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Abstract

Computational group theory deals with the design, analysis and computer im-
plementation of algorithms for solving computational problems involving groups,
and with the applications of the programs produced to interesting questions in
group theory, in other branches of mathematics, and in other areas of science.
This thesis describes an implementation of a proposal for a Soluble Quotient Al-
gorithm, i. e. a description of the algorithms used and a report on the findings
of an empirical study of the behaviour of the programs, and gives an account of
an application of the programs. The programs were used for the construction
of soluble groups with interesting properties, e. g. for the construction of soluble
groups of large derived length which seem to be candidates for groups having ef-
ficient presentations. New finite soluble groups of derived length six with trivial
Schur multiplier and efficient presentations are described. The methods for find-
ing eflicient presentations proved to be only practicable for groups of moderate
order. Therefore, for a given derived length soluble groups of small order are of
interest. The minimal soluble groups of derived léngth less than or equal to six

are classified.
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Chapter 1

Introduction

Recent research indicates that machine computations and mathematical theory
have proceeded hand in hand and have proved to be of great benefit to one an-
other. Computer calculations have become an important element in mathematical

research for various reasons :

e Computer calculations allow new, often unexpected mathematical phenom-

ena to be observed.

e Richer, more complex examples of known phenomena can be explored.
These examples which might illustrate or be of central importance to a

theory were previously beyond computation and detailed comprehension.

e On the basis of exploration of examples and phenomena, new patterns are
observed. This leads to the formulation of new theories and conjectures

which are then the subject of formal mathematical investigation.

e The computer acts as a guide in the construction of a formal proof. It
provides a tool that yields insight into the problem at hand. Furthermore,
it enables mathematicians to understand the behaviour of the examples at

a level deep enough to construct many new examples.



Computers have traditionally been associated with the solution of numerical
problems such as the calculation of the roots of an equation, numerical interpola-
tion and integration etc. However, a good deal of interesting work has been done
using computers for essentially nonnumerical problems, such as sorting, trans-
lating languages, combinatorial analysis and solving mathematical problems in
algebra. During the last three decades group theorists developed algorithms suit-
able for machine implementation to investigate the structure of groups ( Todd-
Coxeter method of coset enumeration, C. Sims’ techniques for the algorithmic
investigation of permutation groups, algorithms for finite soluble groups, etc. ).
The successful application of computers to group theory ( classification of four-
dimensional crystallographic groups and of finite simple groups, etc. ) led to a
wide acceptance among researchers of machine computation in algebra.

One of the objectives of computational group theory is the development of
efficient algorithms for the purpose of calculating in groups and analysing their
structure with the aid of a computer. The appearance of algorithms for comput-
ing with finite soluble groups ( cf. [LNS 84] ) emphasizes the fact that a finite
soluble group can be investigated very efficiently if it is defined in terms of an
AG-presentation, i.e. roughly a presentation that exhibits a composition series
for the group. This raises the question of producing an AG-presentation for a
finite soluble group that has been defined in some other way. Recently Sims
described the implementation of an algorithm for computing a strong generating
set and an AG-presentation for a finite soluble permutation group. The major
gap in the present capabilities is the lack of an efficient analogue of the nilpotent
quotient algorithm for soluble groups. Even though there are some proposals for
a soluble quotient algorithm ( cf. [Lee 84], [Ple 87] ) which would construct an
AG-presentation for a finitely presented soluble group they are not implemented
and therefore it is unknown whether the methods are practical.

In early 1987 the author started on a project which aimed at an implementa-

tion of the basic algorithms of Plesken’s proposal. By the end of 1987 a program

4



for the calculation of the extensions of finite soluble groups by finite elementary
abelian groups became operational. The program was written in the C program-
ming language and running in the UNIX programming environment. At this
stage the requirements for the other parts of the project ( in particular the calcu-
lation of the irreducible representations of finite soluble groups over finite fields )
had been assessed and it was decided to implement the algorithms in the group
theoretical programming system GAP which proved to be a fast and efficient
tool to implement experimental versions of algorithms. At the end of 1988 the
basic algorithms were implemented and a running version of a “soluble quotient
algorithm” became available. The present version consists of about 3400 lines
of code and about 2000 lines of documentation. Both, code and documentation,
will be made available with GAP version 3.2. Apart from the programs and the
documentation a library of finite soluble groups has been compiled in order to
test and study the implementation. Since GAP contains in a much better form
almost all that had been incorporated in SOGOS ( cf. [LNS 84] ) the “soluble quo-
tient algorithm” makes the algorithms for computing with finite soluble groups
accessible to finitely presented soluble groups.

This thesis outlines the state of the implementation, i.e. a description of
the algorithms used and the experience gained with these algorithms, and gives
an account of applications of the programs, however it will not contain code
nor documentation of the programs since both are available within the GAP
programming environment. The contents are arranged as follows : The remainder
of this chapter contains a brief introduction to finite soluble groups and related
notions such as AG-presentations and collection processes. A description of the
proposed algorithm concludes this chapter. Chapter 2 describes the calculation
of the extensions of finite soluble groups by finite elementary abelian groups. In
chapter 3 the lifting of epimorphisms is investigated and the calculation of the
irreducible representations of finite soluble groups over finite fields is described in

chapter 4. The findings of an empirical study of the behaviour of the programs
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are summarised in chapter 5. The programs were used for the construction of
soluble groups with interesting properties, e.g. for the construction of soluble
groups of large derived length which seem to be candidates for groups having
efficient presentations. In chapter 6 new finite soluble groups of derived length
six with trivial Schur multiplier and efficient presentations are described. The
methods for finding efficient presentations proved to be only practicable for groups
of moderate order. Therefore, for a given derived length soluble groups of small
order are of interest. The minimal soluble groups of derived length at most six
are classified in chapter 6.

The author assumes that the reader is familiar with the following topics, which
are usually treated in a course on algebra : elementary group theory, rings and
modules ( cf. part I of [Jac 74} and [Joh 90] ). For chapter 2 some background
in the cohomology of groups ( cf. chapter 6 in part II of [Jac 74] ) would be
helpful. For chapter 4 the reader is supposed to have knowledge of elementary
representation theory such as that which may be obtained from reading intro-
ductory material in [Isa 76] or part II of [Jac 74]. The other prerequisites are
rudiments of Galois theory ( cf. chapter 4 in part I of [Jac 74] ).
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help and encouragement I have greatly appreciated throughout the course of this
work. Further I would like to thank Prof. Dr. J. Neubiiser and Dr. C. M. Campbell
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Dr. S. P. Glasby, Dr. W. Hanrath, Dr. R. B. Howlett and Dr. M. Schénert, who
have contributed most valuable ideas and information during this study. Finally,

I would like to acknowledge the support of grant EEC SC1-0003-C(EDB).



1.1 Finite Soluble Groups

The notion of solubility of groups was formulated by Galois in the earliest stages of
the development of group theory. Indeed, the name ‘soluble’ reflects the intimate
connection discovered by Galois between the possibility of solving polynomial
equations by radicals and the solubility ( in the sense defined below ) of the
groups associated by Galois with these equations. See chapter 4 of [Jac 74] for

more information about Galois theory.

DEFINITION 1.1 Let G be a group. If z,y€G, we define the commutator of
z and y as [z,y] = 27 'y 'ay. Let H, K<G. The commutator subgroup [H, K]
is the subgroup generated by all the commutators [k, k] with A€ H and keK.
The particular subgroup [G, G) generated by all commutators in G, is usually
denoted by G’ and called the derived subgroup of G. We define subgroups G of
G recursively by G = G and G = (GG~ for each integer i > 0. Every GO

is characteristic in G. By definition
G=GO >V pg?p...

is a descending sequence of characteristic subgroups of G. A group is said to be
soluble if GO = 1 for some integer I and the least integer such that GO = 1 is
called the derived length of G.

THEOREM 1.2 For a finite soluble group G the following statements are equiv-

alent :

(i) The group G has a subnormal series with abelian factors.
(ii) The group G has a subnormal series with cyclic factors.
(iii) Every composition factor G;_1/G; of a composition series

G=GybGi b---bG, =1

is cyclic of prime order.



Proof cf. theorem 4.9 and 4.12 in part I of [Jac 74] o

Let G = Go b Gy b --- b G, = 1 be a subnormal series of G with cyclic
factors, that is, G;<4G;_1 and Gi.y = (Gi, ¢:) for : = 1,...,n. Then the sequence
(915---19n) is called an AG-system for G ( cf. [LNS 84] ). If p; is the index of G;
in G;_1, then in terms of the AG-system the group G has a presentation

(915, 9n]gi™ = wii(1<i<n), g7 g;9: = w;i(1<i < j<n))

where wj; is a word of the form g;,,20##t1) ... g 8(im) with 0<a(j, 1, k) < pi for
all k =¢+1,...,n. We shall call such a presentation an AG-presentation. Every

element of G' can be expressed uniquely in the form ¢,% - - g,,°» with 0 < a; < px

for k =1,...,n. We shall call this a normal word for the element. A collection
process may be used to reduce an arbitrary word in the generators g, ..., g, of
G to a normal word. Let w be an element of G expressed as a word in g, ..., ¢»

and their inverses; w can be written in normal form by repeated cancellation and

performing the following operations :
(i) Replace the subword g;¢:(i < j) by giw;;
(ii)) If @ < 0, replace the subword ¢;* by g;**Piw;;~?
(iii) If a>p;, replace the subword ¢;* by ¢;* P w;;.

This process always terminates in a normal word after a finite number of steps.
If w contains more than one non-normal subword, we assume that there is a
rule for determining which one to collect so that the process is well defined.
Typical rules are “collect the rightmost minimal non-normal subword”, or “collect
the leftmost minimal non-normal subword” ( see [LeS 90] for more information
about collection strategies ). Such a collection process can be used to compute

the product gh or the inverse g~! for any arbitrary elements ¢ = ¢,° - - - ¢,°" and



h=g%. - g% of G by collecting the word ¢, --- g,*»¢1% - - - g% or the word

gn " - -+ g, 7%, respectively.

1.2 The Construction of Finite Soluble Factor
Groups of Finitely Presented Groups

We conclude this chapter by describing an algorithm to compute an AG-presen-
tation for a finite soluble group G which is defined by a finite presentation. The
principle idea is the computation of finite soluble factor groups of G by lifting
epimorphisms ¢ : G — H onto extensions ( see p. 12 for a definition ) of H by
finite irreducible H-modules, where H is given by an AG-presentation. We begin
with an analysis.

Let G be a finite soluble group given by a finite presentation. Let H be a factor
group of G and €: G — H be an epimorphism. Let H=Hy b Hy; ... b H, = 1
be a chief series for H. Then A = E_l is a minimal normal subgroup of Hand A
is therefore characteristically simple ( cf. Satz 1.4.8 of [Hup 67]). A finite group
is characteristically simple iff it is a direct product of finitely many isomorphic
copies of simple groups ( cf. Satz 1.9.12 of [Hup 67] ). Hence A = A;x -+ x Ay
where the A; are isomorphic simple groups. Since all subgroups of a soluble
group are soluble, A; is soluble for i = 1,...,d. Then A;’CA; and because of the
simplicity of A; we have A, =1 and A = A;x --- XAy where the A; are cyclic
groups (a;) of prime order p. The map x defined by (z1,...,z4) — @, - ag%
is an isomorphism from the additive group of the vector space V of dimension
d over the field F, with p elements onto A. If H is the factor group H/A and

n: H — H the natural projection, then we have a short exact sequence
1-V 4 HL Ho

and H is an extension of H by V. For each element € H choose an element

h.€H such that (k) = z. Since u(V) = A< H, Z;l(pv)}vzzép(‘/) and we have
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a unique element weV such that A2 (uv)k, = pw. It is straightforward to verify
that the definition vy, = w yields an automorphism of V and ¢ : H — GL(V)
defined by z — ¢, is a representation. The minimality of A in H implies that
¢ is an irreducible representation of H and A may be viewed as an irreducible
F,[H]-module. We conclude our analysis by noting that the map ¢ : G — H
defined by ¢(g) = 5(&(g)) is an epimorphism.

We now outline an algorithm to compute an AG-presentation for a finite sol-
uble group which is defined by a finite presentation. Computing the commutator
factor group G//G" is a matter of diagonalising the integer matrix resulting from
the abelianised relations of the presentation for G ( cf. chapter 3 in part I of
[Jac 74] or chapter 6 of [Joh 90] ). After this initialising step we may assume
that an epimorphism ¢ : G — H has been computed and we repeat the following
steps : For each prime divisor of |G| we calculate the irreducible representations of
H over the field F, with p elements as outlined in chapter 4. For each irreducible
representation we determine the extensions of H by the associated F,[H]-module
as outlined in chapter 2. Finally for each extension H we check whether the
epimorphism ¢ lifts to an epimorphism : G — H,i.e. e = n€ ( cf. chapter 3 ).
If a lift € is found we replace € by the epimorphism & and repeat the steps just

described. If no lift is possible, we have calculated an isomorphism e : G — H.

A variation of this algorithm may be used to compute finite soluble factor
groups of an arbitrary finitely presented group. Since we may not have informa-
tion about the group under investigation ( it may be infinite ), we choose a set

P of primes and restrict interest to P-factor groups.
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Chapter 2

Extensions of Finite Soluble
Groups by Finite Elementary
Abelian Groups

In this chapter we present an algorithm for the calculation of the extensions
of finite soluble groups by elementary abelian groups which was suggested by
W. Plesken. In section 2.1 we explore Schreier’s approach to the extension prob-
lem. Schreier described extensions in terms of factor sets and automorphisms
which are subject to rather complicated conditions. In section 2.2 we shall re-
strict our attention to extensions of an arbitrary group G by an abelian group A.
With such an extension we can associate an action of G on A by automorphisms
and an element of the cohomology group H2(G, A). The main theorem establishes
a one-to-one correspondence between the equivalence classes of extensions of G
by A and the elements of H?(G, A). Using the associativity conditions for factor
sets we may in principle calculate H%(G, A) in order to get an overview of all non-
equivalent extensions of a finite soluble group G by a finite elementary abelian
group A. This is a matter of solving a system of homogeneous linear equations,

but this system of homogeneous linear equations is rather large, since each factor
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set is determined by |G|® values in A. The basic idea of the algorithm which
we describe in section 2.3 is the calculation of an isomorphic image of H*(G, A).
A motivation for the isomorphism is the desire to describe extensions of a finite
soluble group G by an elementary abelian group A by AG-presentations. We
shall see that elements of H*(G, A) may be described by n(n + 1)/2 elements in

A, where n is the number of generators in an AG-system for G.

2.1 Extensions of Groups and Factor Sets

Among the subgroups of a group E there are some which are especially useful
in deriving information about E : the so-called normal subgroups. We use the
notation NI FE to mean N is a normal subgroup of E. If N E, then we can
define a corresponding group E/N which is called the factor group of E by N.
In some sense, E is built up from the two groups N and E/N. This raises the
extension problem : Given groups G and N determine the groups E for which
there exists M E such that M=N and E/M=G. We shall call E an ertension
of G by N. For a given G and N there always exist extensions of G by N —
for example, the direct product of G and N. However the group E is, in general,
not uniquely determined by G and Nj; it therefore becomes desirable to give a
complete survey of all distinct extensions of a given group G by a given group N.
A first approach to the extension problem was made by Schreier ( cf. [Sch 26] );

his theory will be expounded in the present section.

We shall investigate extensions by means of short exact sequences of groups

and homomorphisms. To begin with, we call a diagram of groups and homomor-

n

phisms N &% E 5 G ezact if u(N) = ker(r), that is, 7(e) = 1 for e€E if
and only if there exists a n€N such that u(n) = e. More generally, a sequence

of groups and homomorphisms --- = G, 5 Gy B G3 — -+ is called ezact if
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. Dim i .
for any three consecutive terms the sequence G;_; =3 G; & Gi41 1s exact. An

exact sequence of the foorm 1 - N 5 E 5 G—1is called a short exact sequence.
This means that u is a monomorphism, 7 is an epimorphism, and u(N) = ker(r).

Thus pu(N)QE and E/u(N)=G, so E is an extension of G by N.

First we shall investigate the groups E which contain a normal subgroup
isomorphic to N with factor group isomorphic to G. This is a good place to
discuss briefly a notational convention which will be used in this chapter. It will
be convenient to write certain maps on the right, that is, if « : S — T, then
we denote the image of s under a by sa. If 8: T — U, t—tf3, then we define

the composite map af as the map having domain S and codomain U. Thus, by

definition s(afB) = (sa)p.

THEOREM 2.1 Let 1 - N % E 5 G —1 be a short exact sequence. For
each £€G choose an element e, € F such that 7(e;) = z. Let z,y€G and consider
the element e, e e, of E. Applying 7 to this element gives m(ezy tese,) = 1.
Hence there is a unique element a(z,y)EN such that e, 'ese, = p(a(z,y))
or ezey = egyp(a(z,y)). Let z€G, n€EN and consider the element e, (un)e,.
Since u(N)<Q E, e,~*(un)e,€u(N) and we have a unique element meN such that

ez} (pun)e, = p(m). The definition ny, = m yields an automorphism of N and
(1) a(zy,2)a(e,y)e. = a(z,yz)a(y, 2)
(2)  n(pspy) = o(2,9) " npaya(z, y)
for all neN and z,y, z€G.
Proof From the associative law in G it follows that
(ecy)e: = exy(a(z,y))es = eapp(a(zy, z)a(z, y)ps)

and

ez(eyez) = exeyz.u(a(y7z)) = el‘yz”(a(x’yz)a(ya 2))

13



so that a(zy, z)a(z,y)e, = a(z,yz)a(y, z). Moreover, we have

p(n(@opy)) = (ezey) " p(n)ese, = p(a(z,y) 'npaya(z,y)).
O

The map a : GXG— N is called a factor set relative to the transversal {e,|z€G}.

So far we have started from a given extension of G by N and have established
a correspondence between this extension and a system of elements a(z,y), a so-
called factor set, and a set of automorphisms ¢, of N. Conversely, let us assume
now that in a group N a system of elements a(z,y) is chosen, where z and y
range independently over all the elements of the group G and that every element
r€G is associated with some automorphism ¢, of N for which conditions (1)
and (2) are satisfied. We shall show that there exists an extension of G by N
for which the given elements a(z,y) and the given automorphisms correspond to

this extension in the above sense.

THEOREM 2.2 Let G and N be groups. Suppose a : GXG — N is a factor
set and for every element z€G there is an automorphism ¢, of N such that for

all n€N and z,y,2€G the conditions
(1) a(zy,z)a(z,y)e: = a(z,yz)a(y, 2)
(2) n(papy) = alz,y) nesya(z,y)

are satisfied. Take E = GxN, the set of pairs (z,n), n€N, z€G, and define a
multiplication in E by (z,n)(y,m) = (zy, a(z,y)np,m). Then E is a group and
N*={(1,a(1,1) 'n)|n€EN}QE such that N*¥N and E/N*G.

Proof The associativity of the multiplication follows easily from its definition

and conditions (1) and (2).
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From (2) with £ = y = 1 it follows that
(ne1)er = n(papr) = a(1,1) 'npra(l, 1)
and since n¢p; ranges over the whole group N as n does, we have
npr = a(1,1) 'na(l, 1). (3)
Further, from (1) it follows with y = z = 1 that
a(z,l)a(z,1)p1 = a(z,1)a(1,1)

and hence «(1,1) = a(z,1)p; = a(1,1) a(z,1)a(1,1) and since a(1,1) does

not change when it is transformed by itself, we obtain
a(z,1) = a(1,1). (4)
If (z,n) is an arbitrary element of E, then using (3) and (4) we have

(z,n)(1,(1,1)7) = (2,n)

so that (1,(1,1)™") is a right unit of E. Furthermore,

-1

(z,n)(z7, (npg—1)ta(z,z7Y) a(1, 1)) = (1,a(1,1)7)

so that every element of F has a right inverse. This proves that F is a group.
It remains to show that E is the required extension of G by N. If we define
g:N = Ebyn — (1,a(1,1)"'n), then

p(n)u(m) = (1,e(1,1)(e(1,1) 'n)pr1a(1,1) " 'm) =
= (1,a(1,1) " 'nm) = p(nm)
and from g(n) = (1,a(1,1)7") it follows that n = 1. Therefore y is an isomor-
phism of N onto the subgroup N* of E.

Further, if we define 7 : £ — G by (z,n) — z, then « is an epimorphism

of E onto G with ker(r) = N*. Hence N* is a normal subgroup of E such that
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E/N*=@G. If we use the notation e, = (z,1), then it follows that {e;|z€G} is a

transversal for the cosets of N* in £. The equation

€r€y = (a:y, a(my’ l)a(la 1)_10(1"’ y)) =

= (zy, 1)(1, (1, 1)—10("’3’ ¥)) = eqyp(ca(z,y))

shows that the factor set of this extension coincides with the given elements

a(z,y). From (1) it follows with z = y = 1 that
a(lv z)a(l’ 1)902 = a(lv Z)a(l’ z)
and hence a(1,1)p, = a(1,2). Hence the equation

p(n)es = (z,0(1,2)(a(1,1) 'n)p,) = (,n¢:) =

= (z,a(z,1)a(1,1) np,) = (2,1)(1,a(1,1) "'ng,) = eu(np.)

shows that the transformation by e, induces an automorphism of N that coincides

with the original automorphism ¢, of N. a

The classification of extensions of a group G by a group N is usually carried
to within equivalence. Two extensions E and E’' of G by N are here called
equivalent if there exists an isomorphism between F and E’ that on N coincides
with the identity automorphism and that maps onto each other the cosets of N
corresponding to the same element of G.

Two short exact sequences l =N 5 E 5 G—1and 15N 5 E D Gl

are said to be equivalent if there exists an isomorphism ¢ : E — E’ such that

1 NtpT.q 1
e b
! ?
1 Nt eg—1

is commutative ( that is Yu = ¢’ and 7' =7 ).
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THEOREM 2.3 Two short exact sequences 1 = N 5 E 5 G — 1 and
1-N % B 5 g1 given by the factor sets a(z,y) and o/(z,y) and the
automorphisms ¢, and ¢, relative to the transversals {e,|z€G} and {¢,|z€G}
are equivalent if and only if every element £ of G can be associated with an

element B(z) of N in such a way that
(1) n¢'y = B(z) np.p(z)

2)  (z,y) = Blay) "oz, y)B()p,B(y)

for all n€N and z,y€qG.

Proof Suppose there is an isomorphism ¢ : E — E' such that ¥u = y’ and
7'tp = n. Then we have 7'(y(e;)) = n(e;) = z = 7'(e’;) and therefore ¢', =
Y(ez)p'(B(z)) for a unique B(z)EN. Properties (1) and (2) are immediate.
Conversely, suppose that every element £€G can be associated with an ele-
ment B3(z) of N in such a way that conditions (1) and (2) are satisfied. Define
Y : E — E' byepu(n) » €.4/(8(x) n). It is easily checked that 1 is an
isomorphism. Moreover, ¥u = ¢’ and n'yp = 7. Therefore the two short exact

sequences are equivalent. a

A short exact sequence ] » N 5 E 5 G — 1 is said to split if there exists
a homomorphism 7 : G — FE such that 77 = 1. Then 7(2)7(y) = 7(zy) for
any z, y€G and hence the factor set relative to the transversal {r(z)|z€G} is
1. Conversely, if this is the case, then we have a map 7 : G — F satisfying
71 = 1 for which the a(z,y) are all 1, which means that 7 is a homomorphism.
It is readily seen that the short exact sequence splits if and only if there exists
a subgroup H of F such that F = Hu(N) and HNu(N) = 1. In this case E is
said to be the semidirect product of H and u(N).
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COROLLARY 2.4 Let 1= N & E 5 G— 1 be a short exact sequence given
by the factor set a(z,y) and the automorphisms ¢, relative to the transver-
sal {e;]Jr€G}. Then this short exact sequence splits if and only if every ele-

ment £€G can be associated with an element #(z) of N in such a way that

ﬂ(xy)—la(x,y)ﬂ(x)cpyﬁ(y) =1 for all z, yeq.

Proof The short exact sequence 1 = N %4 E 5 G — 1 splits if and only if
there exists a subgroup H of E such that £ = Hu(N) and HNu(N) = 1. Then
H is a transversal for u(N) in E. If {¢/;|z€G} is another transversal for u(N)
in E, then €', = e,u(8(z)) and o/(z,y) = B(zy) 'a(z,y)B(z)¢,B(y) by theorem
2.3. Hence there exists a transversal {€/;|z€G} with o'(z,y) =1 for all z, yeG

if and only if there exist elements 3(z) which satisfy

Blay) ™ a(z,y)B(2)e,Bly) = 1.

This theory cannot be considered complete. The description of the distinct
extensions of a given group G by a given group N is here reduced to the search
for certain systems of elements and of automorphisms of N which are subject to
rather complicated conditions and which, in general, do not simplify very much
the survey of the totality of all nonequivalent extensions. In the following section

we shall describe methods by which we can come closer to such a survey.

2.2 Extensions of Groups by Abelian Groups

In this section we shall study the extensions of an arbitrary group G by an
abelian group A. With such an extension, we can associate an action of G on A
by automorphisms and an element of the cohomology group H?*(G, A) where A

is regarded as a G-module by the action.
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We begin with the cohomology groups and shall give the original definition
of the cohomology groups of a group. For this purpose we require the concept
of a G-module. If G is a group, we define a G-module A to be an abelian group
( written additively ) on which G acts as endomorphisms. This means that we

have a map (a,z) +— az of AXG into A such that

(e+bz = ar+ bz

a(zy) = (az)y

al = a
for z, y€G and a, bEA.

Let A be a G-module. For each z€G, define a map ¢, : A — A by ap, = az,
a€A. Then, because of the properties of the G-module A, we have (a + b)p, =
(a + b)r = ax + bz = ap, + by, so that p,€End(A). The map ¢, is an
automorphism of A : for it has as its inverse the map ¢,-1. Moreover, we have
(apz)py = (az)y = a(zy) = apzy which shows that ¢ : G — Aut(A) defined by
& +— g 18 a homomorphism.

Conversely, let ¢ : G — Aut(A), z — ¢, be a homomorphism. Then, for
each z€G and a€ A, we define az = ap,. This definition gives rise to a G-module
structure on A.

Hence there is a one-to-one correspondence between G-modules and represen-

tations of G’ by automorphisms.

Now let A be a G-module. For any n =0,1,2,... let C*(G, A) denote the set

of maps Gx ... xG — A. Every map of n elements of G with values in A shall be
N e’

called an n-dimensional cochain. If we define addition of n-dimensional cochains
by (f + f')g1, ---190) = flg1, -+, 92) + F(91, .-, ) for f, f'€C™(G, A), then
we obtain an abelian group C*(G, A). With every n-dimensional cochain f we
can associate an (n + 1)-dimensional cochain é,f called the coboundary of the

cochain f and defined as follows

19



(6'nf)(gh °-"gn+1) = f(g% agn+l)
+ Z(—l)’ f(gl, <o+ 9i-159i Gi+1, "-,gn-H)
=1
+

(_1)n+1 f(gla cee agn) gn+1.

The map 6, is a homomorphism of C*(G, A) into C**}(G, A). Let Z"(G, A)
denote its kernel and B™"t!(G, A) its image in C™"*1(G, A). We shall call an n-
dimensional cochain an n-dimensional cocycle if 6, f = 0. For every feC"(G, A)
we have 6,(6,-1(f)) = 0 and therefore B*(G, A)CZ"(G, A). Hence we can form
the factor group H"(G, A) = Z*(G, A)/B"(G, A), which is called the n-th coho-
mology group of G with coefficients in A.

