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Abstract. In order to improve the working efficiency of serial robot, a new trajectory planning 
method is proposed. Taking 6-DOF robot as an example, the 6-DOF open-chain robot is 
transformed into a 12-DOF closed-chain robot by creating a virtual robot at the end-effecter. 
Then, the virtual joint variable of the virtual robot is used to represent the end position of the 
robot, and the direct relationship between the joint variable and the position attitude is obtained. 
The B-spline Curve is used to plan the trajectory in the Cartesian space, and the joint motion 
trajectories of the robot are controlled indirectly to meet the requirements of the joint space speed 
and acceleration. Finally, the time-optimal solution of the trajectory programming is solved by 
the Genetic Algorithm under the condition of satisfying the joint space and the Cartesian space. 

1. Introduction 
Since the 1960s, serial robots have been used in more and more fields, especially in the field of 
automobile manufacturing, and instead of manual machining, welding, heat treatment, surface coating, 
polishing, materials, assembly, detection and warehouse operations, which greatly improve production 
efficiency and ensure the consistency of manufactured products[1].When the serial robot performs the 
work, reasonable space trajectory planning can improve the working efficiency of the robot and reduce 
mechanical vibration and joint wear. There are two kinds of trajectory planning. One is to plan the 
trajectory in the joint space, which requires the smoothing of the planned trajectory function to make 
the mechanical arm move smoothly. The other is to plan the trajectory in the Cartesian space, which 
requires the pose of the hand, speed meets constraints[2]. According to these two trajectory planning, 
domestic and foreign scholars have done a lot of researches: Alessandro Gasparetto et al.[3] developed 
a method by taking the sum of the running time and the squared integral of the joint acceleration 
derivative (jerk) as the objective function, in case the maximum joint velocity is not exceeded, the 
minimum value of the objective function is solved by trajectory planning in the joint space; Xu et al. [4] 
developed a method to perform trajectory planning in joint space, and solved the optimal solution of the 
sum of time and energy by using gene double cloning deductive method under the condition of meeting 
joint speed, acceleration and quadratic acceleration constraints; Zhu et al. [5] developed a method by 
using 7-time B-spline curve as the interpolation curve of joint space trajectory planning, and solved the 
time-optimal solution meeting kinematic constraints by sequential quadratic programming method; Ren 
et al. [6] developed a method to use the virtual joint to plan the trajectory of the robot's last pose in 
Cartesian space, which ensures the speed and acceleration of the last pose is continuous and controllable. 
Li et al. [7] developed a method by using multiple quaternion convert the pose of Cartesian space robot 
to a four-dimensional space, and the posture of the robot is linearly interpolated by the rotation of the 
hypersphere, the computational complexity is small, and the real-time is good. 
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Although domestic and foreign scholars have done a lot of research on trajectory planning in these 
two coordinate spaces, they are limited to only one kind of coordinate space. The trajectory planning in 
joint space can continuously smooth the joint motion, velocity and acceleration trajectory curve of robots, 
and reduce mechanical vibration and joint wear; The trajectory planning of Cartesian coordinate space 
is more visual and convenient for the robot's pose control. Therefore, the trajectory planning of the two 
coordinate spaces is combined, so that the advantages of the two kinds of trajectory planning will greatly 
improve the production efficiency of the serial robot. 

In this paper, the virtual robot is firstly established to obtain the mapping relationship between the 
joints and the robot poses. Then, the trajectory planning is performed in Cartesian space, and the B-
spline curve is used as the interpolation curve. Using the mapping relationship between each joint and 
the robot pose to control the pose of robot and satisfy the constraints. Finally, the genetic algorithm is 
used to solve the time optimal solution under the condition of joint space and Cartesian space constraints. 

2. Establishment of Virtual Robot 
To obtain the mapping relationship between the joint variables of the robot and the spatial pose of the 
robot, take the typical UR5 arm in a 6-DOF serial robot as an example. A virtual robot is constructed at 
the end of the robot arm, and the virtual joint variable of the virtual robot is used to represent the spatial 
pose changes of the robot. The structural model of the virtual robot is shown in figure 1. 

