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Abstract. In this paper, we are concerned with periodic motions of composite laminated 
circular cylindrical shell with 1:2 internal resonance. The existence condition and number 
estimation of periodic solutions of the governing system are studied by discussing the Poincaré 
map and the displacement function. To illustrate the effectiveness of our results, the method of 
numerical simulations is performed to detect the phase portraits of the periodic solutions under 
a set of parameter condition. 

1. Introduction 
Due to the excellent thermal properties [1-2], composite materials are successfully applied in many 
fields of industry. Circular cylindrical shell, one of the important structures, is extensively applied to 
aeronautic and aerospace engineering. Owing to the complexity of the working conditions, various 
vibrations may occur to circular cylindrical shell [3], which can cause damages to the devices. Hence, 
the investigation for the complicated vibrations of the shell is very important, which is of significance 
in both theory and application. 

The nonlinear oscillations of the composite shell structure have been widely investigated. The 
motions of the shell can often be expressed by nonlinear partial differential equations, and often be 
transformed into high-dimensional dynamic systems by Galerkin method [4-5]. Because of the 
phenomenon of modal interactions of these high-dimensional systems, the theoretical study on the 
nonlinear dynamic behaviours is very complex. Hence, many results on nonlinear dynamic behaviours, 
such as periodic vibrations, chaotic motions, etc., are often obtained by numerical and experimental 
methods [6-7]. Periodic vibrations are essential forms of vibrations, which attracts much interest of 
scholars. To provide a comprehensive understanding on the periodic motions with a wide range of 
parameters, proposing a method for the theoretical analysis is urgent for our study.   

The theoretical study on the periodic solutions of nonlinear dynamic systems is an important but 
difficult topic. Some classic and important methods were widely used to discuss the bifurcation of 
periodic solutions of nonlinear systems [8-9]. The existence of periodic solutions and their distribution 
configurations of some nonlinear dynamic systems, such as near-Hamilton systems, slow-fast systems, 
etc., have been widely studied [10-11]. However, the results could not be widely applied to some other 
types of engineering models.  

We outline the structure of this paper. In section 2, the system of circular cylindrical shell is 
presented. In section 3, the periodic solutions are studied by discussing the Poincaré map and the 
displacement function. In section 4, the phase portraits of periodic solutions are obtained by numerical 
simulations. In section 5, the conclusions of our paper are shown. 



7th Annual International Conference on Materials Science and Engineering

IOP Conf. Series: Materials Science and Engineering 562 (2019) 012167

IOP Publishing

doi:10.1088/1757-899X/562/1/012167

2

2. System Description 
A simplified model shown in figure 1 is used to model the laminated circular cylindrical shell, where 

0l , iK  and iς  are respectively pre-stretched length, stiffness coefficients and damping coefficients, 
where 2,1=i . 
 

 
Figure 1. The simplified model of composite shell 

 
Under temperature excitation, the governing system can be obtained as follows [4], 
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where .2,1=i  Considering 1:2 internal resonance of system (1), we have 
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where 10 <<< ε .  Supposing 2=Ω , based on the method of asymptotic perturbation, we can obtain 
the following averaged equations, 
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where ),,,,( 4321 xxxxFk 4,3,2,1=k  are polynomials. 
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3. Periodic Solutions 
To study the periodic solutions of system (2), we will introduce the following notations for 
convenience if 01 ≠σ , 
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The following results can be obtained. 
Lemma 1 If 01 ≠σ , considering system (2) and writing ,1
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Lemma 2 Consider system (3) and suppose 22
-1
125 =σσβ . Based the transformations, 
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Proof When 22
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Considering θ  as the independent variable, lemma 2 holds. 
Suppose ),,( εθ zy  is the solution of (5), where zzy =),,0( ε , ),,( 000 sr ρ=z . The Poincaré map 

and displacement function are shown as ),( εzP  and ),( εzΦ  respectively, where  

),,2(),,0(:),( επεε zyzy →zP                                                     
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With the aid of Maple and Matlab software, we obtain  
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Theorem 1 Suppose that )(zh  is not zero. If the solution ),,( *
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implicit function theorem, there exists )),(( * εεz  in the a neighbourhood of )0,( *z  such that 
0)),(( * =εεzΦ  for 10 <<< ε . Hence, system (5) has a periodic solution in the neighbourhood of *z .  

Considering the coordinate transformations shown in lemma 2, only when the solution *z  
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Theorem 2 Suppose ,013 =α  22

-1
125 =σσβ , 023211 ≠αασ , where the expressions of ,13α  21α  and 

23α  are shown in equation (7). System (3) exists at most 8 periodic solutions based on displacement 
function of order 0ε . 

Proof When 013 =α  and 021 ≠α , the equation 0)( =zh  has solutions only in the case of 000 ≠ρr . 
If 023 ≠α , we obtain 
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There are at most four solutions with respect to λ . Based on 0)(1 =zh , we obtain  
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Hence, substituting each solution λ  into equations (8) and (9), at most two sets of z  which satisfy 
,0*

0 >r 0*
0 >ρ  can be obtained for ].2,0(0 π∈s  Hence, there are at most 8 solutions with respect to z . 

At each of all the solutions, the Jocabian is nonzero. Based on theorem 1, system (3) has at most 8 
periodic solutions. 

4. Numerical Simulations 
The number and distribution configurations of the periodic solutions of nonlinear system (3) are 
presented based on numerical simulations. Fixing its parameters as ,7.316 =α ,9.123 −=α  ,5.014 =α  

,3.021 =α  ,5.022 =α ,1.01 =µ 02.013 =α ,the periodic solutions can be obtained. Figure 2 (a) and (b) 
show the periodic solutions on planes ),( 21 xx  and ),( 43 xx , figure 2 (c) and (d) respectively show the 
time-history diagrams of 1x  and 3x  with respect to t , and figure 2 (e) and (h) illustrate the relative 
positions of the periodic solutions in three-dimensional space ),,( 421 xxx  and ),,( 432 xxx . 
 

 
  (a)                                                          (b) 

     
    (c)                                                          (d) 
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      (e)                                                           (f) 

     
   (g)                                                       (h) 

Figure 2. Periodic solutions of system (3) 

5. Conclusions 
The existence condition and number estimation of periodic orbits of circular cylindrical shell are 
studied in this paper. With 1:2 internal resonance, the maximum periodic solutions, 8, is obtained 
when ,013 =α  22

-1
125 =σσβ  and 023211 ≠αασ . To illustrate the effectiveness of our results, the phase 

portraits which provide the relative positions and amplitudes of the periodic solutions are obtained 
under a group of parameter condition. 

Periodic solutions of the averaged equations reveal the complicated periodic vibrations of the shell. 
Theoretical and numerical results obtained in our paper may provide guidance for the structural 
designing.  
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