Let 1> A % E 5 G —1 be ashort exact sequence where A is abelian. For
each £€G choose an element e € E such that n(e;) = . We first define an action
of G on A. Let €@, a€A and consider the element e,~!(ua)e,. Since u(A)4E,
ez ' (pa)es€p(A) and we have a unique element b€ A such that e, (ua)e, = pu(b).
To obtain b we made a choice of an element e,€F such that 7(e;) = z. If ¢/, is
another element such that 7 (e';) = z, then w(e,~'¢’;) = 1 and hence there exists
a unique B(z)€A such that €', = e,u(B(z)). Thus we have a map 8:z — B(z)
of G into A such that ¢/, = e u(B(z)), z€G. Since p(A) is abelian, we have
ez (na)e's = (exp(B(x))) " (na)eu(B(z)) = e, (sa)e,. Thus the element b is
independent of the choice of e,. It is straightforward to verify that the definition
azx = b gives rise to a G-module structure on A. In other words, to the extension
E of G by A corresponds a well-defined homomorphism of G into Aut(A) which
will be called the homomorphism associated with the extension.

Let z, y€G and consider the element e, lese, of E. Applying 7 to this
element gives m(e,, 'eze,) = 1. Hence there is a unique element a(z,y)€A such

that eye, = ezyp(a(z,y)). If z€G also, then

a(zy, 2)a(z, )z = alz, y2)aly, 2).
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This relation shows that the map a : GXG — A such that (z,y) — o(z,y) is an
element of Z2(G, A) as defined in the classical definition of H*(G, A). We now
consider the alteration in « that results from changing the coset representatives
ez of u(A) in E to €', for z€G. Then we have a map 8:z — S(z) of G into A
such that €', = e,u(B(x)), z€G and « is replaced by o’ where

o (z,y) = B(zy) "' B()yB(y)e(z, y).

This shows that o’ and «a determine the same element of H(G, A) and the short

exact sequence determines a unique element of H*(G, A).

THEOREM 2.5 Two extensions of G by an abelian group A are equivalent if
and only if they determine the same action of G on A and the same element
of H%(G,A). Let G be a group, A a G-module, and let Ezt denote the set of
extensions of G by A having a given G-module A as associated module. Then
we have a one-to-one correspondence between the set of equivalence classes of

extensions of G by A contained in Exzt with the elements of H%(G, A).

Proof The result is immediate from theorem 2.1, 2.2 and 2.3. m]

In this section we described the extensions of a group G by an abelian group A
and we have seen, we can confine the classification of extensions of G by A to those
non-equivalent extensions of G by A that have a given associated homomorphism

of G into Aut(A), i.e. the way in which the elements of G act on A is fixed.

2.3 Extensions of Finite Soluble Groups by El-
ementary Abelian Groups

Let G be a finite soluble group and let G = GobG1 >... G, = 1 be a sub-
normal series of G with cyclic factors, that is, G;<4G;_; and G;_y = (G}, g;) for
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i=1,...,n. If p; = [Gi_; : Gj], then in terms of the AG-systems (g1,...,g,) the

group G has a presentation
(91, -+, gnlgi® = wii(1<i<n), ;7 gg: = w;i(1<i < j<n))

where wj; is a word of the form g;41°U*1)... g ¢lim) with 0<a(j,1, k) < p for
all k=1:+1,...,n. Let A= A;Xx...xA, be an elementary abelian G-module
where A; = (a;) is a cyclic group of order p. We assume that A is given by dxd
matrices (m;;(¥)) over the field F, with p elements describing the action of the

generators gx of G. If E is an extension of G by A, then E has a presentation

consisting of generators z;,...,Z,,¥1,...,ys and relations
xip.' — x‘+1a(1’31’+1) PR, xna(ivivn)ylz(i)ivl) e ydz(hhd) 1SZSn
xi—1$jxi = zi+1a(jri’i+1) ‘e wna(j!ivn)ylz(jvirl) ‘e ydz(jvivd) 1S7' < ]Sn
i ; 1<5<d
i lyje = ylm”( e ydmjd( ) ]
1<:<n
v~y = Yi 1<i < j<d

where 0<2(j,4,k) < pfor k =1,...,n ( cf. proposition 10.1 of [Joh 90] ).

We proceed to calculate those sequences ( z(j,¢,k) | 1<k<d, 1<i<j<n) for
which the presentation above defines a group of order |G||A|, in other words, the
presentation above describes an extension of G by A. Denote the set of these
sequences by L. If E is an extension of G by A corresponding to the factor set

a, then we obtain a map ¥ : Z?(G,A) — L defined by
a — (2(j,1,k) | 1<k<d, 1<i<j<n).
It is easily verified that this map is an epimorphism.
DEFINITION 2.6 Let GG be a group having a presentation
(915- - gnlg” = wii(1<i<n), ¢: 7 g;9: = w;i(1<i < j<n))
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where wj; is a word of the form g;4 120+ ... g, 8G4m) with 0<a(j, i, k) < py for all
k =1+1,...,n. Such a presentation will be called a power-conjugate presentation.

A power-conjugate presentation is said to be consistent if |G| = p,- - -pn.

A criterion for consistency may be obtained as follows. Let W be the set of
normal words in the generators gq,...,gn, that is the set of words of the form
g1%t - gp% with 0<ag < pr for k = 1,...,n. Note that W has order p;- - -p,. Any
word in the generators can be transformed into a normal word using a collection
process ( cf. section 1.1 ). We define the product u-v of two elements u, véW to
be the result of collecting the word uv into normal form. If W is a group, then
WG, |G| = p1- - -pn and the power-conjugate presentation for G is consistent.
The following theorem shows that certain associativity conditions are sufficient
to ensure that W is a group ( cf. proposition 6 of [Lee 84] ). The proof will follow
very closely pp. 76-78 of [Vau 84].

THEOREM 2.7 ( Consistency Test ) A power-conjugate presentation is con-

sistent iff the following associativity conditions are satisfied :

(1) (9i9i)9x = gi(girgr) 1<k <j<i<n
(2) (977 19;) 96 = g7 (gioq) 1<k <j<n
(3) (9i°95)-9;" ™ = gi(girg¥1) 155 <i<n
(4) (99" )9 = g(97"g) 1<i<n.

Proof We show that W is a group if the above associativity conditions are
satisfied. For r = 1,...,n let W, be the set of normal words ¢,% ---g,%*. We
assume that the associativity conditions hold, and we use induction to show that
W =W, W,,...,W, are all groups.

Clearly, W, is a cyclic group of order p,. We suppose that Wiy, is a group

for some 1<k<n, and we prove that Wy is a group.
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We define a map 0 : Wiy — Wiy by w — u, where giu is the normal
word obtained from collecting wgi. We show that 6, is an automorphism of
Wi as follows. First we show that, if gig; - -g,¢, is a normal word in Wy,

then 0r(g:ig; - <9rgs) = Ok(g:) - 0k(g;) - - - 0(g+) - Ox(gs). To calculate Ox(gig;- - -9-9s),
we must apply the collection process to gig;- - -¢,9,g9x. We obtain

9igi" * "Gr9sGk = 9igi* -9-9k0k(9s) = 9ig; - -9x0k(gr) - Ok(gs)-

At this point there is some ambiguity since there may be more than one minimal
non-normal subword. There is one minimal non-normal subword involving g,
and there may be also one in 6(g, ) - 0x(g,). However, if we identify 0x(g.) - 0x(gs)
with an element of the group Wj,;, then the collection of any of its subwords
does not change its value as an element of Wy;1. So we can ignore collection of
subwords to the right of gx. Also, there is never any minimal non-normal subword
to the left of g; at any stage in the collection process. So when the collection
process is complete we obtain a word gxu, where u is a normal word equal to
0k(g:) - 0x(g;) - - - 0(gy) - Ok(gs) as an element of Wiy So 0i(gig;- - -grgs) = u, and
this is the required result.

Next notice that the associativity condition
(9:9i)-9x = 9i*(9i9¢)
is equivalent to the condition
Ok(gjwij) = Bi(g:) - Oxlg;)
and the associativity condition
(9% -95)-9c = 9577 (959%)
is equivalent to the condition
O(wj;) = Ou(g;)" .
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So g; — wjk for j = k4 1,...,n extends to the endomorphism 6; of Wi, since
) preserves the relations satisfied by the generators of Wiy ( cf. proposition 4.3
( Substitution Test ) of [Joh 90] ). Finally, the associativity condition
(9i°9k)- 9™ = gi (g™ ™)
is equivalent to the condition
0k (g:) = Wik~ -gi- Wik

Hence 6,P* is an inner automorphism of W, and therefore 8 is an automorphism
of Wiy1. Conditions (1) and (2) ensure that the map g; — wj; defines an
endomorphism of Wiy, and by condition (3) the pyth power of this endomorphism
is induced by wy.

Moreover, the associativity condition
(9k-967* 1) gk = ge- (967 "-9:)
is equivalent to the condition
Or(wik) = wik-

We can form the split extension G of Wiy by the infinite cycle « acting as 6.
The element zP*wi; ! is central in G, and G/{zP*wix™") is isomorphic to Wi.

This proves that W; is a group, and so, by induction, that W is a group. O

We apply theorem 2.7 to the power-conjugate presentation consisting of the gen-

erators Tq,...,Tn,Y1,.-.,Yd and relations
l’,’pi = $i+la(i,i,i+1) . zna(ivivn)ylz(ivi’l) - ydz(i,i,d) 1stn
wt—lx.’mz — ml+la(]1'yi+1) .o mna(j»iyn)ylz(jvivl) PR ydz(]vtvd) 1S2 < JSn
; i 1<5<d
oy = g - ygmid? :
1<i<n
iy = Yj 1<i < j<d
yr = 1 1<i<d
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where the 2(j,%,k) for k = 1,...,d and 1<i<j<n are regarded as indeterminates.
By theorem 2.7 this power-conjugate presentation is consistent if and only if the

following associativity conditions are satisfied :

(1) (zezj)ze = zi(zjar) 1<k <j<ign
(2) (z%bzs)ap = ol (z528) 1<k < j<n
(3) (ziz;)a®™! = zi(zjz7) 1< <in
(4) (ixP )z = (2P la) 1<i<n.

The evaluation of these associativity conditions yields a system of homogeneous
linear equations in the indeterminates z(j,1,k) for k = 1,...,d and 1<i<j<n.
The space of solutions of this system of homogeneous linear equations is L. Note

that the associativity conditions involving y;,...,y4 are superfluous since A is a

G-module.

Next, we consider the group E given by the presentation consisting of the

generators xy,...,&n,Y1,...,Yqs and relations

o = 2 G g aliim) 1<i<n
«'171'_133]'-'1/';' = xi+1a(j,i,i+1) oo e g, 0l0dm) 1<i < j<n
iy = ylmjl(i) e ydmjd(i) tsysd

1<i<n
yi 'y = Y; I<i < j<d
yiP — 1 1<i<d.

Obviously, the map u: A — E defined by a¢; — y; fori =1,...,d extends to a
monomorphism and 7 : E — G defined by z; + ¢; for : = 1,...,n extends to
an epimorphism such that ker(7) = u(A). So we obtain a short exact sequence

1-A 5 E 5 G — 1. Moreover, the map 7 : G — E defined by ¢; — z;
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for s = 1,...,n extends to a homomorphism such that 77 = 1 and therefore
the short exact sequence splits. This shows that the kernel of the epimorphism
9 : Z*(G, A) — L must be contained in B*(G, A). Denote the image of B*(G, A)
under ¥ by T and define 9 : H*(G,A) — L/T by aB*(G,A) — ¥(a)T. Then
9 is obviously an isomorphism of H?*(G, A) onto L/T.

In order to calculate T' we proceed as follows. Since 7 is a homomorphism the
factor set a relative to the transversal {7(z)|z€G} of u(A) in F is o = 1. Let
1A% E' ™ G—1 be a short exact sequence and let o' be the factor set
relative to the transversal {€';|z€G} of p/(A) in E'. By theorem 2.3 this short
exact sequence splits if and only if there exists a map # : G — A such that
o(z,y) = B(zy) ™ B(z)yB(y). Hence, if E’ splits, then E’ is equivalent to E via
the isomorphism ¢ : E' — FE defined by €',p'(v) — 7(z)p(B(z)v), z€G and
vEA. Then the sequence J(a’) is obtained by calculating

¢ —a(iin) ’ —a(i,id+1) s pi
V(€yn € €g’)

and
,l/)(e’gn_a(jrivn) - e,gi+1 —a(jrivi+l)elgi-lelgj 6,9'-)
for 1<i<j<n as words in the generators yi, ..., yq of E. Clearly, ¥(a’) is uniquely

determined by the values of 8 on the generators gy, ..., g, of G. Hence, in order

to calculate T' we compute

(2n7(90)) 2™ - (@iga7(gign)) " CH D (2iy(90))P

and

(@27(ga)) ™ - (2ig17(941)) T (@iv(9:) T 29w iv(9:)

for 1<i<j<n as words in the generators yi,...,yq of E for every map ~ :

{g1,---,92} — p(A).
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EXAMPLE Let G = (a,b) be the alternating group of degree 4 with the
defining relations a3 = b? = (ab)® = 1. Take r = @, s = b and t = r~Lsr; then it
is easily verified that r~'tr = st and therefore (s,t) is a normal subgroup of G.
Moreover, we have s = t2 = 1 and st = ts. Hence (s,t) is elementary abelian

and G b (s,t) b (t) 1 is a subnormal series with cyclic factors. In terms of the

AG-system (r,s,t) the group G has a presentation
(rys,tlrP =8 = = 1,r'sr = t,r Ytr = st,s s = t).

Let A be the cyclic group of order 2 and let GG act on A.
In order to calculate the set of sequences L as described earlier we consider

the presentation consisting of the generators z,,,, r3,y and relations

3713 —_ yzu

T2 = y™=

3 = y=°
T leaTy = ray™
17 23Ty = Tazay™
zy w3y = zay™
;7 lyz = Yy

y o= 1

for : = 1,2,3. The associativity conditions yield the following system of homo-
geneous linear equations ( throughout the calculations we used collection from
the left ) : 295 + 232 = 0, 220 + 233 = 0, 233 + 233 = 0. For example, the equation

Z32 + 232 = 0 arises from the condition (r3-z3)-%1 = z3:(x3'21) as follows

(z3:x3)-T1 = T1y™°

231 __ —
.’133'(1113':171) = T3T1T223Y 3N = 19X 323 =

2.2 _ 2, .z00+2z32 __ 222+ 232 42z
= x1To%23 yz32—$1.’173y22 32—3713/22 32+233

28



The other equations arise from the conditions
(-’52'272)'1‘1 = 932'(1'2'331)
(5133'1131)'-"?12 = x3-(a:1-w12)

and (z9-z1)-21% = z2:(21-71?), respectively. The sequences
(211, 221, 231, 222, 232, 233) = (1,0,0,0,0,0),

(0,1,0,0,0,0),(0,0,1,0,0,0) and (0,0,0,1,1,1) generate the space L of solutions
of this system of homogeneous linear equations.
In order to calculate T = J(B%*(G, A)) we consider the group given by the

presentation consisting of the generators z,z2, 3,y and relations

11:13 = 1
(L'22 = 1
2:32 = 1
-1 _

Ty T2y = I3
-1 _

1 X3r1 = I2T3
-1 _

Ty "r3r; = I3
—1 . —

Ty "Yyr; = Y

y: =

for ¢ = 1,2,3. Take v(r) = y*, 7(s) = y" and ~v(t) = y"; then we obtain

(2r7(r)° =y
(227(5))’ = 1
(za7(t))* = 1

(227(t) 7 (217(r)) " z27(s)2ry(r) =yt
(@37(1) 7 (@2v(9)) (@11 () Tz (Way(r) =y
(227() ™ (e27(s)) " 237 (t)z27(5) = 1

Hence T is the subspace of L generated by the sequences

(211, 221, 231, 222, 232, 233) = (1, 0,0,0,0, 0),
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(0,1,0,0,0,0) and (0,1,1,0,0,0). As we have seen earlier the factor space L/T
is isomorphic to H%(G, A) and therefore we have H*(G, A) = ((0,0,0,1,1,1)).
Thus there are two equivalence classes of extensions of G by A. The se-
quence (0,0,0,0,0,0) corresponds to the direct product Gx A while the sequence
(0,0,0,1,1,1) corresponds to the representation group of G which is isomorphic

to the special linear group SL3(3) of dimension 2 over Fj.

The method for the calculation of the extensions of a finite soluble group
G by a finite elementary abelian G-module is easy to implement. The basic
requirement is a collection process which allows to evaluate the associativity
conditions in order to determine a set of homogeneous linear equations. In the
remainder of this section we shall describe such a collection process.

We begin by studying the substitutions which involve relations in which some
of the exponents of generators are indeterminates. Earlier in this section we have
seen that we only need to evaluate the associativity conditions which involve the
generators Zi,...,T,. Let z;,™---z;” with z;;€{z1,...,2,} be a non-normal
word with positive exponents rq,...,7.. Then there exists a minimal k such that
either ry>p;, or 1x>tk41. Let ;7 = ;.7 z;° =z, "™+ and let v;; be the word
obtained from wj; by substituting = for gi, ¥ = 1,...,n; then we may proceed

with the following substitutions

;" — ;7P vy y 2D Ly 2 0d) r>p;
w]-ra:,-’ «— .'IIJ'T'"'9 ) =j
.’EjT(IZ,'s — IL'jr_l.'L‘,' vii ylz(j,i,l) . ydz(j,i,d)x'_s—l P < ]
We now carry out the substitutions and obtain a word in zy,...,z, if i = 5. If

r>p; or i < j, then we obtain

LTl TP,
. x"

r 2z(3,5,1 z(5,3,d) . .8 T
=-'17i11"'371 vjjyl(”)"'yd( ’)xi ...xul
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and

1 . .

— r r-1 2(7,5,1 2(4,8,d s—1 T
..x" _mill...xj xivjiyl(J’)"'yd(]").’lli "'mil

Tiy l

respectively. Let R : G — GLy4(p), gx — (mi;¥)) for k= 1,...,n be the matrix
representation associated with the G-module A and let v be a word in z4,..., .

Then w(yIZ(j,i,l) - ydz(j,i,d))w_l _

mi1 2(]’,3’,1) oo mldz(jyiyl) e mdi Z(j,t',d) PP mddz(jvivd)
Y1 Yd L) y

d

where (m;;) = R(w)™" and w is obtained from v by substituting gx for zx, for
k=1,...,n. Taking v = z;;”---z;7 Pv;; and ;™ --- z;"1zvj; respectively
we obtain expressions in y1,...,ys where the exponents of yi,...,yq are linear
combinations of 2(j,1,1),...,2(j,1,d) for 1<i<j<n. Moreover, we see that the
required collection process consists of a mechanism for dealing with the conjugates
of y?Uw1) ... 42044 and essentially a collection process with respect to the AG-
presentation for G.

We now describe a collection process which we use to evaluate the associativity
conditions in order to determine a system of homogeneous linear equations. We
represent an expression in yy,...,yq where the exponents of yi,...,ys are linear

combinations of 2(j,1,1),..., 2(j,,d) for 1<¢<j<n by a sequence of matrices

Z(j,i, 1) T Z(jai?d)
" MU, - MG,
Yd - -
M[jllely --- MDllEs
each row representing the exponent of yi, k = 1,...,d ( initially all entries are
zero ). Let g;,™ --- g;," with gi;€{g1,...,9gn} be a non-normal word with positive
exponents ry,...,7;. Then there exists a minimal k such that either ry>p;, or

x>tk Let ¢;7 = i, ¢i° = gi.,,**"; then we define the required collection
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process by the following operations

g7« gi" Piw; s M[j]l4] := M[j][5] + ‘Rgi,™ -

gjrgis — gjr+s

9i"9:" — gi" " giwsi; MjJ[E] := M[j][E] + "R(gi,™ ---

where *M denotes the transposed matrix of M.
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Chapter 3
Lifting Epimorphisms

Let G be a finitely presented group G = (g1,.-.,9x|ri(91,--.,9n) = 1,1<i<m)
and let H be a finite soluble group with an AG-presentation

H= (hl,. . -,thSi(hl, . .,hk) = 1,1SZS1)

Let ¢ : G — H be an epimorphism given by the images g; = €(g:) = wi(h1,. .., hi)
of g; for ¢ = 1,...,n and words wy,...,wr such that h; = w;(g,,...,9,) for
i =1,...,k. Let M be a finite irreducible Fy[H]-module, where F, is the field

with p elements for some prime p, and let
1-M 5 H S H-1

be a short exact sequence. Finally, let hi€H for i = 1,...,%k be members of a
transversal {e,|z€H} of u(M) in H such that n(h;) = h; for i = 1,...,k and
assume that the factor set a relative to this transversal is given by s;(le, .. ,Tzk)
fori=1,...,1( cf. section 2.3 ). Given this data, it is a question of solving linear
equations over the field F}, in order to check whether there exists an epimorphism
£:G — H such that & = e. A homomorphism & with n& = ¢ is said to lift the

epimorphism e.
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First, we show that in order to check whether an epimorphism € can be lifted to
an epimorphism £ it is sufficient to consider representatives of the one-dimensional
Endp,m)(M)-subspaces of H*(H, M).

We begin with a brief discussion of modules over rings. If V and W are
modules over a ring R, then we write Hompg(V,W) to denote the set of R-
homomorphisms of V into W. Then Hompg(V,W) is an abelian group with the
addition defined by v(f + g) = vf + vg for all f, ge Homgr(V,W) and veV.
In particular, Endr(V) = Homg(V,V) is a ring with multiplication defined by
v(fg) = (vf)g for all f, g¢ Endr(V) and v€V. Let V be a nonzero R-module.
Then V is irreducible if its only R-submodules are 0 and V. An immediate con-
sequence of Schur’s lemma is that if V is an irreducible R-module, then Endg(V)
is a division ring.

Now, we apply this to the irreducible module M. Then E = Endg,m)(M)
is a division ring and F is a field by Wedderburn’s theorem which asserts that
finite division rings are commutative.

Let a€Z?(H,M) and {€E. Define a map of : HxH — M by (z,y) —
o(z,y)¢. Then we have (a€)(s3, 7) + (a€)(z, )z = (a)(z,y2) + (a)(y, 2) and
therefore aé€ Z2(H, M). 1t is easily verified that Z?(H, M) together with the map
Z*(H,M)xE — Z*(H,M) defined by (o,§) — of is a vector space over E.
Now, let a€ B*(H, M), that is, there exists amap 8 : H — M such that a(z,y) =
_B(ay) + B(z)y + A(y). Then we have (a€)(z,y) = —Bay)é + (BW)EW + Bly)e
and therefore o€ B*(H, M), showing that B%(H, M) is a subspace of Z*(H, M)
and H*(H,M) = Z*(H,M)/B*(H, M) is a vector space over E.

Let 1M % ", H —1 be a short exact sequence and let a be the
factor set relative to the transversal {¢';|t€H}. Then ¢ : H — H' defined
by ezpu(m) w € p'(mé) is an isomorphism. Moreover, we have 7y = 7 and

tp = '€ and therefore the following diagram is commutative.
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1 Mt .qg 1
[f P {1

1 —M—E " p 1
]
G——a

If the epimorphism & : G — H lifts the epimorphism ¢, then we have € = n& =

n'y€ and therefore ¥¢ also lifts the epimorphism e.

Suppose that the homomorphismé: G — H lifts the epimorphisme : G — H.

Take §; = w,-(7zl,. . ,Tzk) fori=1,...,n. Then we have

n(&(g:)) = e(gi) = wi(ha, ..., he) =
= wi(n(h), ., n(hx)) = n(wilhs, ..., k) = 1(5)-
Thus &(g;) = gim; for i = 1,...,n and m;eu(M).

By proposition 4.3 of [Joh 90] the map ¢; — gim; for ¢ = 1,...,n and
m;€u(M) extends to a homomorphism G — H if and only if

7‘;(§1m1, o ’gnmn) =1 (*)
for i =1,...,m. These equations for (my, ..., m,) yield linear equations over the
field F, for the coordinates of the m; for ¢ =1,...,n in an implicitly given basis

of u(M) and ¢ lifts to a homomorphism if and only if (*) is soluble. All possible
lifts £ : G — H are given by &(¢;) = gim, for ¢ = 1,...,n, where (m4,...,my,)

runs through the set S(*) of solutions of (*).

We now have to decide which solutions of the system of equations (*) yield

surjective lifts of the epimorphisme : G — H. Again, assume that£: G — Hisa
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homomorphism which lifts the epimorphisme : G — H. The group (M) is a nor-
mal subgroup of H and &(G) is a subgroup of H. Then &(G)u(M) is a subgroup of
H and by the isomorphism theorem &(G)u(M)/p(M)=E(G)/E(G)Nu(M). Since
n(€(G)) = H and the kernel of the restriction of 5 to &(G) is &(G)Nu(M), we have
H = &@G)u(M). Therefore & G)Nu(M) is a normal subgroup of H and since M

is an irreducible F,[H}-module we have
. w(M)
EG)Nu(M) = { :

Case (1) : a¢B?*(H,M). In this case &(G)Nu(M) = pu(M), that is u(M)<E(G)
and £ is necessarily an epimorphism. Therefore every solution of () yields

an epimorphism € : G — H given by &(g;) = gim; for i =1,...,n.

Case (2) : acB?(H,M). In this case non-surjective lifts £ arise, namely, the
ones whose images are complements of (M) in H. We assume that
the elements 711,...,7% generate a complement of (M) in F, that is,
S,’(Tll,...,};k) =lforz=1,...,L

If £(G)Nu(M) = 1, then 5 : €(G) — H is an isomorphism and

1 = 3,‘(7'/1,---,7;”@)
= si(n7 (h1), .., (Re))

= s (@G- -5 F))s- o0 (@G- - -1 TFn)))

= s,-(szl(g(gl), ‘e ,5(gn)), oo 7wk(g(gl)’ ce ,g(gn)))

gmi = n7'(e())
= n N wi(h1,-.., he))
= 97 wi@1(Fys- -1 Fn) -+ > Dk(F1r - -+, F)))

= wi(ﬁ;l(g(gl)a eun ,g(gn)), v a'&}k(g(gl)a ce ’g(gn)))
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therefore (m,...,m,) is a solution of the equations
si(W1(g1ma, .oy Gnmn), .o, Wk(Gimay - .., Gumy)) =1 } (+5)
gim; = w;j(W1(gima, ..., Gumn), ... Wk(G1m1, . . ., Gnmn))
fore=1,...,land j=1,...,n.
Conversely, if (m;,...,my) is a solution of the equations (*#), then
r: H — H defined by ki — Wi(Gimi,...,Gum,) fori =1,...,kis a
homomorphism. Hence £: G — H defined by € = 7€ is a homomorphism

and € lifts the epimorphism ¢ since

€lg) = (re)(gs)
= r(wilhy,. .., k)
= wi(t(h1),...,7(hk))
= wi(®1(Gima, ..., GnMn),s e, Wk(Gima, .- -, Gumn))

= gimi.
Therefore (m4,...,m,) is a solution of (x). Moreover, we have

n(r(h)) = 9(@i(Gima, ..., Gamnn))
= @i(p(@), ..., 7))
= Bi(n(w0r(F1y- ey ha))s -y n(waRa, -, B)))
= @i(wi(h1y- - he)s .o walba, ..., hi))
= Di(e(q),...,e(gn))
= (Bi(g1,---,9n))
= h;

for i = 1,...,k and therefore &(G) is a complement of u(M) in H.
If we denote the set of solutions of the equations (¥x) by S(*x), then
every element (my, ..., m,)ES(*)\S(*+) yields an epimorphism & : G — H

given by ¢; — gim;fori=1,...,n.
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This brings us to the concluding part in this section. In view of a repeated ap-
plication of the lifting procedure outlined above it remains to calculate preimages
of the generators in an AG-system for H.