As shown in the figure 1, the base coordinate of the virtual robot coincides with the base coordinate 
of the original robot, the virtual joints 1, 2, 3 are moving joints, the virtual joints 4, 5, 6 are rotating 
joints, the joint axis directions of the virtual joints 1, 2, and 3 are respectively along the x, y, and z 
directions of the base coordinate, and the activity space determined by the length of the connecting rod 
includes the working space of the original robot; The virtual joints 4, 5, and 6 have their axial directions 
along the x, y and z direction of the base coordinate, the link length is set to 0. 
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X4
Terminal 
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Figure 1. Virtual joint coordinate system. 

It can be seen that according to control the joint variables of the virtual joints 1, 2, 3, the terminal 
position of the connecting rod can be controlled. Since the length of the connecting rod is 0, the terminal 
position of the connecting rod is consistent with the terminal position of the welding torch, and similarly 
the virtual joint 4, 5, 6 can control the terminal pose of the robot. Therefore, the terminal pose of the 
robot can be represented by the joint variable of the virtual joint. 

3. Combination trajectory planning in Cartesian space and joint space 

3.1. Robotic kinematic solution 
The robot of joint kinematic solutions 12-joint robot, because the joints are more and the length of some 
links is 0, the traditional D-H parameter method is more complicated. Therefore, the spiral theory and 
POE formula are used to carry out the inverse kinematics of the robot. 

According to the screw theory, the motion of each joint of the robot is generated by the motion spiral 𝜉መ located at the joint axis, and obtain the geometric description of kinematics. If 𝑔(0) is used to 
indicate the initial configuration of the rigid body and 𝑔(𝑎) is the final configuration, the rigid body 
motion described by the motion spiral can be expressed as [8]: 
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 𝑔(𝑎) = 𝑒క෠భఏభ𝑒క෠మఏమ𝑒క෠యఏయ ⋯ 𝑒క෠೙ఏ೙𝑔(0) (1) 
For the 12-joint robot established above, kinematics can be expressed as: 

 𝑔(𝑎) = 𝑒క෠భఏభ𝑒క෠మఏమ𝑒క෠యఏయ ⋯ 𝑒క෠భమఏభమ𝑔(0) (2) 
Since the base coordinate of the virtual robot coincides with the base coordinate of the physical 

robot,𝑔(𝑎) = 𝑔(0), the formula (2) can be turned into: 
 𝐸 = 𝑒క෠భఏభ𝑒క෠మఏమ𝑒క෠యఏయ ⋯ 𝑒క෠భమఏభమ  (3) 

Knowing the spatial pose of the robot, the joint variables θ1, θ2, θ3, θ4, θ5, θ6 of each virtual joint can 
be obtained, and the motion expression similar to the 6-joint robot can be obtained, according to use the 
kinematic solution method of 6-joint robot, the corresponding joint sequence can be obtained.  

3.2. Combination trajectory planning 

3.2.1. Robot Cartesian space trajectory planning. Let B and A be two sets: B =(θଵ, θଶ, θଷ, θସ, θହ, θ଺) ∈ R଺ is a combination of virtual joint variables, A = (θ଻, θ଼, θଽ, θଵ଴, θଵଵ, θଵଶ) ∈R଺is a combination of real joint variables, by the formula (3), get the mapping relationship f from B to 
A as follow: 

 𝑓: 𝐵 → 𝐴, 𝑓(𝑏) = 𝐴 
In the virtual joint, 3 non-rational B-spline curves are used to interpolate the pose trajectory between 

the key points, which can realize the velocity and the acceleration of the robot Cartesian space is 
continuous. The definition of the three non-rational B-spline curves is: 

 𝐶(𝑢) = ∑ 𝑁௜,௣(𝑢)𝑃௜௤௜ୀ଴ , 0 ≤ 𝑢 ≤ 1 (4) 
Where {𝑃௜} is the control point and {𝑁௜,௣(𝑢)} is the 3 times B-spline basis function defined on the 

non-periodic node vector 𝑈 = {0,0,0,0, 𝑢ସ, 𝑢ହ, 𝑢଺ ⋯ 𝑢௤ାଶ, 1,1,1,1} . Normalize ti by the method of 
cumulative duration, then find the node vector of the corresponding B-spline curve 

