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Abstract. Shear failure yield line in Drucker-Prager yield surface for conventional atomized iron 

powder has been estimated with critical stress state and uniaxial failure stress state by single 

shear test and uniaxial failure test for green compact. Lateral force measurement test was also 

conducted using newly devised instrumented die compaction system to identify compaction 

yield characteristics as Cap yield surface. By those estimations, materials input parameters for 

Drucker-Prager Cap model have been determined successfully. Finite element analysis of simple 

closed-die compaction has been conducted and good correspondence in variation of compaction 

pressure with densification has been recognized. 

1.  Introduction 

Powder metallurgy, PM method is one suitable method to produce metal parts with high accuracy and 

high cost performance as it can process metal parts with certain mechanical properties in complex shape 

such as gear, sprocket, pulley, and synchronizer hub. In the metal powder compaction process using 

closed-die system, which applies to mass production for various PM parts, failure of green compact such 

as slip-crack often occurs especially for compaction of multi-step part. Since slip-crack usually caused 

by improper powder flow on the boundary of high density part and low density part during consolidation, 

it is important to optimize compression velocity in tools for each compaction step including ejection of 

solidified green compact [1]. Application of finite element numerical simulation method reduces time 

and cost in design and trials of the metal powder die compaction processes, as it is able to predict 

magnitude of density distribution and shear stress concentration occurrence. A number of yield criteria 

with constitutive equation such as Shima-Oyane model and Drucker-Prager model have been suggested 

to describe consolidation behaviour that treats powder as continuum materials [2-4]. Materials input 

parameters necessary in use of numerical simulations are usually estimated by several material testing, 

such as uniaxial closed-die compaction test, triaxial compaction test and direct shear test, which are 

commercially used in soil mechanics [5]. However, degrees of die compaction pressure for usual metal 

powders such as iron for sintered alloy are at least 10 times higher in comparison with soil mechanics 

and pharmaceutical powder compaction industry. Triaxial compaction method is most preferable to 

estimate yield surface and constitutive behaviour of granular materials as it can possible to measure both 

of elastic and plastic properties. Nevertheless, it is hard to develop for metal powders due to high 

strength in consolidation, so a few multiaxial compaction testing system with high rigidities exists. 

Practical way of determining key material parameters at low cost is using instrumented die compaction 
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system with mathematical treatment to convert the applied stresses to a multiaxis stress yield properties 

[6]. 

Application of numerical simulation method including shear failure criterions is most effective to 

predict crack occurrence during compaction, unloading and ejection stage. Drucker-Prager Cap, DPC 

model provides both shear yield behaviour and volumetric deformation with hydrostatic stress for 

granular materials. When stress state is encountered for critical state corresponding to a high deviatoric 

stress but a moderate hydrostatic stress, consolidated powder fractures as weak mechanical links 

between particles cannot resist applied shear stress. Such stress states on compression-shear plane with 

several compact densities provide critical state line, CSL, which is division point in both consolidation 

and failure occurrence. Although single shear testing is most simple method to estimate shear failure 

characteristics of granular materials, it was not applicable for metal powder, because at high pressure 

region the direction of shear plane does not correspond to the shear direction [7]. We have developed 

improved single shear testing method for metal powder to measure stress state in shear failure plane on 

high density state [8]. As results, CSL of iron powder compact with corresponding density ratio has been 

successfully estimated as described in previous work [9].  

In this study, material input parameters in DPC model is estimated to carry out numerical simulation 

of iron powder compaction process using commercially available finite element method (FEM) solver 

ANSYS. Firstly, CSL estimated in previous work is converted in the stress plane with first invariant 

stress I1 and second invariant deviatoric stress J2. Then shear failure lines in DPC model is estimated 

with CSL and uniaxial failure stress state of green compact. For the identification of compaction yield 

surface in DPC model, lateral force measurement was conducted using newly devised instrumented die 

compaction system. Thus the whole of yield surface is able to determine by combining both stress state, 

shear failure occurrence and compaction proceeding. Elastic properties are also identified by measuring 

unloading characteristics, so variations of volumetric plastic strain during compaction were calculated 

and compaction hardening characteristics has been identified. Finally, FEM simulation of cylindrical 

die compaction using commercial available software ANSYS has been carried out and validated. 

2.  Definition of yield surface in DPC model 

2.1.  Shear failure line 

Yield criterion of DPC model in ANSYS is a function of stress invariants I1, J2 and J3. Shear failure 

function Ys is given by: 

                                              (1) 

Where σc is the cohesion related hardening parameter with consolidation. A, B and α are material 

parameter which defines shear yield stress respectively. Equation (1) means that shear failure envelope 

is simplified as linear relationship with σc and α for A = B = 0 as shown in figure 1. So, shear yield 

surface is expressed as conical shape having center axis of mean stress σm in three principal stress space. 