Suppose the epimorphism ¢ : G — H has been lifted to an epimorphism
£:G — H. If zcker(é), then e(z) = (n€)z = 1(éz) = 1 and therefore z€ker(c).
This shows that ker(&)Cker(e). Moreover, n(€z) = 1 implies éz€p(M) and we
have &(ker(ec)) = u(M). Since M is an irreducible Fp[H]-module, u(M) is the
normal closure {y} in H for every element 1 # yep(M). If w is an element of
ker(e) such that &w = y, then ker(e)/ker(€) is the normal closure {w-ker(8)}
in G/ker(€) and we may compute a preimage for every element of u(M) by

producing a F-basis for u(M) ( cf. [Par 84] ). Finally, we have

n(E(@i(g1,---,9n)) " hi) = e(Bilgr, -, 90)) Thi =1

and therefore h; = &(w;(g1,-..,9x))y’ for some y'eu(M).
This obviously yields the required preimages provided we have a sufficient
description for ker(£). A normal subgroup generating set for ker(e) is obtained

from the following theorem.

THEOREM 3.1

H =gy, Falsi(@1(F1, - Fn)s -, Ok(G1 - -, Fn))s

9; = wj(@1(Fay- -1 Gn)s--r Wk(G1r---»Fn))si=1,..., 5 =1,...,n).

Proof We have generating sets X = {hy,...,h¢} and Y = {gy,...,7,} for H
and R(X) = {si(k1,...,hs)[i = 1,...,1} is a set of defining relations. Moreover,
hi = ®i(Gy,...,9,) for ¢ = 1,...,k and §; = wi(hy,..., ki) for i = 1,...,n are
systems of equations expressing the generators X in terms of Y, and vice versa.
Denote these systems of equations by X = X(Y) and Y = Y (X) respectively. We

now apply Tietze transformations to the presentation (X|R(X)) in accordance
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with the following scheme ( cf. proposition 4.6 of [Joh 90] ) :

X+: X Y RX) Y=Y(X)

R+: X Y R(X) Y=Y(X) X=X(Y)

Rt: X Y R(X) Y=Y(X) X=X(Y) RX(Y))

R—: X Y Y=Y(X) X=X(¥) RX(Y))

R+: X Y Y =Y(X) X=X() RX(Y)) Y=Y(XY))

R—: X Y X =X(Y) RX(Y)) Y=Y(X(Y))

X— Y R(X(Y)) Y =Y(X(Y))
O

In other words ker(e) is the normal closure of

{Si(ﬂ\)l(gh v agn)a R 7731:(917 s ,gn)),

9i T twi(01(g15- -1 Gn)y - o s Wklgry--sgn));i=1,..., 5 =1,...,n}

in G.

EXAMPLE Let G = (g1, 92) be the alternating group of degree four with the
defining relations ¢,% = g,%2 = (g192)°> = 1 and let H = (h|s(h) = h3). The map
€ : G — H defined by g — wyi(h) = h and g — wz(h) = 1 extends to an
epimorphism. Take w(g1,92) = g1 and let H be the semidirect product of H by
an elementary abelian group A = (a1, a;) of type (2,2) where the action of H on

A is defined by a;-h = a3 and as-h = aya;. Then H has the presentation

(hyy1, y2)R® = 41 = 422 = 1,7k = yo, g0k = yaye, 11 M yomn = y)-

It is easily verified that the system of equations () only yields trivial equations
and therefore every pair (my,m;) with mq, my€(y1,¥2) yieldsa lift £: G — H
defined by g1 — hm; and g; — m,. In order to find the nonsurjective lifts

we consider the system of equations (*#) of which only the following equation is
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nontrivial : my = gamy = wa(W(g1m1,gamz)) = 1. Hence the nonsurjective lifts
are the homomorphisms & : G — H defined by g; — hm,; and g, — 1 with
m€(Y1,y2). Let £: G — H defined by g1 — 7zy1 and g — y1y2. In order
to calculate preimages for k, y1 and y, we consider the images of the normal

subgroup generating set for ker(¢) in G. We have &(s(w(g1, 92))) = &(9:%) =1,
g1 wi(B(91,92))) = E(gr ' g1) = 1

and finally &(g2 7 w2(@(g1,92))) = €(927") = #1y2. Then y; = E_l(yll'h)ﬁ =
£(g17'92"'g1) and we have obtained preimages for the generators y;y, and y;.
In order to find a preimage for y, we express y, in terms of the generators y,y,
and y1. We have y; = (1y2)y = &(9:7)é(917'927"91) = €927 7927 1)
Finally, we have &(%(g1,92)) = €(g1) = hy; and therefore g1(g1719291) = ga2g1 is

a preimage for k.
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Chapter 4

The Construction of the
Irreducible Representations of

Finite Soluble Groups over

Finite Fields

In this chapter an algorithm for the calculation of the irreducible representations
of finite soluble groups over finite fields is presented. The principle tools are
Clifford’s results on the construction of the irreducible representations of a finite
group from the irreducible representations of a normal subgroup. These results
are summarised and applied in section 4.1 in order to develop an algorithm for
the calculation of the irreducible representations of finite soluble groups over
algebraically closed fields. The irreducible representations over arbitrary fields
are considered in section 4.2. We shall see that the irreducible representations of a
finite group over an algebraically closed field are absolutely irreducible. Moreover,
in prime characteristic, we shall see that an absolutely irreducible representation
of a group is realisable over its field of character values. This information may be

used to construct ( up to similarity ) all the irreducible representations of a group
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over any given finite field. With the help of our knowledge of section 4.1 and 4.2
we develop an algorithm for the calculation of the irreducible representations of
finite soluble groups over finite fields in section 4.3.

Throughout this chapter the reader is supposed to have knowledge of ele-
mentary representation theory such as that which may be obtained from reading
introductory material in [Isa 76] or part II of [Jac 74]. The other prerequisites

are Galois theory and some familiarity with cohomology theory.

4.1 The Construction of the Irreducible Rep-
resentations of Finite Soluble Groups over

Algebraically Closed Fields

This section describes the connection between the irreducible representations of
a finite group and the irreducible representations of a normal subgroup. The
approach is based on an article by Clifford ( cf. [Cli 37] ). The first part of
the section analyses the structure of the irreducible representations of a finite
group in terms of the irreducible representations of a normal subgroup. Based
on this analysis the second part describes the construction of the irreducible
representations of a finite group from the irreducible representations of a normal
subgroup. We conclude this section with an application of the theory which has
been summarised in this section and describe an algorithm for the construction
of the irreducible representations of finite soluble groups over algebraically closed
fields : Going up a composition series G = Go Gy b>--- >Gr = (1) of a soluble
group G all irreducible representations of G; are constructed from those of G;y,
by extending the G;-invariant irreducibles of Gi;1 to irreducibles of G; and by

inducing up the non-invariant irreducibles of Giyy.
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The first theorem describes the structure of an irreducible F[G]-module V on

restriction to a normal subgroup N of a group G. The irreducible F[G]-module

V is identified with an induced module V;€ for some irreducible F[U;]-module V;

where Uj is a subgroup of G.

DEFINITION 4.1 Let N be a normal subgroup of a group G and let R be a

representation of N. For a fixed element g€G the map defined by n — R(n) =

R(g™

1ng) is obviously a representation of N and is called a conjugate represen-

tation of R with respect to G.

THEOREM 4.2 Let N4G and let V be an irreducible F[G]-module.

(a)

If W is an irreducible F[N}-submodule of V, then
V= z gW.
9€G
Every gW is an irreducible F[N]-module and therefore V' is a completely

reducible F[N}-module. If R is the representation of N corresponding to
W, then R? corresponds to gW'.

Let Wy, ..., W be representatives of the isomorphism classes of irreducible
F[N]-submodules of V. Define the W;-homogeneous component by

Vi= YW

wcv
WxWw;

for 1<:<k. Then V = Vi ®---® Vi and the homogeneous components are
transitively permuted by the action of G. Let U; be the set {¢g|g€G,gV; =
V;} and let R; be the representation of N corresponding to W;. Then U; =
{g| 9€G, R}’ is similar to R;} for 1 <j <k, the homogeneous components
V; are irreducible F'[U;]-modules and

V2 F[G]®rw, V; = Vi
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Proof See Satz V.17.3 of [Hup 67] for the details. ]

EXAMPLE Let G = (a,b) be the Dihedral Group of order 6 with the defining
relations a®> = 5% = 1, b~'ab = a~!. Consider the irreducible representation R

over the field of complex numbers defined by

R(a)=(€ (j)

0 ¢!

R(b)z(o 1)
10

where ¢ is a primitive third root of unity in the field of complex numbers. The

and

restriction of R to the normal subgroup (a) is obviously completely reducible and
the irreducible components are defined by S(a) = ¢ and S*(a) = S(a™!) = ¢~
Choose the transversal {1,b} for the left cosets of (a) in G ( that is, a set of

representatives for these cosets ). Then

§%(a) = ( © (31 ) — R(a)
0 ¢

and

Next consider a normal subgroup N of a finite group G and an irreducible
F[G)-module V such that Vi is a homogeneous F[N]-module. In other words, if
W is an irreducible F[N]-submodule of Vy, then

V= Z gW
9€G
where all the conjugates gW are F[N]-isomorphic to W. In the terminology of

the previous theorem V corresponds to V; and G to Uj.
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DEFINITION 4.3 Let G be a group and F a field. A projective representation
of Gisamap P: G +— GL,(F) such that

P(g)P(h) = (g, h)P(gh)

for all g, h€@, where a(g, k) is a non-zero element of F' depending on the pair
(g, h). Its degree is n and the map (g,h) — a(g, k) is called the factor set of the
representation. Exactly as in the case with ordinary representations, two projec-
tive representations P and Q are similar if Q = X™!PX for some nonsingular

matrix X. Also P is irreducible if it is not similar to a projective representation

*x %
gl—-)
0 =

The following lemma gives an instance of how projective representations arise in

in triangular block form

for all geG.

the study of ordinary representations.

LEMMA 4.4 ( cf. theorem 11.2 of [Isa 76] ) Let N be normal subgroup of G
and let F' be an algebraically closed field. Let S be an irreducible representation
of N over F such that the conjugate n — S9(n) = S(¢g~'ng) is similar to S for
all g€G. Then there exists a projective representation P of G such that

(a) P(n) = S(n)
(b) P(ng) = P(n)P(g)
(c) P(gn) = P(9)P(n)

for all neN and g€G. If a is the factor set of P, then the values a(g, k) depend
only on the cosets of Gmod N in which g and & lie. Furthermore, if P’ is another
projective representation satisfying (a), (b) and (c), then P'(g) = p(g)P(g) for

some map g : G — F* which is constant on cosets of N and the factor set of

P'is (g,h) — o'(g,h) = a(g, h)u(g)u(h)u(gh)~".
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Proof Choose a transversal T for N in G ( that is, a set of coset representatives ).
Take 1€T. For each t€T, choose a nonsingular matrix P, such that P, 'SP, =
S’. Take P; = I. For n€N and teT define P(tn) = P,S(n). Properties (a), (b)
and (c) are immediate. Properties (a), (b) and (c) yield

S(n)P(g) = P(ng) = P(gg 'ng) = P(g)S(¢g"'nyg)
and
P(g9)7'S(n)P(g) = S(97'ng)

for all g€ and all neN. Also
P(h)"'P(g)7'S(n)P(9)P(h) = S(h™"g ' ngh).

Comparing with
P(gh)™'S(n)P(gh) = S((gh)'ngh)
yields P(g)P (k) = a(g, h)P(gh) for some a(g, h)€F* and thus P is a projective
representation. By properties (b) and (c)
a(gn, hm)P(gnhm) = P(gn)P(hm) = P(g)P(nhm)

for m, n€N and g, h€G. Furthermore

P(g)P(nhm) = P(¢9)P(h)P(h™'nhm) =
= a(g, h)P(gh)P(k~'nhm) = a(g, h)P(gnkm).
Since P(gnhm) is nonsingular, a(gn, hm) = a(g, k).
If X is any nonsingular matrix such that X™'S(n)X = S(g~'ng) for all neN,
then XP(g)™' commutes with all S(n) for all n€N and thus XP(g)~" is a scalar

matrix. If P’ also satisfies (a), (b) and (c), take X = P’(g) and conclude that
P'(g) = u(g)P(g) for some p(g)€F*. For n€N and g€G

u(gn)P(gn) = P'(gn) = P'(g)P'(n) = u(g)P(9)P(n).
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Since P(gn) = P(g)P(n) is nonsingular, p(gn) = u(g).
If o/ is the factor set of P’, then

p(g)u(h)alg, h)P(gh) = u(g)u(h)P(g)P(h) =
= P'(g)P’'(h) = o/(g, h)P'(gh) = (g, h)u(gh)P(gh).

Since P(gh) is nonsingular o/(gh) = a(g, h)u(g)u(h)u(gh)™". m

THEOREM 4.5 ( cf. Satz V.17.5 of [Hup 67] ) Let N be a normal subgroup
of G and let F be an algebraically closed field. Let V be an irreducible F[G]-
module and assume Vy is a direct sum of s isomorphic F[N]-modules. If R is the
representation corresponding to V, then R(g) = Q(g) ® P(g) for all g€G, where
Q and P are irreducible projective representations of G and Q is a projective

representation of G/N of degree s.

Proof Let Viy = W, & --- @& W, where the W; are isomorphic F[N]-modules.

Then there exists a basis for the representation space V such that for ne N

S(n) 0 0
Rin) = 0 S(n) 0
0 0 - S(n)

With regard to this basis let R(g) = (Rij(9)) (7,7 =1,...,s). Since R(n)R(g) =
R(g)R(g'ng), it follows that S(n)R.;(g) = Rij(9)S(97'ng) = Ri;(9)S?(n). The
conjugates S and S? are similar and therefore there exists an invertible matrix

P(g) such that S(n)P(g) = P(¢)S?(n). Then
S(n)Ri;(9)P(9)”" =
= Rij(9)S°(n)P(9) " = Rij(9)P(g) ' S(n).

By Schur’s lemma, since S is irreducible and F is algebraically closed, there
exists an element a;;(g) # 0 in F such that Rij(g) = ai;(9)P(g). Define Q by
Q(g) = (ai;(9))- Then R(g) = Q(g) ® P(g) for all geG.
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Next, the mapping ¢ — P(g) is shown to be a projective representation. If

g and h are elements of G, then

S(n)P(g)P(h)P(gh)™" = P(g)S(g 'ng)P(h)P(gh)™" =
= P(g)P(h)S((gh) 'ngh)P(gh)™" = P(g)P(h)P(gh)~'S(n).

By Schur’s lemma P(g)P (k) = a(g, h)P(gh), where a(g, h)eF™.

Because P is a projective representation of G with factor set a and R is an
ordinary representation, Q is a projective representation of G with factor set
a™l. Since 8"(m) = S(n)”'S(m)S(n) for all n, meN, P(n) = S(n) can be
assumed for n€N. Then I® S(n) = R(n) = Q(n) @ P(n) = Q(n) ® S(n) implies
Q(n) = I and Q is actually a projective representation of G/N. The projective
representations Q and P are irreducible, because a reduction of either one would

imply a reduction of R, contrary to the hypothesis that V is irreducible. O

EXAMPLE Let G = (a,b) be the Quaternion group of order 8 with the
defining relations b~'ab = a7', a* = 1 and b* = a®. Consider the irreducible

representation R over the field of complex numbers defined by

R(q) = ( € 01 )
0 e”
1)
R(b) =
1 0

where ¢ is a primitive fourth root of unity in the field of complex numbers. The

and

restriction of R to the normal subgroup (a?) is obviously completely reducible and
up to similarity there is only one irreducible component. It is the representation
S defined by S(a?) = —1. Choose the transversal {1,a,b,ba} for the left cosets
of (a?) in G and define a projective representation P of G by P(1) = P(a) =
P(b) = P(ba) = 1 ( cf. lemma 4.4 ). The factor set a of P on the cosets of (a®)
in G may be given by the following table :
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al{l aN bN baN

1 1 1 1
aN|f1 -1 -1 1
bN | 1 1 -1 -1
baN |1 -1 1 -1

The map Q define by

Q) = (1 0)
01
Qe) = (6 0)
0 ¢!
Q) = (0 _1)
1 0
Qba) = (0 5)
e 0

is a projective representation of G/({ a? ) with factor set a*. Evidently R(g) =

Q(g) ® P(g) for all geq.

Next, the procedure of starting from a known representation R of a group
G and studying the restriction of R to a normal subgroup of G is reversed. In-
stead, the problem of embedding a given irreducible representation S of a normal
subgroup N of G in an irreducible representation R of G is considered. The
question is : Is there an irreducible representation R of G such that S occurs as

an irreducible component of Ry ?

THEOREM 4.6 ( cf. §4 of [Cli 37] ) Let N be a normal subgroup of a finite
group G and let S be an irreducible representation of N. Let U be the set of all
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elements g in G such that the conjugate n — S?(n) = S(¢g~'ng) is similar to S.
If it is possible to embed S in an irreducible representation S’ of U, then S can

be embedded in an irreducible representation of G.

Proof Let {ry = 1,r3,...,7»} be a transversal for U in G. Then the representa-

tions S® of N defined by
SO :n  S(r; " nry) (t=1,...,m)

are the distinct conjugates of S. By hypothesis there exists an irreducible rep-
resentation S’ of U such that S is an irreducible component of S’'5. Since S is
similar to all its conjugates relative to U, S’y is necessarily a multiple of S. Now,

define R to be the induced representation (S')¢, that is

Ru(g) P le(g)
R(g) = :
R.1(9) ... Run(g)

where
S'(ri~1gr;) if ry7'gr;eU
Ri;(g) = { ! ’

0 otherwise.

For elements n€N, R;;(n) =0 if 1 # j and

S(‘)(n)
Rii(n) = S'(r;7'nmy) =
SO (n)
For elements u in U we have
S'(u) 0 . 0

0 S'(rytury) ... S'(ro7lur,,

R(u) = (r2™"urg) (r2 )
0 S'(rmlury) ... S'(rp"tury)
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To see that R is irreducible, let R’ be an irreducible component of R such that
R’y contains S’. But then R’y will contain 8’y and hence by theorem 4.2 will
contain S = §, S(2), ...,S™). Therefore R’ has the same degree as R, and so
R’ must be similar to R. a

This reduces the problem to that of embedding the irreducible representation S
of N in an irreducible representation S’ of U. To simplify the notation replace U
by G and assume that the given irreducible representation S of N is similar to

all its conjugates with respect to G.

THEOREM 4.7 ( cf. §4 of [Cli 37] ) Let N be a normal subgroup of a group
G and let F' be an algebraically closed field. Let S : G — GL,(F) be an
irreducible representation of N and assume that S is similar to all the conjugate
representations with respect to G. Then there exists a projective representation
P of G such that P(n) = S(n) for all neN. Let (g,h) — a(g,h) be the factor
set of P. If (g,k) +— a(g,h)™" is the factor set of an irreducible projective
representation Q : G/N — GL,(F), then S can be embedded in an irreducible

representation of G.

Proof Let R(g) = Q(9)®P(g) for all geG. Evidently R is a matrix representation
of GG such that
S(n)
R(n) =
S(n)
for all neN. By Burnside’s lemma the representation R is irreducible if and only

if a linear relation among the components of R(g)

> aijngii(9)pul(g) =0

$,5.k,1 kil=1,...,r

implies a;;u = 0, where Q(g) = (¢:;(¢)) and P(g) = (pxi(g)). Let go be a fixed
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element of G, and n an element of N. Since Q(gon) = Q(go) we have

,7=1,...,s
Z ai;k19i;(go)pri(gon) = 0 ’ e
6.3,k ki=1,...,r

Now P(gon) = P(g0)S(n), and since there are r? linearly independent matrices
S(n) as n ranges over N ( by Burnside’s lemma ), it follows that there are r2

linearly independent matrices P(gon). Hence

,)=1,...,s
> aijugii(go) =0
g JA=1,...,r.
This holds for each g in G, and since Q is irreducible a;;x = 0. a

Finally we consider the problem of finding all possible ways of embedding an
irreducible representation of N over an algebraically closed field in irreducible

representations of G ( cf. §5 of [Cli 37] ).

DEFINITION 4.8 Let N be a normal subgroup of a group G. The irreducible
representations R and T of G are called associate relative to N if Ry and Ty

have an irreducible component in common.

Consider the associates R and T of G relative to N and denote the common
irreducible component by S. By theorem 4.2(a), Ry and Ty have the same
irreducible components, namely the conjugates of S relative to G. Let U be the
group consisting of all elements g in G such that the conjugate n — S%(n) =
S(g~'ng) is similar to S. By theorem 4.2(b) the associates R and T can be
identified with the induced representations (R')¢ and (T')¢ where R’ and T" are
irreducible representations of U, which contain only components similar to S on
restriction to N. Now fix a definite determination of an irreducible projective
representation P of U such that P(n) = S(n) for all neN. By theorem 4.5
there are irreducible projective representations Q, and Q, of G/N such that

R'(u) = Q,(u) ® P(u) and T'(u) = Q,(u) ® P(u) for all uel.
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Suppose there is an invertible matrix M, such that Q,(u) = M™'Q,(u)M for
all ueU. Then R’ and T’ are obviously similar. If, on the other hand, R’ and T
are similar, then there exists a nonsingular matrix M such that Q,(u) ® P(u) =
M™(Q,(u) ® P(u))M. Thus Q, and Q, must evidently have the same degree.
For elements n€N we have I ® S(n) = M™'(I ® S(n))M. This means that
M commutes with the matrices I @ S(n) and so must be of the form M’ ® I,
where M’ is of course a nonsingular matrix of degree s. Then Q,(u) ® P(u) =
M'™'Q,(u)M’ ® P(u) which implies Q,(u) = M’ Q,(u)M’ for all uel.

Therefore two associates of G relative to N differ only in the projective rep-
resentation of U/N which they determine and they are similar if and only if the

latter are similar.

We now describe an algorithm for the calculation of the irreducible represen-
tations of finite soluble groups over algebraically closed fields.

A finite group G is soluble if and only if every composition factor G;/G;q
of a composition series G = GobG1 b+ B>G; = (1) is cyclic of prime order.
Going up a composition series of G one constructs all irreducible representations
of G; from the irreducible representations of G;;;. For describing the passage
from Gy to G; assume that N = G and G = G;. Let r = [G : N] and let
S be an irreducible representation of N. Let U be the set of all elements ¢ in G
such that n — S7(n) = S(¢g~'ng) is similar to S. Since N is contained in U and

r is a prime, either U = N or U = G.

Case (1) : U = N. In this case the induced representation S€ is irreducible by
theorem 4.6. The conjugate representations of S with respect to G induce

up to representations similar to S by theorem 4.2.

Case (2) : U = G. In this case the representation S is similar to the conju-

gate representation S¢ for all g€G. If t€G — N, then T = {1,¢,...,t""!}

53



is a transversal for N in G. Choose a nonsingular matrix P; such that
P, 'SP, = S' and take P, = P, for t*€T. For neN and t'cT define
P(t'n) = P;iS(n). Then P is a projective representation satisfying (a), (b)
and (c) of lemma 4.4. If 0<i,5 <r and ¢ + j < r, then

P(t)P(t) = PP/ = P+ = P(t'H).

Since r = [G' : N, it follows that ¢"€N and therefore P,~"S(n)P," =
S(t™"nt") = S(t")7'S(n)S(t") for all ne N. By Schur’s lemma P," = eS(t")
for some ecF™*. Now, if 0<i,j <rand ¢+ j = r+ r'>r, then

P(t)P(t)) = P,/Y = P,/P,” =
= eS(t")P(t") = eP(t"*") = eP(t'H).

Therefore, if « is the factor set of P, then we have

. : 1 e43<r
o(t'N,tN) = J 0<i,j <.
e t4+3>r
Since F is algebraically closed, there is an element c€ F* such that ¢ = e.

Define another projective representations P’ by P'(¢tin) = ¢~*P,'S(n) for
all neN and t'€T. If o is the factor set of P/, then we have

ot'N,t'N)=1  0<i,j<r.

This shows that every projective representation of a cyclic group can be
normalised into an ordinary one. Moreover, every irreducible representa-
tion Q of G/N is of degree one. Q(g) is a rt* root of unity for each g€ @ and
its value depends only on the coset of G mod N in which g lies. Therefore
by theorem 4.7 and the discussion on associates every irreducible represen-
tation of G which contains a component similar to S on restriction to N is

similar to a representation R defined by
R(t'n) = ¢'P,'S(n)
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for t'€T and n€N, where ¢ is a r** root of e. The number of distinct

associates is 1 if r is the characteristic of F' and r otherwise.

EXAMPLE Let G = (a,b) be the alternating group of degree four with the
defining relations a? = b® = (ab)® = 1. Letz = aand y = b~'zb. Then N = (z,v)
is an abelian normal subgroup of index 3 in G. The irreducible representations

of N over the field of complex numbers are defined by

T - 1, y— 1
z— 1, y— —1;
z — -1, y— 1
T - -1, y — —1.

Let S be the trivial representation of N. Then S is obviously similar to the
conjugate representation SY for all gcG. Therefore Case (2) applies. Choose
{1,5,b%} as a transversal for N in G. Choose P, = 1 and define a projective
representation as outlined in the description above. Obviously e = 1 and the
irreducible representations of G which contain a component similar to S on re-

striction to /V are similar to the representations defined by

a+— 1, b 1;
a— 1, bw c;
am— 1, b ¢

where c is a third root of unity.
Now, let S be the representation defined by z + 1,y +— —1. Then 8%(z) =
~1,8%y) = —1,8%(z) = —1 and S¥(y) = 1. Hence Case (1) applies and the

induced representation defined by

1 0 O
Sa)=10 ~1 0
0 0 -1
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00 1
sS)=]110 o0
010

is an irreducible representation of G.

4.2 Extension of the Ground Field

So far in this chapter our attention was restricted almost exclusively to irreducible
representations and modules over algebraically closed fields. In this section we
consider irreducible representations over arbitrary fields. We study the behaviour
of an irreducible representation of a group under extension of the ground field.
In particular, if E/F is a field extension we explore the connection between the
irreducible E-representations and F-representations of a group. The emphasis is
on representations over finite fields and algorithms for computations with repre-
sentations over finite fields.

This section is based on chapter 9 of [Isa 76] and begins with an introduction
of the concepts of absolutely irreducible representations and splitting fields. We
shall see that an algebraically closed field is a splitting field for every group and
therefore the irreducible representations of a group over an algebraically closed
field are absolutely irreducible. Thereafter we study the irreducible representa-
tions of a group over splitting fields and their extensions. We are led in a natural
way to the question whether an absolutely irreducible representation is realisable
over smaller fields. In prime characteristic, we shall see that some finite field is a
splitting field for a group. Moreover, we prove that an absolutely irreducible rep-
resentation R of a group G over a field EDF of prime characteristic is realisable
over the field generated by F and the character values x(g) for all geG where
X is the character afforded by R and describe an algorithm for the realisation of

representations over smaller finite fields. After the introduction of the concept of
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Galois conjugacy of characters we investigate the structure of an irreducible rep-
resentation under extension of the ground field. We show that the representation
is completely reducible; that all irreducible constituents occur with equal multi-
plicity and that the characters of the constituents constitute a Galois conjugacy
class. As a consequence we shall see that an irreducible representation over a fi-
nite field may be described in terms of its absolutely irreducible constituents and
describe an algorithm for the calculation of an absolutely irreducible constituent

of an irreducible representation over a finite field.