 𝑢଴ = 𝑢ଵ =. . . 𝑢ଷ = 0,     𝑢௤ାଷ = 𝑢௤ାସ =. . . 𝑢௤ା଺ = 1,      𝑢௜ = 𝑢௜ିଵ + |∆௧೔షర|∑ |∆௧೔|೙షభೕసబ  (5) 

It shows that the known control point and the node vector can be used to obtain the corresponding 
B-spline curve, and the control point can be obtained from the key point and the node vector which the 
curve passes, since the key point is known. B-spline curve can be controlled by the node vector. As u 
grows from 0 to 1, the joints move from the starting position to the terminal position. The 6-dimensional 
space B-spline curve composed of the motion curves of the 6 joints is recorded as 𝐺(𝐴, 𝑢), and the 6-
dimensional pose curve is recorded as𝐻(𝐵, 𝑢) , then: 

 𝐻(𝐵, 𝑢)  ௙ ሱ⎯⎯ሮ 𝐺(𝐴, 𝑢) 
Set di as the control vertex of H, di1and di2 are the control vertices of the first-order second-order 

curve of curve H. By using the convex hull of B-spline curve, the trajectory constraints of Cartesian 
space can be satisfied by controlling di, di1, and di2. 

 |𝑑𝑖| ≤ 𝑙௘,   |𝑑𝑖ଵ| ≤ 𝑣௘, |𝑑𝑖ଶ| ≤ 𝑎௘ (6) 
Where 𝑙௘, 𝑣௘, 𝑎௘ is the path, velocity and acceleration constraints of Cartesian space, di1, di2can be 

obtained by Debord recursion formula: 
 𝑝(௖)(𝑢) = ∑ 𝑑௝(௖)𝑁௝,௞ି௖(𝑢)௜௝ୀ௜ିଷା௖ ,           𝑐 = 1,2,3,     𝑗 = 𝑖 − 3 + 𝑙, … 𝑖,      𝑙 = 1,2, … 𝑐 (7) 

 𝑑௝(௖) = (4 − 𝑐) ௗೕ೗షభିௗೕషభ೗షభ௨ೕశరష೗ି௨ೕ,   𝑗 = 𝑖 − 3 + 𝑙, … 𝑖, 𝑙 = 1,2, … 𝑐 (8)

  
3.2.2. Robot joint space trajectory planning. Let the mapping relationship between Cartesian space 
velocity and joint space velocity beg, then: 

 𝑔: 𝐵ሶ → 𝐴ሶ, 𝑔(𝐵ሶ ) = 𝐴ሶ 
It is known that the relationship between Cartesian space velocity and joint space velocity can be 

represented by a Jacobian matrix: 
 𝐵ሶ = 𝐽(𝐴)𝐴ሶ, 𝐴ሶ = 𝐽(𝐴)ିଵ𝐵ሶ  
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The velocity of the Cartesian space is linear with the velocity of the joint space, so g is a linear 
mapping; Since each set of joint variables of the solid robot always corresponds to a corresponding set 
of poses, f is the mapping to the top, that is surjection, and f is a continuous mapping, using affine 
invariance and strong convex husking of B-spline combined with mapping relationship f and g in the 
joint space trajectory planning, can indirectly control the robot's motion trajectory in the joint space. 

 𝐻ሶ (𝐵, 𝑢)  ௚ ሱ⎯⎯ሮ 𝐺ሶ (𝐴, 𝑢) 
It can be known from the affine invariance of the B-spline curve that when 𝐻ሶ  changes 𝐽(𝐵)ିଵ to 𝐺ሶ , performing the affine transformation on the control point di of the original curve, and the transformed 

control point 𝑑𝑖ᇱis obtained as follow: 

 𝑑𝑖  ௃షభ∘஻(௨) ሱ⎯⎯⎯⎯⎯⎯⎯⎯ሮ 𝑑𝑖ᇱ, 𝑖 = 1,2 ⋯ 𝑛; 0 ≤ 𝑢 ≤ 1 (9) 
Where i is the number of control points. When u increases from 0 to 1, the curve formed by A(u) is 

a spatial 6-dimensional B-spline curve, since the original control point is unchanged, the Jacobian 
inverse transform is a linear transformation, the curve formed by the transformed control point 𝑑𝑖ᇱ in 
the process of u from 0 to 1 is a space 6-dimensional B-spline curve 𝐻ሶ . The new B-spline curve formed 
by affine transformation is recorded as 𝑑𝑖(𝑢)ᇱ. 

