n*

n+l

Proof: Let X be the projection of X, on L’- martingale, X , =X, ¥ =X

n+l
By theorem ( 2.3 ),Y L L’- martingale ,proving the existence of the desired representation
To proof uniqueness , letX, =X, +Y =X, +Y where X, ,X, L’ - martingale, Y)Y L L*-
martingale. Then X , —X e L’- martingale since > - martingale is a closed subspace and X , -X , 1 L’-
martingale .

Since. X, -X, =Y -Y Thus X, —-X, is orthogonal to itself that is, E(X , -X,)’ :Othen"Xn -X, z =0,

implies that, X , ~X, =0Ohence X, =X ,and Y -Y =0 proving uniqueness. I

2.5 Definition: If A any subset of L*>(Q,F ,P), the set

A*={X elX(QF,P)IE(XY )=0,VY €A}
is called the orthogonal complement of L*(Q,F ,P) , and
(2.4) theorem is expressed by saying that if denoted by A to the set of L*-martingale then L*(Q,F ,P)is
the orthogonal direct sum of A and A", written

L*(QF,P)=A®A".

Theorem 2.6: If E(X })<oo for all nand{X,,X,...} is a martingale, implies that the martingale differences
X,.X,-X,,...X, —X, ... areorthogonal.
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Proof: If m<n,and F, =F (X ,,....X )
ElX, -X, )X, =X, )]
=E[E[X,, X, )X,-X,DIF 1]
=E[(X, -X, DE[X,-X, DIF,]
=0
Since X, —X , , is F, -measurable but,
E[(X,-X,)IF 1=X,-X, =0 (since X, is a martingale).[1]

Hence the formula X, :X0+Z(X . —X,.,) expresses X, as the sum of orthogonal terms , and
K =1

pythagor’s theorem yields,
CEXD=EXH+YEIX, -X 1 |13]

K=1

Example2.7: Let {X,:n=>1} be a sequence of random variables. Assume thats, :ZX ., 1s a

i=1
martingale. Then for any I ij , E(X, X )=0.[7]
Solution: If i > j
S, =X, .5, =X,+X, ,..5, =X +X,+..+X,

X,=S,-5,,
E(X,X )=E[E(X,X,I|F,)]

=E[X ,E(X,F, )]

=E[X ,E(S, -S, ,|F,_)]

=E[X ,[ES,|F,_)-E(S, IF,_)D]

=E[X (S, ~S, )]

(by the martingale property )

=0 .

X e L’ - martingale is closest to Y if and only if ¥ —X L1 L’ - martingale.

Theorem 2.8 : Let L*(Q,F ,P)be a vector space and L’ - martingalec L’(Q,F ,P) be a subspace and Y e
L*(QF,P)If Y -X | L’-martingale when X e L’ - martingale, then [Y —-X |, <[y -Z|, forall Z e
L’ - martingale and |y —X |, =V —Z|, if and only if X =Z .Thus X is the member of L* - martingale
closestto Y.
Proof: |y —Z||§ = -Xx)+Xx —Z)||§
=E[( -X)+(X =Z)’] =EL¥ -X)'+20 =X )X -Z)+(X -Z)’]
=EY -X)Y+2E[ - X)X -Z)|+EX -Z)*
=EY -X) +EX -Z)*

(Because Y —X 1 L’ -martingale and X —Z e L’ _martingale).

- -x [+l -2

>y X [ (since X ~Z[120)...(3)
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A -x1, <l -z,
If v -Xx|,=|r —Z|,. then we see by using (3) that|[X —Z| =0, hence X=Z .
Conversely: If X=Z, itis clear that|y -X |, =¥ -Z],.

Theorem 2.9: LetL>(Q,F ,P) be a vector space andL’ - martingalec L’*(Q,F,P) and assume that

(YX‘)X el’

J

{X,,X,....,X,} isan orthogonal basis for L’ -martingale .For Y € L*(Q,F,P),let X = z " "
i=t (X
-martingale .Then ¥ —X 1 L’-martingale or (equivalently, X is the vector in L’ -martingale closest to Y).
Proof: We must prove that E[¥ —X)X ;]=0
E[ -X)X ,]=E¥X,)-EXX ;)

EYX
SEOX)-ER )
EOX,),

)Zu )
:E(ij)—E(YX;)E(xf)
I, [,

EYX ) 2
=EYX,)- x|
COE T
=EYX,)-E¥X,)=0
Hence Y —-X L X, ,implies that Y —X L L’ -martingale.
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