Let FCE and R be an F-representation of a group G. Then R maps G into a
group of nonsingular matrices over F' that are also nonsingular over E. Therefore
R may be viewed as an E-representation of G. As such it will be denoted by R”.
If R is irreducible, then clearly so is R. However, RE may well reduce, even if
R is irreducible. To illustrate what can happen, let G = (¢} be cyclic of order

3 and let R be the representation over the rational numbers defined by
R(g) =

If E is the third cyclotomic field over the rational numbers, then R® affords
the character A + A1, where X is a faithful linear character of G and so RF is

reducible.

DEFINITION 4.9 Let R be a representation of G over F. Then R is absolutely
irreducible if RF is irreducible for every field EDF.

We have already seen that an irreducible representation need not be absolutely
irreducible. It is of importance, therefore, to obtain necessary and sufficient

conditions for absolutely irreducibility.

THEOREM 4.10 Let R be an irreducible F-representation of degree n. Then

the following assertions are equivalent :
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(a) R is absolutely irreducible.
(b) RF is irreducible for every finite degree extension E/F.

(c) The centraliser of R(G) in the matrix ring M, (F) of nxn-matrices over F

consists of scalar matrices.
(d) R(F[G]) = M.(F).
Proof See theorem 9.2 of [Isa 76] for the details. o

DEFINITION 4.11 The field F is a splitting field for G if every irreducible

F-representation of G is absolutely irreducible.

COROLLARY 4.12 ( cf. corollary 9.4 of [Isa 76] ) If F is an algebraically closed
field, then F' is a splitting field for every group.

Proof Since F has no proper finite degree extension, condition (b) of theorem

4.10 holds for every irreducible F-representation of G. m|

Suppose F' is a splitting field for G and EDF. Then every irreducible F-
representation R determines an irreducible E-representation RE. A natural
question is : If {R;} is a set of representatives for the similarity classes of ir-
reducible F-representations of @, is {R;”} a complete set of representatives for
the irreducible E-representations of G 7 In order to prove this, we need to discuss
the irreducible constituents of possibly reducible representations.

If V is an F[G]-module, then a composition series for V is a chain of submod-
ules V=V, > ... >V, > Vp = 0 such that each V;/V;_; is an irreducible module.
The modules V;/V;_; are the factors of the series. The Jordan-Holder theorem

asserts that the factors of any two composition series for V are the same up to

58



isomorphism. If R is an F-representation of G corresponding to the F[G]-module

V, then R is similar to a representation T in triangular block form

T1(g) *
T(g) = ‘

0 T.(9)

where the irreducible representations T; correspond to the factors V;/Vi_;. The
matrices T(g) have zeros below the blocks on the main diagonal but may have
nonzero entries above the diagonal blocks. Representations similar to the T; are
the irreducible constituents of R. By the Jordan-Holder theorem, the representa-
tion R has only finitely many irreducible constituents ( up to similarity ), namely

those which appear in any single triangular representation similar to R.

COROLLARY 4.13 ( cf. corollary 9.5 of [Isa 76] ) Let F' be a field and G a
group. Then

(a) Every irreducible F'[G]-module is isomorphic to a factor module of the reg-

ular F[G]-module.

(b) There exist only finitely many similarity classes of irreducible F-represen-

tations of G.

(c) If EDF and T is an irreducible E-representation of G, then T is a con-

stituent of RF for some irreducible F-representation R.

Proof Statement (a) is immediate and statement (b) follows from (a) via the
Jordan-Hoélder theorem. Let U be any F-representation of G. The irreducible
constituents of UF may be found by taking the irreducible constituents R; of
U and then finding the irreducible constituents of the R;E. Now (c) follows by

applying this remark to the regular F-representation. O

The following result is a useful tool for establishing the similarity of two F-

representations of G and for other purposes.
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THEOREM 4.14 ( cf. theorem 9.6 of [Isa 76] ) Let R be an irreducible repre-
sentation of F[G] and let a be an element of F[G]. Then there exists b in F[G]
such that R(b) = R(a) and T(b) = 0 for every irreducible F[G]-representation T

which is not similar to R.

Proof Let {R;} be a set of representatives for the similarity classes of irreducible
F|[G]-representations. Denote the Jacobson radical of F[G] by J(F[G]). Let A =
F[G]/J(F|GY}), so that each R; may be viewed as a representation of the algebra
A. As such, the R; are irreducible and pairwise nonsimilar. Since J(A) =0, A is
semisimple and therefore has minimal ideals M;, such that R;(M;) = 0if j # 1
and R;(M;) = Ri(A) = R;(F[G]). Now suppose R = R; and choose b in the
preimage of M; in F[G] with R(b) = R(a). O

COROLLARY 4.15 ( cf. corollary 9.7 of [Isa 76] ) Let R and T be irreducible
F-representations of G. Suppose FCFE and that RF and TF have a common

irreducible constituent. Then R is similar to T.

Proof Let U be an irreducible constituent of R® and TE. If R and T are not
similar, view them as representations of F[G] and choose beF[G] with R(b) =
R(1) and T(b) = 0. Hence U(b) is an identity matrix and U(d) = 0. This

contradiction proves the result. ]

COROLLARY 4.16 ( cf. corollary 9.8 of [Isa 76] ) Let F be a splitting field for
G and let {R;} be a set of representatives for the similarity classes of irreducible
F-representations. If EDF, then E is a splitting field and {R;®} is a set of

representatives for the irreducible E-representations of G.

Proof Since the R; are absolutely irreducible, the R;Z are absolutely irreducible.
They are pairwise nonsimilar by corollary 4.15. Suppose T is any irreducible E-
representation. By corollary 4.13(c), T is a constituent of R, for some i. Since

R;Z is irreducible, it is similar to T and the proof is complete. o
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Let R be a E-representation of G. Then R is said to be realisable in FCE
if there exists a F-representation T of G such that R is similar to TZ. We can

characterise splitting fields in terms of the concept of realisability as follows.

THEOREM 4.17 ( cf. theorem 9.9 of [Isa 76] ) Let E be a splitting field for
G and let FCE. Then F is a splitting field if and only if every irreducible

E-representation of G is similar to T¥ for some F-representation T.

Proof Suppose F is a splitting field. Then by corollary 4.16 every irreducible
E-representation is as described. Conversely, let U be any irreducible F-represen-
tation and let R be an irreducible constituent of UP. By hypothesis, there exists
an irreducible F-representation T, such that TF is similar to R and hence T and
U¥ have an irreducible constituent in common. By corollary 4.15, T is similar
to U, and thus U® is absolutely irreducible. It follows that U is absolutely

irreducible since the only F-matrices which centralise all U(g) are scalar. a

COROLLARY 4.18 ( cf. corollary 9.10 of [Isa 76] ) Let F be any field and G

a group. Then some finite degree extension of F' is a splitting field for G.

Proof Let F be the algebraic closure of F, so that F is a splitting field. Let {R;}
be a set of representatives for the similarity classes of irreducible F-represen-
tations. By corollary 4.13(b), |{R.:}| < oo and hence only finitely many elements
of F occur as entries in any of the matrices R;(g) for g€G. Adjoin all of these
elements to F so as to obtain the field E. Since F is algebraic over F, it follows
that [E : F] < oo. Since each R; may be viewed as an E-representation of G, it
follows from theorem 4.17 that F is a splitting field. a

Suppose now that F is an arbitrary extension field of F. Let R be an E-
representation of G and let x be the character of R. Denote the extension field of

F generated by the elements {x(g)|g€G} by F(x). Then F(x) is a finite algebraic
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extension field of F, since each x(g) is a sum of roots of unity. Moreover, if R is
realisable in F', then F(x) = F. As the Quaternion group of order 8 will show R
need not be realisable in F if F(y) = F.

EXAMPLE Let G = (a, b) be the Quaternion group of order 8 with the defining

1

relations b™'ab = a™!,a* = 1,5 = a?. Consider the irreducible representation R

over the field of complex numbers defined by

R(a):(e (—)1)

0 ¢

R(b)=(o -1)
1 0

where ¢ is a fourth root of unity in the field of complex numbers. Let R afford

and

the character x. The elements 1,a? a,b,ba are representatives of the conjugate
classes of G and x(1) = —x(a?®) = 2,x(a) = x(b) = x(ab) = 0. Suppose R is
realisable in the field of rational numbers. For a suitable basis,

( 0 1)
R(1)=1, R(a®)=-I, R(a)=
-1 0

can be assumed. From ab = ba™!, it follows that

R(b):(x Y )
Yy —

Then 5% = a? implies that x? + y? = —1, which is impossible for rational numbers

z and y. Therefore R is not realisable in the field of rational numbers.

The next theorem asserts that R is realisable in a field F' of prime characteristic

if F(x) = F. We shall need the following lemmas.

LEMMA 4.19 ( cf. lemma 9.12 of [Isa 76] ) Let E be a splitting field for G.
Then the characters of nonsimilar irreducible E-representations of G are nonzero,

distinct and linearly independent over F.
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Proof Let R; be a set of representatives for the similarity classes of irreducible
E-representations, and let x; be the character afforded by R;. View x; as being
defined on all of E[G]. Since R;(E[G]) is a full matrix ring over E by theorem
4.10, a;€ F[G] may be chosen such that x;(a;) = 1. By theorem 4.14 x;(a;) = 0

may be assumed for ¢ # j. The result is now immediate. a

This result is actually true without the assumption that E is a splitting field.
The more general fact will be proved later ( cf. corollary 4.29 ). If F is a splitting
field for G, the notation Irrg(G) is used to denote the set of characters of the
absolutely irreducible E-representations of G.

Let E be any field, o an automorphism of F, and R an E-representation of
G. The automorphism o can be applied to every entry in the matrix R(g) for

every g€G. What results is a new representation, denoted oR.

LEMMA 4.20 Let E/F be a finite Galois extension and let G = Gal(E/F).
Let @ : G — GL,(FE) such that a(gh) = ga(h)a(g) for g,h€G. Then there
exists XEGL,(E) such that a(g) = X~ 'X for all geG.

Proof ( cf. proposition X 1.3 of Corps Locauz by J. P. Serre ) Let MeM,(E)
and define X = 3", gMa(g). Then gX = Xa(g)—1 and a is as required if M
can be chosen such that X is invertible.

Let m be an element of the row vector space E™ of dimension n over E and
form z(m) = Y ,e¢ gma(g). The elements z(m), meE™, generate E™ : Let
YeHom(E™, E) such that 0 = J(z(m)) for all meE™. If e€E, then

0 = d(z(em)) = I(3_ glem)a(g)) = Y ged(gma(g)).
9€G 9€G
By Dedekind’s Independence Theorem 9(gma(g)) = 0 and since a(g) is invertible
it follows that ¥ = 0.

Let wy,...,w,€E™ such that {y1 = z(w1),...,yn = z(w,)} is linearly inde-

pendent over E. Let M be the matrix of the homomorphism defined by v; — w;
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where {v1,...,v,} is the canonical base for E®. Now calculate the matrix X as

described above. Apparently

vuX =vi() gMa(g)) = Y vigMa(g) = 3 gwia(g) = y;

geG 9€G geqG

and therefore X is invertible. O

THEOREM 4.21 ( cf. theorem 9.14 of [Isa 76] ) Let R be an absolutely irre-
ducible E-representation of G, where E is of prime characteristic. Suppose that
R affords the character x and that x(g)€F for all g¢G, where FCE. Then R is

similar to TF for some absolutely irreducible F-representation T.

Proof First consider the case that |E| < oo. Denote the Galois group Gal(E/F)
by A. If n€A, then R and nR afford the same character and are therefore

similar by lemma 4.19. Hence there exist nonsingular matrices P(5) such that

nR(g) = P(n)R(g)P(n)~?! for all g€G and all n€A. For n;,n,€A we have
P(mn2)R(g)P(m1m2) " = m(P(n2)R(g)P(m2)™!) =

= mP(n)mR(g)mP(n2) ™" = mP(n2)P(m)R(¢)P(n1) 'mP(n2) "

By theorem 4.10(c), mP(n2)P(m) = a(m,n2)P(mn2) for some a(n,n;)EE™.
From P((m1n2)n3) = P(n1(n2m3)), it follows that

a('llﬂz,'la)a(’?l,ﬂz) = 0(771,712773)7)10(772,773)-

Hence a€Z%(A, E*), where A acts naturally on E*. If P'(n) are other matrices
such that nR(g) = P'(n)R(g)P’(n)~? for all g€G and all n€A, then P'(n) =
p(n)P(n) for some p: A — E* and the factor set o' determined by P’ is

(m,m2) — o' (n1,m2) = a(n1, n2)mp(n2)u(n)p(ninz) ™"

Therefore the representation R determines an element aB?(A, E*) of the coho-
mology group HZ%(A, E*). By Satz 1.16.10 of [Hup 67] the cohomology group
H?(A,E*) = 1. Hence the matrices P() can be chosen such that P(nn;) =
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mP(n2)P(n1). By lemma 4.20 there exists X€GL,(E) such that P(n) = X 'X
for all n€ A. It follows that

7(XR(9)X™") = nXnR(g)nX ' =
= nXP(n)R(g)P(n)"'9X ™" = XR(¢)X ™.

Hence T = XRX™! is the desired representation of G over F.

Finally consider the case where E may be infinite. Since £ may be replaced
by a larger field, it is no loss to assume that FE is algebraically closed. Let KCF
be the prime field and let LD K be a splitting field with [L : K] < oo by corollary
4.18. Since E is algebraically closed, assume LCE. Since L is a splitting field,
R is similar to UF for some L-representation U and U affords y which takes
values in LNF'. Since |L| < oo, the first part of the proof yields an absolutely
irreducible (LNF)-representation T such that T’ is similar to U and hence TF

is similar to R. Now TF is the desired F-representation. O

The proof for the case |E| < oo is actually an application of the remark V.14.14
of [Hup 67}, p.548. The idea can be traced back to an article by A. Speiser ( cf.
[Spe 19] ). The following algorithm for finding a conjugating matrix X is due to
S. P. Glasby and R. B. Howlett. The description given here follows unpublished

notes and written communication with Glasby and Howlett.

Let R be an absolutely irreducible E-representation of G, where E = F- is the
field with ¢” elements. Suppose R affords the character x and that x(g)eF = F,
the field with ¢ elements, for all g€G. The Galois group Gal(E/F) is generated
by the automorphism 7 : ¢ — 29 The representations R and 7R afford the
same character and are therefore similar. Let Z be a matrix over E such that

nR(g) = ZR(g)Z™" for all g€G and define

1=0
" 1Z.--9n2Z 0<i<r-—1.
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If 0<i,j <randi+j < r, then
n'P(n’)P(n') = P(y"*).
Since n has order r, it follows that
R(g) =n"R(¢) =n"""Z---nZZR(¢)Z'nZ " -- -9 Z7"

for all geG. Since R is absolutely irreducible, there exists a nonzero scalar feE

such that n”~'Z .-~ 9ZZ = fI. Now, if 0<i,j <rand i+ j = r +r'>r, then

n'P(nJ)P(n') - ,,Ir'_IZ -onZlf = P(nr’)f _— P(nr+r’)f — P(T]H-J)f
Therefore, if a is the factor set of P, then
;L 1 i45<
a(n',n’) = PTIST 0<i,j <r.
f i+ jy>r

Next, we will show that f€F. By theorem 4.21 there is a representation R’

over F such that YRY ™! = R’ for some nonsingular matrix Y. Hence

nR(g) =Y 'qR'(g)nY =
=7Y'YR(9)Y 'Y =Y 'YR(9)(nY'Y)?

for all g¢G. Then 7" (YY) ---n(Y'Y)9Y 'Y = Y'Y = I and
therefore f = 1 can be assumed. Suppose Z' is another matrix such that

nR(g) = Z'R(g)Z"™" for all geG, then Z' = aZ for some a€E. Then
fl=n"2"--nZ'l =y""a---naan"'Z---nZZ = Ng/r(a)f.

Hence f’ is a F-multiple of f and therefore feF.
Let b€E such that Ng/p(b) = f~! and define

o I i1=0
Pn')=1 |, .
" YbZ)---p(b2Z)Z 0 < i<r—1.

66



If o' is the factor set of P’, then o/(n',7?) = 1 for 0<¢,j <rand i+ j <r. If
0<t,j<randi+j=r+r'>r, then

nlpl(n])Pl(nt) — nr'—lz .. nzzfnr'_lb. .. nbbNE/F(b) =
=977} (bZ) - -n(bZZ = P'(y") = P'(5"*") = P'(n’'*).

It follows from lemma 4.20 that there is a matrix X over E such that
nXbZ = X. (*)

This equation may be viewed as a system of homogeneous linear equations over
F. Since the dimension of E over F is r, finding X is equivalent to solving
rn? homogeneous linear equations in rn? unknowns where n is the degree of the
representation R. Choose an invertible matrix X from the space of solutions,
then X has the desired properties. The number of X satisfying (*) is the number
of nxn matrices over F, namely ¢" : Suppose that X and Y satisfy (*) where X
is invertible, then p(YX ™) = pYnX™!' = YZ7'b~19pX "1 = YX ! and therefore
M = YX ! is a matrix over F. Hence any solution Y = MX for some M over F.
Conversely if Y is any matrix over F' and X satisfies (*), then YX also satisfies
(*) because n(YX)bZ = nYnXbZ = YX.

The size of the system of homogeneous linear equations can be reduced by
the following observation. Elements of F may be regarded as r-tuples over F,
and therefore X is effectively a nxrn matrix over F. Each row z of X has to
satisfy nedZ = z. This is a system of rn homogeneous linear equations in rn
unknowns : Let (e, ...,e,) be a basis of E over F and let e = Y°]_; ci(e)e; be the
unique representation of e€E. If Z = (z;;), then the equation nzbdZ = z yields n
equations in n unknowns > 7_; naibzi =z, fori=1,...,n. lf z; = D=1 Tki€j,
where the zi; are regarded as unknowns, then

kﬁ: NTEbzii 2": n(Y_ zrjei)bzri =
=1 1

k= 7=1
n T

= Zn: i zkjn(e;)bzki = Xr: 22 aln(e;)bzr)zrjer.

k=1 j=1 I=1 k=1 j=1
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Hence the equation nzbZ = z yields the equations
n r
22 aln(e)bzi)ar; = za
k=1 j=1
fori=1,...,rand2=1,...,n.

If its space of solutions has dimension m, then the original system will have
dimension mn. So mn = n? and therefore m = n. Now, if (vy,...,vy) is a base
for this space of solutions then the nxrn matrix X having vy,...,v, as its rows
will have rank n. It remains to show that it has rank n when viewed as a matrix
over E. Since the F-rank is n, the only vector y over F' satisfying yX = 0 is
y = 0. But X = MX' where X' is invertible and M has entries in F. If M were
not invertible, then the nullspace of X over F' would clearly be nonzero. So M is

invertible and therefore X is too.

EXAMPLE Let G = (a,b) be the dihedral group of order 10 with the defining
relations a® = b% = (ab)? = 1. The field E = Fy of order 2* is the 15 cyclotomic
field over F,. The 15 cyclotomic polynomial Q;5(z) = z84+2"+z°+z*+23+z+1
and Q;s5(z) = (z*+z+1)(z*+23+1) is the decomposition of @15 into irreducible
factors in Fy[z]. Let z be a root of z* + z + 1. Then z is a primitive 15" root of
unity over F;. Consider the representation S of (a) over E defined by S(a) = 2°.

By theorem 4.6 the representation R = S¢ is irreducible and

lu@=s%@=(2 jz)

R@:S%@:(g;).

There are four conjugate classes in G, which are given by C; = {1},C, =
{b, ba, ba?,ba®,ba'},Cy = {a,a'},Csz = {a®,a®}. The values of the character
of R are given by the following table.

C, Cy Co Cp

0 0 210 25
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Obviously the character has values in F3(2°) which is the field of order four.
Hence R is realisable over F' = Fj:. The Galois group Gal(E/F') is generated by

the automorphism 5 : ¢ — z* and (1, 2) is a base of E over F.

(1)

is a matrix over E such that nR(g) = ZR(g)Z! for all g¢G. We obtain fI =
nZZ = Z? = I and it follows that f = 1. This gives the following system of

homogeneous linear equations

(3311, T12, T21, 1‘22) = ( T11, Ti12y, T21, mzz)-

—_— = OO

0
0
0
1

o O = O

1
1
0
0

Then ((1,1,0,1),(1,0,1,0)) is a base for the space of solutions and

satisfies XZ = X. Then g — XR(g)X™! is a representation over F since

51
XR(a)X™ = ( ¢ )
219 1

) (1 1)
XR(H)X™! = :
01

and

Now let F be any field and let R be an irreducible F-representation of G. Let
EDF be a splitting field for G. What does R” look like 7 We prove that R”
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is completely reducible; that all irreducible constituents occur with equal multi-
plicity and that the characters of the constituents constitute a Galois conjugacy
class over F'.

We begin with a consequence of theorem 4.21. The exponent of a group G is

the least positive integer n such that g® =1 for all g€G.

COROLLARY 4.22 ( cf. corollary 9.15 of [Isa 76] ) Let G have exponent n
and assume the polynomial z™ — 1 splits into linear factors in the field F. If F

has prime characteristic, then it is a splitting field for G.

Proof Let EDF be a splitting field and let x€Irrg(G). Then x(g) is a sum of
nt* roots of unity and hence x(g)€F. The result follows by theorem 4.21 and
theorem 4.17. )

An entirely different proof shows that corollary 4.22 also holds in characteristic

zero. This result by R. Brauer depends on his theorem on induced characters.

Let R be an E-representation of G. Suppose R affords the E-character x
and that x takes values in F'CE. If r€Aut(F'), it is not obvious that 7x is an
E-character of G.

LEMMA 4.23 ( cf. lemma 9.16 of [Isa 76] ) Let E be a splitting field for G
and let x€Irrg(G). Suppose x(g)EFCE for all g€G and let 7€ Aut(F). Then
Tx€lrrg(G).

Proof Let E be an algebraic closure of E and let FCE be an algebraic closure of
F. Then Irrg(G) = Irrg(G) = Irri(G) by corollary 4.16. Since 7 is extendible

to an automorphism of F, the result follows. a

Let FCFE be a field extension and suppose x is an E-character of G. Note
that F'(x) is contained in a splitting field for a polynomial of the form z™ —1 over
F'. Since this polynomial yields a Galois extension with an abelian Galois group,
it follows that F'(x) is a finite degree Galois extension of F' and the Galois group
Gal(F(x)/F) is abelian.
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DEFINITION 4.24 Let E be a splitting field for G and let FCFE. If x and ¢
are in Irrg(G), then x and ¥ are said to be Galois conjugate over F if F(x) =
F(v) and there exists c€Gal(F(x)/F) such that ox = . It is clear that this

defines an equivalence relation on Irrg(G).

LEMMA 4.25 ( cf. lemma 9.17 (c) of [Isa 76] ) Let E be a splitting field for
G and let x€lrrg(G). If S is the equivalence class of x with respect to Galois
conjugacy over F' where FCE, then |S| = [F(x) : F].

Proof We have that S is the orbit of x under Gal(F(x)/F). By definition of
F(x), the stabiliser of x in Gal(F(x)/F) is trivial and so

|IS| = |Gal(F(x)/ F)| = [F(x) : F].
0

LEMMA 4.26 ( cf. lemma 9.18 of [Isa 76] ) Let FCE with [E: Fj=1r < o0
and let p be a regular representation of F over F. Let R be an irreducible E-
representation of G and let U = pR. In other words, the representation U of G
is obtained by taking R and replacing the entries by the matrices representing

them in the regular representation p of E over F'. Then
(a) deg U =r-deg R

(b) U has a unique ( up to similarity ) irreducible constituent. It is the F'-
representation T such that R is a constituent of TF and deg T |r-deg R.

(c) If R affords the E-character x and F(x) = F, then U affords ry.

Proof Statement (a) is immediate. Let T be a ( unique up to similarity )
irreducible F-representation of G such that R is a constituent of T¥. By theorem
4.14, choose beF[G]CE|G], such that T(b) = T(1) and T'(b) = 0 for every

irreducible F-representation T’ not similar to T. Since R is a constituent of TE
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and T(b) is an identity matrix, then so is R(b) an identity matrix. Hence U(d) is
an identity matrix and T;(b) # 0 for every irreducible constituent T; of U. Thus
every T; is similar to T and (b) is proved.

For (c), let p be the regular representation of E over F' determined by the
basis (ey,. .., ex) and let n be the degree of R. Write R(g) = (Ri;(g)) for g€G
and p(e) = (pij(e)) for e€E. If U affords the character ¢, then

ZZ pii(R;;(9))-

i=1 j=1
Moreover,
g)er = Xn: R;i(g))er = EZ pie(R5(9))er
j= I=1 j=1
and since 37, Rjj(g) = x(9)€F, it follows that x(9) = Z7=; pre(Rj;(g)) for
each k =1,...,n. The result now follows. a

COROLLARY 4.27 ( cf. corollary 9.20 of [Isa 76] ) Let R be an absolutely
irreducible E-representation of G which affords the character x. Let FCE be such
that F(x) = F. Then there exists an irreducible F-representation T, such that
R is the unique ( up to similarity ) irreducible constituent of T*. In particular,

T affords myx for some integer m.

Proof If F has prime characteristic, then by theorem 4.21, there exists a F'-
representation T such that TF is similar to R.

Assume now that char(F) = 0. It will suffice to show for some positive integer
n that the character ny is afforded by some F-representation U. This is sufficient
since by the linear independence of Irrp(G) for a splitting field LD E, it follows
that every irreducible constituent of U affords x and so is similar to R*. One
may thus take T to be any irreducible constituent of U and quote corollary 4.15
to complete the proof.

To produce U, let KD F be a splitting field with [K : F] = n < oo and assume
that E, KCL for some field L. By corollary 4.16, L is a splitting field for G and
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x€Irr(G) = Irrk(G). Let R’ be a K-representation which affords x and let p
be a regular representation of K over F. Then U = pR’ affords nx by lemma
4.26(c) and the result follows. O

THEOREM 4.28 ( cf. theorem 9.21 of [Isa 76] ) Let FCE, where E is a split-
ting field for G. Let T be an irreducible F-representation of G. Then

(a) The irreducible constituents of T all occur with equal multiplicity m.
(b) If char(F) # 0, then m = 1.

(c) The characters x;€Irrg(G) afforded by the irreducible constituents of TF

constitute a Galois conjugacy class over F' and so the fields F(x;) are equal.
(d) Let L=F(x;). The irreducible constituents of T occur with multiplicity 1.

(e) If U is any irreducible constituent of T¥ then U® has a unique irreducible

constituent. Its multiplicity is m.
(f) TY and T* are completely irreducible.

Proof Let R be an irreducible constituent of TF and suppose R affords the
character x€Irrg(G). Let L = F(x) and let U be an irreducible constituent
of T such that R is a constituent of UZ. By corollary 4.27, R is the unique
irreducible constituent of UP. Let m be its multiplicity. If char(E) # 0, then
theorem 4.21 yields m = 1 and U is absolutely irreducible.

Let x = x1,...,Xn be the distinct Galois conjugates of x over F, so that
n = [L : F] by lemma 4.25. For 0€Gal(L/F), form the L-representations cU. As
o runs over Gal(L/F) we obtain n representations cU affording the characters
mxi,t = 1,...,n. Since m = 1, if char(E) # 0, the my; are distinct in all
cases and thus the oU are pairwise nonsimilar. Also, each (cU)F has a unique
irreducible constituent and it occurs with multiplicity m.

We claim that the n = [L : F)] representation oU are exactly the irreducible

constituents of T and that each occurs with multiplicity 1. Since the irreducible
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constituents of (¢ U)F and (7U)F are nonsimilar if o # 7, statements (a)—(e) will
follow when the claim is established.