Although curve 𝐺ሶ  is a curve composed of different affine transformations at each point on 𝐻ሶ , the 
strong convexity of B-spline curve shows that the maximum value of curve 𝐺ሶ  is always within the 
control polygon formed by each maximum new control point, then: 

 𝐺ሶ (𝐵, 𝑢) ≤ 𝑀𝑎𝑥(𝑑𝑖(𝑢)ᇱ) (10) 
For the B-spline curve 𝑑𝑖(𝑢)ᇱ, the strong convexity shows that the maximum value of 𝑑𝑖(𝑢)ᇱ is 

within the control polygon contained in each control vertex. Let 𝑑𝑖(𝑢)௟ᇱ be control vertex of 𝑑𝑖(𝑢)ᇱ: 
 𝑃𝑖(𝑢)ଵ ≤ 𝑀𝑎𝑥(𝑑𝑖(𝑢)௟ᇱ) (11) 

Similarly, the minimum value for curve 𝐺ሶ : 
 𝑃𝑖(𝑢)ଵ ≥ 𝑀𝑖𝑛(𝑑𝑖(𝑢)௟ᇱ) (12) 

Arranging formula(10) and formula (11)results in: 
 𝐺ሶ (𝐵, 𝑢) ≤ 𝑀𝑎𝑥(𝑑𝑖(𝑢)௟ᇱ) (13) 

Similarly, the minimum value for curve 𝐺ሶ  is: 
 𝐺ሶ (𝐵, 𝑢) ≥ 𝑀𝑖𝑛(𝑑𝑖(𝑢)௟ᇱ) 𝑖 = 1,2 ⋯ 𝑛, 𝑙 = 1,2 ⋯ 𝑛; 0 ≤ 𝑢 ≤ 1  (14)  

Let the acceleration curves of the Cartesian space and the acceleration curves of the joint space are 𝐻ሷ  and 𝐺ሷ ,  and the two sides of the equation are respectively derived from time: 𝐴ሷ = 𝐽ିଵ ∘ 𝐵(𝑢) • 𝐵ሷ + 𝐽ିଵ ∘ 𝐵ሶ (𝑢) • 𝐵ሶ (𝑢)             0 ≤ 𝑢 ≤ 1                       (15) 
Let: 

 𝑄ଵ(𝑢) = 𝐽ିଵ ∘ 𝐵(𝑢) • 𝐵ሷ (𝑢); 0 ≤ 𝑢 ≤ 1 (16) 
 𝑄ଶ(𝑢) = 𝐽ିଵ ∘ 𝐵ሶ (𝑢) • 𝐵ሶ (𝑢); 0 ≤ 𝑢 ≤ 1 (17) 

The acceleration curve 𝐺ሷ(𝑢) of the joint space can be synthesized from curves 𝑄ଵ(𝑢) and 𝑄ଶ(𝑢): 
 𝐺ሷ (𝑢) = 𝑄ଵ(𝑢) + 𝑄ଶ(𝑢); 0 ≤ 𝑢 ≤ 1 (18) 

It can be seen from the continuous differentiability of the B-spline curve that 𝐵ሶ (𝑢) and 𝐵ሷ (𝑢) are 
both B-spline curves, and similar results can be obtained from Eq.(10)~(12): 

 𝑄ଵ(𝐵, 𝑢) ≤ 𝑀𝑎𝑥(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) (19) 
 𝑄ଶ(𝐵, 𝑢) ≤ 𝑀𝑎𝑥(𝑄ଶ𝑑𝑖(𝑢)௟ᇱ) (20) 
 𝑄ଵ(𝐵, 𝑢) ≥ 𝑀𝑖𝑛(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) (21) 
 𝑄ଵ(𝐵, 𝑢) ≥ 𝑀𝑖𝑛(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) (22) 

Combined equations: 
 𝐺ሷ (𝐵, 𝑢) ≤ 𝑀𝑎𝑥(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) + 𝑀𝑎𝑥(𝑄ଶ𝑑𝑖(𝑢)௟ᇱ) (23) 
 𝐺ሷ (𝐵, 𝑢) ≥ 𝑀𝑖𝑛(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) + 𝑀𝑖𝑛(𝑄ଶ𝑑𝑖(𝑢)௟ᇱ) (24) 