α means slope of shear failure line. 
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2.2.  Compaction yield line 

The Compaction cap function Yc is formulated using the shear failure function as: 

𝑌𝑐(𝐼1, 𝐾0, 𝜎0) = 1 − 𝐻(𝐾0 − 𝐼1) (
𝐼1 − 𝐾0

𝑅𝑐𝑌𝑠(𝐾0, 𝜎0)
)

2

                                             (2) 

where: H means Heaviside function, Rc = Ratio of elliptical I1 to J2 axis, and K0 = Key flag indicating 

the current transition point at which the compaction cap surface and shear failure surface intersect. σ0 

expresses subsequent yield surface which is defined as evolution of cohesion. Note that the Heaviside 

function roles as follows;  

1. When I1 is greater than K0, the compaction cap takes no effect on yielding. It means that only shear 

failure function Ys is effective. 

2. When I1 is less than K0, the yielding may only happen in the compaction cap portion, which is shaped 

by both the shear failure function Ys and cap function Yc as expressed by equation (2). 

2.3.  Hardening functions 

The cap hardening law is defined by describing the evolution of the parameter X0, which is the current 

intersection point of the compaction cap and the I1 axis. In other words, hardening is expressed by 

increasing volumetric plastic strain 𝜀𝑣
𝑝
 with consolidation proceeding that is defined as: 

𝜀𝑣
𝑝

= 𝑊1
𝑐[𝑒𝑥𝑝{𝐷1

𝑐(𝑋0 − 𝑋𝑖)} − 1]                                                            (3) 

where: Xi = Initial value of X0 at which the cap function takes effect. 𝑊1
𝑐 = Maximum possible plastic 

volumetric strain which is defined from densification curve of the powder material.  𝐷1
𝑐 = Hardening 

parameter. So that the evolution of K0 provides the isotropic hardening of compaction cap as state 

variable, which can be implicitly described using X0 and σ0 given below: 

𝐾0 = 𝑋0 + 𝑅𝑐𝑌s(𝐾0, 𝜎0)                                                                   (4) 

2.4.  DPC model in 𝐼1 − √𝐽2 plane 

According to above yield functions with some assumptions in theory of plasticity, DPC yield function 

is described as follows;  

𝐹(𝐼1, 𝐽1,  𝐽2, 𝐽3, 𝐾0, 𝜎0) = 𝐽2 − 𝑌𝑐(𝐼1, 𝐾0, 𝜎0)𝑌𝑡(𝐼1, 𝜎0)𝑌𝑠
2(𝐼1, 𝜎0)                                  (5) 
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(a) Shear failure line simply defined by 

cohesion and slope  
(b) Shape of shear yield surface drawn in 

principal stress space 

Figure 1. Definition of shear failure criterion in DPC model 
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where Yt is expansion cap function defined similar to equation (2). The yield surface with subsequent 

yield locus can be drawn schematically in 𝐼1 − √𝐽2 plane as shown in figure 2. 

 
Thus, the materials input parameters are summarized as follows; Rc: Compaction cap parameter, Xi : 

Compaction cap yield pressure, σc: Cohesion yield parameter, α: Shear envelope linear coefficient, 𝑊1
𝑐: 

Limiting value of volumetric plastic strain, 𝐷1
𝑐: Hardening parameter respectively. 

3.  Experimental procedures 

3.1.  Estimation of input parameters 

Three kind of material testing is suggested in this study, single shear test, uniaxial failure test, and 

uniaxial closed-die compaction test with lateral force monitoring using newly devised instrumented die 

compaction system. Uniaxial failure test of green compact provides a point of stress state in failure by 

uniaxial principal stress ( σ1, σ2 = σ3 = 0 ). The uniaxial failure stress state is obtained as √𝐽2 = 𝜎1 √3⁄  

and  𝐼1 = 𝜎1 at current compact density. Single shear test of green compact provides CSL. Since CSL 

has been identified in previous work [9], we are able to estimate K0 directly. Therefore, slope of failure 

lines α and evolution of cohesion σ0 with densification proceedings can be estimated by equation (1). 

Lateral force measurement provides a point of stress state in densification by simple triaxial principal 

stresses ( σ1, σ2 = σ3 = σL,  σL: Lateral pressure) during compaction. Therefore the stress state is given by: 

 𝐼1 = 𝜎1 + 2𝜎𝐿                                                                               (6) 

 √𝐽2 = |𝜎1 − 𝜎𝐿| √3⁄                                                                       (7) 

3.2.  Experimental conditions 

Conventional atomized iron powder (Kobe Steel, Ltd. 300M) with 1.0 mass % zinc stearate which is an 

additive as interparticle lubricant has been used. It is necessary to prepare green compact specimens 

with proper density for both of uniaxial failure test and single shear test. The specimens in its density 

ratio ρ, defined as the ratio of the compact density to material density, of 0.70, 0.75, 0.80 and 0.85 was 

used. The shape of the specimens is cylindrical in 10 mm diameter with 15 mm height for uniaxial 

failure test, and 20 mm diameter within 10 mm height for single shear test.  

Principle of the newly devised instrumented die compaction system is shown in figure 3. The green 

compact which shape is square column with 8 mm × 8 mm sectional dimension can be compacted. 

