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Abstract.Based on the zero failure data, this paper studies the Bayes estimation of the failure 
rate and reliability of the exponential distribution model under the scale squared error loss 
function. When the prior distribution of the parameters is the Gamma distribution, the Bayes 
estimators and E-Bayes estimators of the failure rate and reliability of the exponential model 
can be obtained. Finally, a practical example is utilized to illustrate the effectiveness of the 
estimation. 

1.  Introduction 
With the rapid development of high technology, advanced manufacturing technology and high end 
machinery production, the reliability of products becomes higher and higher, which makes it difficult 
to observe the failure data. Zero-failure or no-failure data often occurs at the end of the truncation life 
test. The reliability research based on zero failure data is a meaningful work, which has attracted the 
attention of many scholars. Based on zero failure data, Han[1] proposed a weighted hierarchical 
Bayesian estimation method to estimate the reliability parameter of products in the case of zero-failure 
sampling. Under the condition of a known or unknown probability distribution of product lifetime, 
Xia[2] proposed a grey bootstrap method based on the information poor theory for the reliability 
analysis of zero-failure data. The grey bootstrap method can help generate many simulated zero-failure 
data, and then the generated data is used to estimate the lifetime probability distribution by means of 
an empirical failure probability function. Zhang[3] proposed a reliability analysis method for time 
truncated zero-failure data coming from Weibull distribution, which can obtain a high confidence 
assessment for the reliability of products when the lower limit of the shape and reliability parameters 
is provided. Jiang et al. [4] developed an interval estimation method to estimate the failure probability 
for the Weibull model by using the concavity or convexity and property of Weibull distribution 
function. They also proposed a method by p-value hypothesis testing to determine an approximate 
value of the shape parameter. For zero-failure data and small number of failure data, Jia et al. [5] 
developed a match distribution curve method to compute the estimator and confidence interval of 
parameters for Weibull distribution.  

Xu and Chen[6]studied the interval estimation of failure rate and the reliability for exponential 
distribution with zero-failure data with the help of two-sided Modified Bayesian (M-Bayesian) 
credible limit. They discussed the properties of two-sided M-Bayesian credible limits which include 
the impact of the upper bound value of hyper parameter, and the influence of different prior 
distribution of hyper parameter on two-sided M-Bayesian credible limits. They also discussed the 
relationship among three kinds of two-sided M-Bayesian credible limits and two-sided classical 
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confidence limits. Yin et al.[7] studied the E-Bayesian estimation for the exponential distribution to 
deal with the zero-failure life testing data. For the problem of product reliability evaluation under the 
condition of zero-failure data, Cai et al.[8] combined the weight-least-square with the expected-
Bayesian reliability evaluation methods to deal with the reliability analysis of Weibull distribution. 
Han[9] developed the E-Bayesian estimation and hierarchical Bayesian estimation methods for the 
estimation of the reliability of Binomial distribution products. For more references about zero-failure 
data, one can refer to[10-15]. 

The exponential distribution is the most important continuous distribution. The statistical analysis 
and application of the model have penetrated into various fields of engineering science, such as 
reliability, meteorology, hydrology, quality control, and so on[16-18]. For the failure rate estimation of 
the zero failure data model, a reduction function determination method for the prior distribution of the 
failure rate is proposed in the document[19]. The existing Bayes estimation problem of the exponential 
distribution failure rate of zero- failure data is mainly discussed under the square error loss function. 
Until recently, some scholars have studied the Bayes estimation of the failure rate under other loss 
functions such as LINEX loss and p, q-symmetric entropy loss functions[20-22]. As an important loss 
function, the scale squared error loss function has been applied to the Bayes statistical inference in 
recent years. Under the scale squared error loss function, Song et al.[23] discussed the Bayes 
estimation of the Poisson distribution parameters, and discussed the admissibility of the estimation, 
and gave the mathematical expression of the hierarchical Bayes estimation. Yan et al. [24] studied the 
Bayes estimation of the reliability and failure rate parameters of the Burr- distribution model based on 
the gradual increase of the type II truncated life test. He and You[25]studied the empirical Bayes 
estimation of the parameter of the scale exponent distribution family based on positive associate 
samples, and the asymptotic optimality of the estimation was also discussed. 

This article will study the Bayes estimation problem of the failure rate and reliability for the 
exponential distribution model under the scale squared error loss function with zero-failure data. 

