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%JTTFSUBUJPO BEWJTPS� -VLF .JSBUSJY +BNFTPO 2VJOO

5XP /VNFSJDBM .FUIPET GPS "QQSPYJNBUJOH
)JHI�%JNFOTJPOBM 1PTUFSJPS %JTUSJCVUJPOT

"ĶňŉŇĵķŉ

ĉF UISFF DIBQUFST XJUIJO UIJT EJTTFSUBUJPO BSF MBSHFMZ TFMG�DPOUBJOFE
 UIPVHI

DIBQUFS ǋ EPFT CVJME PO UIF JEFBT BOE XPSL PG DIBQUFS Ǌ� ĉF VOEFSMZJOH

TJNJMBSJUJFT BOE DPOOFDUJPOT BSF EJTDVTTFE JO UIF GPSFXPSE
 CVU UIF DPOUFOU NBZ

CF TVNNBSJ[FE TFQBSBUFMZ�

$IBQUFS ǉ0OMJOF EBUB BTTJNJMBUJPO JO UJNF TFSJFT NPEFMT PWFS B MBSHF TQBUJBM

FYUFOU JT BO JNQPSUBOU QSPCMFN JO CPUI HFPTDJFODFT BOE SPCPUJDT� 4VDI NPEFMT

BSF JOUSJOTJDBMMZ IJHI�EJNFOTJPOBM
 SFOEFSJOH OBJWF QBSUJDMF ėMUFS BMHPSJUINT

JOFĎFDUJWF� * QSFTFOU B OPWFM QBSUJDMF�CBTFE BMHPSJUIN GPS POMJOF BQQSPYJNBUJPO PG

UIF ėMUFSJOH QSPCMFN PO TVDI NPEFMT
 VTJOH UIF GBDU UIBU FBDI MPDVT BĎFDUT POMZ

OFBSCZ MPDJ BU UIF OFYU UJNF TUFQ� ĉF BMHPSJUIN DPOTUSVDUT IZCSJE QBSUJDMFT BU

UJNF t VTJOH BO .$.$ UIBU DPNCJOFT WBMVFT PCUBJOFE CZ QSPHSFTTJOH WBSJPVT

QBSUJDMFT BU UJNF t− 1
 VTJOH DVTUPN�CVJMU QSPQPTBM BOE BDDFQUBODF QSPCBCJMJUJFT�

* TIPX TJNVMBUJPO SFTVMUT UIBU TVHHFTU UIF FSSPS PG UIJT BMHPSJUIN JT VOJGPSN JO

CPUI TQBDF BOE UJNF
 XJUI B MPXFS CJBT
 UIPVHI IJHIFS WBSJBODF
 BT DPNQBSFE UP B

QSFWJPVTMZ�QSPQPTFE BMHPSJUIN� 4JODF UIJT WBSJBODF NBZ CF ėYBCMF XJUI NPSF

DPNQVUJOH QPXFS
 UIJT USBEFPĎ JT QSPNJTJOH�

$IBQUFS Ǌ 7BSJBUJPOBM JOGFSFODF JT B XBZ UP FTUJNBUF QPTUFSJPS EJTUSJCVUJPOT


FTQFDJBMMZ JO DBTFT TVDI BT NPEFMT XJUI NBOZ MBUFOU WBSJBCMFT UIBU NBLF .$.$

EJđDVMU� &YJTUJOH UFDIOJRVFT TVDI BT NFBO�ėFME NFUIPET DBO GBJM UP BDDPVOU GPS
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%JTTFSUBUJPO BEWJTPS� -VLF .JSBUSJY +BNFTPO 2VJOO

QPTUFSJPS DPSSFMBUJPOT
 MFBEJOH UP EPXOXBSE CJBT JO FTUJNBUFT PG QPTUFSJPS

WBSJBODF� 8F QSFTFOU B OPWFM UFDIOJRVF
 -BQMBDF 'BNJMZ 7BSJBUJPOBM *OGFSFODF
 GPS

DSFBUJOH QPTUFSJPS FTUJNBUFT XJUI NPSF�SFBMJTUJD QPTUFSJPS DPSSFMBUJPO TUSVDUVSFT�

8F TIPX UIBU UIJT UFDIOJRVF PVUQFSGPSNT (BVTTJBO NFBO�ėFME WBSJBUJPOBM

JOGFSFODF JO UXP NPEFMT� POF TJNQMF UXP�WBSJBCMF NPEFM BOE POF NPEFM CBTFE

PO B NVMUJ�TJUF TUVEZ� 8F HJWF SFTVMUT PG UIF MBĨFS NPEFM PO SFBM EBUB GPS BO

FEVDBUJPOBM JOUFSWFOUJPO
 &BSMZ $PMMFHF )JHI 4DIPPMT�

$IBQUFS ǋ &DPMPHJDBM JOGFSFODF m JOGFSSJOH JOEJWJEVBM�MFWFM RVBOUJUJFT GSPN

HSPVQ�MFWFM EBUB m BQQFBST JO NBOZ DPOUFYUT
 CVU JT QBSUJDVMBSMZ LFZ UP

EFNPOTUSBUJOH WJPMBUJPOT PG UIF 64 7PUJOH 3JHIUT "DU� *O UIJT TFĨJOH
 UIF

TUBOEBSE BQQSPBDI UP TPMWJOH UIF FDPMPHJDBM JOGFSFODF QSPCMFN JT ,JOH�T &*� 8F

FYUFOE UIF &* GSBNFXPSL JO UXP XBZT� 'JSTU
 XF HJWF B ĚFYJCMF #BZFTJBO NPEFM PG

WPUJOH CFIBWJPS UIBU DBO CF FBTJMZ DVTUPNJ[FE GPS EJĎFSFOU TDFOBSJPT� 4FDPOE
 XF

TIPX IPX UP VTF UIF UFDIOJRVFT GSPN UIF $IBQUFS Ǌ
 BMPOH XJUI TPNF

PCTFSWBUJPO�EFQFOEFOU SFQBSBNFUSJ[BUJPOT
 UP QFSGPSN WBSJBUJPOBM JOGFSFODF PO

PVS NPEFM� 8F EFNPOTUSBUF UIJT PO TJNVMBUFE EBUB CBTFE PO BDUVBM SBDJBM WPUJOH

QBĨFSOT JO UIF Ǌǈǉǎ 1SFTJEFOUJBM FMFDUJPO JO /PSUI $BSPMJOB� 8F TIPX UIBU UIJT

UFDIOJRVF JT DPNQBSBCMZ BDDVSBUF UP FYJTUJOH NFUIPET� 0VS NPEFM
 IPXFWFS


FBTJMZ QFSNJUT FYUFOTJPOT XIJDI XPVME BMMPX GPS JODSFBTFE QPXFS BOE�PS

BEESFTTJOH PQFO RVFTUJPOT JO FDPMPHJDBM JOGFSFODF�
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-JĞJOH PG ėHVSFT
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ǋ�ǋ�ǉ .PEFM GPS p̃x(σν ,γ,ν,W )� � � � � � � � � � � � � � � � � � � � ǐǏ
ǋ�ǋ�Ǌ (SBQIJDBM NPEFM GPS UIF HVJEF qφ(γ, σν ,ν,W )� � � � � � � � � ǐǑ
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ǋ�ǋ�ǉ &YBNQMFPG QSFDJODU�MFWFM PCTFSWBUJPOT BOE UIF DPSSFTQPOEJOH Ẏ ∈
Ȳu� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ǉǈǏ

ǋ�ǋ�Ǌ 7JTVBMJ[BUJPO PGmu GPS GPVS JOQVU WBMVFT� 0⃗
w1
w2
 BOEw3� � � ǉǈǐ
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"DLOPXMFEHNFOUT

5ļĵłĿ ŏŃŊ ĵĶŃŋĹ ĵŀŀ ŉŃ -ŊĿĹ
 .ĽŇĵ
 3ŃĻĹŀĽĵ
 *ŎķļĹŀ
 ĵłĸ 5ĵŀŏĵ

XJUIPVU XIPN UIJT XPSL XPVME OPU IBWF CFFO QPTTJCMF�

5P -VLF� JU JT
 PG DPVSTF
 BO VOVTVBM QPTJUJPO UP IBWF DPOTJEFSFE ZPV B GSJFOE
CFGPSF ZPV XFSF BO BEWJTPS BOE UFBDIFS� :FU ZPV IBWF DPOUJOVFE UP FYDFM JO BMM
UISFF SPMFT
 XIJDI JT NPSF UIBO * EFTFSWF� * DBO�U FYQSFTT IPX HSBUFGVM * BN� "OE
GSPN XIBU * DBO TFF
 ZPV�SF B QSFĨZ EBNO HPPE GSJFOE
 BEWJTPS
 BOE UFBDIFS UP
PUIFST
 UPP�

5P .JSB� * XPVME OPU IBWF ESFBNFE PG ėOEJOH TVDI BO JEFBM DPMMBCPSBUPS BOE
DPBVUIPS� :PVS JEFBT BOE JOTJHIU IBWF FOSJDIFE UIJT XPSL� :PVS BCJMJUZ UP
FOUFSUBJO NZ ĚJHIUT PG JOUVJUJWF GBODZ
 XIJMF OFWFSUIFMFTT LFFQJOH VT HSPVOEFE JO
NBUIFNBUJDBM SJHPS
 IBT CFFO JOWJHPSBUJOH� "OE UISPVHI JU BMM
 CPUI ZPVS
HFOFSPTJUZ PG TQJSJU BOE ZPVS TUBVODI JOUFMMFDU IBWF NBEF XPSLJOH XJUI ZPV B
EFMJHIU� *�E MPWF UP IBWF UIF NBOZ DIBODFT JU XJMM UBLF UP SFQBZ ZPV�

" 3PHFMJB� QPS TVQVFTUP
 UF EFCP HSBDJBT TJO DFTBS QPS UV QBDJFODJB Z BQPZP�
1FSP BVORVF FM BHSBEFDJNJFOUP MMFOF NJ DPSB[PO
 MP RVF NÃT MF CSPUB FT FM BNPS
TJFNQSF KPWFO QPS UV QSFTFODJB
 QPS UVT DIJTUJOFT
 Z QPS MB TFHVSJEBE RVF UFOHP FO
UJ�

5P *YDIFM� * DPVME TBZ UIBU ZPV BSF PG DPVSTF UIF QSJEF PG NZ MJGF
 CVU UIBU�T OPU
UIF QPJOU IFSF� 0S
 * DPVME UIBOL ZPV GPS ZPVS QBUJFODF XJUI NF BT UIF EFBEMJOF
BQQSPBDIFT BOE *�WF HPĨFO iMPPQZu
 CVU UIBU�T CPSJOH� 8IFO * UIJOL PG IPX *

YJJ



IPQF ZPV BSF SFĚFDUFE JO UIFTF QBHFT
 * UIJOL PG IPX
 XIJMF ZPVS MPWF BOE SFTQFDU
JT TPNFUIJOH UIBU JOTQJSFT NF UP CF NZ CFTU
 ZPVS DMFBS�FZFE IVNPS BMTP SFNJOET
NF OPU UP UBLF NZTFMG UPP TFSJPVTMZ� 4P
 UIBOL ZPV�

5P 5BMZB� JO NZ NJOE
 JU�T MBUF BU OJHIU
 BOE ZPV�SF QBUJFOUMZ MJTUFOJOH UP ZFU
BOPUIFS JUFSBUJPO PG iNZ UIFTJT JT CSPLFO CVU * UIJOL * DBO ėY JUu� * GFFM ZPVS
XBSNUI BOE TVQQPSU� ĉBOL ZPV�

5P 1JFSSF� 8IJMF BOZ NJTUBLFT SFNBJO NZ PXO
 FWFSZ QBSU PG UIJT UIFTJT IBT
CFFO TUSFOHUIFOFE CZ LOPXJOH IPX ZPV XJMM BMXBZT SFTQFDUGVMMZ JOTJTU UIBU BMM UIF
EFUBJMT NBLF TFOTF� 5SVMZ
 *�N HSBUFGVM�

5P (BSZ� UIBOLT GPS CFJOH XJMMJOH UP QMBZ BMPOH XJUI NZ JOJUJBM JOĚBUFE DMBJNT
BCPVU XIBU NZ NFUIPE DPVME EP� * LOPX UIBU UIF DVSSFOU XPSL EPFT OPU ZFU GVMMZ
SFBDI UIBU QSPNJTF
 CVU * TUJMM IPQF JU XJMM
 BOE *�E MPWF UP CF BCMF UP LFFQ XPSLJOH
XJUI ZPV BT * CSJOH JU UIFSF�

5P NZ QBSFOUT� *O FWFSZ QPTTJCMF XBZ
 UIJT XPVMEO�U FYJTU XJUIPVU ZPV� ĉBOL
ZPV�

5P UIF HSBE TUVEFOUT BOE GBDVMUZ PG UIF )BSWBSE TUBUJTUJDT EFQBSUNFOU� * USVMZ
CFMJFWF UIBU UIFSF JT OP CFĨFS QMBDF * DPVME IBWF CFFO MFBSOJOH GPS UIFTF ZFBST�
ĉBOL ZPV GPS UPP NBOZ SFBTPOT UP OBNF�
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$POEJUJPOJOH JT UIF TPVM PG TUBUJTUJDT�

+PF #MJU[TUFJO

0
'PSFXPSE

4UBUJTUJDT JT UIF EJTDJQMJOF UIBU EFBMT XJUI UIF VTF PG RVBOUJUBUJWF FWJEFODF� ĉVT

BT 1SPGFTTPS #MJU[TUFJO SFNJOET VT
 UIF LFZ TUFQ JT UP DPOEJUJPO PO UIBU FWJEFODF

VTJOH #BZFT� UIFPSFN� 'PS PCTFSWFE FWJEFODFE BOE B IZQPUIFTJTH GSPN UIF
TQBDF PG QPTTJCMF IZQPUIFTFTH�

P (H|E) =
P (E|H)P (H)∫

H′∈H P (E|H ′)P (H ′)dH ′

6TVBMMZ
 UIF IBSEFTU QBSU BCPVU ėOEJOH UIF QPTUFSJPS EJTUSJCVUJPO PO UIF MFě JT
EFBMJOH XJUI UIF EFOPNJOBUPS PO UIF SJHIU
 UIF OPSNBMJ[JOH DPOTUBOU� ĉJT
CFDPNFT FTQFDJBMMZ UPVHI XIFOH
 UIF TQBDF PG QPTTJCMF IZQPUIFTFT
 JT
IJHI�EJNFOTJPOBM
 TP UIBU BĨFNQUJOH UP OVNFSJDBMMZ BQQSPYJNBUF BO JOUFHSBM PWFS
BMM QPTTJCMF IZQPUIFTFT JT FTTFOUJBMMZ IPQFMFTT ã BU MFBTU
 XJUIPVU BEEJUJPOBM
DPOTUSBJOUT PS BTTVNQUJPOT�

ǉ



ĉJT UIFTJT DPODFSOT JUTFMG XJUI UXP OPWFM NFUIPET GPS BQQSPYJNBUJOH UXP
EJĎFSFOU UZQFT PG IJHI�EJNFOTJPOBM QPTUFSJPS EJTUSJCVUJPOT� *O DIBQUFS ǉ
 UIF
QPTUFSJPS JO RVFTUJPO JT B ėMUFSJOH EJTUSJCVUJPO� UIF CFTU HVFTT PG UIF TUBUF PG B
TZTUFN XJUI LOPXO EZOBNJDT
 DPOEJUJPOBM PO BO POHPJOH UJNF TFSJFT PG EBUB UIBU
NVTU CF BTTJNJMBUFE PWFS UJNF� $IBQUFST Ǌ BOE ǋ EFBM XJUI B NPSF�USBEJUJPOBM
TUBUJTUJDBM QSPCMFN PG QPTUFSJPS EJTUSJCVUJPOT PG NPEFM QBSBNFUFST� 4QFDJėDBMMZ

DIBQUFS Ǌ HJWFT NFUIPET GPS B HFOFSBM DMBTT PG MBUFOU WBSJBCMF NPEFMT
 BOE DIBQUFS
ǋ BQQMJFT UIFTF NFUIPET UP UIF TQFDJėD QSPCMFN PG FDPMPHJDBM JOGFSFODF�

$SFBUJOH OVNFSJDBM NFUIPET MJLF UIFTF JT B ėOJDLZ KPC� *U JOWPMWFT CVJMEJOH BO
BMHPSJUIN XJUI TFWFSBM TUFQT XIFO
 JO POF PS NPSF PG UIPTF TUFQT
 FYBDU TPMVUJPOT
BSF EJđDVMU PS JNQPTTJCMF UP DPNF CZ� ĉVT
 POF NVTU ėOE HPPE BQQSPYJNBUJPOT

XIJMF LFFQJOH B HPPE JOUVJUJWF HSBTQ PG IPX UIFZ JOUFSBDU IPMJTUJDBMMZ� .FBOXIJMF

POF NVTU LFFQ KVHHMJOH UIF EJĎFSFOU SPMFT OFDFTTBSZ ã NBUIFNBUJDJBO

QSPHSBNNFS
 EBUB XSBOHMFS
 XSJUFS
 BOE QSPKFDU NBOBHFS�

0G DPVSTF
 * EJE OPU JOWFOU FJUIFS PG UIF CBTJD NFUIPET FYQPVOEFE IFSF PVU PG
XIPMF DMPUI� UIFZ BSF CBTFE PO QSJPS XPSL� #VU JO CPUI DBTFT
 UIFZ DPNCJOF
TFWFSBM PSJHJOBM JEFBT BOE�PS PSJHJOBM BQQMJDBUJPOT PG FYJTUJOH JEFBT JOUP B DPIFSFOU
BOE XPSLJOH XIPMF�

* XPVME OPU IBWF CFFO BCMF UP BDDPNQMJTI BMM UIJT XJUIPVU UIF IFMQ BOE TVQQPSU
PG UIF QFPQMF NFOUJPOFE JO UIF BDLOPXMFEHFNFOUT BCPWF� *O QBSUJDVMBS
 .JSB
#FSOTUFJO IBT CFFO B DMPTF DPMMBCPSBUPS BOE DPMMFBHVF JO NZ XPSL PO UIF TFDPOE
BOE UIJSE DIBQUFST� 4UJMM
 JO FBDI DIBQUFS
 UIF LFZ JEFB JT NZ PXO� JO DIBQUFS Ǌ

VTJOH -BQMBDF GBNJMJFT GPS WBSJBUJPOBM JOGFSFODF
 BOE JO DIBQUFS ǋ
 BQQMZJOH UIFTF
UFDIOJRVFT UP FDPMPHJDBM JOGFSFODF�

ǈ�ǉ $ŃŁŁŃłĵŀĽŉĽĹň ĶĹŉŌĹĹł ŉļĹ ŉŌŃŁĹŉļŃĸň ĸĽňķŊňňĹĸ

ĉF CBTJD QSPCMFN PG FTUJNBUJOH IJHI�EJNFOTJPOBM QPTUFSJPS EJTUSJCVUJPOT JT B
EJđDVMU POF� *O MPX�EJNFOTJPOBM DBTFT
 JU NBZ CF QPTTJCMF UP VTF TJNQMF
BQQSPYJNBUF OVNFSJDBM JOUFHSBUJPO UP FTUJNBUF UIF OPSNBMJ[JOH DPOTUBOU� #VU JO
IJHI�EJNFOTJPOBM DBTFT
 UIF WBSJBODF PG TVDI FTUJNBUFT CFDPNFT VONBOBHFBCMF�

Ǌ



ĉVT
 POF JT GPSDFE UP ėOE BOE UBLF BEWBOUBHF PG BEEJUJPOBM SFHVMBSJUJFT

DPOTUSBJOUT
 PS SFBTPOBCMF BTTVNQUJPOT PO UIF QSPCMFN EPNBJO UP NBLF JU
USBDUBCMF�

ĉPVHI UIF UXP NFUIPET JOUSPEVDFE JO UIJT UIFTJT BSF EJĎFSFOU JO OFBSMZ BMM PG
UIFJS QBSUJDVMBST
 UIFZ IBWF TFWFSBM BTQFDUT JO DPNNPO� *O CPUI DBTFT
 * BEESFTT B
SFMBUJWFMZ CSPBE DMBTT PG QSPCMFNT XJUI QSBDUJDBM JNQPSUBODF
 QSPCMFNT XIJDI
FYJTUJOH NFUIPET TUSVHHMF UP SFTPMWF� ĉFO
 JO CPUI DBTFT
 * UBLF BEWBOUBHF PG UXP
DPOTUSBJOUT PS BTTVNQUJPOT BCPVU UIF QSPCMFN TQBDF� JO FBDI DBTF
 UIJT JODMVEFT
POF UIBU SFMBUFT UP UIF EFQFOEFODZ TUSVDUVSF PG UIF EBUB
 BOE POF UIBU SFMBUFT UP
UIF EZOBNJDT BOE�PS EJTUSJCVUJPOT JOWPMWFE GPS JOEJWJEVBM EBUB QPJOUT� ĉSPVHI
UIFTF DPOTUSBJOUT PS BTTVNQUJPOT
 * BN BCMF UP SFEVDF QSPCMFNT UIBU BSF OFBSMZ
JNQPTTJCMF UP POFT UIBU BSF NFSFMZ EJđDVMU�

ĉF UXP CBTJD NFUIPET UIFNTFMWFT BMTP IBWF TPNF PWFSBMM GFBUVSFT JO DPNNPO�
*O CPUI DBTFT
 UIFSF JT POF JOJUJBM DPSF JEFB
 CVU JO PSEFS UP HFU JU UP XPSL
 XF IBWF
IBE UP BEBQU PUIFS TVCTJEJBSZ JEFBT JO PSEFS UP DSFBUF B GVMM
 XPSLJOH BMHPSJUIN�
"OE JO CPUI DBTFT
 UIF SFTVMUJOH ėOBM BMHPSJUIN * MBZ PVU IFSF XPSLT BOE TIPXT
CSPBE QSPNJTF
 CVU * TFF QPTTJCJMJUJFT GPS GVSUIFS BEBQUBUJPOT BOE�PS SFėOFNFOUT
JO PSEFS UP BQQMZ JU JO B NPSF QSBDUJDBM TFOTF�

ǈ�Ǌ 5ļĹ ńŇŃĶŀĹŁ ĸŃŁĵĽłň ĵŇĹ ĽŁńŃŇŉĵłŉ ĵłĸ ĻĹłĹŇĵŀ

'PS DIBQUFS ǉ
 UIF EPNBJO JT EBUB BTTJNJMBUJPO� ĉBU JT
 UIF HPBM JT BO POMJOF
BMHPSJUIN UP JODPSQPSBUF JOGPSNBUJPO GSPN B UJNF TFSJFT PG PCTFSWBUJPOT PG BO
FWPMWJOH TZTUFN
 BOE VTF JU UP CVJME B DPIFSFOU VOEFSTUBOEJOH PG JUT QPTTJCMF
DVSSFOU TUBUF� ĉJT IBT CSPBE BOE JNQPSUBOU BQQMJDBUJPOT JO BQQMJFE TFĨJOHT� GPS
JOTUBODF
 JO NPEFMJOH HFPQIZTJDBM QSPDFTTFT TVDI BT XFBUIFS
 PS JO BMMPXJOH
SPCPUT UP NBJOUBJO B NPEFM PG UIFJS TVSSPVOEJOHT� ĉF QSPCMFNT UIBU DVSSFOU
UFDIOJRVFT IBWF XJUI IJHI�EJNFOTJPOBM QSPCMFNT PG UIJT UZQF BSF XFMM�LOPXO

BOE * IPQF UIBU UIJT UIFTJT TIPXT UIBU NZ HFOFSBM BQQSPBDI JT WFSZ QSPNJTJOH�

'PS DIBQUFST Ǌ BOE ǋ
 UIF EPNBJO JT MBUFOU WBSJBCMF NPEFMT GPS JOEFQFOEFOU
VOJUT� 4VDI NPEFMT BSF DPNNPO JO NBOZ TDJFOUJėD TFĨJOHT
 CPUI FYQFSJNFOUBM

ǋ



BOE PCTFSWBUJPOBM� *U SFNBJOT UP CF TFFO XIFUIFS .$.$
 4.$
 PS WBSJBUJPOBM
JOGFSFODF XJMM VMUJNBUFMZ QSPWF UP CF UIF CFTU XPSLIPSTF GPS UIFTF QSPCMFNT
 CVU JG
JU JT UIF MBĨFS
 * CFMJFWF UIBU TPNFUIJOH MJLF UIF BQQSPBDI HJWFO IFSF XJMM CF QBSU PG
UIF XBZ GPSXBSE� "OE FWFO JG
 VMUJNBUFMZ
 XF ėOE XBZT UP SFTPMWF UIF EJđDVMUJFT
XJUI .$.$ PS 4.$ JO UIFTF IJHI�EJNFOTJPOBM DBTFT
 TPNF PG UIF TUFQT *�WF
VTFE IFSF 	TVDI BT BOBMZUJD BNPSUJ[BUJPO
 NBZ TUJMM QSPWF VTFGVM�

4QFDJėDBMMZ JO DIBQUFS ǋ
 *�WF GPDVTFE PO B QSPCMFN SFMBUJOH UP WPUJOH� 8IJMF
UIJT JT GBS MFTT HFOFSBM B DBTF UIBO DIBQUFST ǉ BOE Ǌ
 JU JT TUJMM PG QBSBNPVOU JOUFSFTU�
'PS NF
 QFSTPOBMMZ
 WPUJOH�SFMBUFE JTTVFT XFSF XIBU JOTQJSFE NF UP QVSTVF B
EPDUPSBUF JO UIF ėSTU QMBDF
 BOE * JOUFOE UP DPOUJOVF FYQMPSJOH UIJT BSFB�

ǈ�ǋ )ŃŌŉŃŁĵĿĹĹĵķļŃĺŉļĹńŇŃĶŀĹŁňŉŇĵķŉĵĶŀĹ� ķŃłňŉŇĵĽłŉň
ĵłĸ ĵňňŊŁńŉĽŃłň

*O DIBQUFS ǉ
 UIF LFZ DPOTUSBJOU UIBU *�WF VTFE UP NBLF UIF QSPCMFN USBDUBCMF JT
TQBUJBM TUSVDUVSF� 'PS JOTUBODF
 JO UIF DBTF PG B XFBUIFS NPEFM
 B DMPVE BU POF
MPDBUJPO BU UJNF tNBZ BĎFDU OFBSCZ MPDBUJPOT BU UJNF t+ ϵ
 CVU DBO OPU BĎFDU
GBS�PĎ MPDBUJPOT VOUJM NPSF UJNF IBT QBTTFE� *O QSBDUJDF
 UIJT NFBOT UIBU UIF
FTUJNBUFE QPTUFSJPS TIPVME SFTQFDU UIF DPSSFMBUJPO TUSVDUVSF CFUXFFO OFBSCZ
MPDBUJPOT
 CVU DBO JHOPSF UIBU CFUXFFO GBS�PĎ POFT� ĉJT JT XIBU BMMPXT NZ
u'JOLFMTUFJOu BQQSPBDI
 PG DVĨJOH MPDBUJPOT BQBSU BOE UIFO QVĨJOH UIFN CBDL
UPHFUIFS JO B QSJODJQMFE XBZ
 UP XPSL�

*O DIBQUFST Ǌ BOE ǋ
 UIF LFZ TUSVDUVSF * UBLF BEWBOUBHF PG JT UIF DPOEJUJPOBM
JOEFQFOEFODF PG FBDI VOJU�T PCTFSWBUJPOT
 HJWFO HMPCBM QBSBNFUFST BOE
PCTFSWBCMF VOJU DIBSBDUFSJTUJDT 	DPWBSJBUFT
�

ǈ�ǌ 4ĹķŃłĸĵŇŏ ĽĸĹĵň ĵłĸķŃłŉŇĽĶŊŉĽŃłň
 ĵłĸĸĽŇĹķŉĽŃłň ĺŃŇ
ĺŊŉŊŇĹŌŃŇĿ

*O DIBQUFS ǉ
 UIF DFOUSBM JEFB JT UP NPEJGZ 3FCFTDIJOJ BOE WBO )BOEFM�T CMPDL
QBSUJDMF ėMUFS BMHPSJUIN CZ VTJOH UIF GPSXBSE QSPCBCJMJUZ JO PSEFS UP FOTVSF UIBU

ǌ



UIF SFTVMUJOH IZCSJE QBSUJDMFT BSF NPSF QMBVTJCMF� UIBU UIFZ EP OPU IBWF
QSPCMFNBUJD uTFBNTu CFUXFFO MPDJ XJUI EJĎFSFOU JNQMJFE IJTUPSJFT 	TNPPUIJOH
EJTUSJCVUJPOT
� *O PSEFS UP NBLF UIJT CBTJD JEFB XPSL
 * IBWF DSFBUFE B
.FUSPQPMJT�)BTUJOHT�MJLF .$.$ BMHPSJUIN
 XJUI QSPQPTBM BOE BDDFQUBODF
QSPCBCJMJUJFT UIBU IBWF CFFO CVJMU GSPN QSJODJQMFE NBUIFNBUJDBM BSHVNFOUT BOE BU
MFBTU TPNFXIBU UVOFE GPS QSBDUJDBM QFSGPSNBODF� #SJOHJOH UPHFUIFS UIJT .$.$
PWFS NVMUJQMF MPDJ
 XJUI B )PSWJU[�ĉPNQTPO FTUJNBUPS PWFS NVMUJQMF IJTUPSJFT UP
BQQSPYJNBUF UIF BDDFQUBODF QSPCBCJMJUZ
 JT
 * CFMJFWF
 BO JOUFSFTUJOH DPNCJOBUJPO

BOE POF UIBU NJHIU CF BQQMJDBCMF FMTFXIFSF�

.FBOXIJMF
 UIFSF JT GVSUIFS XPSL UP CF EPOF UP FOTVSF UIJT JEFB SFBDIFT JUT GVMM
QSPNJTF� *�WF CFHVO UP FYQMPSF IPX UP NPEJGZ JU GPS DBTFT XIFO UIF TZTUFN
EZOBNJDT BSF EFUFSNJOJTUJD PS OFBSMZ TP
 TVDI UIBU UIF WFSTJPO QSFTFOUFE IFSF GBJMT
GPS MBDL PG FSHPEJDJUZ� * BMTP IBWF JEFBT BCPVU VTJOH DPODFQUT GSPN VOTDFOUFE
,BMNBO ėMUFST UP JNQSPWF UIF QSPQPTBM EJTUSJCVUJPO
 BOE UIVT UIF NJYJOH SBUF
 PG
UIF 'JOLFMTUFJO .$.$�

*O DIBQUFST Ǌ BOE ǋ
 UIF DFOUSBM JEFB JT UP VTF PCTFSWFE JOGPSNBUJPO UP DSFBUF B
WBSJBUJPOBM HVJEF GBNJMZ UIBU SFTQFDUT QPTUFSJPS DPSSFMBUJPOT XJUIPVU OFFEJOH UP ėU
BO FYDFTTJWF OVNCFS PG QBSBNFUFST� ĉF JEFBT BCPVU IPX UP DPNCJOF UIJT XJUI
BOBMZUJD BNPSUJ[BUJPO BOE TVCTBNQMJOH
 JODMVEJOH UBLJOH BEWBOUBHF PG UIF uGSFFu
TUFQ PG /FXUPO�T NFUIPE JO UIF BNPSUJ[BUJPO
 DBNF VQ BMPOH UIF XBZ� 4UJMM
 JU NBZ
CF QPTTJCMF UP TFQBSBUF UIFTF uTFDPOEBSZu JEFBT GSPN -BQMBDF GBNJMZ WBSJBUJPOBM
JOGFSFODF
 BOE UP VTF UIFN JO UIF DPOUFYU PG 4.$ PS .$.$� ĉFSF BSF BMTP
GVSUIFS JNQSPWFNFOUT JO UIF BNPSUJ[BUJPO GVODUJPOT
 BT XFMM BT TJNQMF
DPNQVUBUJPOBM PQUJNJ[BUJPOT
 UIBU * IBWF OPU IBE UJNF UP JODMVEF JO UIJT XPSL
 CVU
UIBU * IPQF UP BEE MBUFS�

*O QBSUJDVMBS
 GPS DIBQUFS ǋ
 UIF QPJOU PG DSFBUJOH BO FYUFOTJCMF NPEFM JT UP USZ
PVU FYUFOTJPOT
 XIJMF UIF DVSSFOU XPSL IBT POMZ HPOF TP GBS BT WBMJEBUJOH UIF CBTJD
NFUIPEPMPHZ� *U JT DMFBS UIBU UIJT NFUIPE IBT TPNF BCJMJUZ UP JOGFS SFBM QBĨFSOT JO
UIF EBUB� .Z JOUFSFTU JO WPUJOH JTTVFT XBT XIBU JOTQJSFE NF UP BQQSPBDI B 1I% JO
UIF ėSTU QMBDF
 BOE TP * XJMM DPOUJOVF UP XPSL PO UIFTF JTTVFT�

Ǎ



1
")JHI�%JNFOTJPOBM 1BSUJDMF 'JMUFS

"MHPSJUIN

ǉ�ǉ #ĵķĿĻŇŃŊłĸ

'JMUFSJOH QSPCMFNT BSJTF JO NBOZ BQQMJFE DPOUFYUT
 XIFOFWFS OPJTZ PCTFSWBUJPOT
PWFS UJNF NVTU CF DPNCJOFE
 VTJOH BO FYQMJDJU EZOBNJDBM NPEFM
 JOUP B
CFTU�HVFTT EJTUSJCVUJPO PG B DVSSFOU TUBUF� *O DBTFT XIFSF UIF TZTUFN CFJOH
NPEFMFE JOWPMWFT QSPDFTTFT PWFS B MBSHF TQBUJBM FYUFOU
 TVDI BT NPEFMT PG XFBUIFS
PS PUIFS MBSHF�TDBMF ĚVJE EZOBNJDT
 ėMUFSJOH JT BMTP DBMMFE EBUB BTTJNJMBUJPO�<Ǎ>
ĉJT JT BO BDUJWF BSFB PG SFTFBSDI
 XJUI CSPBE BQQMJDBUJPOT JO QSFEJDUJWF
HFPTDJFODF<ǎ><ǍǍ> BOE SPCPUJDT<ǍǊ>� *O GBDU
 JU JT DPOTJEFSFE UP CF BNPOH UIF

ǎ



DFOUSBM QSPCMFNT JO CPUI PG UIFTF EJTDJQMJOFT�Ǯ
ĉF CBTJD ėMUFSJOH QSPCMFN JT BT GPMMPXT� 8F NPEFM UIF TUBUF PG UIF TZTUFN BU

UJNF t BT B SBOEPN WBSJBCMFXt� *O PVS DPOUFYU
Xt XJMM IBWF WBMVFT xl
t
BU FBDI

TQBDJBM MPDVT l
 GPS B MBSHF OVNCFS PG MPDJ� 8F BTTVNFX0, ..., XT GPSN B .BSLPW
DIBJO XJUI LOPXO BOE TBNQMFBCMF EFOTJUJFT GPS CPUI UIF JOJUJBM TUBUF 	π0
 BOE
USBOTJUJPO GVODUJPO 	P
 XIJDI NBQT TUBUFT PS EFOTJUJFT BU UJNF t− 1 UP EFOTJUJFT BU
UJNF t
� 8F BMTP IBWF B TFSJFT PG PCTFSWBUJPOT Y1, ..., YT 
 BOE XF BTTVNF UIBU FBDI
Yt EFQFOET POMZ PO UIF DPSSFTQPOEJOHXt BDDPSEJOH UP B LOPXO BOE TBNQMFBCMF
PCTFSWBUJPO EFOTJUZ f(Yt|Xt)� ĉJT JT TIPXO HSBQIJDBMMZ JO 'JHVSF ǉ�ǉ�ǉ�

X0 X1 . . . XT−1 XT

Y0 Y1
. . .

YT−1 YT

6B;m`2 RXRXR, :`�T?B+�H KQ/2H Q7 � HQr@/BK2MbBQM�H }Hi2`BM; T`Q#H2K- rBi?
iBK2 ;QBM; ?Q`BxQMi�HHv 7`QK H27i iQ `B;?iX

"U FBDI UJNF TUFQ t
 XF XJTI UP FTUJNBUF UIF ėMUFSJOH EJTUSJCVUJPO� UIBU JT
 UIF
QSPCBCJMJUZ EFOTJUZ πt PGXt|{Y1, ..., Yt}� #FDBVTF UIFXt BSF .BSLPWJBO
 BOE Yt

EFQFOET POMZXt
 XF DBO XSJUF πt SFDVSTJWFMZ BT

πt(·) = EXt−1∼πt−1 [P (Xt ∈ ·|Yt, Xt−1)] 	ǉ�ǉ


5P NJOJNJ[F TVCTDSJQUT
 XF BEPQU UIF GPMMPXJOH OPUBUJPO�

r 8F BCCSFWJBUF UIF ėMUFSJOH EJTUSJCVUJPOT πt−1 BOE πt CZ τ BOE π
SFTQFDUJWFMZ�

Ǯ"DDPSEJOH UP UIF QBQFST DJUFE BCPWF
 UIFSF JT iNVDI GPDVT JO UIF <HFPTDJFODF> MJUFSBUVSF PO
UIF BTTJNJMBUJPO PG EBUB BOE OVNFSJDBM NPEFMT QFSUBJO<JOH> UP UIF TBNQMJOH PG IJHI�EJNFOTJPOBM
QSPCBCJMJUZ EFOTJUZ GVODUJPOTu <ǎ>
 BOE iĉF 4-". <TJNVMUBOFPVT MPDBUJPO BOE NBQQJOH> QSPC�
MFN JT HFOFSBMMZ SFHBSEFE BT POF PG UIF NPTU JNQPSUBOU QSPCMFNT JO UIF QVSTVJU PG CVJMEJOH USVMZ
BVUPOPNPVT NPCJMF SPCPUT�u<ǍǊ>

Ǐ



r 8F BCCSFWJBUF TBNQMFT GSPNXt−1 BOEXt CZx BOE z SFTQFDUJWFMZ�

r 8IFO yt−1 JT OPU SFMFWBOU
 XF XSJUF y GPS yt�

r 4VQFSTDSJQUT TIPVME OPU CF SFBE BT FYQPOFOUJBUJPO GPS UIFTF BOE TJNJMBS
FOUJUJFT�

ĉF SFDVSTJWF GPSNVMB GPS πt TVHHFTUT UIF QPTTJCJMJUZ PG POMJOF DBMDVMBUJPO
 XJUI
POMZ B DPOTUBOU DPNQVUJOH UJNF SFRVJSFE UP VQEBUF GSPN τ = πt−1 UP π = πt�
)PXFWFS
 VOMFTT XF BTTVNF B QBSUJDVMBS QBSBNFUSJD GPSN GPS π
 UIFSF JT OP ėOJUF
TFU PG TVđDJFOU TUBUJTUJDT UIBU DPVME TUBOE JO GPS UIF GVMM EJTUSJCVUJPO� ĉVT
 BTJEF
GSPN WFSZ TJNQMF TQFDJBM DBTFT
 FYBDU DBMDVMBUJPO JT JNQPTTJCMF� XF MPPL GPS BO
BQQSPYJNBUJPO JOTUFBE�

" XJEFMZ�VTFE SFDVSTJWF BMHPSJUIN GPS BQQSPYJNBUJOH UIF ėMUFSJOH EJTUSJCVUJPO
JT UIF CPPUTUSBQ QBSUJDMF ėMUFS� "TTVNJOH XF IBWF B TBNQMFBCMF EJTUSJCVUJPO τ̂ BU
UJNF t− 1 UIBU BQQSPYJNBUFT UIF USVF ėMUFSJOH EJTUSJCVUJPO τ 
 XF QSPDFFE BT
GPMMPXT�

ǉ� 4BNQMFM JJE QBSUJDMFTx1..M GSPN τ̂ � 	/PUF UIBU JG XF IBWF CFFO GPMMPXJOH
UIF BMHPSJUIN VQ UP TUFQ t− 1
 UIFO τ̂ UBLFT UIF GPSN PG TUFQ 	ǋ
 CFMPX�


Ǌ� 'PS FBDIxi
 QSPHSFTT JU UP HFU DBOEJEBUF QBSUJDMF zi ∼ Pxi�

ǋ� 'JOE XFJHIUTwi ≡ f(y|zi)� ĉF TFU PG XFJHIUFE QBSUJDMFT GPSNT

π̂ ≡
∑M

i=1 w
iδ(zi)

∑M
i=1 w

i
.