Compaction load and lateral force during compaction including unloading stage were measured by load 

cells. Punch strokes were adjusted to obtain green compacts of 0.70, 0.75, 0.80 and 0.85 in density ratio 

after ejection respectively. Weight of powder was fixed in 3.5 g so that about 8 mm square cube shape 

is obtained at ρ = 0.85. Compression punch velocity is 0.5 mm/s and punch strokes is stopped for 5 sec 

before unloading with 0.1 mm/s in each conditions. 

Figure 2. Yield locus of DPC model:  
Consists of three segments which are different 

yield functions, unite to express both of shear 

failure and consolidation characteristics in 

powder materials. Work hardening implemented 

by state variable K0 with volumetric plastic strain 

𝜀𝑣
𝑝

 and evolutions of cohesion σ0 defines 

subsequent yield condition. 
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4.  Results and discussions 

4.1.  Estimation of compaction cap surface by lateral force measurement 

Figure 4 shows results of instrumented die compaction test. Lateral force/pressure clearly remains as 

residual components after unloading as shown in figure 4(a) and (b). As results variation of √𝐽2 which 

is non-negative value reverses its direction at the point of stress state σ1 = σ2 = σ3 during unloading stage 

as shown in figure 4(d). Further unloading is accompanied by increasing shear stress component with 

elastic recovery. It is considered that plastic volumetric expansion occurs eventually when √𝐽2 changes 

beyond the secondary peak, then σ1 becomes 0. These loading properties seems to be the same for each 

density ratio. Stress state corresponding to the compaction cap surface is indicated at the maximum 

compaction stress for each density ratio. 

 

Figure 3. Principle of instrumented die compaction system 

(a) General view of the instrumented die 

compaction system (b) Schematic view of die set in the system 

Load cell for 
lateral force  

Block punch Compression ram (moving) 

Fixed ram 

Upper plate (fixed) 

Mold 
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4.2.  Estimation of yield surface of DPC model 

Concerning results of the estimation of shear failure yield line, the stress states which on the yield lines 

are plotted and yield surface has been drawn as shown in figure 5. Materials parameters, Rc = 3.8 and α 

= 0.2 with proper Xi and σc values which are suitable for each plots has been identified. It is considered 

that estimation of yield surface has been successfully achieved because the all plots are seems to be 

compatible with the yield functions although these plots were measured by different experiment 

respectively. This fact is well supported by unloading curve that ends on the CSL.  

Figure 4. Results of instrumented die compaction test 

(a) Variations of punch stroke and forces on 

operation time ( Density ratio ρ = 0.85 ) 

(c) Photograph of green compact after 

ejection ( Density ratio ρ = 0.85 ) 

(b) Variations of compaction and lateral pressure 

with densification 

(d) Densification curve mentioned in 𝐼1 − √𝐽2 plane 
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4.3.  Cap hardening parameters 

Cap hardening parameters has been identified by equation (3) as  𝑊1
𝑐 = 0.6 and 𝐷1

𝑐 = 0.0045. Figure 

6 shows relationship between 𝐼1  and 𝜀𝑣
𝑝

 with experimental result. Unfortunately, there is deviation 

because the influence of changes in elastic properties is not considered in this study. 

4.4.  FEM results and validation in densification curve 

FEM analysis of cylindrical closed-die compaction has been carried out with the elastic modulus of 

4245 MPa as constant value. Figure 7 shows equivalent plastic strain distributions inside of the green 

compact. Note that one-half of the shape has been shown as axi-symmetric analysis. It seems that the 

distribution tendencies are fairly simulated as strain concentrate at top corner is clearly recognized in 

contrast with lower strain observed at bottom corner due to single action compression. 

 
Figure 8 shows variations of compaction pressure with mean density ratio increase. According to the 

deviation in 𝜀𝑣
𝑝

, it is hard to simulate densification curve at high pressure region precisely. Unloading 

properties is quite different because of elastic modulus that changes with density in actual compaction. 

Figure 5. Estimated DPC surfaces for each green compact density 

Δ : Uniaxial failure stress state 

   : Critical stress state 

●: Closed-die stress state 

■: Compaction cap yield pressure 

Figure 6. Relationship between 𝐼1 and  𝜀𝑣
𝑝

 
Figure 7. Equivalent plastic strain distributions 

by FEM analysis 
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However, it is possible to predict compaction pressure and plastic strain distributions when density 

ratio is less than 0.88 as shown in figure 7 and figure 8. It seems that estimation of elastic properties 

becomes effective to optimize cap hardening parameters more precisely. 

5.  Conclusions 

Materials input parameters of iron powder on shear failure yield and compaction cap yield functions for 

DPC model have been estimated from several material testing, uniaxial failure, single shear and lateral 

force measurement. It has been recognized that the all plots mentioned in 𝐼1 − √𝐽2 plane are compatible 

with the yield functions so DPC yield surface has been successfully identified. Finite element analysis 

of simple closed-die compaction has been conducted and plastic strain distributions are fairly simulated. 

Unloading properties should be investigated to optimize cap hardening parameters more precisely. 
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