2. Zero-failure data model of exponential distribution 
Assume that the life of a product distributed with an exponential distribution with the following 
probability density function 
                                                      ( ) , 0tf t e tλλ −= >                                                               (1) 

In this formula, 0>λ is the unknown parameter, which is also called the failure rate. exp( )R tλ= −  
is the reliability parameter. The time truncation test is carried out on the product with an exponential 

distribution of life (1), it (i=1,2,…,m) denotes the censored times under the type-I censored life 

test; it (i=1,2,…,m) satisfies the condition mttt ,21 << , and in is the corresponding sample size of 

time it .The derivation of the likelihood function of exponential distribution parameters for zero failure 
data is given below: 

Assuming that in the i-th time truncation test, a total of iX  samples fail, known by the literature 
[26], iX is a random variable distributed with the Poisson distribution with the following mathematical 
expression  
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In particular, when 0ir = ( 1,2, ,i m=  ), i.e. zero-failure data case, we have  ，                          
(0 | ) exp( )L Nλ λ= −                                                                         (4) 

That is the likelihood function of parameter λ  based on zero failure sample data. 

3.  Bayes and E-bayes estimation of  failure-rate and reliability 
In this part, the Bayes and E-Bayes estimation problems of the failure rate and reliability parameters of 
an exponential distribution model based on the scale squared error loss function will be studied. 
The mathematical expression of scale squared error loss function is 

2ˆ( )ˆ( , ) kL θ θθ θ
θ
−=                                                        (5) 

Here k is a positive integer. Under the loss function (5)，the unique Bayes estimator of parameter 
θ can be obtained as follows: 

1( | )ˆ
( | )

k

B k

E X
E X

θθ
θ

−

−=                                                       (6) 

Theorem 1. The time truncation test is carried out on the product with an exponential distribution 

(1), and it (i=1,2,…,m) denotes the censored times under the type-I censored life test, and it  

(i=1,2,…,m) satisfies the condition mttt ,21 <<  and in is the corresponding sample size of time it . 

The measurement data is ( , ), 1,2, ,i it n i m=  . Note 1

m

i
i

N n
=

=
 and suppose that the prior distribution 

of failure rate λ  is the Gamma distribution with the following density function:  
1( ; , ) exp( ), 0

( )

a
aba b b

a
π λ λ λ λ−= − >

Γ
                                                  (7) 

Then under the scale squared error loss function (5), we can get 
(i) The Bayes estimator of failure rate λ is 

ˆ
B

a k
b N

λ −=
+

                                                                     (8) 

(ii) The Bayes estimator of reliability is 
                                                             ˆˆ exp( )B BR tλ= −                                                           (9) 

Proof. According to formula (4), (7) and Bayes Theorem, the posterior density function of failure 
rate can be derived as follows:   

1
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According to Eq. (10), it is known that the posterior distribution of λ is Gamma 
distribution ( , )Nα βΓ + , and the probability is as follows: 

1 ( )( )( | 0)
( )

a
a b Nb Nh e

a
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Γ                                                 
    (11) 

Then 
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According to Eq. (6), the Bayes estimator of failure rate λ is 

1 1
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Then we can get the Bayes estimator of reliability R as follows: 
                                                                  ˆˆ exp( )B BR tλ= − . 

In the case of zero-failure data, Han (1998) proposed the decreasing function method to determine 
the prior distribution of failure rate. According to Han (1998), a and b should be selected to the 
guarantee that ),;( baλπ is a decreasing function of λ . Because 

1( ; , ) exp( )[( 1) ],
( )

a
ad a b b b a b

d a
π λ λ λ λ

λ
−= − − −

Γ
                                    (12) 

It is easy to see that, when 0>λ , 0>a and 0>b ,then 10 ≤< a and 0>b  will result in 
( ; , ) 0d a b
d

π λ
λ

<
. That is to say, ),;( baλπ  is a decreasing function of λ . Then we choose the prior 

distributions of hyper parameters a and b as follows: 
1( ) (0,1),a Uπ =  2 ( ) (0, ),b U Cπ =  C is a constant.                            (13) 

Definition 1 Let 
ˆ ( , )B a bθ as the Bayes estimator of parameter θ , {( , ) :0 1,0 }D a b a b C= < < < < , 

0C > is a constant, ( , )a bπ is a density function of a and b  in D ; and  then the E-Bayes estimator of 
parameter θ is defined as follows： 

                                                     
ˆ ˆ ( , ) ( , )EB B

D

a b a b dadbθ θ π= 
                                  (14) 
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Theorem 2. The time truncation test is carried out on the product with an exponential 

distribution(1), and it (i=1,2,…,m) s denotes the censored times under the type-I censored life test, 
it (i=1,2,…,m) satisfies the condition mttt ,21 <<  and in is the corresponding sample size of time it . 

