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Abstract. This research discusses a problem in renewable resource (fish) harvesting on
single-owner fishery where the dynamics of growth are expressed by system of difference
equations. The model involves three state variables (stock of equity, resource stock in
reserve zone and unreserved zone) and two control variables (effort rate and dividend
payout rate). Discrete Pontryagin maximum principle was applied to obtain optimality
conditions which must be satisfied by the variables. Further, the forward-backward sweep
method was used to determine the numerical solution of optimal control model. Three
scenarios of interest rate applied to find out the response of company in managing
harvesting effort and dividend payout rate were investigated.

1. Introduction

A fishery is all about catching, maintenance, and cultivation of fish. The characteristic of rightful
ownership of fishery resource is a common property that leads to an open-access fishery [1][2]. In
open-access fishery, profit tends to decrease and stocks may be extinct. As the result of that, the
tendency of common property and open-access fishery shift to be a single firm has noticed in
Canada, New Zealand, Finland, and Iceland [3]. Furthermore, to prevent overfishing that can lead
to the extinction of stocks, there are many efforts have been applied including the development of
mathematical approaches to make best decisions.

Clark ef al. discussed optimal harvesting at the renewable resource (fish) for a fish company
with irreversible investment assumption [4]. Jergensen and Kort discussed optimal harvesting in
renewable resource, which allowed the firm to have a debt or lend with the interest rate depend on
the firm’s cumulative amount of debt or lending level and replaced irreversible investment
assumption with perfectly reversible investment assumption [5]. Dubey et al introduced and
analyzed model of resource (fish) with allocation zone, that is reverse zone and non-reserve zone
[6]. The harvesting allowed at the non-reserve zone. The three models above are continuous types,
but in the real world, the continuous model is less realistic because the decision will be made at a
discrete and probably periodic time.

In this work we present an optimal harvesting model of a renewable natural resource. We
offer the discrete-time version of Jorgensen and Kort of optimal investment and finance in
renewable resource harvesting and that of Dubey et al. of fishery resource dynamic with reserve
area [5][6]. In this model, we employed three state variables (stock of equity, resource stock in
reserve zone and non-reserve zone) and two control variables (effort rate and dividend payout rate)
were introduced. It is shown that company has a debt when the capital or stock of equity is not
enough for harvesting, and when the capital or stock of equity is enough for harvesting, the
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company will stop to debt and start to give a lend. In the meantime the company is always make
dividend payment.

2. Optimal control problem

Let S(k) denotes the stock of fishery resource at non-reserve area by time k, V (k) represents the
stock of fishery resource at reserve area by time k and X (k) refers to the stock of equity at time k,
where k = 1,2, ..., N. The discrete dynamical model of fishery resource management at reserve
area that combine the harvesting effort, capital investment and financing policies can be given as in
model (1) below:

Stk +1) — S(k) = aS(k) (1 - %) — 1,.S(k) + 1,V (k) — qE(k)S (K,

V(K
V(k+1) —V(k) = BV (k) (1 - T) +1,.S(k) — 1V (K),

X(k+1)—X(k) = (pqgS(k) — c —ma)E (k) — C(B(k)) — D(k),

(M

In the above model, we define by E (k) and D (k) the harvesting effort rate and dividend payout
rate by time k, respectively. The cost of fund C is assumed to be a function of the level of
debt/lending by time k, B(k). Thus implicitly we have B(k) = mE (k) — X(k), where m is the
unit cost of harvesting effort. When X > mE (B < 0) the firm has excess equity that leads to the
firm to give a lending, and when X < mE (B > 0) the cost of harvesting effort more than equity
that leads to the firm to debt. In model (1), a, 8,71, 73, P, q, ¢, M and L are all parameters.

The control problem is to find control variables E and D such that maximized the present value

of dividend payout over an infinite horizon | = fooo D(t)e~dt that can further be expressed by (2)
as follows.

maxJ = 2(1 + D) [(paS(k) — ¢ — ma)E(k) — C(B(K)) — iX (k)], ?)
k=0

where i is the market interest rate. In this problem it is assumed that all control variables are
bounded, i.e., Epin < E(k) < Ejgx and Dy < D(k) < Dy, for all time k. It is also assumed
that S(0) = S,, V(0) = V,, X(0) = X, and S(N), V(N), X(N) are all free.