Since U is a constituent of TZ and o(T%) = TF for 0€Gal(L/F) it follows
that oU is a constituent of T* for every o. Therefore n-deg U<deg T. By
corollary 4.26, deg T divides n-deg U and thus n-deg U = deg T. Therefore the
oU are the only irreducible constituents of TZ.

All that remains is to show that TZ and T? are completely reducible. This
follows from Maschke’s theorem if char(E) = 0 so we assume that char(E) # 0.
Let V be an L[G]-module corresponding to TZ and let W be the sum of all the
irreducible submodules of V. Note that W is completely reducible and it suffices
to show W = V. Since o(TY) = T’ for every 0€Gal(L/F) every irreducible
constituent of V is actually an irreducible submodule of V. Hence V/W is trivial.

The proof for R is similar since UF is irreducible in this case. m]

We obtain some consequences now. The first generalises theorem 4.19.

COROLLARY 4.29 ( cf. corollary 9.22 of [Isa 76] ) Let F' be any field. Then
the characters of nonsimilar irreducible F-representations of G are nonzero, dis-

tinct and linearly independent over F'.

Proof Let EDF be a splitting field for G. By theorem 4.28, the characters of

nonsimilar irreducible F-representations of G are nonzero multiples of sums of

disjoint subsets of Irrg(G). The result follows from lemma 4.19. m]

The next corollary will be used in order to describe an irreducible represen-

tation in terms of its absolutely irreducible constituents.

COROLLARY 4.30 ( cf. problem 9.6 of [Isa 76] ) Let FCFE with [F : F] =

r < oo and let p be a regular representation of E over F'. Let R be an irreducible
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E-representation of G which affords the character x. If E = F(x), then U = pR

is irreducible.

Proof By lemma 4.26, deg U = [F(x) : F]deg R and U has a unique ( up to
similarity ) irreducible constituent. It is the F-representation T such that R is
a constituent of TEZ. By theorem 4.28 the irreducible constituents of TZ occur
with multiplicity 1 and the characters afforded by the irreducible constituents
of T® constitute a Galois conjugacy class over F. Then, by lemma 4.25(c),

deg T = [F(x): Fldeg R = deg U. Therefore U is similar to T. D

Let R be an irreducible F-representation of G where F' is a finite field and let x
be the character of an ( absolutely ) irreducible constituent T of RF where EDF
is a splitting field for G. Let L = F(x) and let p be a regular representation of L
over F'. By theorem 4.28, T is similar to T'F for some absolutely irreducible L-
representation T'. By lemma 4.26 and corollary 4.30 the representation U = pT’
is irreducible and T is a constituent of UL. Since T is a common irreducible

constituent of UF and RF it follows that U is similar to R.

We conclude this section with an algorithm for the calculation of an absolutely

irreducible constituent of an irreducible representation.

COROLLARY 4.31 ( cf. problem 9.8 of [Isa 76] ) Let F be of prime character-
istic and let R be an irreducible F-representation of G. Let D be the centraliser
of R(G) in the matrix ring M,(F) where n = deg R. Let x be the character
of an irreducible constituent of RF where EDF is a splitting field for G. Then
F(x)=D.

Proof Let L = F(x). By theorem 4.28(f) the representation R” is completely

73



reducible and therefore there exists a matrix X€GL,(L) such that
Ri(9) 0
X 'R(g)X =
0 R.(9)

for all g¢G. By theorem 4.28 (d) and (e) the irreducible constituents R; are

absolutely irreducible and pairwise nonsimilar. If D€ D, then

Ri(9) 0 Ri(g) 0
X-'DX = X"'DX
0 R.(9) 0 R, (g)

Therefore X 'DX is a matrix of the form

LI 0
0 I.I
where l;€L for i = 1,...,r. Since D is a field D ~ [, is a monomorphism of

rings and it follows that dimpD<dimpL.

Take T = R; and let p be a regular representation of L over F. Then there
exists an invertible matrix Y such that R(g) = Y™ 'p(T(9))Y for all g€G. If l€L,
then R(g)Y p(II)Y = Y 'p(II)YR(g) for all g€G. Then ! — Y 'p(I1)Y is

a monomorphism and dimpL<dimpD. m]

Let F be of prime characteristic and let R be an irreducible F-representation of
G. Let D be the centraliser of R(G) in the matrix ring M,(F) where n = deg R.
Let T be an irreducible constituent of R® where EDF is a splitting field for
G. By theorem 4.21 the representation T is similar to UF for some absolutely
irreducible representation U over F(x) where x is the character of T.

Since F(x)/F is a finite Galois extension F(x)/F has a primitive element,
that is F(x) = F(u) for some u€F(x). Then (1,u,...,u""1)is a base for F(x)/F
where r = [F(x) : F]. Note that F(x)=D by corollary 4.31. Let f(z) be the
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minimal polynomial of u over F and f(z) the corresponding polynomial in D[]
( under the isomorphism which extends the natural isomorphism between F' and
F-Iand maps z + z ). If D is aroot of f(z)in D, then the natural isomorphism
between F' and F'-I extends to an isomorphism F(x)=D sending v — D. Hence
(1,D,...,D"" ') is a base for D/F -1

Let V be an F(u)[G]-modules corresponding to U and let (vy,...,v,) be a
base for V over F(u). Then

r-1 r—1
(V1,uVL, « e, U T UL, e Uy Uy oo, U T U, )

is a base for V over F and the representation of G corresponding to V over F

with respect to this base is
p(Unu(g)) --. p(Uin(9))
g : :
p(Unl(g)) A p(Unn(g))
Moreover, this representation is similar to R and therefore n = rm.
Let W be the n-dimensional column vector space over F' and let (wy, ..., wy)
be a base for W over F such that R is the representation afforded by the F[G]-
module W with respect to this base. Suppose that

/ / r-1,1 / / r—-1,..1
B:(wl,le,...,D wl,...,w,-,Dw;,...,D w,»)

is linearly independent. Choose w€{wy,...,w,} such that B U {w} is linearly
independent. Then BU{w, Dw,...,D" 'w} is linearly independent. Hence there

is a base for W over F of the form
! ! r=1_.1 ! ’ -1 !
(', Duw'y,..., D"y, g, Dy, , DT )

where w'y,. .., w'n€{wi,...,w,}. If R is the representation of G corresponding

to W with respect to this base, then

p(Uin(g)) ... p(Uin(g))
R'(g) = ‘ :
pP(Uni(9)) ... p(Usn(g))
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In other words, the representation U of G over F(x) is obtained by taking R’ and
replacing the matrices p(U;;(g)) which represent the elements U;;(g) of F(x) in
a regular representation of F(x) over F by U;;(g).

EXAMPLE Let G = (a,b) be the dihedral gfoup of order 10 with the defining
relations a® = b% = (ab)? = 1. Consider the irreducible representation R over the

field F; of order two defined by

0100

0110
R(a) =

0011

1 001

and

1111

0101
R(b) =

0 011

0001

A base for the centraliser D of R(G) in the matrix ring My(F3) is given by

0011
1010
(LD = ).
1101
0110

Hence D is isomorphic to the field Fj: of order four, which is the 3™ cyclotomic
field over F,. The 3™ cyclotomic polynomial Q3(z) = 2? + z + 1 is irreducible
over Fy. If z be a root of @3(z), then z is a primitive 3" root of unity over F5.
Let W be the 2-dimensional column vector space over F; and let (wy,...,w,)
be a base for W over F, such that R is the representation afforded by the F3[G]-

module W with respect to this base. Then (w;, Dw;,ws, Dw,) is another base
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and the representation R’ corresponding to W with respect to this basis is

0110

R@| 10! =(p(z) p(l))
1110 p(z*) p(1)
1 001

and

1 010

e R =(p(l) p(l))
0010 \s0 s0)
0 0 01

where p is the regular representation of F;2 determined by the base (1, z). There-

fore the representation U defined by

and

U(b)=(1 1)
01

is an absolutely irreducible constituent of R22.

4.3 The Construction of the Irreducible Rep-

resentations of Finite Soluble Groups over

Finite Fields

In section 4.1 we described an algorithm for the construction of the irreducible
representations of finite soluble groups over algebraically closed fields : Going
up a composition series G = Go >G> ++- B> G = (1) of a soluble group G all

irreducible representations of G; are constructed from those of G4 by extending

79



the G;-invariant irreducibles of G;4; to irreducibles of G; and by inducing up the
non-invariant irreducibles of G;4;.

In section 4.2 we studied the relation between the irreducible E-represen-
tations and F-representations of a group where E is a field extension of F'. We
have a one-to-one correspondence between the irreducible representations of a
group over a field F' and the absolutely irreducible representations over a field E,
where E is a splitting field for the group. The absolutely irreducible constituents
of an irreducible representation form a Galois conjugate class over F'. Moreover,
we showed that an irreducible representation R over a finite field F' can be de-
scribed in terms of an absolutely irreducible constituent T over a finite extension
field L over F. The information needed to construct the representation R from
an absolutely irreducible constituent T is the realisation of T over L = F(x)
where x is the character afforded by T.

In this section we modify the algorithm described in section 4.1 in order to
derive an algorithm for the construction of the irreducible representations of finite
soluble groups over finite fields. The principle idea is to calculate representatives
for the Galois conjugate classes of absolutely irreducible representations of G;

from those of G4, and to realise them over their fields of character values.

For describing the passage from Gi4; to G; we assume that N = G;;, and
G = G;. With the help of our knowledge of section 4.1 and 4.2 we investigate the
absolutely irreducible representations of G in which a given absolutely irreducible
representation of a normal subgroup N of prime index can be embedded. We

summarise the results in the following theorem.

THEOREM 4.32 Let NG such that G/N is a cyclic group of prime order r.
Let t€G — N and let 4 be the automorphism of N defined by = +— t~'zt. Let F
be a finite field and let S be an absolutely irreducible representation of N over a

finite extension field EDF such that F = F(x) where x is the character afforded
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by S. Then one of the following occurs :

1)

(2)

(3)

If S+ is not similar to 5S for all n€Gal(E/F), then the induced represen-

tation S¢ is absolutely irreducible. If 1 is the character of S¢, then

F(¢) = E.

If Sv is similar to 7S for some 1 # p€Gal(E/F), then S¢ is absolutely
irreducible. If v is the character of S°, then F(y)=E'CE with [E: E']=r.

If Sv is similar to S, then there exists an invertible matrix P; such that
Sy = P,7'SP,. Moreover, P,” = eS(t") for some e€E. Let c be a r'
root of e which lies in E or possibly in an extension field of E. Then every
irreducible representation of G which contains a component similar to S
on restriction to N is similar to a representation defined by R, : t'n —

¢P,'S(n) for i =0,...,r7 — 1 and neN. If ¥ is the character of R., then

F(¢) = E(c).

The characters of the representations R, and R are Galois conjugate over

F if and only if ¢ and ¢’ have the same minimum polynomial over E.

Moreover, the Galois conjugacy classes over F' which are determined by the char-

acters v in (1), (2) and (3) are independent of the choice of the representative of

the Galois conjugacy class of x over F'

Proof The assertions about the representations in (1), (2) and (3) are easily

checked by appealing to the algebraically closed case ( cf. section 4.1 ). Case

(1) and (2) correspond to the inducing case there while case (3) corresponds to

the extension case there and nothing has to be added. In order to prove the

assertions about the fields F'(1) we construct the Galois conjugacy classes of ¢

over F.
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Suppose that Sv is not similar to 7S for all n€Gal(E/F). Let S be a con-
stituent of UF for some irreducible representation U over F. By theorem 4.28
the irreducible constituents of UF occur with multiplicity 1 and the characters af-
forded by the irreducible constituents of U¥ constitute a Galois conjugacy class
over F. Since S«v is an absolutely irreducible constituent of (U'y)E and S« is
not similar to S for all neGal(E/F) the representation U~ is not similar to U
by corollary 4.15. Hence O = {nx7'|n€Gal(E/F),i = 0,...,r — 1} is a set of
r[E : F] characters. Let 4, be the automorphism of N defined by z + g~'zg
for g¢G. We obtain a map of GxO into O defined by (g,¢) — g¢ = ¢v,. This
map satisfies the conditions 1o = ¢ and (gh)p = g(hy) for p€O and g, heq.
Hence G acts on O and O decomposes into orbits of length r under the action of
G. The characters nx for n€Gal(E/F) are representatives of these orbits. Thus
the induced characters (yx) = n(x“) are distinct and {5(x%)|p€Gal(E/F)} is
the orbit of ¥y = x° under Gal(E/F). Hence, if S is the Galois conjugacy class
of ¢ over F, then [E : F] = |S| = [F(¢) : F] by lemma 4.25.

Now, suppose that S+ is similar to #S for some 1 # n€Gal(E/F) and let O
be the Galois conjugacy class of x over F. We obtain a map of GxO into O
defined by (g,¢) — g = v, This map satisfies the conditions 1 = ¢ and
(gh)p = g(hy) for €0 and g, h€G. Hence G acts on O and O decomposes into
orbits of length r under the action of G. Let x1 = x,..., X% be representatives
of these orbits. Then the induced characters (x;)¢ are distinct and since (x;)¢ =
(ox)¢ = a(x%) for some c€Gal(E/F), {x:®|i = 1,...,k} is the orbit of ¢ = xC
under Gal(E/F). Hence, if S is the Galois conjugacy class of ¥ over F, then
[E : F]l=r-k=r|S|=r[F(¢¥): F] by lemma 4.25.

Finally, suppose that S« is similar to S. Since 7Sy = nP;~'(S)yP; for all
n€Gal(E[F), the representations 7S+ and 7S are similar. Let € be a 7" root of
7(e) which lies in E or possibly in an extension field of E. Then every irreducible
representation of G which contains a component similar to #S on restriction to N

is similar to a representation defined by t'n + &n(P;'S(n)) for i = 0,...,r — 1
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and neN. If 0€Gal(E(c)/F), then oR.(t'n) = o(c)'o(P:S(n)). The restric-
tion of o on E is an automorphism n€Gal(E/F). Since o(c)'a(P:S(n)) =
o(c)'q(PS(n)) and o(c)” = a(c") = a(e) = n(e) it follows that oR, is an
extension of 7S. Hence, if ¥ is the character of R, and S is the Galois conjugacy

class of ¥ over F, then [E(c) : F] = |S| = [F(¢) : F] by lemma 4.25.

If c and ¢’ have the same minimum polynomial, then there is an automorphism
o of E(c) extending the identity mapping of E and sending ¢ — ¢. Then oR. =
R. and the characters of R. and R, are Galois conjugate over F'. Conversely, let
1. and 1o be the characters of R. and R respectively and let c€Gal(E(c)/F)
such that E(c) = F(¢.) = F(¢o) = E(¢) and o9, = . Since S(E[N])
is a full matrix ring over E, for every e€E we may choose n€ E[N] such that
S(n) = €eEy; is the matrix having e as its (1,1)-entry and all other entries 0.
Then o(e) = d¢p.(n) = ¢o(n) = e and therefore c€Gal(E(c)/E). Moreover, we
may choose n€ E[N] such that P,S(n) = Ey; and it follows that o(c) = o(tn) =

Yo (tn) = ¢’. Hence ¢ and ¢’ have the same minimal polynomial over E. 0O

In view of a repeated application of theorem 4.32 and in order to obtain
the irreducible representations of G over F' ( we have to compose the absolutely
irreducible representations of G with a regular representation of E, E’ or E(c) over
F respectively ) it remains to outline the realisation of the induced representation

SY over E' in case (2) and to describe the fields E(c) in case (3).

Case (2) : Initially we handled case(2) in a rather tedious way : Since Sv is
similar to nS for some 1 # n€Gal(E/F) there is a matrix Z such that S =
Z(Sy)Z™'. Choose a base for E/F and let p be a regular representation
of E over F determined by this base. Let Y be the matrix of 5~ with
respect to the chosen base. Then p(n(z)) = Y 'p(z)Y for all z€E. In

other words Y induces the automorphism 7 on the matrix representation
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of E by conjugation. Then X = (IQY)pZ is a matrix such that

X7 (pS)(n)X = (pS7)(n).

Note that by corollary 4.30 and 4.26 the representation pS is irreducible and
that S is an absolutely irreducible constituent of (pS)*. Moreover, if D is
the centraliser of (pS)(N) in the matrix ring Myg.s)(F') where d = deg S,
then D=F(x) = E by corollary 4.31. Since "€ N, we have

X" (pS)(n)X" = p(S(t™"nt")) =
= p(S(t")) ™" (pS)(n)p(S(t"))

and therefore X" = Ep(S(t")) for some 0 # E€D. Since {(pS)(n)|neN} =
{(pS7)(n)|n€EN} it follows that D is the centraliser of pSv in the matrix
ring Myg.r)(F). Hence, X conjugates D into itself and therefore X induces
an automorphism of D. Since X" centralises D it follows that X either
induces an automorphism of order r or X centralises D.

A central simple algebra A over a field F is a simple algebra A for
which Z(A) = F and [A: F] < co. If B is a simple subalgebra of a central
simple algebra A, then [A : F] = [B : F][Ca(B) : F] by theorem 4.11 of
[Jac 74]I1. We apply this theorem as follows. If A = Mjg.;(F), then A is a
central simple algebra and B = p(E) is a simple subalgebra of A. Therefore
[Ca(B) : F] = [E : F] and it follows that C4(B) = B. Note that D actually
consists of matrices of the form p(zI) for z€E. Hence, if X centralises D,
then X = p(X') for some matrix X'€ My(F) and it follows that S is similar
to S«. Since S is similar to nS for some 1 # n€Gal(E/F) it follows that X
induces an automorphism of order r of D. Let D’ be a subalgebra of D with
[D : D'] = r and let Np;p/ denote the norm map. Since X centralises E
we may choose CeD such that Np/p/(C) = E and replace X by C™'X in
order to arrange that E = 1. Now, define a representation R of G over F by
R(nt') = p(S(n))X' for i =0,...,r —1 and n€N. It is easily checked that
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R is indeed a representation of G and an absolutely irreducible constituent

of R may be found by applying the algorithm described on page 76.

EXAMPLE Let G = (a,b) be the Dihedral group of order 10 with the defining
relations a® = b? = (ab)? = 1. The field E = Fy of order 24 is the 15** cyclotomic
field over Fy. The 15 cyclotomic polynomial Qy5(z) = z®8+2"+ 2%+t + 23+ +1
and Q5(z) = (z*+x+1)(z* +2°+1) is the decomposition of Q5 into irreducible
factors in Fy[z]. Let z be a root of z* 4+ z 4 1. Then z is a primitive 15% root of
unity over F,. Consider the representation S of (a) over E defined by S(a) = 2°.
Then S%(a) = S(b~1ab) = 212 = 5(2%) = 7(S(a)) where 3 is the automorphism of
E sending z to z*. Choose (1, 2, 22, 2°) for a base of E over F' = F; and let p be
the regular representation of E over F' determined by this base. The matrix of

n~! with respect to the chosen base is

(=2 L — A
[ S S

1
1
0
0

[T N o

Then X = Y is a matrix such that X '(pS)(a)X = (pS)(b~'ab). Moreover,
X2 =1 and therefore E = I. Now, we define R by

R(a) = (pS)(e) =

-0 o O
S = = O
_ =0 O

1
1
0
0

and R(b) = X. Using the algorithm described on page 76 we obtain an absolutely
irreducible constituent U of R defined by

U(a)=(25 1)
210 1



and

The problem with this approach is the calculation of the centraliser D of
(pS)(N) in the matrix ring Myg.F)(F), in particular if F is the prime field F), of
order p. Alternatively we may apply the algorithm described on page 65 in order
to obtain the realisation of S over E’. The following treatment of Case (2) is

due to R. B. Howlett ( private communication ).

Case (2) : If Sy is similar to 5S for some 1 # n€Gal(E/F), then there is a
matrix Z such that S = Z(Sy)Z™". Since r = [G : N, it follows that

7"S(n) =92 nZZ St " nt") (n"'Z---nZZ)" =
=n"'Z.--gZZS(t") ' S(n) (" Z---9ZZS() )7
We know that 7™ = 1 because otherwise S would be realisable over a sub-
field of E contrary to the hypothesis E = F(x). Hence n”S = S and

n"1Z---qZZS(t")"" = fI for some fEE*. The scalar f is in E’, the fixed
field of 5 because, if we apply n to W =9""1Z ... 9ZZ we get

ZW=n9Z--9Z=2ZWZ™'.
Moreover, nS(t")~" = (Zs(t_ltrt)z—l)—l = ZS(tT)_IZ_l and therefore
n(fI) = p(WS(@")™") = ZWS(t") 127! = fI

showing that n(f) = f. Choosing c€FE such that Ng/p:(c) = f where
Ng /g denotes the norm map and replacing Z by ¢ 'Z we may arrange that
f = 1. Choose a base for E/E’ and let p be the regular representation of E

by rxr matrices over E’ determined by this base. Furthermore,let Y be the
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matrix of ! with respect to the chosen base. Then p(n(z)) = Y 'p(z)Y
for all z€FE. In other words Y induces the automorphism n on the matrix
representation of £ by conjugation. Now, define a representation R of G
over E' by R(nt*) = p(S(n))(I®Y*)p(n*Z---nZZ) fori = 0,...,r—1 and
n€N. It is easily checked that R is indeed a representation of G equivalent

to the induced representation S€.

For case (3), we begin with the following lemma on extraction of roots in finite
fields ( cf. section 63 of Linear Groups with an exposition of Galois field theory
by L. E. Dickson ).

LEMMA 4.33 Given a positive integer m the element a€ F,* is the m** power
of some element of F, if and only if a(#~1/¢ = 1 where d = (¢ — 1,m) is the

greatest common divisor of ¢ — 1 and m.

Proof Let a be a m** power of some element z€F,*. We have
(¢—Dm=(g—1,m)g—1,m]

where [¢ — 1,m] is the least common multiple of ¢ — 1 and m. Hence

ala=V/d — yma=1/d _ Jla-1m] _ q_

Conversely, let z be a primitive root of F,. Then the elements z% for i =
1,...,(g—1)/d are the distinct roots of the equation z(#=1/¢ = 1. We next prove
that each root is a m** power in F,. We can determine integers ! and ¢ satisfying

the equation t(q ~1) + Im = d. Hence 24 — (zt(q—l)+lm)i — (zlm)i — (zli)m. 0

Case (3) : If r||E*|, then r # p and E contains r distinct roots of unity. Let
r* be the biggest r power dividing |E*|.
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A. If the order of e in E* is divisible by r*, then e!®*l/" £ 1 and therefore
z" — e has no root in E by lemma 4.33. Then z" — ¢ is irreducible over

E by lemma 2 of [Jac 74]1, p. 253.

B. If the order of e in E* is not divisible by r*, then e!®*V/" = 1 and

therefore E contains r roots of z" — e.

If » |E*|, then raising elements to the r** power is an automorphism of the

multiplicative group of E and there is a unique c€F such that ¢" =e.

A. If r = p, then 2" — e = (z — ¢€)” and no further roots exist in E or

extension fields of E.

B. If r # p, then there are r distinct roots of unity in an extension field
of E. The r** cyclotomic polynomial (z" — 1)/(z — 1) factors into
#(r)/! distinct irreducible polynomials in E[z] of the same degree I.
The rt* cyclotomic field E(") over E is the splitting field for any such
irreducible factor over E and [E(") : E] = | where [ is the least positive
integer such that ¢'=1 mod r ( cf. theorem 2.47 of [LiN 83] ).

Factorisation of polynomials can be achieved by Berlekamp’s algo-

rithm ( cf. chapter 4 of [LiN 83] ).

EXAMPLE Let G = (a,b) be the Dihedral group of order 10 with the defining
relations a® = b* = (ab)? = 1. The field E = Fy of order 2% is the 15 cyclotomic
field over Fy. The 15 cyclotomic polynomial Qy5(z) = z8+z"+z°+z*+23+z+1
and Qi5(z) = (z*+z +1)(z* +2°+1) is the decomposition of Q15 into irreducible
factors in Fy[z]. Let z be a root of 2* + z + 1. Then z is a primitive 15" root of
unity over F,. Consider the representation S of (a) over E defined by S(a) = 2°.
Then S%(a) = S(b~'ab) = 2% = 5(23) = (S(a)) where 75 is the automorphism
of E sending = to z*. Take Z = I; then S = ZS’Z™! and f = 1. Let p be
the regular representation of E by 2x2 matrices over F,2 determined by the base

(1, 2) of E over Fy.. Furthermore, let Y be the matrix of 7~ with respect to this
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base. Then the representation R of G defined by

R(a) = p(S(n)) = ( = )

210 1

(11)
R(b)=Y =
0 1

is absolutely irreducible. There are four conjugate classes in G which are given
by Ci = {1},Cs = {b, ba, ba?, ba3 ba*},C, = {a,a*} and C,2 = {a? a®}. The
values of the character ¥ of R are given by the following table.

and

Ci Cy C, Ca

0 0 =z 2%

Obviously, R is a representation over Fj: and F3() = Fi.

Now, let S be the representation of ( a ) over E defined by S(a) = 2°. Then
S%(a) = S(b~'ab) = 2° = n(2®) = n(S(a)) and we obtain an absolutely irreducible
representation R of G defined by

R(a) = p(S(a)) = ( ° )

1)
R(b) =Y = .
0 1

The values of the character ¢ of R are given by the following table.

and

Ci Cy Co Cp

0 0 2% 2

Finally consider the trivial representation of ( @ ). The trivial representation
of (a) is G-invariant. Take P, =1I; then e = 1 and ¢ = 1 is obviously the unique
element in F such that ¢” = e. Moreover, since the characteristic of F is 2 there
are no further roots in F or extension fields of E. Hence the trivial representation

of G is the only extension of the trivial representation of ( a ).
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Hence we obtain three absolutely irreducible representations of G. By corol-
lary 15.11 of [Isa 76] the number of similarity classes of irreducible K-represen-
tations of G for every splitting field K of characteristic p is the number of classes
of p-regular elements of G ( that is, elements of order not divisible by p ). The
classes of 2-regular elements of G are C},C, and C,2 and therefore we have cal-

culated all absolutely irreducible representations of G.

In order to compute the irreducible representations of G we have to decide
whether a given irreducible representation S of N is similar to Sy. The following
suggestion ( cf. [Ple 87] ) is feasible : Since the algorithm on N provides the
irreducible representations of N over E and the characters of the representations
are distinct by corollary 4.29 we may choose random elements in IV such that the
irreducible representations are distinguished by their degrees and traces of the
images of these elements under the irreducible representations. Note that this
is asking for much less than representatives of the conjugate classes. We may
also use this technique to distinguish the representations {#S|n€Gal(E/F)} and
decide the similarity of S+ and 7S.

To compute an intertwining matrix in case (3) ( that is a matrix X such that
Sy = X7'SX ) we may regard X as a dxd matrix (X;;), the X;; unknowns, and

consider the system of homogeneous linear equations

Xu ces de X11 N de
: (87)(n) =S(n) | : =0
Xa ..o Xag Xa ... Xu

where d is the degree of the representation S. For each n€N the evaluation of
the left-hand side of the above equation yields a matrix whose (¢, )th entry is
a linear combination of the X;; and which must be equal to zero. It suffices to
evaluate this formula for the generators of N coming from the AG-system of N.

Any solution of this system of homogeneous linear equations in the X;; will give
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rise to an intertwining matrix. An intertwining matrix in case (2) ( that is a

matrix Z such that Sy = Z7'(S)Z ) may be obtained in a similar way.
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Chapter 5

An Empirical Study of the

Implementation

The basic three parts of W. Plesken’s proposal for a Soluble Quotient Algorithm
( cf. chapter 2-4 ) are implemented in the GAP version 2.6 programming en-
vironment. The programs are used to implement an algorithm to compute an
AG-Presentation for a finite soluble group which is defined by a finite presenta-
tion. In order to gain a better understanding of the algorithm we have undertaken
an investigation into the implementation of the algorithm. In this chapter we re-
port the findings from sample runs of the programs on a 25 MHz SUN SPARC
station. We begin with a more detailed description of the algorithm to set the
stage. The following sections give details on the performance analysis and report
on the problems that have been found. A major problem has been located and

will be addressed in the concluding section of this chapter.

