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Abstract. Simulation of computational fluid dynamic (CFD) in isothermal fluid flow is very 

important in engineering and modeling problem. The simulation can explain the closed-flow 

behavior as complement with experimental field. Lid Driven Cavity as the tool for CFD 

benchmark is important to investigate. Lattice Boltzmann Method (LBM) as non-conventional 

CFD is used as present method investigation. The keys parameters of lid driven cavity problem 

are Reynolds number and the parts of moving boundaries that driven the cavity. In the present 

investigation was used the variations of Reynolds numbers: 500, 1000 and 2000. The lid that 

driven the cavity are top and bottom part. The results presented in visual flow pattern and in two 

dimensional velocity plot.    

1.  Introduction 

Lid driven cavity (LDC) is the phenomena where closed flow happens only in momentum transport, that 

means there is neither heat transport nor species transport [1]. The phenomena of closed flow in 

industrial could be seen in chemical etching or film coating. The classic LDC problem has been 

investigated since 60’s decade and developed very fast until current era as the development of computer 

technology also very vast. The computer technology as the prime mover for numerical technique 

development is unavoidable. The quite comprehensive review about classic LDC where only one part 

of Lid that move has done by some authors. Marchi et al. (2009) reviewed the 18 papers of classic LDC 

from 1961 until their own work time. Almost all of their works were based on Navier-Stokes governing 

equations and only one that used Lattice Boltzmann Method [2]. The most popular method to discretize 

the mathematics models in the conventional Navier-Stokes based are Finite Difference methods. The 

Reynolds number that were used were various from low to 10,000 and even one of them until 21,000. 

Abdel Migid et al. (2016) also reviewed 27 papers of classic LDC from 1966 until 2014 to be compared 

with their own work. Only two of them used LBM instead of Navier-Stokes based and Reynolds number 

varied from low to 10,000 and one of them until 15,000 [3]. 

The recent most interesting LDC variations is when two walls diametrically facing each other move 

in the same direction and same velocity, while the two others walls are kept still [1]. The interesting 

phenomena that need to be investigated are the structure of symmetric and non-symmetric flows due to 
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flow interactions. Lemée et al. (2015) reported the symmetric flows is stable and steady for Reynolds 

number under 4000. Conventional CFD has passed half century using LDC as benchmarking tools that 

based on Navier-Stokes governing equation. One quite comprehensive investigations about various 

technique in solving LDC problem did by AbdelMigid et al. (2016) [3]. Finite Difference method sit the 

most popular tool, then Finite Volume method sit the second place then being followed by Finite 

Element method in the third place.  

Besides of the Navier-Stokes based computational fluid dynamics (CFD) as conventional simulation, 

Lattice Boltzmann Method (LBM) is emerged as promising direct numerical simulation tool. The main 

advantage of LBM over the Navier-Stokes CFD are: (1) more fundamental paradigm rather than 

continuum conventional approach due to build from mesoscopic kinetic molecular interactions (2) the 

pressure is calculated through equations of state (EOS) so that not necessarily solve Poisson equation 

(that computationally expensive) (3) LBM easy to parallelize due to the locality in computation and (4) 

the bounce back scheme that easy to handle to treat no slip boundary condition [4] [5]. 

In this paper the LDC was modeled and solved using LBM with top and bottom wall moved to the 

right with normalized velocity equal to one and Reynolds number 500, 1000 and 2000. Scheme of 

presentations are governing equations and modelling next to this part, then results and discussions and 

finally the conclusions.    

2.  Governing equations and modeling 

The basic idea of Lattice Boltzmann method is the parameter that describes distribution functions of the 

collected particles in the fluid system and express in equation as [4] [6]: 

f(r+cdt, c+Fdt, t+dt)drdc – f(r,c,t)drdc = Ω(f)drdcdt   (1) 

where, f(r,c,t)drdc  is collected particles distribution function at space position r, velocity c at time t, 

before get the external force F. The next distribution function after being exposed to the external force 

become f(r+cdt, c+Fdt, t+dt)drdc and the quantity difference of collected particles before and after 

collisions are as much as Ω(f)drdcdt. If equation (1) is divided by drdcdt and with dt →0, then will be 

resulted: 
𝑑𝑓

𝑑𝑡
 = Ω(f)      

 (2) 

Equation (2) shows that the total difference of speed molecule distribution is equal to the total 

collision change. Consequently, as f is a function of r, c and t, then: 

df =  
𝜕𝑓 

𝜕𝑟
𝑑𝑟 + 

𝜕𝑓 

𝜕𝑐
𝑑𝑐 + 

𝜕𝑓 

𝜕𝑡
𝑑𝑡 , 

and if both sides is divided by dt, result:  