We take into account two intervention strategies, namely fish harvesting and dividend
payment. Three cases were considered relating to the choice of cost of fund functions (3)-(5):

Linear
C(B(k)) = zB(k), 3)
piecewise linear
_(zB(k) ; B(k)<0
c(B) = {Z;B(k) ; B(k) >0, @

and quadratic
z,B (k) ; B(k) <0

c(B W) ={ 2y s)
z;B(k) + z3B*(k) ; B(k) > 0.
Here, 24, z, and z3 are positive constants related to interest rate for either debt or lend. In the linear
case it is obvious that the interest rate is constant and the same for debt or lending. For the
piecewise linear case the interest rate is constant but different for debt or lending. For the quadratic
case, the interest rate is constant for lending and quadratic for debt that means the interest rate will
increase related to the debt level.
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3. Optimality conditions

We generate the necessary condition for the optimal control by using the discrete version of
Pontryagin Maximum Principle [7]. We need to define the Hamiltonian H based on (2) subject
to system state (1) to obtain the necessary conditions:

1
= AT 0F [(pgS(k) — c — ma)E(k) — C(B(k)) — iX (D))
+Py (k) [aS(k) (1 - %) -1 Sk) +nV(k) — qE(k)S(k)] ©

V(k)
+P, (k) [ﬁV(k) <1 - T) +1,.S(k) — rZV(k)]

+P3(k)[(pgS (k) — ¢ —ma)E (k) — C(B(k)) — D(K)],

with P;(k), P,(k) and P;(k) are adjoin functions to be optimally selected. The optimality
conditions insisted by Pontryagin Maximum Principle are: (i) Hg = 0,Hp = 0, (ii) P;(k) —
Py(k — 1) = —H,,, where x; € {S,V,X}, and (iii) x;(k + 1) — x(k) = f;, where f; is the right
hand side of system state (1), respectively.

The optimal system of equation (1) is reclaimed by applying the third condition of Pontryagin
Maximum Principle, i.e., by taking the appropriate partial derivative of Hamiltonian (6) with
respect to the associated state variables. Furthermore, we are able to determine the optimal control
variables E*,D* by imposing the first principle, i.e., H; = 0, Hp, = 0. The optimal controls for
every cases of cost of fund functions are given as follow (7)-(9).

Linear:
« (Emax ;5 0>0
B = {Emin ; 0<0’ 0
with

1
o= (m + P, (k)) [(pgS (k) — ¢ — ma) — z] — P; (k)(qS (k).

Piecewise linear:
Eimax 3 B(k) <0,00 >0
E* — Elmin ; B(k) S O, 09 < 0 (8)
Ezmax ; B(k) >0,0, >0
Eymin 5 B(k) > 0,0, <0.

with
1
0 = (—(1 ToF T Ps (k)) [(pgS(k) — c —ma) — z;] — P, (k)(qS(k)).
Quadratic:
Elmax H B(k)S0,0>0
Eimin ; B(k)<0,0<0
E" = Eymin 5 B(k) >0, EZ* < Ejmin . )
L Ey’ s B(k) > 0,Eymin < Ey" < Ey max
Ey max 3 B(k) > O'EZ* > Es max
with
1
o <(1 Ny + 3(k)) (pqS(k) — c —ma — z;) — qPy(k)S(k),
and
By = (A_ZI+X k)
27 m\ 2z3 ()
where
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_qP()S(k)
A+, +Py(k)

A=pqS(k) —c—ma

Since Hamiltonian is linear with respect to control function D, then the optimal control D* for
every cases is given by the following bang-bang control (10):

« _ (Dmax 5 >0
b _{Dmin ;T<0’ (10)

with
T = _P3(k).

The second principle of Pontryagin’s Maximum is stated as follows. Given optimal controls E*, D*
and corresponding solutions to the system states S*,V*, X* that maximized objective function (2),
there exists functions P;, P, and P; that satisfying the system of adjoin (11) below

25(k)
Pl(k—l)=P1(k)[a<1—7)—r1—qE(k)+1]
1
* (1+ 0k + P3(k)) pqE (k) + P,(k)ry, o
2V (k)

Py(k—1)

= AT F [c'(B(K)) —i] + Ps(K)[C'(B(K)) + 1].