)FSF δ(a) JT UIF %JSBD EFMUB EFOTJUZ� GPS FYBNQMF
 12(δ(0) + δ(1)) JT UIF
#FSOPVMMJ EJTUSJCVUJPO XJUI p = 1

2 �

" LFZ QSPQFSUZ PG UIF QBSUJDMF ėMUFS BMHPSJUIN JT UIBU
 GPS MBSHF FOPVHIM 
 UIF
.POUF $BSMP FSSPS SFNBJOT VOEFS DPOUSPM
 FWFO BT UIF UJNF TUFQT BDDVNVMBUF�<ǉǉ>
4QFDJėDBMMZ
 MFU π̂M

t CF UIF BQQSPYJNBUJPO UP πt PCUBJOFE VTJOHM QBSUJDMFT
 BT
BCPWF� -FUF CF UIF TFU PG GVODUJPOT GSPN UIF EPNBJO PG πt UP (−1, 1)� 'PS FBDI

ǐ



G ∈ F 
 EFOPUFEX∼πt(G(X)) BOEEX∼π̂M
t
(G(X)) CZ πt(G) BOE π̂M

t (G)
SFTQFDUJWFMZ� ĉFO

TVQ
F

E|πt(G)− π̂M
t (G)| ≤ C√

M
, 	ǉ�Ǌ


GPS TPNF DPOTUBOUC UIBU EPFT OPU EFQFOE PO t� ĉF PVUFS FYQFDUBUJPO IFSF JT UBLFO
PWFS UIF SBOEPNOFTT PG UIF BMHPSJUIN JUTFMG� UIBU JT
 DPOTJEFSJOH UIF EJTUSJCVUJPO
π̂ BT JUTFMG B SBOEPN WBSJBCMF
 XIJMF π JT ėYFE�<ǌǌ
 Q� Ǌǐǉǌ>

/PX TVQQPTF UIBU XF BSF JOUFSFTUFE JO NPEFMJOH QSPDFTTFT XJUI B MBSHF TQBUJBM
FYUFOU� 'PS JOTUBODF
 JO B XFBUIFS NPEFM
 POF NJHIU VTF B MBĨJDF PG QPJOUT UIBU
DPWFS UIF SFHJPO PG JOUFSFTU
 XJUI WBSJPVT DPOUJOVPVT WBMVFT 	UFNQFSBUVSF

IVNJEJUZ
 QSFTTVSF
 XJOE
 FUD�
 SFDPSEFE BU FBDI MPDVT� *GXt DPOUBJOT JOGPSNBUJPO
BCPVUL TFQBSBUF TQBUJBM MPDJ
 BOE UIF TUBUF TQBDF BU FBDI MPDVT IBT EJNFOTJPOK 

UIFO UIF GVMM TUBUF TQBDF PGXt IBT EJNFOTJPOKL� *O QSBDUJDBM BQQMJDBUJPOT
 UIJT
DBO FBTJMZ CF 107 PS NPSF�<Ǎǌ>

5P TFF XIZ
 DPOTJEFS B TDIFNBUJD EJBHSBN PG UIF NPEFM 	'JHVSF ǉ�ǉ�Ǌ

 XIFSF
UIF TUBUF PG UIF TZTUFN BU UJNF t BOE MPDVT l JT EFOPUFE xl

t
�

x0
0

x0
1

. . . x0
T

x1
0

x1
1

. . . x1
T

. . . . . . . . . . . .

xL
0

xL
1 . . .

xL
T

y0
0

y0
1

. . . y0
T

y1
0

y1
1

. . . x1
T

. . . . . . . . . . . .

yL
t

6B;m`2 RXRXk, :`�T?B+�H KQ/2H Q7 � UbBKTH2V ?B;?@/BK2MbBQM�H }Hi2`BM; T`Q#@
H2KX hBK2 Bb biBHH `2T`2b2Mi2/ H27i@iQ@`B;?i- �M/ � bBM;H2 bT�iB�H /BK2MbBQM Bb
`2T`2b2Mi2/ #v /B�;QM�H b2ib Q7 bBKmHi�M2Qmb p�`B�#H2bX

/PUF UIF GPMMPXJOH BTTVNQUJPOT JNQMJDJU JO UIF EJBHSBN�

Ǒ



r (yl
t
|xl

t
) ⊥⊥ xk ̸=l

t
� ĉJT BTTVNQUJPO XJMM CF VTFE JO UIF GPMMPXJOH GPS

TJNQMJDJUZ
 BMUIPVHI * CFMJFWF JU DBO CF SFMBYFE JO QSBDUJDF XJUI POMZ NJOPS
BEEJUJPOBM DPNQMJDBUJPOT�

r .PSF DSVDJBMMZ
 xl
t
EFQFOET PO x k

t−1
POMZ GPS k JO TPNF TNBMM TQBUJBM

iOFJHICPSIPPEuN (l) PG l� ĉF QSFDJTF DPNQPTJUJPO PGN (l) EFQFOET PO
NPEFM BTTVNQUJPOT BT XFMM BT UIF XBZ UIBU UIFL MPDJ BSF QPTJUJPOFE JO
TQBDF� ĉF EJBHSBN EFQJDUT UIF DBTF XIFSF UIF MPDJ BSF BMM MBJE PVU BMPOH B
TJOHMF TQBUJBM EJNFOTJPO
 TP UIBU UIF JNNFEJBUF OFJHICPST PG MPDVT l BSF
MPDJ l− 1 BOE l+1� *O QSBDUJDBM BQQMJDBUJPOT
 UIF MPDJ XPVME NPSF MJLFMZ CF
DPOOFDUFE JO B Ǌ% PS ǋ% HSJE�

* XJMM EJTDVTT UIJT MPDBMJUZ PG EZOBNJDT BTTVNQUJPO GVSUIFS CFMPX
 BT JU JT LFZ UP UIF
QFSGPSNBODF PG UIF BMHPSJUIN * QSPQPTF JO UIJT QBQFS�

5FDIOJDBMMZ TQFBLJOH
 UIF FSSPS CPVOET JO ǉ�Ǌ TUJMM BQQMZ� FSSPST BSF TUBCMF PWFS
UJNF BOE JOWFSTFMZ QSPQPSUJPOBM UP UIF TRVBSF SPPU PG UIF OVNCFS PG QBSUJDMFT
	∝ 1/

√
M
� #VU JU JT XJEFMZ SFDPHOJ[FE UIBU UIF CPPUTUSBQ QBSUJDMF ėMUFS JT OP

MPOHFS B QSBDUJDBM TPMVUJPO JO UIJT DPOUFYU
 EVF UP XFJHIU EFHFOFSBDZ�<Ǎǉ><Ǐ><ǋ>
ĉF QSPCMFN JT UIBU
 JO UIF SFTBNQMJOH TUFQ
 UIF NBKPSJUZ PG UIF XFJHIU XJMM UFOE UP
CF DBSSJFE CZ POMZ B TNBMM GSBDUJPO PG UIF QSPQPTFE QBSUJDMFT� 5P TFF XIZ
 OPUF UIBU
UIF MPH MJLFMJIPPE PG FBDI QBSUJDMF JT UIF TVN PG JUT MPH MJLFMJIPPE BU FBDI MPDVT�
4JODF UIFTF UFSNT BSF SPVHIMZ JOEFQFOEFOU
 BTL JODSFBTFT
 UIF FNQJSJDBM
EJTUSJCVUJPO PG MPH MJLFMJIPPET PG UIF QBSUJDMFT DPNFT UP SFTFNCMF B (BVTTJBO
EJTUSJCVUJPO XJUI WBSJBODF UIBU TDBMFT MJOFBSMZ XJUIL� ĉVT UIF XFJHIUT DPNF UP
CF EJTUSJCVUFE BQQSPYJNBUFMZ BDDPSEJOH UP B MPH�OPSNBM EJTUSJCVUJPO
 XIPTF
TLFXOFTT JODSFBTFT FYQPOFOUJBMMZ XJUIL� ĉVT
 UIF GSBDUJPO PG QBSUJDMFT XJUI
BCPWF�BWFSBHF XFJHIU XJMM TISJOL FYQPOFOUJBMMZ XJUIL� ǯ

*O GBDU
 XJUIPVU BO FYQPOFOUJBMMZ MBSHF OVNCFS PG QBSUJDMFT
 OPU POMZ XJMM POF PG
UIFN UFOE UP IBWF NPSF XFJHIU UIBO BMM UIF PUIFST
 CVU JU JT MJLFMZ UIBU UIFSF JT
TPNF NJTTJOH WBMVF XIPTF XFJHIU XPVME EPNJOBUF FWFO PVS CFTU QBSUJDMF� "U UIJT

ǯ#JDLFM FU BM�<Ǐ> GPSNBMJ[F UIJT MJOF PG BSHVNFOU
 TIPXJOH UIBU UIF WBSJBODF PG UIF MPH MJLFMJIPPE
NBZ CF TFFO BT BO FTUJNBUF PG UIF FĎFDUJWF TUBUF EJNFOTJPO EFQJDUFE CZ UIF NFBTVSFNFOUT y�

ǉǈ



QPJOU UIF QBSUJDMF ėMUFS DFBTFT UP CF B VTFGVM BQQSPYJNBUJPO PG UIF ėMUFSJOH
EJTUSJCVUJPO� ĉBU JT
 BMUIPVHI UIF DPOTUBOUC JO &RVBUJPO ǉ�Ǌ EPFT OPU EFQFOE
PO UJNF
 JU EPFT HSPX FYQPOFOUJBMMZ XJUIL� ĉJT JT XIBU JT LOPXO BT DVSTF PG
EJNFOTJPOBMJUZ GPS QBSUJDMF ėMUFST�

ǉ�ǉ�ǉ &ŎĽňŉĽłĻ ňŉĵŉĹ Ńĺ ŉļĹ ĵŇŉ 	3ĹĶĹňķļĽłĽ ĵłĸ ŋĵł )ĵłĸĹŀ
 ǊǈǉǍ


ĉFSF IBWF CFFO WBSJPVT QSPQPTBMT GPS EFBMJOH XJUI UIJT DVSTF PG EJNFOTJPOBMJUZ JO
HFOFSBM� *O GBDU
 UIFSF BSF UISFF EJĎFSFOU SFDFOU TVSWFZ BSUJDMFT SFWJFXJOH BOE
DPNQBSJOH UIFTF
 CZ 4FQUJFS BOE 1FUFST<ǌǑ>
 .PS[ėFME FU BM�<ǋǎ>
 BOE 'BSDIJ BOE
#PDRVFU�<ǉǍ> 4PNF PG UIFTF QSJPS NFUIPET EP OPU VTF UIF MPDBMJUZ PG EZOBNJDT
BTTVNQUJPO
 XIJDI * CFMJFWF MJNJUT UIFJS FĎFDUJWFOFTT� ĉJT JODMVEFT (JMLT BOE
#FS[VJOJ
<ǉǏ> XIP TVHHFTU SFKVWFOBUJOH QBSUJDMFT XJUI .$.$ TUFQT
 UBSHFUFE UP
UIF ėMUFSJOH EJTUSJCVUJPO
 UP BWPJE UIF EVQMJDBUJPO QSPCMFN GSPN SFTBNQMJOH� BOE
(PPETJMM BOE $MBQQ
<ǉǐ> XIP QSPQPTF VTJOH CSJEHJOH EFOTJUJFT TVDI BT BOOFBMFE
RVBTJ�ėMUFSJOH EFOTJUJFT UP TPMWF UIF QSPCMFN PG MBDL PG PWFSMBQ CFUXFFO UIF
QSPHSFTTFE EFOTJUZ Pτ ≡ (z|y1, ...,yt−1) BOE UIF MJLFMJIPPE f(yt|z)�

ĉF UXP QSFWJPVT QSPQPTBMT UIBU EP VTF MPDBMJUZ PG EZOBNJDT DPNF GSPN
1PUFSKPZ<ǌǈ><ǌǉ> BOE GSPN 3FCFTDIJOJ BOE WBO )BOEFM�<ǌǌ> 0G UIFTF UXP

3FCFTDIJOJ BOE WBO )BOEFM�T QSPQPTBM JT NPSF HFOFSBMMZ BQQMJDBCMF
 TP * XJMM
FYQMBJO JU GVSUIFS CFMPX� 1PUFSKPZ
 PO UIF PUIFS IBOE
 TVHHFTUT B TDIFNF UIBU
 BT
HJWFO
 JT MJNJUFE UP TJUVBUJPOT PG TQBSTF PCTFSWBUJPOT� JU VTFT FTUJNBUFE DPWBSJBODF
NBUSJDFT UP CMFOE SFTBNQMFE QBSUJDMF ėMUFS WBMVFT BU B MPDBM TDBMF XJUI
VO�SFTBNQMFE WBMVFT BU B NFTP�TDBMF�

3FCFTDIJOJ BOE WBO )BOEFM�T QSPQPTBM JT DBMMFE UIF CMPDL QBSUJDMF ėMUFS� BMTP
TPNFUJNFT UFSNFE UIF MPDBMJ[FE QBSUJDMF ėMUFS� *O TJNQMF UFSNT
 UIFZ SFQMBDF UIF
HMPCBM SFTBNQMJOH TUFQ PG UIF CPPUTUSBQ QBSUJDMF ėMUFS XJUI B MPDBM SFTBNQMJOH TUFQ
XIJDI DPOTUSVDUT OFX QBSUJDMFT CZ SFTBNQMJOH OFJHICPSIPPET JOEFQFOEFOUMZ�

ĉFZ CFHJO UIFJS UIFPSFUJDBM EJTDVTTJPO CZ PĎFSJOH BO PWFSBMM QPJOU PG WJFX PG
UIF QSPCMFN XIJDI WFSZ NVDI JOTQJSFE UIF DVSSFOU XPSL� ĉFZ GPDVT PO UIF
EFDBZ PG DPSSFMBUJPOT CFUXFFO MPDBM WBMVFT BT TQBUJBM EJTUBODF JODSFBTFT
 XIJDI

ǉǉ



UIFZ TBZ JT iJO FTTFODF B TQBUJBM DPVOUFSQBSU PG UIF NVDI CFĨFS�VOEFSTUPPE
<UFNQPSBM> TUBCJMJUZ QSPQFSUZ PG OPOMJOFBS ėMUFSTu� ĉJT EFDBZ PG DPSSFMBUJPOT

EJTDVTTFE GVSUIFS CFMPX
 JT B QSPEVDU PG UIF MPDBMJUZ�PG�EZOBNJDT BTTVNQUJPO
TIPXO JO UIF EJBHSBNT BCPWF�

3FCFTDIJOJ BOE WBO )BOEFM QBSUJUJPO UIF MPDJ 1, ..., L PG UIF QSPHSFTTFE
QBSUJDMFT JOUP J [POFT {Zj}
 XIFSF FBDI [POF DPOTJTUT PG B TNBMM OVNCFS PG
	DPOUJHVPVT
 MPDJ� ĉFZ UIFO XFJHIU BOE SFTBNQMF WBMVFT GSPN FBDI [POF
JOEFQFOEFOUMZ� ĉJT QSPEVDFT XIBU * XPVME DBMM i'SBOLFOTUFJOu QBSUJDMFT
 TFXO
UPHFUIFS GSPN [POF�TJ[FE QJFDFT PG EJĎFSFOU QBSUJDMFT� #FDBVTF PG UIF SFXFJHIUJOH
BOE SFTBNQMJOH
 FBDI QJFDF UFOET UP ėU XFMM XJUI PCTFSWBUJPOT MPDBMMZ
 CVU BU UIF
uTFBNTu CFUXFFO [POFT
 WBMVFT BU OFJHICPSJOH MPDJ PěFO DPNF GSPN QSPHSFTTJOH
EJĎFSFOU QBSUJDMFT GSPN UJNF t− 1�

ĉF QSFDJTF TUFQT PG UIF CMPDL QBSUJDMF ėMUFS BMHPSJUIN BSF BT GPMMPXT�

ǉ� (JWFO τ̂ 
 B TBNQMFBCMF EJTUSJCVUJPO UIBU BQQSPYJNBUFT UIF JEFBM ėMUFSJOH
EJTUSJCVUJPO τ 
 TBNQMFM JJE QBSUJDMFTx1..M GSPN τ̂ � 	/PUF UIBU JG τ̂ UBLFT
UIF GPSN PG UIF PVUQVU PG TUFQ 	ǋ
 CFMPX
 UIFO UIJT BNPVOUT UP TBNQMJOH

JOEFQFOEFOUMZ XJUI SFQMBDFNFOU
 B ki

j GPS FBDI [POFZj; 1 ≤ j ≤ J BOE

QBSUJDMF iXJUI QSPCBCJMJUZw
kij
Zj
/Σnwn

Zj
� UIFO QVĨJOH UIPTF UPHFUIFS UP

NBLF UIF ėOBM QBSUJDMFT
 TP UIBU l ∈ Zj ⇒ zil = z
kij
l �


Ǌ� 'PS FBDIxi
 QSPHSFTT JU UP HFU zi ∼ Px�

ǋ� 'JOE XFJHIUT GPS FBDI QBSUJDMF GPS FBDI [POF
 CBTFE PO UIF MPDBM
PCTFSWBUJPO MJLFMJIPPE� wi

Zj
=

∏
l∈Zj

f(yl|zil )� ĉFO

π̂ ≡
J

⊗
j=1

∑M
i=1 w

i
Zj
δ(xi

Zj
)

∑M
i=1 w

i
Zj

*OUVJUJWFMZ
 DVĨJOH UIF QSPHSFTTFE QBSUJDMFT JOUP [POFT BOE SFDPOTUJUVUJOH UIFN
JT B XBZ UP TPMWF UIF FYQPOFOUJBM DVSTF PG EJNFOTJPOT� )PXFWFS
 JU HJWFT SJTF UP B
EJĎFSFOU QSPCMFN� JU CSFBLT BOZ JOUFS�MPDVT EFQFOEFODJFT BDSPTT [POF

ǉǊ



CPVOEBSJFT
 XIFUIFS UIPTF DPNF GSPN QSF�FYJTUJOH EFQFOEFODJFT BU UIF t− 1

UJNF TUFQ PS BSF JOEVDFE CZ DSPTT�CPSEFS EZOBNJDT EVSJOH UIF MBUFTU UJNF TUFQ
	CFDBVTF UIF USBOTJUJPO LFSOFM VTFT B IJTUPSZ UIBU PWFSMBQT UIF CPVOEBSZ
� ĉFTF
CSPLFO EFQFOEFODJFT MFBE UP FSSPS BU UIF CPVOEBSJFT
 XIJDI EPFT OPU EJTBQQFBS
FWFO BT OVNCFS PG QBSUJDMFT HPFT UP JOėOJUZ�

*O QBSUJDVMBS
 UIJT DPVME MFBE UP VOSFBMJTUJD EZOBNJDT OFBS UIF CPVOEBSJFT BU
MBUFS UJNF TUFQT
 FTQFDJBMMZ JG UIF GPSXBSE EFOTJUZ PQFSBUPS P JT OPOMJOFBS� <ǌǌ

Q� ǊǐǊǑ> 'PS JOTUBODF
 JNBHJOF B XFBUIFS NPEFM JO XIJDI UIF IZQPUIFUJDBM BJS
QSFTTVSF JO B QBSUJDMF WBSJFE SFBTPOBCMZ XJUIJO FBDI [POF
 CVU B EJTDPOUJOVJUZ BU
UIF [POF CPVOEBSZ MFE UP B QSFEJDUJPO PG B UPSOBEP GPSNJOH JO UIF OFYU UJNF TUFQ�
/PUF UIBU UIF BMHPSJUIN QSPQPTFE JO UIJT QBQFS BWPJET TVDI EJTDPOUJOVJUJFT
 CVU
GPS VOSFMBUFE SFBTPOT DBO CF JMM�TVJUFE UP NPEFMJOH NPEFMT XJUI OPOMJOFBS
EZOBNJDT� * XJMM BEESFTT UIJT JTTVF JO MBUFS XPSL XJUI B QSPQPTFE FYUFOTJPO UP NZ
BMHPSJUIN�

'PS UIF CMPDL QBSUJDMF ėMUFS NFUIPE UP CF VTFGVM
 DPSSFMBUJPOT CFUXFFO MPDBM
WBMVFT NVTU UFOE UP EFDBZ XJUI EJTUBODF� *G TVDI EFDBZ PG DPSSFMBUJPOT IPMET
 UIFO

GBS FOPVHI GSPN B [POF CPVOEBSZ
 UIF EZOBNJDT SFUVSO UP OPSNBM�

ĉJT JOUVJUJPO IFMQT FYQMBJO UIF FSSPS CPVOET UIBU UIFTF SFTFBSDIFST QSPWF UIFJS
BMHPSJUIN PCFZT� ĉFZ TIPX UIBU UIF FSSPS GPS UIF WBMVF BU B HJWFO MPDVT l TBUJTėFT

|||π − π̂M |||{l} ≤ α(
eβ|Zl|
√
M

+ e−γ JOG |l−b∈ZC
l |) 	ǉ�ǋ


XIFSF UIF DPOTUBOUT α, β, γ > 0 EP OPU EFQFOE PO t� 	ĉFZ EFėOF B OPSN GPS
UIJT QVSQPTF XIJDI NFBTVSFT UIF EJTUBODF CFUXFFO SBOEPN EJTUSJCVUJPOT� * XJMM
OPU SFQSPEVDF UIJT EFėOJUJPO� IFSF
 UIJT SFTVMU JT NFSFMZ TUBUFE BT B HVJEF GPS
JOUVJUJPO�


0OF DBO TFF UIBU UIFSF JT B USBEFPĎ� VTJOH TNBMMFS [POFT BOE�PS NPSF QBSUJDMFT
BMMPXT CFĨFS HVFTTFT GPS B HJWFO [POF UP DPOUSPM UIF UFSN eβ|Zl|√

M

 XIJMF VTJOH MBSHFS

[POFT NFBOT UIBU UIFSF BSF MPDJ GBSUIFS GSPN CPVOEBSZ FĎFDUT BOE UIVT DPOUSPMT
UIF UFSN e−γ JOG |m−b∈ZC

l |� *O QSBDUJDF
 3FCFTDIJOJ BOE WBO )BOEFM HJWF B TJNQMF
FYBNQMF XIFSF JU XPVME TUJMM CF QPTTJCMF UP DPOUSPM BWFSBHF FSSPS QFS MPDVT
 CBTFE

ǉǋ



PO ėOEJOH BO PQUJNBM CBMBODF CFUXFFO BEEJOH QBSUJDMFT BOE JODSFBTJOH
OFJHICPSIPPE TJ[F
 CVU JO UIBU FYBNQMF UIF JOWFSTF PG UIFJS FSSPS CPVOE HSPXT
POMZ MPHBSJUINJDBMMZ XJUI UIF DPNQVUJOH SFTPVSDFT�OVNCFS PG QBSUJDMFT ã JO
PUIFS XPSET
 BT UPMFSBODFT UJHIUFO
 UIF SFRVJSFE OVNCFS PG QBSUJDMFT DBO TUJMM HSPX
FYQPOFOUJBMMZ� ĉVT
 BMUIPVHI UIFJS BMHPSJUIN JO QSBDUJDF HJWFT FSSPS GBS MPXFS
UIBO UIBU PG UIF CPPUTUSBQ QBSUJDMF ėMUFS
 JU IBT OPU GVMMZ PWFSDPNF UIF QSPCMFN PG
OFFEJOH FYQPOFOUJBM DPNQVUJOH DPTU
 FTQFDJBMMZ JG POF XJTIFT UP BDIJFWF ėYFE
FSSPS CPVOET UIBU BSF MPXFS UIBO XIBU DPNFT FBTJMZ XJUI B NPEFSBUF
OFJHICPSIPPE TJ[F�

ǉ�Ǌ 5ļĹ 'ĽłĿĹŀňŉĹĽł ňŃŀŊŉĽŃł

*O UIJT TFDUJPO
 * XJMM TLFUDI PVU UIF CBTJD PVUMJOFT PG B SFDVSTJWF BMHPSJUIN JO
XIJDI FBDI QBSUJDMF BU UJNF t JT DPNQPTFE PG WBMVFT BU EJĎFSFOU MPDJ XIJDI BSF
ESBXO GSPN TUBUF WFDUPST QSPHSFTTFE GSPN EJĎFSFOU QBSUJDMFT BU UJNF t− 1� ĉF
DIPJDF PG XIJDI WBMVFT GPS B HJWFO MPDVT DPNCJOF XJUI XIJDI WBMVFT BU PUIFS MPDJ
JT NBEF CZ SVOOJOH B TFQBSBUF .FUSPQPMJT�)BTUJOHT .$.$ UP DSFBUF FBDI
DPNQPTJUF QBSUJDMF
 QSPQPTJOH UP SFQMBDF POF MPDVT WBMVF BU FBDI .$.$ TUFQ�
8IBU BDDFQUBODF SBUJP ρ UP VTF GPS UIPTF QSPQPTBMT XJMM CF EJTDVTTFE JO MBUFS
TFDUJPOT�

* OBNF UIJT UIF 'JOLFMTUFJO BMHPSJUIN
 BěFS UIF DIBSBDUFS 4BMMZ 'JOLFMTUFJO GSPN
UIF NPWJF iĉF /JHIUNBSF #FGPSF $ISJTUNBTu� * IBWF BMSFBEZ DPNQBSFE UIF CMPDL
QBSUJDMF ėMUFS UP B 'SBOLFOTUFJO TPMVUJPO
 JO XIJDI UIF QSPHSFTTFE QBSUJDMFT BSF
DIPQQFE VQ BOE UIFO SBOEPNMZ TFXO CBDL UPHFUIFS� *O UIBU BMHPSJUIN
 UIF
TVJUBCJMJUZ PG UIF WBMVFT JO FBDI [POF PG FBDI QBSUJDMF JT NFBTVSFE BHBJOTU
PCTFSWBUJPO
 CVU OPU BHBJOTU UIF PUIFS [POFT PO XIJDI JU CPSEFST� 'JOLFMTUFJO DBO
JNQSPWF PO UIJT� ĉPVHI IFSTFMG PSJHJOBMMZ B 'SBOLFOTUFJO�T�NPOTUFS�MJLF DSFBUJPO
PG B TUFSFPUZQJDBM NBE EPDUPS
 OPX UIBU TIF IBT CFFO BOJNBUFE
 4BMMZ JT BCMF UP
MPTF IFS CPEZ QBSUT BOE TFX UIFN CBDL PO
 BOE UIVT QSFTVNBCMZ UP DIPPTF GPS
IFSTFMG POMZ UIPTF CPEZ QBSUT UIBU CFTU ėU UPHFUIFS� *O NZ UFSNT
 'JOLFMTUFJO
XPVME CF BCMF UP SVO BO .$.$ QSPDFTT PO IFS PXO CPEZ
 UBSHFUJOH XIBUFWFS

ǉǌ



EJTUSJCVUJPO TIF QMFBTFT�
" LFZ BTQFDU PG UIJT BMHPSJUIN JT UIF .FUSPQPMJT�)BTUJOHT BDDFQUBODF SBUJP ρ�

8IFO DIPPTJOH B GPSNVMB GPS TVDI B SBUJP
 UIF LFZ RVFTUJPO JT
 XIBU EJTUSJCVUJPO
EP XF XJTI UP UBSHFU *�MM CFHJO CZ TIPXJOH BO BMHPSJUIN UIBU UBSHFUT UIF OBUVSBM
VOOPSNBMJ[FE EFOTJUZ�

fx∼τ (z|y) =
∫

f(z|y,x)τ(x)dx 	ǉ�ǌ


∝
∫

f(y, z)f(z,x)τ(x)dx

= [Πlf(yl|zl)]
∫

[Πlf(zl|x)]τ(x)dx

*U XJMM UVSO PVU UIBU UBSHFUJOH UIJT EFOTJUZ TUJMM TVĎFST B TJNJMBS DVSTF PG
EJNFOTJPOBMJUZ BT UIF CPPUTUSBQ QBSUJDMF ėMUFS
 TP * XJMM NPEJGZ UIF BMHPSJUIN

TVDI UIBU JUT TUBUJPOBSZ EJTUSJCVUJPO JT OPU QSFDJTFMZ UIF BCPWF FYQSFTTJPO� 4UJMM

UIJT FYQSFTTJPO JT TUJMM UIF TUBSUJOH QPJOU� CZ BQQSPYJNBUFMZ UBSHFUJOH JU
 *
BQQSPYJNBUFMZ UBSHFU π�

)FSF BSF UIF TUFQT PG UIF CBTJD 'JOLFMTUFJO BMHPSJUIN� * EP OPU JODMVEF B
GPSNVMB GPS UIF BDDFQUBODF QSPCBCJMJUZ ρ IFSF� * XJMM EFWFMPQ BOE EJTDVTT TFWFSBM
BMUFSOBUJWFT GPS TVDI B GPSNVMB
 CBTFE PO NPEJėDBUJPOT PG UIF EFOTJUZ BCPWF
 JO
UIF GPMMPXJOH TFDUJPOT�

ǉ� "TTVNF XF IBWF τ̂M 
 B TBNQMFBCMF EJTUSJCVUJPO XIJDI JO TPNF TFOTF
BQQSPYJNBUFT UIF JEFBM ėMUFSJOH EJTUSJCVUJPO τ 
 BOE XIJDI NVTU CF PG UIF
GPSN 1

M

∑M
i=1 δ(x

i)� /PUF UIBU VOMJLF UIF DBTFT PG UIF CPPUTUSBQ BOE
CMPDL QBSUJDMF ėMUFST
 UIF ėOBM π̂ QSPEVDFE CZ UIJT BMHPSJUIN BMSFBEZ IBT
FRVBMMZ�XFJHIUFE QBSUJDMFT� TP JG τ̂M DPNFT GSPN π̂ PG B QSFWJPVT JUFSBUJPO
PG UIJT BMHPSJUIN
 SFTBNQMJOH JT OPU SFRVJSFE�

Ǌ� 'PS FBDI QBSUJDMFxi
 QSPHSFTT JU UP HFU B GVMM QBSUJDMF z̃i ∼ Pxi XIPTF MPDBM
WBMVFT BSF LOPXO BT z̃il � 	*O MBUFS TUFQT
 * XJMM BTTVNF GPS TJNQMJDJUZ UIBU

ǉǍ



UIFSF BSF OP EVQMJDBUF WBMVFT BU BOZ MPDVT
 TP i ̸= j ⇒ z̃il ̸= z̃jl 
 CVU
SFMBYJOH UIJT BTTVNQUJPO TIPVME CF TUSBJHIUGPSXBSE JG OFDFTTBSZ�


ǋ� 'JOE MJLFMJIPPE XFJHIUT GPS FBDI TVDI MPDBM WBMVF
 EFOPUFEwi
l ≡ f(yl|z̃il )�

BOE GPSXBSE EFOTJUJFT DPOEJUJPOBM POxj GPS BMM j 	JODMVEJOH j = i


EFOPUFE f j→i

l ≡ fP(z̃il |xj)�

ǌ� *O QBSBMMFM
 GPS k = 1, . . . ,M 
 EP UIF GPMMPXJOH�

	B
 $SFBUF B OFX QSPQPTBM QBSUJDMF CZ JOEFQFOEFOUMZ TBNQMJOH FBDI
MPDVT PG B WFDUPS ι0 ∈ {1..M}L� ĉJT WFDUPS TQFDJėFT UIF TPVSDF GPS
UIF WBMVF PG z̃ UIBU JT CFJOH DPOTJEFSFE BU FBDI MPDVT� UIBU JT
 BěFS
SVOOJOH UIF .$.$ GPS S TUFQT
 UIF ėOBM WBMVF ιS XJMM CF VTFE UP
EFėOF zk CZ TFĨJOH zkl = z̃

ιSl
l � ĉF JOJUJBM TBNQMJOH BU FBDI MPDVT VTFT

UIF QSPCBCJMJUJFT

P (ι0l = i) = wi
l/
∑

j

wj
l .

	/PUF UIBU UIFTF JOJUJBM TBNQMJOH QSPCBCJMJUJFT BSF BSCJUSBSZ BOE
 JG
UIF .$.$ TVDDFTTGVMMZ SVOT VOUJM DPOWFSHFODF
 JSSFMFWBOU� ĉF
QSPCBCJMJUJFT BCPWF SFQSFTFOU B SFBTPOBCMF TUBSUJOH QPJOU UIBU TIPVME
DPOWFSHF SFBTPOBCMZ XFMM
 CVU JU NBZ CF QPTTJCMF UP HFU FWFO GBTUFS
DPOWFSHFODF UISPVHI TPNF TBNQMJOH TDIFNF UIBU JT OPU
JOEFQFOEFOU BDSPTT MPDJ�


	C
 3VO B .FUSPQPMJT�)BTUJOHT .$.$ DIBJO UBSHFUJOH BO
BQQSPYJNBUJPO PG UIF ėMUFSJOH EJTUSJCVUJPO
 GPS s = 1, ..., S TUFQT UP
	BTTVNFE
 DPOWFSHFODF�

J� $IPPTF B TQBUJBM MPDVT λ(s) ∈ {1, . . . , L} VOJGPSNMZ BU
SBOEPN� 'PS CSFWJUZ
 * XJMM SFGFS UP UIJT BT λ
 TVQQSFTTJOH UIF
EFQFOEFODZ PO s
 JO UIF TUFQT UIBU GPMMPX�

JJ� 4BNQMF B QSPQPTFE QBSUJDMF ι∗ GSPN XIJDI UP ESBX UIF

ǉǎ



SFQMBDFNFOU WBMVF z̃ι∗λ GPS MPDVT λ
 XJUI QSPCBCJMJUZ

P (ι∗ = i) = viλ = wi
λ/

∑

j

wj
λ.

"T XJUI λ JUTFMG
 * BN PNJĨJOH IFSF UIF TVCTDSJQU s
 FWFO UIPVHI
UIJT XJMM CF SFTBNQMFE BU FBDI TUFQ� /PUF UIBU VOMJLF ιs
 XIJDI JT
B WFDUPS PG POF JOUFHFS QFS MPDVT
 UIJT ι∗ JT POMZ POF JOUFHFS

XIJDI EFUFSNJOFT UIF TPVSDF GPS UIF QSPQPTFE WBMVF POMZ BU
MPDVT λ� 4P GPS DPOWFOJFODF JO UIF GPSNVMBT CFMPX
 * XJMM BMTP
EFėOF UIF WFDUPS ι∗∗ TVDI UIBU ι∗∗λ = ι∗ BOE
∀k ∈ {1, ...,λ− 1,λ+ 1, ..., L} : ι∗∗k = ιs−1

k

JJJ� "DDFQU UIJT QSPQPTFE DIBOHF XJUI .�) QSPCBCJMJUZ�
1 ∧ ρ(ιs−1,λ, ι∗)
 XIFSF ρ JT EFėOFE CFMPX� *O DBTF PG
BDDFQUBODF
 ιs := ι∗∗� 0UIFSXJTF
 JO DBTF PG SFKFDUJPO
 NBLF OP
DIBOHF
 TP UIBU ιs := ιs−1�

	D
 -FU zkl = z̃
ιSl
l � UIBU JT
 MFBWF UIF QBSUJDMF VODIBOHFE BU BMM MPDBUJPOT

l ̸= λ�

Ǎ� ĉF ėOBM TFU PG QBSUJDMFT GPSNT

π̂ ≡ 1

M

M∑

i=1

δ[(zi1, ..., z
i
L)].