The measurement data is ( , ), 1,2, ,i it n i m=  . Note 1

m

i
i

N n
=

=
 and suppose that the prior distribution 

of failure rate λ  is Gamma distribution (7) and parameters a ， b have the prior 

distribution: 1( ) (0,1),a Uπ =  2 ( ) (0, ),b U Cπ =  are constants. 
Then under the scale squared error loss function (5), we can get 
(i)The E-Bayes estimator of failure rate λ is 

   
( )1 2ˆ ( ) ln( ) 1 (ln 1)

2EB
k C N C N N N
C

λ −=  + + − − −                                               (15) 
(ii) The Bayes estimator of reliability is 

                                    
ˆˆ exp( )EB EBR tλ= −                                                                    (16) 

Proof. From Theorem 1, under the scale squared error loss function and Gamma prior, the Bayes 

estimator of failure rate λ  is 
ˆ
B

a k
b N

λ −=
+ . Then, according to definition1, the E-Bayes estimation 

 of failure rate  λ can be derived as follows: 
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Thus, the E-Bayes estimator of reliability R can be obtained as 
                                                                  ˆˆ exp( )EB EBR tλ= − . 

4. Practical example and conclusion 
The effectiveness and practicability of the Bayes and E-Bayes estimators obtained in this paper are 
illustrated by an example in (Han, 1998). Suppose that the life of a certain type of engine obeys the 
exponential distribution (1) with the failure rate parameter λ , and there is no failure in Type-I lifetime 
test. Then we only get the zero-failure data given in Table 1, which contains 13 sets of 51 data in total 
(the unit of test time is second). The aim of this example is to estimate the failure rate and reliability 

when time T=1000, that is
ˆ 1000

0
EBR e λ− ⋅=


.  

Table 1. Zero failure data of certain model engine 
  ( ,i it n ) 
i 1 2 3 4 5 6 7 
 (100. 18,3) (109. 93, 21) (115. 01, 2) (130. 15,1) (150. 00,3) (179. 94,8) (190. 36,1) 
i 8 9 10 11 12 13  

 (250. 15,1) (783. 00, 4) (849. 94,3) (870. 03,1) (909. 77,1) (1450. 30,2)  
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To solve the above example, we first suppose that the scale parameter of scale squared error loss 
function is 0k = , and for other values of  k ,similar results will be easily obtained. The results are 
calculated by Theorem 1 and theorem 2 , which are shown in Table 2. 

Table 2. Calculation results of λ


and (1000)R


 
C  

300 500 800 1500 3000 Range 

EBλ


 
  3.1624e-05 3.1426e-05 3.1137e-05 3.0948e-05 2.9210e-05 2.4140e-06 

EBR


 
0.9689 0.9691 0.9693 0.9695 0.9712 0.0023 

( , )a b  
(0.5,0.5) (1.0,0.5) (1.5,0.5) (1.5,1.0) (1.5,2.0)  

Bλ


 
3.1924e-05 6.3849e-05 9.5773e-05 9.5770e-05 9.5764e-05 6.3849e-05 

BR


 
0.9686 0.9381 0.9087 0.9087 0.9087 0.0599 

As shown in Table 2, C is robust in E-Bayes estimation of failure rate λ  and (1000)R . Therefore, it 
is an appropriate choice to use gamma distribution as a prior distribution of failure rate in Bayes 
estimation. 

5. Conslusion 
The  paper studies the Bayes estimation of the failure rate and reliability of the exponential distribution 
model under the scale squared error loss function. Draw the conclusion that when the prior distribution 
of the parameters is the Gamma distribution, the Bayes estimators and E-Bayes estimators of the 
failure rate and reliability of the exponential model can be obtained. The practical example  utilized in 
the last part to illustrate the effectiveness of the estimation. 

Acknowledgments 
The authors are grateful to the reviewers for a very careful reading of the manuscript and the 
suggestions that lead to the improvement of the paper.  

References 
[1]Han M. Estimation and rectification of reliability parameters in the case of zero-failure data[J]. 

Mathematica Applicata, 2006, 19(2):325-330. 
[2] Xia X. Reliability Analysis of zero-failure data with poor information[J]. Quality & 

Reliability Engineering International, 2012, 28(8):981–990. 
[3] Zhang Y. Method of reliability analysis for time truncated zero-failure data based on normal 

distribution[J]. Journal of Aerospace Power, 2010, 25(2):384-387. 
[4]Jiang P, Xing Y, Jia X, et al. Weibull failure probability estimation based on zero-failure 

data[J]. Mathematical Problems in Engineering, , 2015, 2015(3):1-8. 
[5] Jia X, Wang X, Guo B. Reliability assessment for very few failure data and zero-failure 

data[J]. Journal of Mechanical Engineering, 2016, 52(2):182. 
[6] Xu T Q, Chen Y P. Two-sided M-Bayesian credible limits of reliability parameters in the case 

of zero-failure data for exponential distribution[J]. Applied Mathematical Modelling, 
2014, 38(9–10):2586-2600. 