𝑑𝑓

𝑑𝑡
=

𝜕𝑓 

𝜕𝑟

𝑑𝑟

𝑑𝑡
+ 

𝜕𝑓 

𝜕𝑐

𝑑𝑐

𝑑𝑡
+ 

𝜕𝑓 

𝜕𝑡
 = 

𝜕𝑓 

𝜕𝑟
𝑐 +  

𝜕𝑓 

𝜕𝑐
𝑎 + 

𝜕𝑓 

𝜕𝑡
,  

where a is acceleration and a=F/m (Newton’s law II).  Then equation (2) becomes:  

𝑑𝑓

𝑑𝑡
+ 

𝜕𝑓 

𝜕𝑟
𝑐 +  

𝜕𝑓 

𝜕𝑐

𝐹

𝑚
 = Ω     

 (3) 

Operator of Ω approached by Bhatnagar, Gross dan Krook (BGK) as: 

Ω = ω(f eq – f) = 
1

𝜏
 (f eq – f)     (4) 
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Where ω is coefficien of molecule collision frequency and expressed as ω = 
1

𝜏
 , and τ is relaxation 

factor. 

Equation (3) without external force can be expressed as:  

𝑑𝑓

𝑑𝑡
+  𝑐𝛻𝑓 =

1

𝜏
 (f eq – f)     

 (5) 

Discretization of equation (5) results : 

𝑑𝑓𝑖

𝑑𝑡
+  𝑐𝑖𝛻𝑓𝑖 =

1

𝜏
 (fi eq – fi)    

 (6) 

or: 

fi (r+ci∆t, t+∆t) = fi (r, t) + 
∆𝑡

𝜏
 [fi eq (r,t) – fi(r,t)]  

 (7) 

Macroscopic parameters such as density and velocity of fluid flow expressed as:  

ρ= ∑ 𝑓𝑖𝑖
eq        

 (8) 

ρc=  ∑ 𝑐𝑖 i
  fi 

eq       

 (9) 

Scheme of path in LBM expressed as DnQm, where n shows dimension and m shows number of all 

possibilities velocity direction. This paper use D2Q9 means 2 dimension and 9 speed velocity direction 

as on Figure 1. 

 

Figure 1. D2Q9 Scheme 

For the model of D2Q9 the discrete velocities are given by: 

[𝒆0, 𝒆1, 𝒆2, 𝒆3, 𝒆4, 𝒆5, 𝒆6, 𝒆7, 𝒆8] = c [
0  
0  
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0
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] where c is lattice speed that is 

defined as c = ∆x/∆t ,where ∆x is discrete space unit and ∆t is discrete time unit. 
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The scheme of Top and Bottom Lid Driven Cavity is shown on Figure 2. The condition is the square 

cavity with top lid and bottom lid moving with same direction and normalized velocity. The left and 

right wall are kept still. The boundary condition that appropriate for situation as shown in Figure 2 in 

LBM called bounce-back boundary condition.  

The dimensionless Reynolds number that being used defined as [4]: 
   Re = uL/ν        (10) 

                                  u=1, v=0 

 

 

 

u=v=0                                                               u=v=0 

 

 

                                    u=1, v=0    

 

 

Figure 2. Scheme of Top and Bottom Lid Driven Cavity 

 

where u is characteristic velocity, L is characteristic length and  ν is fluid viscosity. The application 

of Reynolds number in lid driven case is defined as: 

Re = (lid driven velocity)(lattice number)/(viscosity)  (11) 

The lattice number in this present work are 100 × 100. 

3.  Results and discussions 

First part of these discussions is the validation of present work by benchmarking with the outstanding 

existing work. One of the prominent works that frequently used by researchers in CFD of LDC case is 

that worked by Ghia et al. [7]. Using conventional Navier-Stokes governing equations and was solved 

by multi-grid method, Ghia et al. present the result of single top lid driven cavity with some Reynolds 

number. Present work will validate using the Ghia’s et al. work at Reynolds number of 1000 and plotted 

the velocities of both x and y directions in two-dimensions Cartesian coordinate system. The results are 

shown on Figure 3 (a) in velocity of x-direction (u) vs. lattice positions and Figure 3 (b) in velocity of 

y-direction (v) vs. lattice positions. All lattice positions are take in the mid cross-section of horizontal 

cavity. As it were shown on the both Figure 3(a) and Figure 3(b), the present work that using LBM is 

almost exactly similar with Ghia’s work.   