The basic idea of the Soluble Quotient Algorithm proposed by W. Plesken
is to lift epimorphisms : Suppose an epimorphism € : G — H from a finitely
presented finite soluble group G onto a finite soluble H is given and let P be the

set of prime divisors of |G|. For each prime p€ P we calculate the irreducible rep-
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resentations of H over the field F,,. Every irreducible representation R of H over
the field F), is given by an absolutely irreducible representation T which is realised
over its field of character values F,,(x) where x is the character afforded by T and
R = pT where p is a regular representation of F,(x) over F,. The motivation
for this approach is that it was found to be beneficial for the subsequent calcu-
lations to compute with representations of small degree over large fields rather
than representations of large degree over small fields. For every irreducible rep-
resentation the second cohomology group H?(H, M) of H with coefficients in the
associated module M is determined. For a representative aB*(H, M) of every
one-dimensional Endp,[m(M)-subspace of H*(H, M) we check whether the epi-
morphism ¢ lifts to an epimorphism € : G — H where H is an extension of H
by M corresponding to the factor set a. If such a lift is found the epimorphism ¢
is replaced by & and we repeat the steps just described. If no lift is possible, we

have calculated an isomorphisme : G — H.

The performance of the algorithm as described above has been analysed by
running selections of examples. In [Jam 88] Jamali calculated presentations for
maximal subgroups of nonabelian finite simple groups. Initially, we used a selec-
tion of these groups to analyse the performance of the programs. For the purpose
of this report we chose a smaller selection of six examples. A group of order 1296

and derived length six ( cf. [Ken 90] ) :
(@, yl(zy)y ™ = 2ty 2y 27y = 1).

The groups G(-2,2,—1), G(-2,3,—1) and G(2,2,—3) of derived length three
and order 1320, 5832 and 6912, where

G(I,m, n) = (a, blabma—lb—la-—nbl-l — bamb—la—lb—nal—l = 1)
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These groups have been investigated by Campbell in ( cf. [Cam 75] ). The groups

1 1,,—-1

vuT v 2 2

(u, v|utvu~ uwv™? = u?v luv luvutv? = 1) and
(u, v|uv*(uv™)? = (v?v)2u"tvu?(vuv)~t = 1)

of derived length five and order 2400 and 3000 which are due to Kenne ( private

communication ).

Table T

order T, T, T Ty

1296: 106.117  7271.067 113.131  7495.450
1320: 231.400 4715.764 680.003  5642.100
2400: 13406.716 51935.300 665.189 66033.567
3000: 238.485 22045.733  363.985 22691.616
5832:  1193.166 73608.382 1231.452 76081.050
6912: 926.550 83369.229  275.769 84589.783

Table T lists CPU times ( in seconds ) for the calculation of AG-presentations
for these groups. T, T2, T3 and Ty are the computing times for the calculation
of the irreducible representations of finite soluble groups over finite fields, the
calculation of the extensions of finite soluble groups by finite irreducible modules,
lifting of epimorphisms and the total execution time. From this table, it is seen
that at present most of the time is spent on the calculation of the extensions of
finite soluble groups by finite irreducible modules.

The calculation of the extensions of the finite soluble group H by a finite
irreducible H-module M is based on the consistency test ( cf. section 2.3 ). The
evaluation of the associativity conditions yields a system of homogeneous linear
equations and we obtain an epimorphism ¥ : Z?(H,M) — L where L is the
vector space of solutions of the system of homogeneous linear equations. The
second cohomology group H2(H, M) of H with coefficients in M is isomorphic to
L/9(B*(H, M)).
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In order to evaluate the associativity conditions which yield homogeneous
linear equations we designed a particular collection process which is based on
a collection process with respect to the AG-presentation for H. For the first
implementation we used collection from the right, but later it was found that
collection from the right is not practicable for certain groups. Consider the split
extension H of a cyclic group (z) of order 13 by an elementary abelian group of

order 3% where the action of z is given by the matrix

0 -1 0
Then H has the following presentation consisting of the generators x,yq,ys,y3
and the relations 2% = 3,® = 7 = 35 = [ysva] = [orta] = [ort] = L,
7y = y3, 27y = y1lys? and z7lyaz = y,2. We now evaluate the associa-
tivity condition (yaz)z'? = y3(zz'?). We have y3(zz!?) = y32'® = y3. On the
other hand we have (y3z)z'? = (zy2?)r'? = zy.%2'%. A program written in the C
programming language carried out 356.608.065 substitutions in order to produce
y3. The program which implements collection from the left carried out only 93

substitutions !

Table C
order T1 Tz T3 T4 T5 Te

1296: 41.733  31.115 7198.219  7077.111 73.514 47.594
1320:  57.501  37.411  4620.852 4467.389 78.978  74.485
2400: 241.596 189.452 51504.252 50995.358 409.540  99.354
3000: 141.118 99.501 21805.114 21183.347 541.291  80.476
5832: 265.370 353.463 72989.549 72522.359 344.081 123.109
6912: 216.166 538.914 82614.149 82120.019 336.016 158.114
During the sample runs we collected additional information ( Table C ) for

the extensions of finite soluble groups by finite irreducible modules. T;, T; and
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T3 are the computing times for the calculation of quotient spaces, the calcula-
tion of the subspaces ¥(B?(H,M)) and the calculation of the vector spaces L.
Ty, Ts and Ty are the computing times for building and solving the systems of
homogeneous linear equations which arise from the consistency tests, the matrix
calculations and the collection process from the left ( these are the constituents
of the collection process for the evaluation of the associativity conditions ). From
Table C it can be seen that most of the computing time is spent on building
and solving systems of homogeneous linear equations. The problem is caused by
the large number of equations and indeterminates of the systems of homogeneous
linear equations. There are d( (':;) + 2('2‘) + n) = $n(n? + 3n + 2) homogeneous
linear equations in gn(n + 1) indeterminates arising from a consistency test ( n
is the number of generators in the AG-system for H and d = rank(M) ).

With regard to future development, different proposals by Holt ( cf. [Hol 85} )
and Plesken ( cf. Method (B) in [Ple 87] ) could be implemented and compared
with the one described in section 2.3. Other useful algorithms to implement would
be criteria for trivial cohomology : For example, if M is a faithful irreducible H-
module, then H%(H, M) = 0 by Satz I1.3.3 in [Hup 67]. More criteria may be
found in [Gas 52].

The lifting of epimorphisms ( cf. chapter 3 ) is based on solving systems of
linear equations. Given an epimorphisme : G — H, a finite irreducible H-module
M and a factor set a, we construct an extension H of H by M corresponding to
the factor set a. Subsequently the system of linear equations which arises from
the equations (*) ( see p. 35 ) is solved. In addition we solve the system of linear
equations which arises from the equations (**) ( see p. 37 ) if a€ B*(H,M). If
the epimorphism ¢ : G — H lifts to an epimorphism&: G — H, then preimages

for the generators in the AG-system for H are calculated.
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Table L

order T1 T2 T3 T4 T5 TG

1296: 1.252 5.865 1.850 2.550 96.601  5.013
1320: 5.632 18.950 4.334 6.517 642.183  2.387
2400: 4.552 21.849 4.753 6.517 624.416 3.102
3000: 3.218 41.093 12.704 8.902 294.018 4.050
5832: 7.562 55.563 8.409 9.417 1139.517 10.984
6912: 3.002 31.415 6.802 4.445 217.134 12971

Table L shows CPU times for the lifting of epimorphisms. T} is the computing
time for the initialisation of the calculations ( e.g. computation of the images of
the generators of G under € in H ). T, and T3 are the computing times for the
construction of an AG-presentation for H and the construction of H as an object
within GAP ( cf. the function ag() in [NNS 88| ). Finally Ty, T5 and T¢ are the
computing times for building and solving the systems of linear equations coming
from the equations (%) and (%) and the calculation of preimages.

Apparently, constructing and solving the systems of linear equations coming
from the equations (*#) is the most expensive task. This is due to the number of

equations of the system of linear equations. There are
d
din(n+1)/24+n) = §(n + 3n)

linear equations arising from the equations (*x) ( n is the number of generators
in the AG-system for H and d = rank(M) ).

Initially, the preimages for the generators in the AG-system for H were calcu-
lated using the noncommutative Gauss algorithm ( NCGA ) which constructs an
AG-system from a finite generating set for a subgroup of a finite soluble group
by repeated formation of powers and commutators (cf. [LNS 84] ). If the epi-
morphism € : G — H lifts to an epimorphism £ : G — H, then the images of

the generators of G under € generate H and the NCGA will produce the initial
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AG-system for H. By formation of corresponding powers and commutators of
preimages we obtain preimages for the generators in the AG-system for H. The
major disadvantage of this technique is that the preimages tend to get rather

long. Better results are obtained with the technique described in chapter 3.

The calculation of the irreducible representations of finite soluble groups over
finite fields is based on the calculation of representatives of the Galois conju-
gate classes of absolutely irreducible representations. These representatives are
calculated using Clifford’s theory for the construction of the irreducible repre-
sentations of a group from the irreducible representations of a normal subgroup.
Going up a composition series H = HobH; b ... bH; = 1 of a finite soluble
group H the representatives of the Galois conjugate classes of absolutely irre-
ducible representations of H; are constructed from those of H;;; by extending
the H;-invariant representatives of H;y, to representatives of H; and by inducing
up the non-invariant representatives of H;,;. Contrary to the calculation of the
irreducible representations of a group over algebraically closed fields we have to
consider the character fields of the representatives. There are three cases :

(1) The conjugate with respect to H; of a representative with character field
E is not similar to any Galois conjugate of the representative. In this case
the induced representative is absolutely irreducible and cannot be realised over
subfields of E.

(2) The conjugate with respect to H; of a representative with character field
E is similar to a Galois conjugate of the representative for a nontrivial Galois
automorphism. In this case the induced representative is absolutely irreducible
and has to be realised over a subfield of E.

(3) A representative of a Galois conjugate class of H;y; with character field
E is invariant. In this case extensions of the representative are constructed and

their character fields are extension fields of E.
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Table M

order T1 T2 T3 T4 T5 Ts

1296: 7.595 4.670 1.464 59.603 16.801 15.599
1320:  26.603 9.704 5.016 118.124 18.284  52.439
2400: 15.966 12.384 4.099 13296.550 12.868  64.185
3000: 68.533 12.168 11.100 55.246 22.169  68.499
5832: 772.168 34.628 31.734 164.122 66.735 121.516
6912: 224.351 22.364 22.588 627931 7.932 18.079

Table M shows CPU times for the calculation of the irreducible representa-
tions of finite soluble groups over finite fields. Ty, 15 and Ty are the computing
times for testing similarity of irreducible representations, for the calculation of
conjugate representations of irreducible representations of H;y, with respect to
H; and for the calculation of intertwining matrices. T3, T5 and Tg are the com-
puting times for the subsequent calculations in case (1), (2) and (3). It can be
seen that at present testing similarity and finding intertwining matrices are the
areas for further investigations ( initially we had difficulties handling case (2) in
an efficient way ).

The algorithm for the calculation of an AG-presentation for a finitely pre-

sented finite soluble group G produces a chief series
H=H >H1b>...bH =1

for a factor group H of G. There is a one-to-one correspondence between the rep-
resentations of H/H'; and the representations of H/H';;; with kernel containing
H';/H';y,. Furthermore, under this correspondence, irreducible representations
correspond to irreducible representations. This fact may be used to improve the
calculation of the irreducible representations of finite soluble groups over finite
fields : Going down the chief series we calculate the irreducible representations of

H';/H';},, discard the trivial representation and apply the techniques described
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in chapter 4 to the remaining representations. Note that the restriction of a rep-
resentation of H/H';y, to H';/H';;, is a multiple of the trivial representation if
and only if the kernel of the representation contains H';/H';y;1. If we keep infor-
mation from earlier stages ( e.g. the irreducible representations of H/Hj, j <m )
we only have to apply the algorithm above for ¢ = 3 +1,...,m. This “top down”
algorithm reduces the burden on the similarity test since there are at any time
less representations to consider than in the “bottom up” algorithm.

With regard to future development we also mention Baum’s dissertation ( cf.
[Bau 91] ). He describes an algorithm for the calculation of the irreducible rep-
resentations of finite supersoluble groups. Every supersoluble group has a chief
series with cyclic factors. Moreover, every irreducible representation of a super-
soluble group is monomial, i.e. every element of a supersoluble group is mapped
under an irreducible representation onto a matrix which has exactly one nonzero
entry in each row and column. In order to test similarity he used these facts and
designed a recursive procedure for the calculation of intertwining matrices. This
algorithm is considered to be the reason for the spectacular performance of his
programs. His techniques may perhaps be generalised to the calculation of the

irreducible representations of a finite soluble group along a chief series.

In view of an application of the programs the following remarks are relevant.
The algorithm proceeds by “trial and error” : Whenever an epimorphism of G
onto a finite soluble group H is constructed, one tries to lift it onto extensions of
H by finite irreducible H-modules. Earlier in this chapter we have seen that the
most expensive tasks depend on the rank of the H-modules. In the course of the
computations modules of increasing rank occur, but the epimorphism actually
does not lift onto extensions of H by these modules. It therefore appears to
be reasonable to impose an upper bound on the degree of the modules. The

irreducible representations of degree less than or equal to b may be calculated as
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follows. We observe that as we go up a composition series
H=HypbHb>...bH =1

of a soluble group H the degree of the representations increases. Hence as we
pass from H;y, to H; we may discard the irreducibles of H; of degree larger
than b. Since this modified algorithm performed on H;4, provides all irreducible
representations of H;,; of degree less than or equal to b we may use the techniques
described in chapter 4 in order to test similarity.

The preceding remarks on the rank of the modules and the degree of the

representations respectively may be translated in the language of groups. If
H=HIQDH’1>... >H,, =1

is a chief series for H, then the chief factors are elementary abelian. If |H';/H'; |
= p;"", then 7(G) = max r; is called the rank of H. The bound b introduced above
thus sets a bound on the rank of the factor groups of G. The groups mentioned
in the beginning of this chapter all have rank two. Using this information we
can compute AG-presentations for these groups much faster. Table 7" lists CPU
times for the calculation of AG-presentations for these groups ( cf. Table T' ).

Table T’

order Ty T, T; Ty

1296: 10.316 122.949 25.166 160.950
1320: 16.184 111.001 101.735 232.483
2400: 12.350 247.083 77.283 341.917
3000: 8.700 106.135 22.497 139.517
5832: 71.535 205.868 124.102 409.066
6912: 89.950 487.415 68.500 652.183
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Chapter 6

Applications

In 1978 Johnson and Robertson gave a survey of known finite groups of deficiency
zero. They observed that all known finite soluble groups of deficiency zero had
derived length less than or equal to four and asked whether there is bound on
the derived length of a finite soluble group of deficiency zero. The first example
of a finite group of derived length five and deficiency zero was given by Kenne
in 1988. In [Keﬂ 90] Kenne gave examples of finite groups of derived length six
and deficiency zero. He considered non-abelian p-groups G of order p® and expo-
nent p€{3,5} and constructed split extensions of subgroups of the automorphism
group Aut(G) by G. He then applied techniques described in [Ken 86] in order to
find efficient presentations for these groups. In section 6.1 we use the programs
for the calculation of finite soluble factor groups of finitely presented groups to
find finite soluble groups of increasing derived length and trivial Schur multiplier.
The method suggested by Kenne is then used to find efficient presentations for
the constructed groups. We give further examples of finite groups of deficiency
zero having derived length five and six. In the course of the computations we
noticed that Kenne’s method is only applicable for groups of moderate order.
Therefore, for a given derived length the minimal soluble groups appeared to be
of interest. In section 6.2 we classify the minimal soluble groups of derived length

less than or equal to six.
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6.1 Efficient Finite Soluble Groups

The deficiency of a finite presentation (X|R) is defined to be | X| — |R|, and the
deficiency def(G) of a group G is the maximum of | X| — | R| taken over all finite
presentations of G. It is easy to show that if (X|R) is a finite presentation for a
finite group, then |X|<|R|. Therefore finite groups have non-positive deficiency.
An upper bound for de f(G) is given in terms of the rank of the Schur multiplier
M(G) of G. In 1907 Schur showed ( cf. Satz V.25.2 in [Hup 67] ) that if G is a
group with a presentation (X|R ), then

|X| —|R| < —rank(M(G)). (1)

A group G is said to be efficient if equality holds in (1).

In 1978 Johnson and Robertson (cf. [JoR 79] ) gave a survey of known finite
groups of deficiency zero. They observed that all known finite soluble groups of
deficiency zero had derived length less than or equal to four and asked whether
there is a bound on the derived length of a finite soluble group of deficiency zero.
The first example of a finite group of derived length five and deficiency zero was
given by Kenne in 1988. In [Ken 90] Kenne gave examples of finite groups of
derived length six and deficiency zero.

In this section, we give further examples of finite groups of deficiency zero
having derived length five and six. We also give an example of a soluble group
of derived length seven and deficiency one and a possible candidate for a sol-
uble group of derived length seven and deficiency zero. The programs for the
calculation of finite soluble factor groups of finitely presented groups are used to
find efficient soluble groups of increasing derived length in the following way. We
start with a known group G ( e.g. the symmetric group S; of degree three or
the alternating group A4 of degree four ). Using the programs we calculate an
AG-presentation for G which is used to determine the extensions of G by finite

irreducible F,[G}-modules ( e.g. p€{2,3} ). For each extension we compute the
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derived length and choose a small group of larger derived length. A method sug-
gested by Kenne ( cf. [Ken 86] ) is then used to find an efficient presentation for
the selected group and the procedure is repeated.

We will require a method for calculating the Schur multiplier M (G) of a group
G. One possible approach depends upon a presentation for G' by generators and
relations. First we mention a few elementary facts about the Schur multiplier.
A thorough treatment of the general theory of the Schur multiplier appears in
section V.23 of [Hup 67]. Satz V.23.5 (a) and (c) show that the Schur multiplier
M(QG) is abelian and finite, while (d) shows that there exists a representation
group C of G, that is, C/A=G for suitable AKC'NZ(C) with AZM(G). More-
over, the proof of Satz V.23.5 (e) shows that if = is a homomorphism of a group
H onto G such that ker(7)<H'NZ(H), then ker(r) is a homomorphic image of
the Schur multiplier of G and H is a homomorphic image of some representation
group of G. This describes the underlying theory of the Schur multiplier; it re-
mains to discuss its actual calculation. Using a Todd-Coxeter coset enumeration
program the Schur multiplier may be calculated from the largest group H such
that H/A=G for suitable ASH'NZ(H).

EXAMPLE Consider the alternating group A4 with generators r and s sat-

isfying the relations r> = s? = (rs)® = 1. A representation group of A4 has a
presentation of the form (r, s, t|r}* = %2 = (rs)’* = [t,r] = [t,s] = 1) for
suitable a;, 1 = 1,2,3. We calculate an invertible 3x3 integer matrix P such that
the product P-M of P and the relation matrix M determined by the presentation

for A4 is a triangular matrix :

0 0 1 3 0 3 3
-1 -11 02}1=]101
-2 -3 2 3 3 00
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Let P~! = (p;;) and take o; = p;3 for 1 = 1,2,3. Hence some representation
group of A4 has the presentation (r,s,t|r’t = s*™1 = (rs)® = [t,r] = [t,s] = 1).
Coset enumeration shows that |M(A4)| = 2.

The problem of determining a method whereby it can be efficiently recognised
whether a group G is isomorphic to another group H is called the isomorphism
problem. Since the groups in this section are 2-generator groups the isomorphism
problem is easily solved. The idea is to search for elements in H which generate a
group of order |G| and satisfy a set of defining relations for G. Suppose G = (z, y),
where |z| = n and |y| = m. It is sufficient to take the set of representatives of
the classes of elements of order n of H as possible images of z and the set of all
elements of order m of H as possible images of y. The group H must be given
explicitly enough that multiplication can be carried out and equality of elements
can be decided. For example, if H is finite and soluble, it suffices that H is given
by an AG-presentation. Moreover, the groups in this section will have faithful

permutation representations of reasonable degree.

We start with the symmetric group S3 of degree three ( the split extension of
GL,(3) by its natural module ) with generators r and s satisfying the relations
r3 = 8% = (rs)? = 1. The Schur multiplier M(Ss) = 1. In order to show that
S3 is efficient we have to show that S; has a presentation with two generators
and two relations. In [CaR 82] Campbell and Robertson describe a technique for
reducing the number of relations in a presentation. Let H be the group obtained
by combining two relations as follows H = (a, b|a®b® = (ab)? = 1). Clearly, Sz is a
homomorphic image of H and H is a homomorphic image of some representation

group of S3. Thus H is isomorphic to S3 because M(S3) = 1.
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Since S3=GL,(2) we know that S; has a faithful irreducible representation R

of degree two over F; defined by

01
a—

11

11
b— .

The split extension G of S3 by the module associated with this representation of
S3 is generated by r, s, t; and t; subject to the defining relations r®s* = (rs)? =
Lr e = [T ;86,57 s = 1 t;R8®6,¢2 = 1 for i = 1,2 and [tp, 1] = 1.
Coset enumeration shows that z = st; and y = rs generate G and that G has
defining relations ! = y? = (zy)®> = 1. Hence G is isomorphic to S; ( note that
S4 has derived length three ).

The Schur multiplier of Sy is isomorphic to the cyclic group of order two

and therefore S is efficient. The symmetric group Sy of degree four has two

representation groups :

1) Let G be the group generated by r, s and ¢ subject to the defining relations
g g

r =t,5% = (rs)® = [t,r] = [t,s] = t* = 1. Coset enumeration shows that

z = s and y = sr~! generate G. The following efficient presentation for G

was found (z,y|z%y® = ((zy)’c~'y~!)* = 1). The map

1 -1
0 -1

A g

Y=

11

extends to an isomorphism R onto the general linear group GL4(3) of di-

mension two over the field F3 of order three.
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(2) Let Gy be the group generated by r, s and ¢ subject to the defining relations

rt =% =1t,(rs)® = [t,r] = [t,s] = t? = 1. Coset enumeration shows that

z = sr~! and y = tr~! generate G;. The following efficient presentation for

G: was found (z,y|z?yz "'y = zy3zy™! = 1).

The representation groups of S; have derived length four and faithful permu-
tation representations for these groups can be obtained by enumeration of the
cosets with respect to the Sylow 3-subgroups. Other groups of derived length
four are obtained by the split extensions of Sy by the faithful irreducible F3[Sy]-
modules. These groups are isomorphic to maximal subgroups of PSU4(2) and
Ag, respectively (cf. [Jam 88] ).

A group of derived length five is obtained by constructing the split extension
3% : GLy(3) of GL,(3) by the modules associated with the faithful irreducible
representation of GLy(3) as defined above. This group is generated by r, s,
ty and t, subject to the defining relations r?s® = ((rs)?r=1s71)2 = 1,r ;r =
II th(x)‘i,s’lt,-s =11 t]-R(”)"f,t.-3 = 1for ¢ = 1,2 and [t3,t1] = 1. Jamali ( cf.
[Jam 88] ) found the following presentation for the maximal subgroup of order
432 of the projective special linear group PSL3(3) of dimension three over the
field F5 of order three

H = (z,yle’y® = (zy)*(zy 'zy)’z yzy e Ty (a7 Ty~ )32y = 1).

Coset enumeration shows that the map ¢ — r and y — st;1,7! extends to an
isomorphism of H onto 32 : GL;(3).

Note that GLy(3) actually has two faithful irreducible representations of de-
gree two over the field F3, but the split extensions of GL3(3) by the associated
modules are isomorphic. Another group of derived length five is obtained by
constructing the split extension of Gy by the module associated with the faithful

irreducible representation of degree four over F3.
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We now consider the extensions of 32 : GLy(3) by the module associated with
the alternating representation of 32 : GL,(3) over the field F3. There are the

following non-isomorphic groups of derived length six :

1) Let G be the group generated by r, s and ¢ subject to the defining relations
g g
r2sd = (rs)3(rs7lrs)irtsrs ir ts(rts 1 )3rts = [t,r] = ¢, [t,8] = 3 = 1.

2

rsrsr and y = s?

Coset enumeration shows that z = s rsr generate G.
The following efficient presentation for G was found (z,y|(zy)2zy 2z 'y =

lyz~?yzly=? = 1).

2) Let G be the group generated by r, s and ¢ subject to the defining relations
g & g

(rs)P(rs7rs)irtsrsirls(rtsT ) ls = [t,r] = t,r%s3 = [t,8] = 13 = L.

Coset enumeration shows that z = ts~!rsrsr and y = ts~!rsr generate G.

The following efficient presentation for G was found (z,y|zy(z~1y)2zy=2 =

iy lyBay? = 1).

3) Let G; be the group generated by r, s and ¢ subject to the defining relations
g 8

(rs)3(rsrs)2r~tsrs™lrls(r ls™ )3 s =[t, r] =t,r%s% =[t, 5] =t3=1. In

[Ken 90] Kenne gave the following efficient presentation for a group of order

1296 and derived length six :

H = (z,y|(zy)’y~® = 2*y "2y %27y = 1).

Coset enumeration shows that the map z—ts~'r, y—sirsrs~1(rs)3r extends

to an isomorphism of H onto G,.

Faithful permutation representations for these groups can be obtained by enu-

meration of the cosets with respect to the Sylow 2-subgroups.
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The group G2 of derived length six may be used to construct a small group
of derived length seven. It has a faithful irreducible representation R of degree

six over the field of order two F; defined by

(001 101T1)
101101
111111
Tr—r
010101
111001
\0 1 1110)
(10010 1)
011111
101110
yl—)
011001
101011
\0 10110

The split extension G of G3 by the module associated with this representation

is generated by r, s and ty,...,ts subject to the defining relations (rs)?s™® =

rislrs=9r=ls = 1,r e = [] ;R s 1ts = 1 ;R0 12 =1 fori=1,...,6
and [t;,¢] = 1 for 1<j < ¢<6. Coset enumeration shows that z = rs and

y = s~ 1t generate G and that G has defining relations 2? = y% = (zyzy~lzy?)? =
(zy)*(zy®)*(zy ™)y 2y~ @y ™)y =

(zy)*(zy?)tyzy(zy~?) y oy’ (zy~2?)? = 1. The Schur multiplier of G is iso-
morphic to the cyclic group of order two and therefore an efficient presenta-
tion has two generators and three relations. It is easily verified that the rela-
tion (zyzy 'zy?)? is redundant. Let H be the group obtained by combining
two relations as follows H = (a,bla?t® = (ab)*(ab®)?(ab~1)3b ab 1 (ab~2)%b~1 =

(ab)?(ab?)?bab(ab=?)?b1ab?*(ab~2)? = 1). Clearly G is a homomorphic image of
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H and H is a homomorphic image of some representation group of G. In [JaR 89]
Jamali and Robertson describe a technique which allows one to determine whether
H is isomorphic to G by using a coset enumeration program ( see also lemma
2.2 in [CaR 82] ). Let n : H — G be the epimorphism defined by a + =z and
b — y. Take h = b%; then n(h) = y® has order 3 and gcd(|n(h)|,m) = 1 where
m = |M(G)|. If [H : (h™)] can be found, then |H| = [H : (k™)]|n(h)|. Coset
enumeration shows that [H : (h™)] = 27648, proving that H=G. Note that G,
actually has three faithful irreducible representations of degree six over F3, but

the split extensions of G; by the associated modules are isomorphic.