[7] Yin Y C, Huang H Z, Peng W, et al. An E-Bayesian method for reliability analysis of 
exponentially distributed products with zero-failure data[J]. Eksploatacja i 
Niezawodnosc - Maintenance and Reliability, 2016, 18(3):445-449. 

[8] Cai Z Y, Chen Y X, Xiang H C, et al. Method for evaluation of weight expected-Bayesian 
reliability based on zero-failure data[J]. Systems Engineering & Electronics, 2015, 
37(1):219-223. 

[9]Han M. Estimation of reliability derived from Binomial distribution in zero-failure data[J]. 
Journal of Shanghai Jiaotong University(Science), 2015, 20(4):454-457. 



AEMCME 2019

IOP Conf. Series: Materials Science and Engineering 563 (2019) 052053

IOP Publishing

doi:10.1088/1757-899X/563/5/052053

7

[10] Gao P D, Shen X J, Chen X Y, et al. Reliability analysis for aircraft bearing with zero-failure 
data[J]. Journal of Aerospace Power, 2015, 30(8):1980-1987. 

[11] Han M. Estimation of failure probability for bearing and its applications in the case of zero-
failure data[J]. Advanced Materials Research, 2014, 915-916(3):318-322. 

[12] Kan Y N, Yang Z J, Li G F, et al. Bayesian zero-failure reliability modeling and assessment 
method for multiple numerical control (NC) machine tools[J]. Journal of Central South 
University, 2016, 23(11):2858-2866. 

[13] Reuben L C K, Corsar M, Mba D. Bearing replacement extension without failure data[J]. 
International Journal of Risk Assessment & Management, 2015, 18(1):38-51. 

[14] Bailey T. Estimation from zero-failure data[J]. Risk Analysis, 1998, 22(2):176-177. 
[15] Chambal S P, J. Bert Keats. Evaluating complex system reliability using reliability block 

diagram simulation when little or no failure data are available [J]. Quality Engineering, 
2000, 13(2):169-177. 

[16] Ma X B, Gu R X, Qin J, et al. Analysis and evaluation model of reliability for common-load-
failure series system composed of exponential distribution units[J]. XI Tong Gong 
Cheng Yu Dian Zi Ji Shu/systems Engineering & Electronics, 2014, 36(3):608-612. 

[17] Wang M, Zhou Y, Zhao S, et al. The method for deriving rainfall depth formula[J]. Journal 
of Shenyang Jianzhu University, 2008, 24(2):274-277. 

[18] Li X K, Chen Y F. Study on exponential distribution L-moment method in consideration of 
historical flood[J]. Water Resources & Power, 2009, 27(2):52-54. 

[19] Han M. Use of structure methods of prior distribution in reliability zero failure data[J]. 
Operations Research & Managementence, 1998,(4):26-29. 

[20] Han M, Ding Y Y, Chen T. The hierarchical Bayesian analysis of exponential distribution of 
zero-failure data[J]. Application of Statistics & Management, 1998,(4):24-27. 

 [21] Yu S, Liu C H. Bayesian analysis on zero-failure data with weibull distribution[J]. Journal 
of Huanggang Normal University, 2010, 30(3):28-30. 

[22]Biao L I, Liu J S, Liu D. Bayes Estimation of Zero-Failure Data Under Entropy Loss[J]. 
Journal of Naval Aeronautical & Astronautical University, 2013,28(5): 577-580  

[23] Song L, Chen Y, Xu J. Bayes estimation of Poisson distribution parameters under scale 
squared error loss functions[J]. Journal of Lanzhou University of Technology, 2008, 
34(5): 152-154 

[24] Yan W, Song B, Mao Z, et al. A different reliability estimation of Burr-XII distribution 
under progressive censoring with random removals[J]. Journal of Northwestern 
Polytechnical University, 2011, 29(5):725-731. 

[25]He D J, You Y. An empirical Bayesian estimator and its convergence rate for the parameter 
in the scale-exponential family[J]. Journal of Mathematics, 2014, 34(2):367-373. 

[26] Han M, The Hierarchical Bayesian Estimation of failure-rate of exponential distribution of 
zero-failure data[J]. Journal of Engineering Mathematics, 1998,15(4):135-138. 