Let the speed constraint and the acceleration constraint of the joint space are 𝑣௘௟  and𝑎௘௟ , respectively. 
The simultaneous connection can indirectly control the speed and acceleration of the joint space: ቊ 𝑀𝑎𝑥(𝑑𝑖(𝑢)௟ᇱ) ≤ 𝑣ଵ௘𝑀𝑎𝑥(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) + 𝑀𝑎𝑥(𝑄ଶ𝑑𝑖(𝑢)௟ᇱ) ≤ 𝑎ଵ௘         𝑖 = 1,2 ⋯ 𝑛, 𝑙 = 1,2 ⋯ 𝑛; 0 ≤ 𝑢 ≤ 1     (25) 
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3.2.3. Combination trajectory planning time optimal solution. The solution to the time-optimal 
problem of combination trajectory planning is to solve the smallest time series of total time 
corresponding to the normalized time node u while satisfying the joint space and Cartesian space 
constraints. The genetic algorithm is used to solve the problem. Since the problem is an optimization 
problem with a constraint problem, it is generally processed by a penalty function. The cost function is: 

 𝑓(𝑥) = 𝑚𝑖𝑛 ∑ 𝑥௜௡ିଵ଴ + 𝑟௚𝜙(𝑥௜) (26) 
The combination trajectory planning needs to consider the obstacle avoidance problem of the robot. 

At the same time, the speed and acceleration of the actuator at the end of the operating space and the 
joint speed and acceleration of the joint space meet the requirements. Therefore, the constraint of the 
problem can be simplified as: 

𝑠. 𝑡. ⎩⎪⎨
⎪⎧ 𝑀𝑎𝑥(𝑑𝑖(𝑢)௟ᇱ) ≤ 𝑣௘ଵ𝑀𝑖𝑛(𝑑𝑖(𝑢)௟ᇱ) ≥ −𝑣௘ଵ𝑀𝑎𝑥(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) + 𝑀𝑎𝑥(𝑄ଶ𝑑𝑖(𝑢)௟ᇱ) ≤ 𝑎௘ଵ𝑀𝑖𝑛(𝑄ଵ𝑑𝑖(𝑢)௟ᇱ) + 𝑀𝑖𝑛(𝑄ଶ𝑑𝑖(𝑢)௟ᇱ) ≥ −𝑎௘ଵ

           |𝑑𝑖| ≤ 𝑙௘, |𝑑𝑖ଵ| ≤ 𝑣௘, |𝑑𝑖ଶ| ≤ 𝑎௘       (27) 

Where𝑥௜ = 𝛥𝑡௜ = 𝑡௜ାଵ − 𝑡௜ , 𝑖 = 1,2 ⋯ 𝑛, 𝑙 = 1,2 ⋯ 𝑛, rg is the penalty coefficients, 𝜙(𝑥௜) is the 
penalty function, and the size is: 

            𝜙(𝑥௜) = ቊ1, 𝑖𝑛𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛0， 𝑓𝑒𝑎𝑠𝑏𝑙𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  

The genetic algorithm can be used to solve the minimum value of f(x) and obtain the corresponding 
time series. The corresponding time node vector can be obtained by the formula, according to the 
simultaneous equation, the motion curve of the end effector of the operation space can be solved. From 
the mapping relationship, the corresponding joint motion curve can be obtained, and complete the 
combination planning of the trajectory. 

4. Experiment and Results 
The development of the trajectory servo controller for this experiment is based on the development 
software UR+ of Shanghai Youao (UR) Co., Ltd., which is carried out on the virtual machine UR Sim 
3.3.0.145 Starter, the experimental development was carried out by writing a running program, and the 
experiment was carried out using the UR5 robot as shown in figure 2. 

  

Figure 2. UR5 manipulator. Figure 3. Robot joint variables and position and 
attitude data on virtual machines. 

The motion curve of the position and pose of UR5 is obtained by theoretical derivation and 
optimization algorithm according to the key points given, which belongs to the reservation, and its image 
is generated directly by matlab. The indirect measurement method is used in this paper. Specifically, by 
detecting the posture data of the end effector of the robot on the virtual machine URSim 3.3.0.145 Starter 
(as shown in figure 3), it is verified by comparing with the original set trajectory. 