Since S(N),V(N),X(N) are all free, the following transversality conditions (12) must be satisfied
by adjoin functions:

P, (N) =0,P,(N) =0,P;(N) =0. (12)

4. Results and discussion

In this section, we discuss the numerical solution and the optimal control of the optimal system. An
iterative forward method is used for solving the state system and the iterative backward method is
used for solving the adjoin system. We implement this procedure based on the parameter values.

Table 1 present a value of parameter used in the numerical simulation of the model. Due to lack
of data, we make a hypothesis for the parameter value within realistic range. The initial value for
the state are given by S, = 7500, V, = 9000, and X, = 10.

We start comparing the case of the optimal harvesting with three kind of cost of fund function:
linear, piecewise linear and quadratic. In Figure 1, the fish population shown in blue line and
the red line is environmental carrying capacity. It is shown that under control the carrying
capacity of environment in both zones are maintained. The opposite situation happened in
unreserved zone when no control was applied. In Figure 2, we shown the optimal harvesting with
respect to the type of cost of fund function: linear, piecewise linear and quadratic, respectively.
At the end, the value of optimal harvesting is similar, that is in the maximum level of harvesting
E =19. In Figure 3, we shown that the company always make dividend payment with the
results are similar for every cases. In Figure 4, we shown the value of equity and debt/lending
level, respectively. The value of equity and debt/lending level is similar for every cases, that in the
beginning the company have negative equity which mean expenditure more than income, and the
company have a debt, at the some point the equity will be positive and the company have a lend.
Figures 5-7 depict the adjoin functions and their satisfactions on the final time conditions (8).
While, Figures 8-10 illustrate the switching functions ¢ and t.
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Table 1. Value of parameter

Parameter Value Unit
a 0.5 % per year
B 0.6 % per year
n 0.2 % per year
T2 0.25 % per year
M 416304 Ton
L 450000 Ton
q 0.00456 % per ship
D 0.1 IDR 107/ton
c 3 IDR 107/ship
a 0.05 % per year
m 10 IDR 107/ship
[ 0.08 % per year
7 0.03 % per year
Zy 0.11 % per year
Z3 0.0002 % per year
Emnin (Linear) 2 Ship per year
Enax (Linear) 19 Ship per year
E1 min (Piecewise linear) 11 Ship per year
E| max (Piecewise linear) 19 Ship per year
E5 min (Piecewise linear) 2 Ship per year
E5 max (Piecewise linear) 10 Ship per year
E} min (Quadratic) 2 Ship per year
E1 max (Quadratic) 19 Ship per year
E min (Quadratic) 2 Ship per year
E3 max (Quadratic) 30 Ship per year
Dnin 0 IDR 107
Dinax 100 IDR 107
5 x10° 5 x10°
B4 e = P
®3 )
i3 5
52 82
5 &
Zq Z 1
° 5 10 15 20 ° 5 10 15 20
Time (year) Time (year)

Figure 1. Fish population at reserve area (left) and non-reserve area (right)
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Figure 2. Optimal harvesting for linear, piecewise linear and quadratic cost of fund functions
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Figure 3. Optimal dividend payment
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Figure 4. Equity (left) and Debt/lending level (right)
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Figure 6. Adjoin function (piecewise linear case)
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Figure 7. Adjoin function (quadratic case)

5 10
Time (year)

15 20

=

20

0.6

0.5

0.4

0.3

0.2

0.1

e

\

0

5

10
Time (year))

15

Figure 8. Harvesting and dividend payment switching function (linear case)
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Figure 9. Harvesting and dividend payment switching function (piecewise linear case)
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Figure 10. Harvesting and dividend payment switching function (quadratic case)

5. Conclusion

In this work, we have discussed a simple mathematical model of optimal harvesting in renewable
resource (fish) involved capital investment and financing policies, with reserve and non-reserve
area of harvesting. Based on numerical simulation, the resource without harvesting that leads to
over population exceed the environmental carrying capacity so the harvesting effort is needed.

Optimal harvesting effort and dividend payout was determine by discrete version of Pontryagin
maximum principle. At the time k = 1 for every cases, the firm need to have a debt for doing
harvesting and the firm has to pay the interest, at the time k =7, k=9, k =7 for linear,
piecewise linear and quadratic case, respectively, the firm has paid off the debt and start giving a
lend and receive an interest payment that leads to increase the value of equity dramatically, in the
meantime the company is always make dividend payment
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