8F XPVME MJLF UP UVOF UIF QSPQPTBM BOE BDDFQUBODF QSPCBCJMJUJFT TP UIBU UIJT
BMHPSJUIN UBSHFUT UIF EJTUSJCVUJPO (z|y, {xi})� *OTPGBS BT XF TVDDFFE
 UIF GVMM
BMHPSJUIN XJMM CF WFSZ TJNJMBS UP B CPPUTUSBQ QBSUJDMF ėMUFS
 XIJDI TJNJMBSMZ UBSHFUT
UIBU EJTUSJCVUJPO� ĉVT
 PO B QVSFMZ JOUVJUJWF MFWFM
 JU JT VOTVSQSJTJOH UIBU UIJT
TIPVME XPSL JG UIF .$.$ EPFT� #VU UIF XIPMF QSPDFTT EFQFOET PO UIF WBMJEJUZ
PG UIF .$.$
 XIJDI JO UVSO EFQFOET PO UIF .�) BDDFQUBODF QSPCBCJMJUZ
ρ(ιs−1,λ, ι∗)
 MFě VOTQFDJėFE BCPWF�

ǉǏ



ǉ�ǋ %ĹŋĹŀŃńĽłĻ ĵŌŃŇĿĽłĻ ĺŃŇŁŊŀĵ ĺŃŇ ρ

*O UIJT TFDUJPO
 *�MM ėSTU EFWFMPQ TPNF NPUJWBUJOH VOEFSTUBOEJOH PG XIBU ρ TIPVME
CF MJLF
 UIFO EFWFMPQ UXP TQFDJėD GPSNVMBT GPS ρ�

ǉ� ĉF ėSTU GPSNVMB
 ρGVMM
 JT GPS JMMVTUSBUJWF QVSQPTFT POMZ� ĉPVHI JU JT
 CZ
DPOTUSVDUJPO
 BTZNQUPUJDBMMZ DPSSFDU ã UIBU JT
 UIF BMHPSJUIN VTJOH ρGVMM

BQQSPBDIFT UIF DPSSFDU ėMUFSJOH EJTUSJCVUJPO BT UIF OVNCFS PG QBSUJDMFTM
BQQSPBDIFT JOėOJUZ ã JU JT VOTVJUBCMF GPS VTF JO QSBDUJDF� /PU POMZ EPFT JU
MFBE UP JNQSBDUJDBMMZ IJHI DPNQVUBUJPOBM DPTUT GPS B TQFDJėDM 
 JU BMTP
TVĎFST GSPN TJNJMBS EJNFOTJPOBMJUZ QSPCMFNT BT UIF CPPUTUSBQ QBSUJDMF
ėMUFS�

Ǌ� ĉF TFDPOE GPSNVMB ρMPDBM POMZ DPOTJEFST WBMVFT PG UIF .$.$ JO TPNF
MPDBM OFJHICPSIPPE PG λ(s)� *U UIVT EPFT OPU TVĎFS UIF XFJHIU EFHFOFSBDZ
QSPCMFN PG UIF CPPUTUSBQ QBSUJDMF ėMUFS PS ρGVMM
 XIJMF TUJMM CFJOH QPTTJCMF UP
DBMDVMBUF JO DPNQVUJOH UJNF UIBU�T QPMZOPNJBM JO OVNCFS PG QBSUJDMFT
 BOE
MJOFBS JO EJNFOTJPO BOE OVNCFS PG UJNF TUFQT�

*O UIF OFYU TFDUJPO
 *�MM EFWFMPQ B GVSUIFS GPSNVMB GPS ρ UIBU JNQSPWFT UIF
DPNQVUBUJPOBM DIBSBDUFSJTUJDT
 BT XFMM BT QSPQPTJOH TPNF PUIFS DPNQVUBUJPOBM
PQUJNJ[BUJPOT�

ǉ�ǋ�ǉ ρGVMM� ĺŊŀŀ ĵķķĹńŉĵłķĹ ńŇŃĶĵĶĽŀĽŉŏ

* XJMM CFHJO CZ VTJOH B TUBOEBSE .FUSPQPMJT�)BTUJOHT SBUJP UP EFSJWF B ρGVMM UIBU
UBSHFUT UIF 	VOOPSNBMJ[FE
 EFOTJUZ ǉ�ǌ� ĉBU FYQSFTTJPO JT QSPNJTJOH JO POF
TFOTF� JU TVHHFTUT UIBU POF DBO KVEHF UIF ėU PG MPDBM QSPQPTBMT ESBXO GSPN UXP
EJĎFSFOU QBSUJDMFT VTJOH BO FYQSFTTJPO JOWPMWJOH UIF USBOTJUJPO LFSOFM GPSXBSE
EFOTJUZ� )PXFWFS
 UIF GBDU UIBU JU JOWPMWFT B TVN PWFS BMM QBSUJDMFT
 PG B QSPEVDU
PWFS BMM MPDJ
 NBLFT ρGVMM DPNQVUBUJPOBMMZ VOXPSLBCMF JO QSBDUJDF� "OE FWFO JG
UIFSF XFSF FOPVHI BWBJMBCMF DPNQVUBUJPOBM QPXFS UP DBMDVMBUF UIJT BU FWFSZ TUFQ

ǉǐ



PG BO .$.$
 UBLJOH B QSPEVDU PWFS BMM MPDJ XPVME MFBE UP TJNJMBS QSPCMFNT XJUI
IJHI EJNFOTJPOT BT UIPTF PG UIF OBJWF IJHI�EJNFOTJPOBM CPPUTUSBQ QBSUJDMF ėMUFS�ǰ

*G XF QSPQPTF SFQMBDFNFOU ziλ GPS UIF WBMVF BU B HJWFO MPDVT λXJUI QSPCBCJMJUZ
QSPQPSUJPOBM UP TPNF WBMVF viλ
 XF DBO DPOTUSVDU B .FUSPQPMJT�)BTUJOHT
BDDFQUBODF QSPCBCJMJUZ JO UIF VTVBM XBZ
 CZ NVMUJQMZJOH B SBUJP PG UBSHFU EFOTJUJFT
	QSPQPTFE PWFS DVSSFOU
 CZ B SBUJP PG QSPQPTBM EFOTJUJFT 	DVSSFOU PWFS QSPQPTFE
�

	5P BWPJE OFTUFE TVCTDSJQUT�TVQFSTDSJQUT JO UIF GPMMPXJOH
 * MFBWF PVU
SFEVOEBOU JOEJDFT GPS MPDVT� UIVT VTJOH UIF OPUBUJPO f j→ι∗∗

k SBUIFS UIBO f j→ι∗∗k
k 


VTJOH f j→ι(s−1)
k SBUIFS UIBO f j→ιs−1

k
k 
 BOE VTJOHwι(s−1)

k SBUIFS UIBOwιs−1
k
k �


ρGVMM ≡
[wι∗

λ Πk ̸=λw
ι(s−1)
k ]ΣM

j=1[Πkf
j→ι∗∗

k ]

[wι(s−1)
λ Πk ̸=λw

ι(s−1)
k ]ΣM

j=1[Πkf
j→ι(s−1)
k ]

·
vι(s−1)
λ ΣM

j=1f
j→ι(s−1)
λ

vι
∗∗
λ ΣM

j=1f
j→ι∗∗
λ

	ǉ�Ǎ

-FU�T DPOTJEFS UIFTF UFSNT GSPN MFě UP SJHIU
 UBLJOH UIF WFSTJPO PG FBDI UFSN BT

JU BQQFBST JO UIF OVNFSBUPS�

ǉ� wι∗
λ � ĉF MJLFMJIPPE BU UIF MPDVT JO RVFTUJPO� UIF UFSN XIJDI EFQFOET PO

y� * XJMM TFU vι∗λ TP BT UP DBODFM UIJT PVU�

Ǌ� Πk ̸=λw
ι(s−1)
k � ĉF MJLFMJIPPET BU PUIFS MPDJ� ĉFTF DBODFM PVU OBUVSBMMZ�

ǋ� Σj[Πkf
j→ι∗∗

k ]� ĉJT TVN PG QSPEVDUT UFSN JT UIF IFBSU PG UIF DBMDVMBUJPO BU
FBDI .$.$ TUFQ� &BDI QSPEVDU JT UIF GPSXBSE MJLFMJIPPE PG UIF
DVSSFOU�QSPQPTFE IZCSJE QBSUJDMF DPOEJUJPOBM PO B HJWFO IJTUPSZ� UIF TVN
PG QSPEVDUT JT QSPQPSUJPOBM UP UIF GPSXBSE MJLFMJIPPE PG UIF
DVSSFOU�QSPQPTFE IZCSJE QBSUJDMF DPOEJUJPOBM PO τ̂M �

ǌ� vι(s−1)
λ � 8FJHIUT UIBU EFėOF UIF QSPQPTBM EJTUSJCVUJPO BOE DBO CF DIPTFO

BSCJUSBSJMZ 	VQ UP OPSNBMJ[BUJPO
�

ǰĉFEJNFOTJPOBMJUZ QSPCMFNT PG VTJOH ρGVMM BSF TJNJMBS JO DBVTF
 CVU EJĎFSFOU JO FĎFDUT
 UP UIPTF
PG B CPPUTUSBQ QBSUJDMF ėMUFS� 8IJMF UIF CPPUTUSBQ QBSUJDMF ėMUFS TVĎFST GSPN EFHFOFSBUF QBSUJDMF
XFJHIUT BT EJNFOTJPO HSPXT
 UIF 'JOLFMTUFJO BMHPSJUIN EPFT OPU IBWF QBSUJDMF XFJHIUT� JOTUFBE
 UIF
TUBUJPOBSZ EJTUSJCVUJPO PG UIF .$.$
 BOE UIVT BMM QBSUJDMFT
 XJMM CF EPNJOBUFE CZ B TJOHMF TUBUF
XIPTF WBMVFT BU BMM MPDJ DPNF GSPN QSPHSFTTJOH KVTU B TJOHMF IJTUPSZ�

ǉǑ



Ǎ� ΣM
j=1f

j→ι(s−1)
λ � ĉF QBSU PG UIF QSPQPTBM EFOTJUZ UIBU�T EVF UP τ̂M � UIF

QSPCBCJMJUZ EFOTJUZ UIBU B HJWFO WBMVF XPVME IBWF CFFO JO
{z̃i

λ : 0 < l < L} UP CF BWBJMBCMF UP CF TBNQMFE� 5P TPNFPOF VTFE UP
PUIFS WBSJBUJPOT PG QBSUJDMF ėMUFSJOH BMHPSJUINT
 JU NBZ TFFN
DPVOUFSJOUVJUJWF UP JODMVEF UIJT UFSN� VTVBMMZ
 UBLJOH BEWBOUBHF PG UIF
GPSXBSE EFOTJUZ JT B LFZ BTQFDU PG IPX UIF BMHPSJUIN XPSLT
 OPU TPNFUIJOH
UIBU OFFET DBODFMJOH PVU� )PXFWFS
 GSPN UIF QFSTQFDUJWF PG B
.FUSPQPMJT�)BTUJOHT DPOTUSVDUJPO
 JU JT OFDFTTBSZ UP JODMVEF UIJT JO PSEFS
UP UBSHFU UIF JOUFOEFE 	VOOPSNBMJ[FE
 EFOTJUZ ǉ�ǌ� 0O B NPSF JOUVJUJWF
MFWFM
 POF NJHIU OPUF UIBU UIF GPSXBSE EFOTJUZ WBMVFT f j→ι(s−1)

λ GPS FBDI j
BQQFBS CPUI IFSF BOE JO UIF TVN PG QSPEVDUT UFSN JO UIF EFOPNJOBUPS� TP
JG POF EJE OPU JODMVEF UIJT UFSN
 UIBU XPVME JO B TFOTF CF EPVCMF DPVOUJOH
UIFTF GPSXBSE EFOTJUZ WBMVFT CZ BMMPXJOH UIFN UP DBVTF BO JODSFBTFE
QSPQPTBM EFOTJUZ BOE UIFO BMTP JODSFBTF UIF BDDFQUBODF SBUJP�

ĉF VOOPSNBMJ[FE QSPQPTBM XFJHIUT viλ DBO CF TFU BU XJMM� BT TUBUFE BCPWF
 * MFU
viλ ≡ wi

λ
 TP UIBU UIFTF UFSNT DBODFM PVU� /PX ρ JT KVTU B SBUJP PG TVNT PG
QSPEVDUT
 NVMUJQMJFE CZ B SBUJP PG UIF GPSXBSE NFBO QSPQPTBM EFOTJUJFT f̄ i

λ� * DPVME
IBWF TFU viλ UP BMTP DBODFM PVU f̄ i

λ
 CVU BT TFFO MBUFS
 UIJT XPVME TMPX DPOWFSHFODF�
ĉF RVBOUJUJFT f̄ i

λ EP OPU DIBOHF GPS EJĎFSFOU .$.$ DIBJOT PS GPS EJĎFSFOU
TUFQT JO FBDI DIBJO BOE DBO CF QSFDBMDVMBUFE GPS FBDI i BOE λ JOO(LM) UJNF� 8F
UIVT IBWF

ρGVMM ≡
ΣM

j=1[Π
L
k=1f

j→ι∗∗

k ]

ΣM
j=1[Π

L
k=1f

j→ι(s−1)
k ]

ΣM
j=1f

j→ι(s−1)
λ

ΣM
j=1f

j→ι∗∗

λ

	ǉ�ǎ


#Z DPOTUSVDUJPO
 UIJT BDDFQUBODF QSPCBCJMJUZ TBUJTėFT UIF DPOEJUJPOT GPS
EFUBJMFE CBMBODF PG B .FUSPQPMJT�)BTUJOHT .$.$
 BOE UIVT DPOWFSHFT UP UIF
EFTJSFE UBSHFU TUBUJPOBSZ EJTUSJCVUJPO ǉ�ǌ VOEFS TUBOEBSE SFHVMBSJUZ BTTVNQUJPOT�
"U DPOWFSHFODF
 UIF BMHPSJUIN XJMM HJWFM TBNQMFT GSPN UIF DPSSFDU UBSHFU
EJTUSJCVUJPO
 CVU XJUI UIF DPOTUSBJOU UIBU UIF WBMVF GPS FBDI TBNQMF BU FBDI MPDVT

Ǌǈ



NVTU CF BWBJMBCMF JO z̃1..M � "TM → ∞
 UIF TFU PG WBMVFT BWBJMBCMF BU FBDI MPDVT
XJMM CFDPNF EFOTF
 TP UIF DPOEJUJPOBMJUZ XJMM OPU CF SFTUSJDUJWF� ĉVT