We may also start with the alternating group A4 of degree four ( the split
extension of SLy(2) by its natural module ) with generators r and s satisfying
the relations r* = s? = (rs)®> = 1. The Schur multiplier M(A,) is isomorphic to
the cyclic group of order two and therefore A, is efficient.

The representation group G of A4 is generated by r, s and t subject to the
defining relations s? = t,r3 = (rs)® = [t,r] = [¢, s] = t* = 1. Coset enumeration
shows that z = rsr and y = s™! generate G. The following efficient presentation
for G was found (z,y|z® = y?, (z7'y)® = 1). The representation group of A4 has
derived length three and a faithful permutation representation for this group can
be obtained by enumeration of the cosets with respect to the Sylow 3-subgroups.

It is easily verified that the map

{1 1
T —
\—10

(0 1)
yH
L -1 0

extends to an isomorphism R onto the special linear group SL(3) of dimension

two over the field F3 of order three. Another group of derived length three is the
split extension of A4 by its faithful irreducible F3[A4]-module.
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The split extension 32 : SLy(3) by the module associated with the repre-
sentation above is generated by r, s, t; and t; subject to the defining relations
=382 (r1s) =1,rr =1] t; R 571t = ] t; R0 42 = 1 for i = 1,2
and [tz,%;] = 1. Jamali ( cf. [Jam 88] ) found the following presentation for the

maximal subgroup of order 216 of the alternating group Ag of degree nine :

H = (z,yly® = (yz)'z™° = (yzy)’z ™~ (yzy) %z~ = 1).

Coset enumeration shows that the map =z +— rZ,y — rt;s~! extends to an
isomorphism of 32 : SLy(3), which has derived length four, onto H.

The Schur multiplier of 3% : SLy(3) is isomorphic to the cyclic group of or-
der three and therefore 32 : SL;(3) is efficient. 3% : SL,(3) has the following

representation groups :

(1) Let G be the group generated by r, s and ¢ subject to the defining relations
83 =1t,(sr)*r 3 = (srs)lr~(srs)"%r~'t = [t,r] = [t,s] =t = 1. Coset enu-

1

meration shows that z = r?s7! and y = rsrt~! generate G. The following

efficient presentation for G' was found
(.11:,y|:1:y2:1:_1‘t/2:4r:y_l = :I:y.z'y'lz’ly‘zx"ly_l =1).
(2) Let G be the group generated by r, s and ¢ subject to the defining relations
(srs)?r=2(srs)~%r~! = t,8% = (sr)*r~3t = [t,r] = [t,s] = t3 = 1. Coset

enumeration shows that z = s™! and y = sr~! generate G. The following

efficient presentation was found
(z,yl(2y)’e ™"y ~° = zy’e7ly’s 7y = 1).
(3) Let G3 be the group generated by r, s and t subject to the defining relations
(sr)¥r=3 = t,8% = (srs)?r~%(srs)~?r~! = [t,r] = [t,s] = t* = 1. Jamali

( cf. [Jam 88] ) found the following presentation for a maximal subgroup

of order 648 of PSU4(2) :
H = (z,ylz’y(z7"y)? = 2?yzyz "y 'z lyzy = 1).
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Coset enumeration shows that the map z — sr and y — rs~lr-lsr™!

extends to an isomorphism of G3 onto H.

All three groups have derived length five and faithful permutation representations
for these groups can be found by enumeration of the cosets with respect to the
Sylow 2-subgroups.

The group G5 of derived length five may be used to construct a group of
derived length six. It has a faithful irreducible representation R of degree six

over the field of order two F3 defined by

(001 1011)
110110
; 111001
Tr —
100111
101010
\010101)
and
(1001 11)
011110
101010
yl—)
010101
110110
\101101)

The split extension 26 : G3 of G3 by the module associated with this repre-
sentation is generated by r, s and t4,...,%¢ subject to the defining relations
r3s(r71s)? = rlsrsr~ls~irlsrs = 1,r r =[] ;R =145 = ] ;RO 12 =
1fori=1,...,6 and [t;,¢] = 1 for 1<j < i<6. Coset enumeration shows that
z = r3t3 and y = t1rs generate 2° : G3 and that 2° : G5 has defining relations
(zxy)3y® = zyz'yzyPeysyzy™! = 2y lzyzlylry~'z7'y? = 1. The Schur

multiplier of 26 : G5 is isomorphic to the cyclic group of order two and therefore
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26 . G5 is efficient. Note that G5 has three faithful irreducible representations of
degree six over F, but the split extensions of G by the associated modules are
isomorphic.

The representation group G of 28 : G is generated by r, s and ¢ subject to the

1 3 1

Srs rsr- 252 -1

defining relations (rs)3s®t = rsr- srs™it = risTirsrlgdrsTIr1s? =
[r,t] = [s,t] = 1. The group G has derived length seven and trivial Schur mul-
tiplier, but we were unable to find an efficient presentation for G. A faithful
permutation representation for G can be obtained by enumeration of the cosets

with respect to the Sylow 3-subgroups.

We shall now derive some results on extensions of finite soluble groups by
finite irreducible modules. We begin with an elementary observation. If g, heG,
the commutator of g and h is defined by [g,h] = g"'h~'gh. f # : G — H is
an epimorphism, then 7 ([g, k]) = [7(g), #(k)]. Hence 7(G’')CH'. Moreover, every
commutator [z,y] for z, y€H is in 7(G'). Then #(G") = (x(G)) = H',so =

restricted to G’ is an epimorphism of G’ onto H’. By induction we have

(G = (x(G))P = HO,

Let 1> M 5 G 5 H —1 be a short exact sequence where H is a finite

soluble group of derived length n and M is a finite H-module. Then 1 = H™ =
(W(G))(") = 7(G™) and therefore GM™Cu(M). Hence G has derived length n or
n + 1.

THEOREM 6.1 Let 1 - M & G 5 H — 1 be a short exact sequence where
H is a finite soluble group of derived length n and M is a finite irreducible H-
module. If G has derived length n, then H("~V) is contained in the kernel of the

representation associated with the action of H on M.

Proof Let N = p(M). The (n — 1)st derived subgroup H("~Y is contained in

the kernel of the representation associated with the action of H on M if and only
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if [N, G*=Y] = 1. Consider the normal subgroup G™"VNN of G. Since N is a
minimal normal subgroup, G"~YNN is either N or 1.

Now, G"UNN = N implies N<G~1 and thus [N, G-V <[G-1, G-D]=
G™ = 1. In the case G®*~INN = 1, we have [N, G~D]<G*-UNN by Hilfssatz
I11.1.6(f) in [Hup 67]. O
Theorem 6.1 explains the observation that an extension of a finite soluble group
of derived length n by a faithful irreducible module has derived length n + 1.
The reverse of the assertion does not hold for arbitrary extensions. Consider the
symmetric group Sy of degree four. The Schur multiplier M(S,) is isomorphic to
the cyclic group of order two and the representation groups of S4 have derived

length four. But the reverse holds for split extensions.

THEOREM 6.2 Let H be a finite soluble group of derived length n and let
M be a finite irreducible H-module. If H(*=Y) is contained in the kernel of the

representation associated with the action of H on M, then the split extension of

H by M has derived length n.

Proof Suppose the short exact sequence 1 = M 5 G 5 H — 1 splits and let
N = p(M). Then G*~DNN is either N or 1.
If G™YNN = 1, then the preimage of H("~V is the semidirect product of

G™-1) and N. By the second isomorphism theorem we have
H(n—l)gg(n—l)N/Ng(;(n-l)/g(n—l)nNgg(n-l)

and therefore G™ = 1.

If G-UNN = N, then NGV and therefore G*-UN = G*~1), We
conclude that G*=1) is isomorphic to the semidirect product of H™~V) and N.
But the action of H®*1 on N is trivial and thus G™=Y is isomorphic to the
direct product H" ) x N and therefore G~V is abelian. |

We have already seen that faithful irreducible modules are useful for the con-

struction of finite soluble groups. The calculations which led to the groups pre-
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sented in this section suggest that extensions of finite soluble groups by finite

faithful irreducible modules split.

COROLLARY 6.3 If1-M & G 5 H —1is a short exact sequence where
H is a finite soluble group and M a finite faithful irreducible H-module, then the
short exact sequence splits ( i. e. H2(H,M) =0).

Proof Obviously N = p(M) is a minimal normal subgroup of G such that
N = Cg(N). The result follows from Satz I1.3.3 in [Hup 67]. O

Satz I1.3.3 also shows how to obtain a faithful permutation representation for a

finite soluble group G which has a minimal normal subgroup N with Cg(N).

Next we obtain a result on the normal subgroup structure of the groups pre-

sented in this section.

THEOREM 6.4 Let 1 - M % G 5 H —1 be a short exact sequence where
H is a finite soluble group of derived length n and M is a finite irreducible H-
module. If G has derived length n 4+ 1 and the commutator series is the only

normal series of H, then the commutator series is the only normal series of G.

Proof Let N = u(M). Since G has derived length n + 1 and N is a minimal
normal subgroup of G, we have G™ = N. All we have to show is that N is the
unique minimal normal subgroup of G. Let K be a minimal normal subgroup of
G and consider the normal subgroup NNK of G. Since N is a minimal normal
subgroup, we have NNK is either N or 1.

If NnK = N, then N<K and N = K since K is a minimal normal subgroup
of G. If NNK = 1, we consider the product NK which is a normal subgroup of
G. Since NCNK it must coincide with one of the commutator subgroups G,
i=0,...,n — 1. However, [N, K]CNNK by Hilfssatz III.1.6(f) in [Hup 67] and

therefore N K is abelian — a contradiction. |
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Using theorem 6.4 we see that by construction the commutator subgroups are
the only normal subgroups of the groups presented in this section. Note that
finite groups with a unique minimal normal subgroup have faithful irreducible
representations. If F' is a field such that char(F) |G|, then the regular repre-
sentation is completely reducible. Suppose every irreducible representation of G
over F has a nontrivial kernel. Then the kernel of every irreducible representation
contains the minimal normal subgroup and therefore the regular representation

of G over F has a nontrivial kernel — a contradiction.

Another problem being investigated using the techniques in this section is
that of constructing examples of soluble groups for which the orders of the de-
rived factors decrease. To be more specific, we are looking for examples of soluble
groups G for which a;>a,> ... >a,_1, where a; = [G() : GE+))] and n is reason-
ably large, say n>4. This problem is due to E. A. Bertram ( University of Hawaii
at Manoa ) and is related to the problem of finding “good” lower bounds to the
number of conjugate classes of soluble groups.

By Hilfssatz 1.9.9 of [Hup 67] we have (Gx H)' = G'xH' for given groups G
and H. Hence we may start with a soluble group of derived length 4 ( e. g. the
general linear group GL,(3) for dimension 2 over the field F5 ). The sequence
of orders of derived factor groups of GL2(3) is (2,3,4,2). The group generated
by z, y subject to the defining relations z2 = y™ = 1 and z7lyz = y~'is a
finite group of order 2m ( the Dihedral group Dy, ). The group D, has a cyclic
normal subgroup N = (y) of order m and (z) is a complement of N in G. We
conclude that D,,, is metabelian and that [Ds, : D,,'] = 2 if m is odd and

[Dap : D2m'] = 4 if m is even. The elements of D,,, are

m~-1 m-—1

1,!/,3/2,---,.1/ y LY,y -e. , TY
Since y~!(zy')y = y'zy*t! = zy't? we see that zy' is conjugate to zy't? for
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every i. Also, since zy'z = y~* we see that y* is conjugate to y=*. If m is odd,
then the conjugate classes are {1}, {zy,...,zy™ '}, {y',y~*} for 1<i<(m —1)/2
and Dj,, has 2+ (m —1)/2 = (m + 3)/2 conjugate classes. If m is even, the con-
jugate classes are {1}, {z,zy?,...,zy™?}, {zy,zy’,...,2y™ '}, {y™/?}, {v', v~}
for 1<i<(m — 2)/2 and Dq,, has 4 4+ (m — 2)/2 = (m + 6)/2 conjugate classes.
The sequence of orders of derived factor groups of GL2(3)x Ds is (4,9,4,2) and
GL,(3)x De has 8:3 = 24 conjugate classes.

With the help of Theorem 6.2 we may also start with a group G of derived
length 4 ( e. g. the general linear group GL,(3) of dimension 2 over F; ) and
construct split extensions of G by finite irreducible F,[G]-modules. Obviously
the split extension of GL,(3) by the modules associated with the trivial represen-
tations over the fields F;, and F3 yield groups for which the sequences of orders of
derived factor groups are (4,3,4,2) and (6, 3,4, 2) respectively. The split exten-
sion of GL3(3) by the module associated with the alternating representation over
the field F3 has 15 conjugate classes and the sequence of orders of derived factor
groups is (2,9,4,2). The split extension of GL,(3) by the module associated with
the irreducible representation of degree 2 over F; has the sequence (2, 3,16, 2).
The split extensions of GLy(3) by the modules associated with the irreducible rep-
resentations of degree 3 over F3 have the sequence (2,3,4,54). Note that every
representation mentioned above is a faithful irreducible representation of some
derived factor group of G'L3(3). This observation brings us to the concluding

theorem in this section.

THEOREM 6.5 Let H be a finite soluble group and M a finite irreducible H-
module. Suppose the short exact sequencel = M % G 5 H — 1 splits. If H()

is and H=1) is not contained in the kernel of the representation associated with

the action of H on M, then G2 H® x M.

Proof Since H%=1) is not contained in the kernel of the representation associated

with the action of H on M, there exist z€N = u(M) and yeG~) such that
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[z,y] # 1. Therefore [z,y] is a nontrivial element of GC~YUNN. Since N is a
minimal normal subgroup of G, we conclude that NCG¢-Y, But this implies
[z,y]€G®) and therefore [z,y] is a nontrivial element of GNN. We conclude
that NCG®) and that G is isomorphic to the semidirect product of H() and
M. But the action of H®) on M is trivial and thus GO=HO x M. o

6.2 Minimal Soluble Groups

By a minimal soluble group of derived length d we mean a soluble group of
smallest order and derived length d. For example, the symmetric group Ss of
degree 3 is the smallest nonabelian group. Therefore S3 is the minimal soluble
group of derived length 2. In this section we investigate the minimal soluble
groups of derived length less than or equal to 6.

The following problem sparked off our interest in minimal soluble groups. A
group G with a finite presentation (X|R) is said to be efficient if |R| = |X| +
rank(M(G)), where M(G) is the Schur multiplier of G. The first example of a
finite group of derived length 5 having an efficient presentation and trivial Schur
multiplier was given by P. Kenne in 1988. In [Ken 90] Kenne gave examples of
finite groups of derived length 6 having efficient presentations and trivial Schur
multiplier. Programs for the calculation of finite soluble quotients of finitely
presented groups have been developed in the GAP programming system. These
programs were used to find soluble groups with trivial Schur multiplier and a
method suggested by Kenne ( cf. [Ken 86] ) was then used to find efficient
presentations for these groups. In this method a small number of generating pairs
for a group are chosen and for each generating pair a presentation is constructed
and modified towards obtaining an efficient presentation. This method is only
practicable for groups of moderate order. Therefore, for a given derived length d

soluble groups of small order and derived length d are of interest.
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Throughout this section we use the notation of [Gla 89] : The derived and
composition length of a finite soluble group G are denoted by d(G) and n(G)
respectively. When no confusion arises, the symbols d and n will be used in
preference to d(G) and n(G). We restate some results on upper bounds for
d(G) in terms of n(G) which will be used in this section. Given a group G of
order p" and derived length d, Hall showed ( cf. Satz II1.7.11 of [Hup 67] ) that
n>2%"1 4+ d — 1. It is well known that a soluble group with composition length
n may have much larger derived length than a nilpotent group with the same
composition length. It is proved in Theorem 2 of [Gla 89] that d< [2n/3], where
[z] denotes the least integer greater than or equal to x. Table I shows some
values for the function h(n) = [2n/3]. Since h(n) is a non-decreasing function,

only the smallest value of n for which A(n) = m are listed.

The following result ( cf. Lemma 1(b) of [Gla 89] ) is used to prove Theorem 2 of
[Gla 89]. If G is a soluble group of derived length 3 and G” is cyclic, then G'/G"
is not cyclic. In order to prove this, Lemma 1(a) is needed : Let N be a normal
subgroup of a group G. If N<Z(G) and G/N is cyclic, then G is abelian. With
the help of this knowledge we can now investigate the minimal soluble groups of

derived length less than or equal to 6.

As we mentioned in the introduction the symmetric group S3 of degree 3 is
the minimal soluble group of derived length 2.

The symmetric group Sy of degree 4 and the special linear group SL3(3) of
dimension 2 over the field of order 3 have derived length 3. By Theorem 2 of
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[Gla 89] the composition length of a soluble group of derived length 3 is at least
4 and therefore Sy and SL3(3) are minimal soluble groups of derived length 3.
Let G' be a minimal soluble group of derived length 3. Then n(G/G") > 2 by
Theorem 2 of [Gla 89] and therefore n(G") is either 1 or 2. If n(G") =1, then G
is a covering group of the alternating group A4 of degree 4. It follows that G is
isomorphic to SL;3(3). If n(G") = 2, then G is isomorphic to the split extension
of the symmetric group Sz of degree 3 by its natural module over the field of
order 2. It follows that G is isomorphic to the symmetric group S, of degree 4.

The Schur multiplier of the symmetric group S4 of degree 4 is isomorphic
to the cyclic group of order 2. There are exactly two nonisomorphic covering
groups of S; both of which have derived length 4. By Theorem 2 of [Gla 89]
the composition length of a soluble group of derived length 4 is at least 5 and
therefore the covering groups of Sy are minimal soluble groups of derived length
4. Let G be a minimal soluble group of derived length 4. Then n(G/G®) > 4 by
Theorem 2 of [Gla 89] and therefore n(G®) = 1. It follows that G is a covering
group of Sy.

Next we show that a minimal soluble group of derived length 5 is isomorphic
to the split extension of the general linear group G'L(3) of dimension 2 over the
field of order 3 by its natural module. Note that by Theorem 2 of [Gla 89] the
composition length of a group of derived length 5 is at least 7. First of all we
show that a group of smallest order, derived length 5 and composition length 7
is isomorphic to the split extension of GL,(3) by its natural module. In order to
show that this group is minimal of derived length 5 we show that there are no

groups of smaller order, derived length 5 and composition length larger than 7.

LEMMA 6.6 If G is a finite soluble group of smallest order such that d(G) = 5
and n(G) = 7, then G is isomorphic to the split extension of the general linear

group G'L;(3) of dimension 2 over the field of order 3 by its natural module.
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Proof Let G be a finite soluble group of smallest order such that d(G) = 5 and
n(G) = 7. By Theorem 2 of [Gla 89], n(G/G®) > 5 and therefore n(G¥) is
either 1 or 2. If n(G®W) = 1, then G is a cyclic group of order ¢q. By Theorem 2
of [Gla 89], n(G/G®) > 4 and so n(G®)/GMY) < 2. Since GM is cyclic, G®) /G®
is not cyclic by Lemma 1(b) of [Gla 89]. Therefore G /G is abelian of type
(p,p). If p # g, then G® is abelian, since G® is a split extension of G /G by
G™ and G® centralises G® — a contradiction. Hence G® is a group of order
p®. Moreover, Z(G®) = G by Lemma 1(a) of [Gla 89] and G is extraspecial
by Satz I11.3.14(a) of [Hup 67]. If p > 3, then |G| = |G/G®||G®)| > 24-p> > 648
— a contradiction. Therefore p = 2 and G® is isomorphic to the dihedral group
Dsg of order 8 or the quaternion group Qs of order 8. Since G® is not contained in
Ce(G®) the derived length of G/Cg(G®) is larger than or equal to 4. This yields
a contradiction as the automorphism groups of Dg and Qg are isomorphic to Dg
and the symmetric group Sy of degree 4 respectively. This shows that n(G*)) = 2.
If G® is cyclic, then G®/G® is not cyclic by Lemma 1(b) of [Gla 89] and
n(G®) > 4. But then n(G) = n(G/G®)+n(G®) > 8 — a contradiction. Hence
G@ is abelian of type (p,p). If p > 5, then |G| = |G/GW||GW] > 48 - 52 = 1200
— a contradiction. Now, suppose p = 2. Since n(G/G®) > 4, G®/GW is cyclic
and it follows that G is isomorphic to the alternating group A, of degree 4.
Since G®) is not contained in C(G®) the derived length of G/Cq(G®) is larger
than or equal to 4. This yields a contradiction as the automorphism group of A4
is isomorphic to Sy. Hence p = 3 and G/GW is a covering group of S;. Note
that the commutator subgroups are the only normal subgroups of the covering
groups of Sy, If G < Ca(GW), then GO is abelian — a contradiction. Hence
GW = Cs(G®) and therefore G/G™ is isomorphic to GLy(3). It follows that
G is a minimal normal subgroup and G has a complement in G by Satz I1.3.3

of [Hup 67]. O
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THEOREM 6.7 If G is a minimal soluble group of derived length 5, then G is
isomorphic to the split extension of the general linear group GLy(3) of dimension

2 over the field of order 3 by its natural module.

Proof By Lemma 6.6 it remains to show that there are no groups of order less
than 432, derived length 5 and composition length larger than 7. Let G be a
group of order 384 = 273 and derived length 5. If P is a Sylow 2-subgroup of G,
then [G : Ng(P)] is either 1 or 3. If [G : N(P)] =1, then P is a normal subgroup
of G and G/P is isomorphic to the cyclic group of order 3. It follows that G’
is contained in P and |G'| > 2" by Satz II1.7.11 of [Hup 67] — a contradiction.
If [G: Ng(P)] = 3, then we get an action of G on the coset space of G relative
to P. The homomorphism associated with the action is an epimorphism of G
onto the symmetric group Ss of degree 3 and G” is contained in the kernel of the
epimorphism. By Satz II1.7.11 of [Hup 67], |G"| > 2° and therefore G” coincides
with the kernel. Moreover, the proof of Satz II1.7.11 shows that G"/G®) is
elementary abelian of order p?. By Satz IIL1.11.9 of [Hup 67], G” is metacyclic
— a contradiction. Hence, there are no groups of order 384 = 273 and derived
length 5 and the split extension of GL;(3) by its natural module over the field of
order 3 is the minimal group of derived length 5. O
We now show that a minimal soluble group of derived length 6 is isomorphic
to an extension of the minimal soluble group of derived length 5 by the alter-
nating module over the field of order 3. Note that by Theorem 2 of [Gla 89] the
composition length of a group of derived length 6 is at least 8. First of all we
show that a group of smallest order, derived length 6 and composition length
8 is isomorphic to an extension of the minimal soluble group of derived length
5 by the alternating module over the field of order 3. In order to show that
these groups are minimal of derived length 6 we show that there are no groups of
smaller order, derived length 6 and composition length larger than 8. We begin

with the following lemma.
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LEMMA 6.8 If G is a group of order 72, then d(G) < 4.

Proof If P is a Sylow 3-subgroup of G, then [G : Ng(P)] is either 1 or 4. If
[G : Ng(P)] =1, then P is an abelian normal subgroup of G and |G/P| = 23.
Since d(G/P) < 2, it follows that d(G) < 3. If [G : Ng(P)] = 4, then we get an
action of G on the coset space of G relative to P. The homomorphism associated
with the action is an epimorphism of G onto a subgroup of the symmetric group S,
of degree 4 which has four conjugate subgroups of index 4. Thus, the epimorphism
is onto Sy. If G has derived length 4, then G is either a covering group of S; or
G’ is a covering group of the alternating group A4, contrary to the fact that the

Schur multiplier of S; and Ay is isomorphic to the cyclic group of order 2. O

LEMMA 6.9 If G is a finite soluble group of smallest order such that d(G) = 6
and n(G) = 8, then G is isomorphic to an extension of the minimal soluble group

of derived length 5 by the alternating module over the field of order 3.

Proof Let G be a finite soluble group of smallest order such that d(G) = 6 and
n(G) = 8. By Theorem 2 of [Gla 89], n(G/G®)) > 7 and therefore n(G®)) = 1.
Since G® is cyclic of order ¢, G*/G® is not cyclic by Lemma 1(b) of [Gla 89)].
By Theorem 2 of [Gla 89], n(G/G®W) > 5 and therefore G®/G®) is abelian
of type (p,p). If p # ¢, then G is abelian, since G is a split extension of
GW/G® by G® and G centralises G®) — a contradiction. Hence G is a
group of order p*. Moreover, Z(G) = G® by Lemma 1(a) of [Gla 89] and G
is extraspecial by Satz I11.3.14(a) of [Hup 67). If p = 2, then G* is isomorphic
to the dihedral group Dsg of order 8 or the quaternion group Qg of order 8. Since
G is not contained in Cg(G™) the derived length of G/Cq(GW) is larger than
or equal to 5. This yields a contradiction as the automorphism groups of Dg and
Qs are isomorphic to Dg and the symmetric group Sy of degree 4 respectively.
This shows that p = 3 and G/G®) is isomorphic to the minimal soluble group of
derived length 5. |
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THEOREM 6.10 If G is a minimal soluble group of derived length 6, then G
is isomorphic to an extension of the minimal soluble group of derived length 5 by

the alternating module over the field of order 3.

Proof By Lemma 6.9 it remains to show that there are no groups of order less
than 1296, derived length 6 and composition length larger than 8. We have to
consider groups of order 768 = 283, 1152 = 273% and 1280 = 285. By Satz II1.7.11
of [Hup 67], there are no groups of order 768 and 1280 respectively of derived
length 6. Finally, let G be a group of order 1152 and derived length 6. Since
|G/G®)| > 432, it follows that GO is cyclic of order 2. Therefore G/G® is
not cyclic by Lemma 1(b) of [Gla 89]. By Theorem 2 of [Gla 89], n(G/G®) > 5
and therefore n(G™/G®) is either 2 or 3. If n(G®W/G®)) = 2, then G®/G® is
abelian of type (p,p). If p # 2, then G is abelian, since G is a split extension
of G /G®) by G®) and G centralises G® — a contradiction. Hence G® is
a group of order 2%. Since G is not contained in Cg(G™) the derived length
of G/Cq(GW) is larger than or equal to 5. This yields a contradiction as the
automorphism groups of Dg and (s are isomorphic to Dg and S, respectively.
Hence, n(GW/G®)) = 3. If |GW/G®)| = 2- 32, then |G/GW| > 2! by Satz
I11.7.11 of [Hup 67] — a contradiction. If |GW/G®)| = 223, then GW/G® is
abelian of type (2,2,3) since G /G®) is not cyclic. Hence G is isomorphic to
the direct product of the cyclic group of order 3 and Dg or (Js respectively. Since
G is not contained in Cg(G™) the derived length of G/Cq(G®) is larger than
or equal to 5. This yields a contradiction as the automorphism group of G® is
isomorphic to the direct product of the cyclic group of order 2 and Dg or Sy ( cf.
Satz 1.9.4 of [Hup 67] ). It follows that |G} /G®)| = 2% and |G/GW| = 2332 = 72.

This yields a contradiction by Lemma 6.8. O

The classification of the minimal soluble groups of derived length 7 remains

an open problem. Using results on soluble subgroups of 2-dimensional general
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linear groups, Glasby proved ( cf. Lemma 6 of [Gla 89] ) that the composition
length of G is at least 6 if G has derived length 7, and thus he is able to improve
the previous bound to d< [(n +3)/2 — 3/(n + 2)] = g(n). The bound d<g(n)
is not best possible since g(11) = 7 and Glasby showed ( cf. Appendix A ) that
there is no group with composition length 11 and derived length 7. In [Gla 89],
Glasby described a group of order 2''3!3 and derived length 10 which has factors
of derived length 7 and order 2'°3*, showing that |G|<21°3* if G is a minimal

soluble group of derived length 7.
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ON THE MINIMAL SOLUBLE GROUPS
OF DERIVED LENGTH AT MOST SIX

S. P. GLASBY and A. WEGNER

16 June 1992

ABSTRACT. Ford < 6, we classify the soluble groups of derived length d and minimal
order. Also for d < 6, we classify the soluble groups of derived length d and minimal
composition length.