Select a series of key points of the spatial trajectory, the corresponding pose sequence is as follows: 
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Table 1. Manipulator positions. 
 X Y Z Rx Ry Rz 

P1 -5.92 -288.21 599.73 0.9249 1.6025 -1.6289 
P2 276.82 -344.39 498.68 0.4188 2.2235 -1.8402 
P3 372.02 -405.50 359.49 0.2190 2.7168 -1.6888 
P4 400.35 -450.51 197.90 0.1190 3.2508 -1.3855 
P5 393.68 -447.20 52.95 0.2588 3.6985 -0.7094 
P6 424.11 -408.11 34.33 0.7590 3.4899 -0.2978 

Let the time series corresponding to the 6 key points in Table 1 be T=(t1, t2, t3, t4, t5, t6), and use the 
formula to find the corresponding time node sequence to solve each control point of the motion curve. 
The joint space kinematic constraints of the robot are: 

Table 2. Joint space constraints. 
 P1 P2 P3 P4 P5 P6 𝑣௘ଵ/(∘/𝑠) 100 100 100 100 100 100 𝑎௘ଵ/(∘/𝑠ଶ) 40 50 75 75 90 80 

Cartesian space kinematic constraints are: 
Table 3. Cartesian space constraints. 

 X Y Z Rx Ry Rz 𝑙௘/𝑚𝑚 1000 1000 750 -- -- -- 𝑣௘/𝑚𝑚 ⋅ 𝑠ିଵ 500 500 300 0.5 0.5 0.5 𝑎௘/𝑚𝑚 ⋅ 𝑠ିଶ 800 800 500 0.8 0.8 0.8 
According to the genetic algorithm, set group M=40, terminate algebra T=300, select tournament 

method as select operator, cyclic crossover as loop operator, PC=0.8, mutation operator takes value 0.02, 
penalty coefficient take value 50. The program is written in MATLAB software, and the optimal solution 
is [2.2541, 1.6614, 1.9075, 1.6605, 1.6165]. The total time is T=9.1s.  

Knowing the time series, the time node vector of the B-spline curve can be obtained from Eq.(5). 
Combined with the position sequence pi, the running trajectory curve of the terminal of the serial robot 
in Cartesian space can be drawn as shown in figure 4~5. Velocity curve is shown in figure 6~7, the 
acceleration curve is shown in figure 8~9.  

Meanwhile, the mapping relationship f from the Cartesian space to the joint space can be used to find 
the joint position, joint velocity curve and joint acceleration curve of the serial robot in the joint space, 
as shown in figures 10~12. 

Figure 4. Robot end-effecter 
position. 

Figure 5. Robot end-effecter 
Euler angle. 

Figure 6. Robot end-effecter 
speed. 
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Figure 7. Robot end-effecter 
angular velocity. 

Figure 8. Robot end-effecter 
acceleration. 

Figure 9. Robot end-effecter 
angular acceleration. 

Figure 10. Joint position. Figure 11. Joint velocity curve. Figure 12. Joint acceleration 
curve. 

In figures 10~11, the joint motion curve is smooth and continuous, and both within the range of the 
robot's joint motion, meeting the set conditions; In figure 12, the joint acceleration curve is continuous 
but limited with the order of the B-spline curve, in the form of a broken line, but the curves are within 
the constraints of the robot's joint motion, and the set conditions are also met. 

5. Conclusion 
(1) According to the kinematics inverse, obtain robot joint variables, adds a virtual joint at the end of 
the open-chain serial robot actuator, through the mapping relationship between joint variables and pose 
variables, the terminal posture of robot can be expressed by the virtual joint variables. 

(2) The trajectory planning is carried out in the Cartesian space of the robot. The affine invariance of 
the B-spline curve and the strong convex hull are used to indirectly control the joint motion trajectory 
of the robot and realize the combination planning of the robot joint space and Cartesian space. The robot 
motion trajectory meets the constraints of Cartesian space and joint space at the same time, so that the 
robot joint wear and mechanical vibration can be reduced under the condition of stable robot motion. 
Experiments on the UR5 robot show that the method is effective and feasible. 
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