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Abstract. In this paper, we take another look at a quartic chaotic mapping proposed before, in 

which two cases were left unconcerned. For these two cases, we could form a quartic mapping 

easily almost as same as we did before. Analysis illustrates that the mapping formed for the 

two cases demonstrates different chaotic properties: one with vast chaotic area, the other with 

broad periodic area. That is to say, they could be applied to anti-control of chaos and control of 

chaos, respectively. Both cases are quite efficient, and easy to use. 

1. Introduction 

Among chaotic systems, 1-dimensional discrete chaotic mappings (abbreviated as 1DDCM hereafter) 

are of the easiest form and highest efficiency [1]. However, in terms of our experiments [2-9], classic 

1DDCM, such as piecewise linear mapping (skew tent mapping in most cases), Logistic mapping, and 

Chebyshev mapping, are defective: The chaotic area of Logistic mapping is highly narrow and 

incontinuous, which makes it difficult to select strong parameters; Although skew tent mapping owns 

broad chaotic area, when applied to devising pseudorandom bit generators, its strong cipher space is 

confined in a small adjacent area of 0.5;  Chebyshev mapping invokes cosine and arccosine functions 

once respectively during each iteration, which makes it inefficient, as cosine and arccosine functions 

are usually implemented by means of Taylor Expansion. 

Nowadays, research on 1DDCM focuses on analysis, comparison and application of existing 

mappings [10-13], whereas novel ones are seldom proposed. Though 1DDCM owns too few 

parameters, is apt to reveal its phase trajectory, and had better not be put into use directly [14], we 

persist that design and analysis of novel 1DDCM are significant. On one hand, owing to its simple 

computation and lucid chaotic properties, 1DDCM is the best tutorial for beginners of chaos. On the 

other hand, thanks to its high efficiency, 1DDCM provides a sound base for high-dimensional 

mappings, for instance, coupling several 1-dimensional ones. 

In the literature, many efforts have been made via making a 1DDCM piecewise [15-17]. Although 

this way could bring more parameters easily and enlarge the cipher space naturally, it dramatically 

decreases the efficiency. In terms of our experiments, skew tent mapping is much slower than Logistic 

mapping, due to its need for branch structure when implemented. In our opinion, another way for 

bringing more parameters is much more efficient, namely, degree raising. 

In Ref. [18], a cubic chaotic mapping is constructed by us by means of raising the degree of 

Logistic mapping while keeping it a unimodal surjection. In Ref. [19], we continue our way of raising 

the degree so as to attain a quartic chaotic mapping. However, some cases in Ref. [19] are left 

unconcerned, to which will be paid attention in this paper. 

The rest of this paper is organized as follows. Section 2 takes another look at a proposed quartic 

chaotic mapping, which is analyzed in detail in section 3. Section 4 concludes. 
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2. A quartic chaotic mapping revisited 

Given (0, 0) and (1, 0), due to imaginary roots of equations with real coefficients always come out in 

pairs, the quartic equation must have another 2 real roots or another 2 imaginary roots. Either way, the 

quartic mapping could be written as: 

  f(x) = cx(1 − x)(𝑥2 + ax + b)    (1) 

in which ∆ of g(x) = 𝑥2 + ax + b = 0 determines whether it has imaginary roots or not. Here, we 

only take into account the case when the equation has 4 real roots 0,1, 𝑑1, 𝑑2. 

To make the quartic mapping unimodal in the interval (0, 1), 𝑑1 and/or 𝑑2 shouldn’t lie in (0, 1). 

Therefore, we have one of the following: 

① 𝑑1 ∈ [1,+∞) and 𝑑2 ∈ [1,+∞); 

② 𝑑1 ∈ (−∞, 0] and 𝑑2 ∈ (−∞, 0]; 

③ 𝑑1 ∈ [1,+∞) and 𝑑2 ∈ (−∞, 0]; 

④ 𝑑1 ∈ (−∞, 0] and 𝑑2 ∈ [1,+∞). 

In Ref. [19], only ③ and ④ are taken into account. In this paper, we focus on ① and ②. 

For ①, we have conditions {

∆≥ 0

−
𝑎

2
≥ 1

𝑔(1) ≥ 0

, namely, 

  {
𝑎 ≤ −2

−𝑎 − 1 ≤ 𝑏 ≤
𝑎2

4

.    (2) 

For ②, we have conditions {

∆≥ 0

−
𝑎

2
≤ 0

𝑔(0) ≥ 0

, namely, 

   {
𝑎 ≥ 0

0 ≤ 𝑏 ≤
𝑎2

4

.    (3) 

Next, let’s find what c should follow given a and b. 