1. INTRODUCTION

A soluble group G is said to have minimal order (respectively minimal composition
length) amongst the soluble groups of derived length d, if every soluble group H
of derived length d has order (respectively composition length) at least that of
G. We denote by MO(d) (respectively MC(d)) the set of all soluble groups of
derived length d with minimal order (respectively composition length). Since the
composition factors of a finite soluble group have prime order, the composition
length of a soluble group of order pf‘ -oopkris ky + -+ + k, if the p; are prime.
Clearly the elements of MC(1) comprise the groups of prime order, and MO(1)
contains only the group of order 2. The elements of MC(2) are nonabelian of order
pq where p and ¢ are primes and p divides ¢ —1, while MO(2) has only one element:
the symmetric group S3 of degree 3.

In this paper, we describe the elements of MC(d) and MO(d) for d < 6, and
give an incomplete description of the elements of MC(7) and MO(7). While it
seems unlikely that MO(d) is always a subset of MC(d), we observe that this is
the case for d < 6. One may also observe that the elements of MC(d), 1 < d < 6,
have a unique chief series which coincides with the derived series. While it is easy
to show that G{*~1) is the unique minimal normal subgroup of an element G of
MC(d) (respectively MO(d)), since G/G{?~Y) need not be an element of MC(d)
(respectively MO(d)), it is not obvious that there should be a unique chief series
for G.

One motivation for the study of minimal soluble groups, apart from their intrinsic
interest, is for the calculation of deficiency zero presentations. It was conjectured
by Johnson and Roberston [8], that a finite soluble group with deficiency zero has
bounded derived length. Kenne [10] showed this bound is at least 6 by exhibiting a,
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2 S. P. GLASBY AND A. WEGNER

deficiency zero presentation for a group, which turns out to be an element of MO(6).
In [9] Kenne suggested a method for constructing deficiency zero presentations
which is practical only for groups of “small” order. The second author used this
method to show that all three elements of MO(6) have deficiency zero presentations
and trivial Schur multipliers (see Section 5).

Throughout the paper we use the notation of [2] where the derived and compo-
sition length of a finite soluble group G are denoted by d(G) and n(G) respectively.
The ith derived subgroup of G is denoted by G, and n(GU~1 /G()) is abbreviated
by n;.

2. MINIMAL SOLUBLE GROUPS OF DERIVED LENGTH 3 AND 4

In this section we describe the elements of MC(d) and MO(d) where d equals 3

or 4. First, we prove the following Lemma.

Lemma 0.
(3) Ifi > 2, then G~V /G® and G /GU+V) are not both nontrivial cyclic

groups, and so (ni,ni+1) # (1,1).

(ii) Ifi > 2 and (ni,ni41) = (2,1), then GG~ /GU+Y s extraspecial of order
p® and so GU~V /G is abelian of type (p, p).

(iii) If (ni,nit1) = (1,a) where @ > 0 and GG~1 /G is the unique minimal
normal subgroup of G/G¥), then G/G¥) acts faithfully on G() /GG+D) [f,
in addition, G® /GU*Y) is a Hall subgroup of GG~V /GU+Y) and GG-1 /G()
acts fixed-point-freely on G®) /GGt | then G/GU+Y) is a split extension of
GO /GU+) by G/GW,

Proof. (i) Suppose that G /G(+1) s cyclic. Since Aut(G® /G(+D) is abelian, we
have G' < Cg(G /GU+Y) and so
W/ < Z(G'1GHY) < Z(GUY /GUHY) as i > 2.

Therefore GG~ /G() is not cyclic, otherwise Gi—1) /G(i+1) would be abelian.
(41) Since G /GG is cyclic, (i) shows that

G /G < Z(GU~Y /gl+Y)

and G0~V /G is noncyclic. Thus the abelian group GU—1 /G has type (p, p).
If G /GG+Y) has prime order g, then p = ¢, otherwise GG=1/G(+1) would be
abelian. Therefore GG~D /G0 is a nonabelian group of order p3, and so is
extraspecial.

(iii) By replacing G by G/G(1t1), we may assume that G is a nontrivial abelian
subgroup. Let C = Cg(G™). Then G) < C <! G so either

GP=C o G V<.

If G-V < C, then since G("‘l)/G(") is cyclic, it follows that G(—1) is abelian, a
contradiction. Hence C = G and so G/G") acts faithfully on G /GG+D),
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Suppose now that Gi—1 /G() has order p and G(9) has order coprime to p. Let
H be a Sylow p-subgroup of G#~1. By the Frattini argument G = GV K where
K = Ng(H). Now G®) N K and H are normal subgroups of K whose orders are
coprime, so H centralizes G() N K. However, H acts fixed-point-freely on G, so
G N K = {1}, and therefore G is a split extension of G*) by K. O

Theorem 1. G € MC(3) if and only if either

(1) (n1,n2,n3) =(1,1,2) and G is a split extension V - H where V is abelian
of type (r,r) and H € MC(2) acts faithfully and irreducibly on V, or
(i2) (n1,n2,n3)=(1,2,1) and G is a split extension N(a) where N is extraspe-
cial of order ¢* and a is an automorphism of N of prime order which acts
fixed-point-freely on N/N'.
Furthermore, MO(3) = {S4, SL2(3)} where S, is the symmetric group of degree 4
and SL4(3) is the special linear group of degree 2 over the field of three elements.

Proof. If d(G) = 3, then by Lemma 0(3), nz + n3 > 3 so n(G) = ny +nz +n3 > 4.
Thus any group G, such as Sy, with d(G) = 3 and n(G) = 4 is an element of
MC(3). Hence if G € MC(3), then n(G) = 4 and so (n1,n2,n3) equals (1,1,2) or
(1,2,1).

CASE (i) (n1,n2,n3) = (1,1,2). Then the abelian group G is noncyclic by
Lemma 0(:) and so has type (r,r) where r is a prime. Now G(® is a minimal
normal subgroup of G because if N were a nontrivial normal subgroup of G properly
contained in G®, then d(G/N) = 3 and n(G/N) = 3, a contradiction. Clearly
G/G™® € MC(2) and by Lemma 0(iii), G/G? acts faithfully (and irreducibly) on
G® | and G is a split extension of G® by G/G®. Conversely, if V is an abelian
group of type (r,r) and H € MC(2) acts faithfully and irreducibly on V, then the
split extension G = V - H is an element of MC(3). (Note that |H'| and |V| are
coprime so V = Cy(H') x [H',V]. Since H acts irreducibly [H', V] is trivial or V,
and since H acts faithfully [H',V] = V. This shows that G?) = V and hence that
d(G)=3.)

CASE (7%) (n1,n2,n3) = (1,2,1). Then by Lemma 0(i7), G' is an extraspecial group
of order ¢* for some prime q. If G/G' has prime order p, then p # ¢ and G is a split
extension of G' by an automorphism a of order p. Now a must act fixed-point-
freely on the abelian group V = G'/G® of type (g, q), otherwise [a, V] would be
a proper subspace of V and |G'| < ¢3. Conversely, if N is extraspecial of order ¢*
and «a is an automorphism of N of prime order p which acts fixed-point-freely on
N/N', then p # ¢ and the split extension N(a) is an element of MC(3).

Amongst the groups in MC(3), those of smallest order are Sy in Case (i) and
SLy(3) in Case (22). Since groups with composition length greater than 4 have
order greater than 24 = |S4| = |SL(3)], it follows that MO(3) = {S4,SLs(3)}. O

Theorem 2. G € MC(4) if and only if (n1,n2,n3,n4) = (1,1,2,1) and G is an
extension of an extraspecial group N of order r* by H € MC(2) where H acts
faithfully and irreducibly on N/N'. Furthermore, MO(4) = {GL,(3),5s} where
GLy(3) and S, are the two covering groups of Sj.



4 S. P. GLASBY AND A. WEGNER

Proof. If d(G) = 4, then by Lemma 0(z), n2 +n3 > 3 so n(G) > 5. Thus any group
G, such as GLy(3), with d(G) = 4 and n(G) = 5 is an element of MC(4). Hence if
G € MC(4), then n(G) = 5 and the only choice for (n;,ns,n3,n4) which complies
with Lemma 0(3), is (1,1,2,1). By Lemma 0(ii), G(? is extraspecial of order r®.
Clearly, G/G® € MC(2) and G/G® € MC(4). By Theorem 1, G/G? acts
faithfully and irreducibly on G®/G®). Conversely, if N is extraspecial of order
r3 and H € MC(2) is a group of automorphisms of N which acts faithfully and
irreducibly on N/N', then an extension of N by H is an element of MC(4).

Suppose now that G has smallest order amongst the elements of MC(4). Then
G has order 8 and is isomorphic to either the dihedral group Ds, or the quaternion
group Qs. Now Aut(Dg) = Dg and Aut(Qs) = Sy, so the only way a group H €
MC(2) can act faithfully and irreducibly on G® /G®) is if G®) = Qg and H = Ss.
There are two nonisomorphic groups which are extensions of Q3 by S3 where S3
acts faithfully and irreducibly on Qs/Q5: one is a split extension and is isomorphic
to GL2(3), while the other group, which we call S4, is a nonsplit extension. These
groups are the covering groups of Sy. Since groups with composition length greater

than 5 have order greater than 48 = |GLy(3)| = |S4l, it follows that MO(4) =
{GL,(3), 54} O

3. MINIMAL SOLUBLE GROUPS OF DERIVED LENGTH 5 AND 6

Theorem 3. G € MC(5) if and only if either
(2) (ni1,...,ns) = (1,1,2,1,2) and G is a split extension V - H where H €
MO(4) and V is a faithful absolutely irreducible two-dimensional GF(s)H -
module where s is a prime, or
(#2) (n1,...,ns) =(1,2,1,2,1) and G is an extension of an extraspecial group
N of order s* and exponent s by the symplectic group Sp2(3), where Sp,(3)
acts faithfully and absolutely irreducibly on N/N'.

Furthermore, MO(5) contains only one group: the split extension V-GLy(3), where
V is the natural module for GL(3).

Proof. If d(G) = 5, then it follows from [2, Theorem 2] that n(G) > 7. If V is
the natural module for GL2(3), then the split extension G = V - GLy(3) satisfies
d(G) = 5 and n(G) = 7. Hence if G € MC(5), then n(G) = 7. If G € MC(5),
then it follows from Lemma 0(:) that (nq,...,ns) equals either (1,1,2,1,2) or
(1,2,1,2,1).

CASE (3) (n1,...,n5) = (1,1,2,1,2). Now G /G™ is an extraspecial group of
order r3 by Lemma 0(ii) and G is abelian of type (s, s). It follows that r # s and
G/GW € MC(4). Thus G®/GW is the unique minimal normal subgroup of the
extraspecial group G(¥/G® and by Lemma 0(iii), G /G™ acts faithfully, and
hence irreducibly, on G, One may show that an ordinary faithful irreducible rep-
resentation of an extraspecial group is necessarily absolutely irreducible. Further-
more, each faithful absolutely irreducible representation of an extraspecial group of
order r3 has degree r by [6, V Satz 16.14]. Therefore r = 2 and G?) /G = Dy or
Qs. Since G/G® acts faithfully on G /G?®), we must have G /G = Qg and
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G/G® = S;. By Theorem 2, G/G™) € MO(4). By Lemma 0(iii), G/G™) acts
faithfully, and hence absolutely irreducibly, on G(). It can be shown (see [3], for
example) that GLy(3) (respectively S,) has a faithful absolutely irreducible two-
dimensional representation over the prime field GF(s) if and only if s is odd and
—2 (respectively 2) is a square in GF(s).

Conversely, suppose that H € MO(4) and V is a faithful absolutely irreducible
two-dimensional GF(s)H-module. Then the split extension G = V - H satisfies
d(G) = 5 and n(G) = 7. (Note that H® = Z(H) has order 2 and so the nontrivial
central element induces the transformation —1 on V. As H acts faithfully, s # 2,

and so [H®,V] = V. Therefore G® =V and d(G) = 5.)
CASE (i) (ni1,...,ns) = (1,2,1,2,1). By Lemma 0(i1), G'/G® and G® are ex-

traspecial groups of order, say, r3 and s? respectively. Arguing as above, r = 2
and s # 2. Therefore G'/G®® = Qg and G/G' has order 3 so G/G® is isomor-
phic to Sps(3) & SL2(3). By Lemma 0(iii), G/G® acts faithfully on G®) /G,
This representation is irreducible otherwise G has a normal subgroup M such that
G®W < M < G®, and G/M contradicts Lemma 0(i). Therefore G® has no char-
acteristic subgroups strictly between G(® and G¥), and so G® is the extraspecial
group of exponent s. In addition, G/G®) acts absolutely irreducibly on G®)/G®),
(Otherwise, if F is the algebraic closure of GF(p), then G/G®) would be isomorphic
to a subgroup of the matrix group

{(g Ic)) |a,b,c € F, ac;éO}

and so d(G/G®)) < 2, a contradiction.)

Conversely, if V' is a faithful irreducible two-dimensional G F(s)Spz(3)-module,
then s # 2. One may show (cf. [4, Section 7]) that Sp2(3) preserves a nondegenerate
alternating bilinear form on V, and hence Sp,(3) acts on the extraspecial group N
of order s* and exponent s by [4, Sections 2,3). Arguing as above, it follows that if
G is an extension of N by Sp,(3) where Sp2(3) acts faithfully and irreducibly on
N/N', then G € MC(5). If s # 3, then G is a split extension while if s = 3, there

are three possible extensions.

We now classify the elements of MO(5). First, we show that the group in MC(5)
of smallest order is the split extension G = V - GLy(3), with natural action. If K
is a group occurring in Case (i¢), then |K| = 2335 > 2433 = |G|. If K is a group
occurring in Case (z), then |K| = 24352 > 2*3% = |G|. Thus equality holds if and
only if s = 3, in which case K is a split extension V - H where V is abelian of type
(3,3) and H is isomorphic to a subgroup of GL3(3). Since |H| = |GL2(3)|, H is
isomorphic to GL3(3) as claimed.

It remains to prove that there is no group G with d(G) = 5, n(G) > 7 and
|G| < 243%. If G were such a group, then |G| = 273. If P were a Sylow 2-subgroup
of G, then |G : Ng(P)| is either 1 or 3. If |G : N(P)| = 1, then P is a normal
subgroup of G and G/P has order 3. It follows that G' is contained in P and
IG'| > 21! by (6, III Satz 7.11], a contradiction. If |G : Ng(P)| = 3, then G acts
by left translation on the left cosets of P in G. This induces a homomorphism p
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of G onto S3. Now G < ker(p) and |G(®| > 2° by [6, III Satz 7.11]. Therefore
G® = ker(p). Moreover, the proof of [6, III Satz 7.11] shows that G(¥/G®
is elementary abelian of order 22. By [6, III Satz 11.9], G® is metacyclic, a
contradiction. Hence, there are no groups of order 273 and derived length 5, and

so MO(5) = {V - GLy(3)} as claimed. a

Theorem 4. G € MC(6) if and only if G is an extension of the extraspecial group
of order s® and exponent s by H € MO(4) where H acts faithfully and absolutely
irreducibly on N/N'. There are precisely three groups in MO(6), namely the
extensions of the extraspecial group N of order 3* and exponent 3 by GL(3),
where GL2(3) acts naturally on N/N'.

Proof. If d(G) = 6, then n(G) > 8 by [2, Theorem 2]. First, we assume there is a
group G with d(G) = 6 and n(G) = 8. Then, after determining the structure of G,
we show that G does indeed exist.

If d(G) = 6 and n(G) = 8, then it follows from Lemma 0(7) that (n1,...,n6) =
(1,1,2,1,2,1). Hence, G/G® and G' are elements of MC(5). By Theorem 3(3),
G/G® € MO(4) and by Theorem 3(ii), G*) is extraspecial of order s* and expo-
nent s. Also, G/G® acts faithfully, and hence absolutely irreducibly, on G*)/G(5)
by Lemma 0(z2).

Conversely, let H € MO(4). As remarked above, for appropriate primes s there
is a faithful absolutely irreducible degree-two representation of H over GF(s). It
is shown in [4] that this representation preserves, up to a sign, a nondegenerate
alternating bilinear form. By [4, Sections 2,3] there is an extraspecial group N
of order s® and exponent s containing H in its automorphism group. Therefore,
extensions of N by H where H acts faithfully and irreducibly on N/N' do indeed
exist. If G were such an extension, then it follows from the proof of Theorem 3
that d(G) = 6. This classifies the elements of MC(6). Note that if s # 3, then
G is a split extension of N by H. If s = 3, then H = GL,(3) and there are three
extensions of N by H: one split and two nonsplit extensions.

If G € MC(6), then |G| = 2*3s® where s is odd, so the three groups with s = 3
have minimal order amongst the elements of MO(6). To show that these three
groups are elements of MO(6), we must show there are no groups G satisfying
d(G) =6, n(G) > 8 and |G| < 2%3*. 1t follows from [6, III Satz 7.11] that G is not
nilpotent. Therefore |G| equals 283, 2732 or 285, and so n(G) = 9.

By Theorem 3, |G/G®| > 243 and since |G| < 2*3%, we must have |G®)| = 2.
We may assume that G has a unique minimal normal subgroup. Therefore this is
G® and Oy(G) is trivial. Let P = 0y(G) and let |P/®(P)| = 2". We use the
fact that G/P acts faithfully on the r-dimensional vector space P/®(P) by [6, VI
Hilfssatz 6.5], and consider four cases.

CASE (i) d(P) > 4. By [6, III Satz 7.11], n(P) > 2343 = 11. Thisis a contradiction
as 9 =n(G) > n(P) > 11.

CASE (it) d(P) = 3. Now d(G/P) > 3 so n(G/P) > 4. In addition, n(P) > 6 so
9 = n(G) =n(G/P) +n(P) > 6 + 4,
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a contradiction.

CASE (iit) d(P) = 2. Now d(G/P) > 4 so n(G/P) > 5. Since G/P is a soluble
subgroup of GL,(2) with n(G/P) > 5, it follows that r > 4. Hence n(P) > 5 and
so n(G) > 10, a contradiction.

CASE (iv) d(P) = 1. Now d(G/P) > 5 so n(G/P) > 7. The argument of Case (712)
shows that r > 4. Therefore n(P) > 4 and so n(G) > 11, a contradiction.

Hence, no such group exists, and the proof is complete. O

4. MINIMAL SOLUBLE GROUPS OF DERIVED LENGTH 7

In this section we show that if G € MC(T), then 12 < n(G) < 13. The lower
bound is proved in Theorem 7 below. Guided by the proof of Theorem 7, we
construct a family G, of groups with d(G,) = 7, |G| = 233*p® and n(G,) =
13, thereby establishing the upper bound. We show that if G € MO(7), then
|G| < 2'°3% by constructing a group K with d(K) = 7 and |K| = 21°3%. In [4,
Section 7] soluble groups with arbitrarily large derived lengths are constructed from
extraspecial groups. A group H of order 2''3'? and derived length 10 is described
which has such a group K as the quotient group H/H(. Although K is not an
element of MC(7), we have |K| < 233%7% < |G,|, and by a conspiracy of small
primes, K may be an element of MO(7) which is not an element of MC(7).

Before proving Theorem 7, we establish two preliminary results.
Lemma 5. A p-group of order p® and derived length 3 has maximal class.

Proof. Suppose P is such a p-group. It follows from the proof of (6, III Satz 7.11]
that |P/P'| = p?, |P'/P®| = p* and |P?| = p. Now 42(P)/73(P) is cyclic since
|P/~2(P)| = p?. Therefore,

P(2) = [72(P)’ 72(P)] = [72(P), 73(P)] < 75(P))

and so 45(P) is nontrivial. Hence P is of maximal class. Note that such groups can
be classified using Blackburn’s paper [1]. In particular, p is not equal to 2 or 3. O

Lemma 6. Let G be a p-soluble group such that Oy (G) = {1}. If P = O,(G) and

P/®(P) has order p", then G/P is isomorphic to a completely reducible subgroup
of GL,(p).

Proof. By [6, VI Hilfssatz 6.5] G = G/ P acts faithfully on the r-dimensional vector
space V = P/®(P). Suppose that W is an s-dimensional G-invariant subspace of
V corresponding to a normal subgroup of G lying between &(P) and P. Now G is
a subgroup of the parabolic group H which stabilizes the flag {0} < W < V. Since
H acts on W and V/W, there is a homomorphism

¢:H — GL(W) x GL(V/W)
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whose kernel is isomorphic to the matrix group

I, *
0 I,-,

of order p*(*~*). Since O,(G) is trivial, the restriction of ¢ to G is injective. Hence
G is isomorphic to a completely reducible subgroup of GL(V). O

Theorem 7. If G has derived length 7, then its composition length is at least 12.

Proof. 1t suffices to prove that if G € MC(7), then n(G) > 12. Our proof is similar
in style to [2, Theorem 8]. Now G®) is the unique minimal normal subgroup of G.
Therefore G(®) is an elementary abelian p-group and O, (G) = {1}. Let P = 0,(G),
and let |P/®(P)| = p". We consider five cases.

CASE (3) d(P) > 5. By [6, III Satz 7.11], n(G) > n(P) > 2¢ + 4 > 12.

CASE (21) d(P) = 4. Then n(P) > 11. Since d(G/P) > 3 we have n(G/P) > 4 so
n(G) =n(G/P)+n(P)>4+11>12.

CASE (i1i) d(P) = 3. Then n(P) > 6 and d(G/P) > 4 so n(G/P) > 5. Thus
n(G) > 5+ 6 = 11. We must rule out the case when n(G) = 11. In this case
n(P) = 6, and it follows from Lemma 5 that P is a p-group of maximal class. Hence
P/®(P) has order p? and Cp(v2(P)/74(P)) is a characteristic subgroup of index p.
By Lemma 6, G/P is isomorphic to a subgroup of the group of GL;(p) x GL(p).
This shows that d(G/P) < 1, a contradiction. Therefore n(G) > 12 as claimed.

CASE (tv) d(P) = 2. Now G/P is a soluble subgroup of GL.(p) with d(G/P) > 5.
It follows from [11] that r > 3, and so n(P) > 4. By [2], n(G/P) > 7 and hence
n(G) > 11.

We must rule out the case when n(G) = 11. In this case r = 3 and both ®(P)
and P’ have order p. If Z(P) also has order p, then P would be an extraspecial
group of order p*, a contradiction. Hence Z(P) lies strictly between ®(P) and P.
By Lemma 6, G/P is isomorphic to a subgroup of GL;(p) x GL2(p). By [11] it
follows that d(G/P) < 4, a contradiction. Hence n(G) > 12 holds in this case too.

CASE (v) d(P) = 1. Since d(G/P) > 6, we have n(G/P) > 8 by [2] and r > 4 by
[11]. Therefore n(G) > 12 and the proof is complete. a
We now construct a group G with d(G) = 7 and n(G) = 13.

Example. Let V be an r-dimensional vector space over the finite field GF(q).
Then the homogeneous component A%V of the exterior algebra AV has dimension
(;) We construct a group of order ¢™ where m = r + (;) by setting P = V x A%V,
and defining multiplication by the rule

(v1,w1)(v2,w2) = (v1 + v2, w1 + wy + V1 A vy) where vy,v2 € V,wy,wy € A2V,

This makes P into a special group of order ¢™. Note that when ¢ is even, P is
elementary abelian, and when ¢ is odd

P' = &(P) = Z(P) = {(0,w) | w € A2V}
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is elementary abelian. There is a right action of GL,(gq) on the group P defined by

(v,w)g = (vg,w(g A 9g))
which gives rise to a split extension P - GL,(q).

Suppose now that H € MC(5) and the subgroup H () is extraspecial of order
3% and exponent 3. Then H is one of the three extension of H 3) by Spa2(3).
(There are at most three such extensions because if gH® has order 3 in H/H®,
then g% € Z(H®), so there are three choices for g®. Indeed, the resulting three
groups are nonisomorphic.) One may determine the odd primes p for which there
is an absolutely irreducible faithful representation ¢: H — GL3(p). (A necessary
condition for the existence of ¢ is that p = 1(mod 3), and if H is a split extension of
H®) by H/H®), this condition is also sufficient. If H is a nonsplit extension, then
p = 1(mod 9) is sufficient.) If ¢ = p and r = 3, then the group P above has order
p® and the subgroup G = P - H of P - GL3(p) has order 2°3*p®, and so n(G) = 13.
If r = 3 and ¢ has matrix A relative to the basis e, e3,e3 for V', then the matrix
of g A g relative to the basis e; A e3,e3 Ae1,e; A ez for A2V is det(A)(A™1)E. Now
a nontrivial element ¢ € H = Z(H) induces a scalar transformation wl on V
where w is a primitive cube root of 1, and so g A g induces w?1 on A?V. This shows
that G = P, and so d(G) = 7. Note also that the smallest prime p for which the
group G, exists is p = 7.

5. DEFICIENCY ZERO PRESENTATIONS

In this section we show that the soluble groups of derived length 6 and minimal
order have deficiency zero presentations.

By Theorem 3, the split extension V-G Ly(3), where V is the natural module for
GL2(3), is the only element of MO(5). The maximal subgroups of order 432 of the
projective special linear group PSL3(3) are isomorphic to V-GLy(3). Indeed, there
is a monomorphism from V-GL,(3) into SL3(3)(= PSL3(3)) defined by

(2, 4) o (det(xA)A det%A)).

Jamali [7] found the deficiency zero presentation (R,S | R?2S® = T = 1) for
V-GL2(3) where T is the word

T = (RS)*(RS™'RS?R-'SRS™'R-'S(R™1S1)*R"'S,

and where R and S are identified with the matrices

1 0 0 0 1 0
0 -1 0 and -1 -1 0.
0 0 -1 0 1 1

By Theorem 4, the elements Gy, G; and G2 of MO(6) are extensions of V-G Ly(3)
by the alternating module over the field with 3 elements. The second author de-
veloped programmes for calculating finite soluble quotients of finitely presented
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groups in the GAP programming system (cf. [13] and [12]). These programmes
were used to compute the appropriate extensions G;, 0 <1 <2, of V-GL2(3). The
Gi, 0 <1 < 2, have presentations

G;=(R,S | R®S*=T'[T,R| =T,[T,S]=T°=1),
where T is defined above. The following deficiency zero presentations were found

Go = (X,Y | XY(X'Y)P?XY 2 =X?YX'Y°XY?=1) and
G = (XY | (XY XY 2X7'Y = X’Y XY XY % = 1),

and Kenne [10] found the following deficiency zero presentation
G = (X,Y | (XY)?’Y % = XY XY ° XY =1).
Coset enumeration may be used to show that the maps

X — TS '(RS*R, Y - TS 'RSR
X +— S*(RS)?R, Y — S?2RSR
X — TSR, Y — S?RSRSY(RS)*R

define isomorphisms between the respective presentations of Go,G1 and Gs.

Note that G4 is isomorphic to the quotient group H/H(®) where H is the group
described in Section 4, and is a split extension of the exponent-3 extraspecial group
by GL2(3). The group K = H/H(") was shown to have Schur multiplier of order
2 (and H/H® is a covering group). We showed that H'/H®) has a trivial Schur
multiplier, but were unable to find a deficiency zero presentation for it.
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