The results of double top and bottom LDC in present work are presented in each Reynolds number 

of 500, 1000 and 2000. The visual simulations are shown in stream functions and velocity quivers to 

show the flow directions. Finally, will be shown the velocity of x and y direction vs lattice and presented 

in all three Reynolds number. 
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Figure 3. Validation of velocity in vertical lattice position: (a) x-direction (u) and (b) y-direction 

(v) 

The visual streams functions and velocities quiver at Re=500 are shown on Figure 4. The stream 

functions show the same velocity as one line and the quivers show the flow directions. Both Figure 4(a) 

and 4(b) show that there are two vortices symmetrically. Logically there are two center of vortices that 

have zero velocity. 

 

(a)                                                                    (b) 

Figure 4. Visual at Re=500: (a) stream function and (b) quiver 

The visual stream function and velocity quiver at Re=1000 are shown on Figure 5(a) and 5(b). 

Generally, the two-visual simulations at Re=500 and Re=1000 similar that there are two vortices.  But 

if the plots are scrutinized, there are the differences in velocity and will be shown in the velocity plot in 

the end part of discussions. 

The visual stream function and velocity quiver at Re=2000 are shown on Figure 6a(a) and 6(b). Two 

vortices still similar with the two previous Reynolds number. The detail differences also will be clearly 

shown on the next velocity plot vs. lattices. The interesting note that necessary to be mentioned is that 

at the right side of velocity stream in the center part of meeting point seems to be incipient of secondary 

vortex. So, if the investigations continue to run in the higher Reynolds number, at some extend will be 

found the secondary vortex. 

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

lattice

u

 

 

present study

Ghia

0 10 20 30 40 50 60 70 80 90 100
-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

lattice

v
 

 

present study

Ghia



9th Annual Basic Science International Conference 2019 (BaSIC 2019)

IOP Conf. Series: Materials Science and Engineering 546 (2019) 052088

IOP Publishing

doi:10.1088/1757-899X/546/5/052088

6

 

 

 

 

 

 

 

 

(a)                                                                   (b) 

Figure 5. Visual at Re=1000: (a) stream function and (b) quiver 
 

 

 

 

 

(a)                                                                          (b) 

Figure 6. Visual at Re=2000: (a) stream function and (b) quiver 

The next analysis is the comparison among the three Reynolds number upon the velocities of both 

directions: x-direction (u) and y direction (v). The locations where investigations run are at cross section 

of mid-horizontal of the cavity as shown on Figure 7.  

 

Figure 7. Positions of velocities of x and y-direction that were investigated 

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

u 

v 



9th Annual Basic Science International Conference 2019 (BaSIC 2019)

IOP Conf. Series: Materials Science and Engineering 546 (2019) 052088

IOP Publishing

doi:10.1088/1757-899X/546/5/052088

7

 

 

 

 

 

 

The plot results of x-direction velocity of all three Reynolds number is shown on Figure 8. As shown 

on the Figure 8, the velocity of x-direction plot in y-axis and lattice from bottom to top in x-axis.  

 

Figure 8. Plot of velocity of x-direction vs. lattice 

Overall, the plots of all three Reynolds number are symmetrical with mirror at center of horizontal 

plane. The highest velocity in x-direction were located at lattice zero and lattice 100. These facts are 

true because at lattice zero and 100 locations of top and bottom lid that drive the flow. The zero velocity 

in x-direction case were located at around lattice 20 and 80 where center of vortices happen. The lowest 

position of all curves were located at the center or around lattice 50. That means the lowest velocity at 

x-direction is the highest velocity in the opposite direction with lid driven movement. This fact is 

confirmed where at the center of cavity the flow movement are to left direction and at this position is 

the location where two outer vortices met. From Figure 8 also can be found that the higher the Reynolds 

number, the steeper the curve. This fact can be explained that the higher Reynolds number in the same 

dimensions of geometry and the same fluid properties means the higher velocity of fluid flows.  

The results of velocity in y-direction are plotted as shown on Figure 9. Overall can be seen from 

Figure 9 that the shape of the plots sinusoidal-like, with the zero velocity around at the middle. From 

bottom (lattice zero) until around the middle, the velocities in y-direction all positive or up-going. Then 

after passed zero point, the velocities in y-direction all negative or downward direction. From Figure 9 

also can be found that the higher the Reynolds number, the steeper the curve. 

 

 

Figure 9. Plot of velocity of y-direction vs. lattice 
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4.  Conclusion 

Two main vortices happen in the case of top and bottom lid driven cavity that use Reynolds numbers 

are 500, 1000 and 2000. In the system of same dimension and physical fluid properties, the higher the 

Reynolds number, the steeper the curve velocity. The velocity in x-direction has quite symmetrical shape 

with the highest velocity in the nearest lid fluid and the lowest (or highest in opposite direction) in the 

middle of the cavity system. The velocity in the y-direction has sinusoidal-like curve shape with zero 

velocity around the middle of the cavity system. 
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