From equation (1), we could easily get 

 𝑓 ′(x) = −4c𝑥3 + 3(1 − 𝑎)𝑐𝑥2 + 2(𝑎 − 𝑏)𝑐𝑥 + 𝑏𝑐.    (4)           

Let 𝑓 ′(𝑥) = 0, extract from the 3 roots the one locating in (0, 1), say 𝑥3. (This step could be done 

in several ways, such as setting r = 0.75 ∗ (a − 1), s =
𝑏−𝑎

2
, t = −

𝑏

4
, p =

𝑟2−3𝑠

9
 , q =

2𝑟3−9𝑟𝑠+27𝑡

54
, 

u = arccos⁡(
𝑞

𝑝
3
2

), then 𝑥3 = {
−2√𝑝𝑐𝑜𝑠

𝑢

3
−

𝑟

3
,⁡⁡⁡⁡⁡⁡⁡𝑓𝑜𝑟⁡①

−2√𝑝𝑐𝑜𝑠
𝑢+2𝜋

3
−

𝑟

3
, 𝑓𝑜𝑟⁡②

.) 

To make the quartic mapping a surjection in (0, 1), we have f(𝑥3) = 1 , which gives us 

 c =
1

𝑥3(1−𝑥3)(𝑥3
2+𝑎𝑥3+𝑏)

.    (5) 

In a word, to form a quartic mapping f(. ), we could select a and b at will as long as equation (2) or 

equation (3) is satisfied. After that, we should follow the aforementioned steps to get c. Then, a 

concrete quartic mapping f(x) = cx(1 − x)(𝑥2 + ax + b) is obtained. To distinguish it from the one in 

Ref. [19], hereafter, the mapping is named as quartic chaotic mapping 2, sometimes abbreviated as 

QCM2. 

3. Analysis of QCM2 

Next, we depict the bifurcation graph of QCM2 (for ①). 
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Let 𝑥0 = 0.1, a  goes from -100 to -2 with step=1; For each a , b goes from −a − 1  to 
𝑎2

4
 with 

step=0.1. For all the pairs of parameters, we iterate QCM2 500 times, filtering the first 200 times, the 

value of x for the last 300 times is depicted, as shown in figure 1. 

 
Figure 1. Bifurcation graph of QCM2 (for ①). 

Clearly, for all the pairs of parameters, no periodic area could be seen. 

Then, we depict the Lyapunov exponent graph of QCM2 (for ①). 

Let 𝑥0 = 0.1, a  goes from -100 to -2 with step=1; For each a , b goes from −a − 1  to 
𝑎2

4
 with 

step=0.1. For all the pairs of parameters, we iterate QCM2 1999 times, filtering the first 999 times, the 

Lyapunov exponent is computed from the last 1000 times, as shown in figure 2. 

 
Figure 2. Lyapunov exponent graph of QCM2 (for ①). 

Obviously, for all the pairs of paremeters, QCM2 (for ①) resides in chaotic area. 

Next, we depict the bifurcation graph of QCM2 (for ②). 

Let 𝑥0 = 0.1, a goes from 0 to 99 with step=1; For each a, b goes from 0 to 
𝑎2

4
 with step=0.1. For 

all the pairs of parameters, we iterate QCM2 500 times, filtering the first 200 times, the value of x for 

the last 300 times is depicted, as shown in figure 3. 
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Figure 3. Bifurcation graph of QCM2 (for ②). 

Apparently, for all the pairs of parameters, no periodic area could be seen. 

Then, we depict the Lyapunov exponent graph of QCM2 (for ②). 

Let 𝑥0 = 0.1, a goes from 0 to 99 with step=1; For each a, b goes from 0 to 
𝑎2

4
 with step=0.1. For 

all the pairs of parameters, we iterate QCM2 1999 times, filtering the first 999 times, the Lyapunov 

exponent is computed from the last 1000 times, as shown in figure 4. 

 
Figure 4. Lyapunov exponent graph of QCM2 (for ②). 

Here, we get a large part of periodic area when a is small. When a increases, the chaotic area 

increases as well. 

Therefore, QCM2 (for ①) is quite suitable for applications requiring anti-control of chaos, such as 

pseudorandom bit generator and cryptographic hash function. QCM2 (for ②) is very suitable for 

applications requiring control of chaos, such as synchronization of chaos. 

The running time of QCM2 is approximately the same as QCM and we tend to omit it in this paper. 

But, we have to announce again here, the impact of degree raising on efficiency is negligible. 

4. Conclusion 

In this paper, we focus on a quartic chaotic mapping, in which two cases are left unconcerned in Ref. 

[19]. For either case, we could form a quartic mapping easily in a way almost as same as Ref. [19]. 

Analysis shows the mapping formed for the two cases possesses different chaotic properties: one with 

broad chaotic area, and the other with vast periodic area. Both cases are of high efficiency. In the 

future, we tend to apply these chaotic mappings to many fields, such as pseudorandom bit generator, 

cryptographic hash function, and synchronization of chaos. 
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