BTZNQUPUJDBMMZ
 POF XPVME FYQFDU UIBU FBDI zi TIPVME CF B TBNQMF GSPN UIF
DPSSFDU ėMUFSJOH EJTUSJCVUJPO
 DPOEJUJPOBM POx ∼ τ̂Mt−1 �

:FU ρGVMM JT OPU VTFGVM JO QSBDUJDF
 GPS UXP SFBTPOT� 'JSTU
 PO B SFMBUJWFMZ USJWJBM
MFWFM
 BDUVBMMZ DBMDVMBUJOH UIF TVN PG QSPEVDUT UFSNT PODF GPS FBDI TUFQ PG UIF
.$.$ XPVME CF DPNQVUBUJPOBMMZ QSPIJCJUJWF� UIPVHI OPU FYQPOFOUJBM
 UIF
SFTPVSDFT SFRVJSFE XPVME CF FYUSFNF�

&WFO NPSF JNQPSUBOUMZ
 VOMFTTMt−1 JT FYQPOFOUJBMMZ IJHI
 CtPτ̂Mt−1 JT OPU B
HPPE BQQSPYJNBUJPO PG CtPτ 
 CFDBVTF PG B DVSTF PG EJNFOTJPOBMJUZ WFSZ TJNJMBS UP
UIBU XIJDI DBVTFT UIF CPPUTUSBQ QBSUJDMF ėMUFS UP GBJM JO IJHI EJNFOTJPOT� *O ρGVMM

UIF BDDFQUBODF QSPCBCJMJUZ JT CBTFE PO B TVN PWFS IJTUPSJFT PG QSPEVDUT PWFS MPDJ
PG MJLFMJIPPET� 'PMMPXJOH B TJNJMBS MPHJD BT #JDLFM FU BM�<Ǐ>
 EJTDVTTFE BCPWF
 GPS
TIPXJOH XFJHIU EFHFOFSBDZ JO UIF CPPUTUSBQ QBSUJDMF ėMUFS
 XF TFF UIBU
 BTTVNJOH
UIBU UIF MJLFMJIPPET BTTPDJBUFE XJUI EJTUBOUMZ�TFQBSBUFE MPDJ BSF SPVHIMZ
JOEFQFOEFOU
 UIFO BT EJNFOTJPO JODSFBTFT UIF EJTUSJCVUJPO PG UIFTF QSPEVDUT PWFS
MPDJ XJMM BQQSPBDI B MPH�OPSNBM� 4JODF UIF WBSJBODF PG UIBU EJTUSJCVUJPO XJMM HSPX
XJUI EJNFOTJPO
 UIF TVN JT MJLFMZ UP CF EFHFOFSBUF VOMFTT OVNCFS PG QBSUJDMFT
HSPXT FYQPOFOUJBMMZ XJUI EJNFOTJPO� KVTU POF IJTUPSZ QBSUJDMF XJMM DPOUSJCVUF
NPSF UP UIF TVN UIBO BMM PUIFST QVU UPHFUIFS�

$POTJEFS UIF FYBNQMF PG B XFBUIFS NPEFM PG UIF DPOUJOFOUBM 6OJUFE 4UBUFT

XIFSF JNQFSGFDU NFBTVSFNFOUT PG BUNPTQIFSJD DPOEJUJPOT BSF UBLFO EBJMZ PWFS B
TFU PG DJUJFT� *O UIJT DBTF
 UIF TVN XPVME CF EFHFOFSBUF CFDBVTF
 BMUIPVHI BOZ
HJWFO QSPQPTBM QBSUJDMF 	XFBUIFS NBQ GPS UPEBZ
 NJHIU BDDPSE XFMM XJUI B HJWFO
IJTUPSZ 	QPTTJCMF XFBUIFS NBQ GPS ZFTUFSEBZ
 GPS TPNF DJUJFT
 ZPV�E OFWFSUIFMFTT
OFFE UP DPOTJEFS BO FYQPOFOUJBMMZ MBSHF OVNCFS PG QPTTJCMF IJTUPSJFT CFGPSF
ėOEJOH POF XIJDI BDDPSET XFMM BDSPTT BMM DJUJFT XJUI B HJWFO SFBMJTUJD QSFTFOU�

*O FTTFODF
 SBUIFS UIBO SFTPMWJOH UIF IJHI�EJNFOTJPOBMJUZ QSPCMFN BU UJNF t

XF�WF NFSFMZ QVTIFE JU PĎ UP UJNF t− 1� CFDBVTF PG UIF IJHI WBSJBODF PG UIF
QSPEVDU UFSNTΠL

k=1f
j→ι∗∗

k 
 UIF TVNT XJMM UFOE UP CF EPNJOBUFE CZ UIF QSPEVDU
UFSN GPS B TJOHMF IJTUPSZ j
 MPTJOH NPTU PG UIF CFOFėUT PG B IJHI OVNCFS PG

Ǌǉ



QBSUJDMFT�

ǉ�ǋ�Ǌ ρMPDBM� 4ĽŁńŀĽĺŏĽłĻŉļĹńŇŃĸŊķŉŉĹŇŁňĶŏĺŃķŊňĽłĻŃłŀŃķĵŀłĹĽĻļ�
ĶŃŇļŃŃĸň

ĉF NBJO DPNQVUBUJPOBM CVSEFO PG DBMDVMBUJOH ρGVMM DPNFT GSPN UIF TVN PWFS
IJTUPSJFT PG B QSPEVDU PWFS MPDJ� 5P EFBM XJUI UIFTF DPNQVUBUJPOBM JTTVFT
 BT XFMM
BT XJUI UIF EFHFOFSBDZ PG UIF TVN
 JU XPVME CF HPPE UP UBLF UIJT QSPEVDU PWFS
GFXFS UFSNT� 5P EP TP
 * SFTUSJDU UIF QSPEVDU PWFS MPDJ UP POMZ DPOTJEFS MPDJ JO
TPNF OFJHICPSIPPE PG UIF MPDVT l XIJDI UIF QSPQPTBM XPVME DIBOHF�

ĉJT JEFB HBJOT TPNF TVQQPSU GSPN UIF EFDBZ PG DPSSFMBUJPOT QSPQFSUZ PG UIBU
3FCFTDIJOJ BOE WBO )BOEFM 	ǊǈǉǍ
 EFNPOTUSBUF� ĉJT JT B DPNQMFY JTTVF XIJDI
PDDVQJFT B TJHOJėDBOU QPSUJPO PG UIFJS QBQFS
 CVU UP TVNNBSJ[F CSJFĚZ� UIFZ
BTTVNF QBSUJDMF ėMUFST XJUI MPDBM EZOBNJDT
 BOE CPUI GPSXBSE EFOTJUJFT BOE
PCTFSWBUJPO MJLFMJIPPET UIBU BSF TUSPOHMZ CPVOEFE BXBZ GSPN [FSP BOE JOėOJUZ

(JWFO UIPTF BTTVNQUJPOT 	XIJDI UIFZ BSHVF BSF QSPCBCMZ TUSPOHFS UIBO OFDFTTBSZ
JO NPTU QSBDUJDBM DBTFT

 UIFZ TIPX UIBU DIBOHJOH UIF WBMVF BU MPDVT k DBOOPU
DIBOHF UIF DPOEJUJPOBM EJTUSJCVUJPO PG UIF WBMVF BU l CZ NPSF UIBO B RVBOUJUZ UIBU
GBMMT FYQPOFOUJBMMZ BT UIF EJTUBODF CFUXFFO k BOE l JODSFBTFT� ĉVT
 JU XPVME TFFN
MPHJDBM UIBU
 JO DBMDVMBUJOH BO BDDFQUBODF QSPCBCJMJUZ UP UBSHFU UIF EJTUSJCVUJPO BU l

POF NBZ TBGFMZ JHOPSF GBSBXBZ MPDJ k�

5P VTF UIJT JEFB GPS UIF 'JOLFMTUFJO BMHPSJUIN
 BTTVNF UIFSF JT B OBUVSBM
EJTUBODF NFUSJD d(l, k) PWFS MPDJ� GPS JOTUBODF
 JG MPDJ XFSF BSSBOHFE JO B TRVBSF
MBĨJDF
 d(l, k) DPVME CF UIF ℓ1�EJTUBODF� 6TF UIJT EJTUBODF UP EFėOF OFJHICPSIPPE
CBMMTBr(λ) ≡ {l : d(λ, l) ≤ r}
 BOE VTF UIF OBUVSBM OPUBUJPO UIBU
xBr(λ) ≡ {xl : l ∈ Br(λ)}� ĉVT
 UIF OFX ρXPVME CF�

ρMPDBM ≡
ΣM

j=1[Πk∈Br(λ)f
j→ι∗∗

k ]

Σj=1M [Πk∈Br(λ)f
j→ι(s−1)
k ]

ΣM
j=1f

j→ι(s−1)
λ

ΣM
j=1f

j→ι∗

λ

	ǉ�Ǐ


*G UIJT XPSLT
 JU XJMM IBWF ėOBMMZ DPORVFSFE UIF DVSTF PG EJNFOTJPOT� 'PS BOZ
MPDVT l
 UIFSF BSF POMZ |Br(l)| UFSNT JO FBDI QSPEVDU� B RVBOUJUZ XIJDI EPFT OPU

ǊǊ



EFQFOE PO UIF PWFSBMM EJNFOTJPO PG UIF QSPCMFN
 POMZ PO UIF MPDBM DPOOFDUJWJUZ�
8F DBO UIFSFGPSF DIPPTF B ėYFEM MBSHF FOPVHI TVDI UIBU UIJT TVN PG QSPEVDUT JT
OPU EFHFOFSBUF 	OPU EPNJOBUFE CZ KVTU POF PG UIF QSPEVDUT
 GPS
N ≡ NBYl |Br(l)| MPDJ�

)PXFWFS
 JU TIPVME CF OPUFE UIBU XJUI UIJT BDDFQUBODF QSPCBCJMJUZ
 UIF
BMHPSJUIN JT OP MPOHFS TUSJDUMZ TQFBLJOH .FUSPQPMJT�)BTUJOHT� *O QBSUJDVMBS
 UIF
PWFSBMM .$.$ JT OP MPOHFS HVBSBOUFFE UP PCFZ EFUBJMFE CBMBODF� *G POF
SFQFBUFEMZ SFQMBDFE UIF WBMVFT PG B TJOHMF MPDVT l
 UIF .$.$ XPVME
 CZ UIF
TUBOEBSE .FUSPQPMJT�)BTUJOHT DPOTUSVDUJPO
 TIPX EFUBJMFE CBMBODF BU B VOJRVF
TUBUJPOBSZ EJTUSJCVUJPO XJUI B EFOTJUZ QSPQPSUJPOBM UP�

fl(zl|z1, ..., zl−1, zl+1, ..., zL) ≡ (ΠL
λ=11zλ∈{z̃λ})Σ

M
j=1[Πk∈Br(l)fP(zk|xj)]

	ǉ�ǐ

ĉJT GVODUJPO JT OPU POMZ PG zl
 CVU PG BMM zk TVDI UIBU k ∈ Br(l)� )PXFWFS


TJODF UIJT EFOTJUZ JT OPU UIF TBNF GPS UXP EJĎFSFOU WBMVFT PG l
 UIJT EFUBJMFE
CBMBODF DBO BOE XJMM CSFBL EPXO� ĉF .$.$ JT TUJMM VOJGPSNMZ FSHPEJD
 TP B
VOJRVF TUBUJPOBSZ EJTUSJCVUJPO TUJMM FYJTUT� CVU XJUIPVU EFUBJMFE CBMBODF
 XF MBDL
UIF OJDF HVBSBOUFFT UIBU .FUSPQPMJT�)BTUJOHT XPVME PĎFS BT UP XIBU UIBU UBSHFU
EJTUSJCVUJPO JT� "U QSFTFOU
 UIFO
 NZ VTF PG ρMPDBM
 BOE BMM MBUFS WFSTJPOT PG ρ UIBU
CVJME PO JU
 JT CBTFE PO FNQJSJDBM WBMJEBUJPO
 BT TFFO CFMPX JO UIF TJNVMBUJPO
TFDUJPO
 OPU SJHPSPVT UIFPSZ�

ǉ�ǌ $ŃŁńŊŉĵŉĽŃłĵŀ ŃńŉĽŁĽŐĵŉĽŃłň

ǉ�ǌ�ǉ ρTBNQMFE� ĵ ŋĹŇňĽŃł Ńĺ ρMPDBM ŌļĽķļ ŇĹńŀĵķĹň łŊŁĹŇĵŉŃŇ ĵłĸ ĸĹłŃŁ�
ĽłĵŉŃŇ Ķŏ ŊłĶĽĵňĹĸ ĹňŉĽŁĵŉŃŇň

3VOOJOH UIF 'JOLFMTUFJO BMHPSJUIN XJUI BDDFQUBODF QSPCBCJMJUZ ρMPDBM EPFT OPU
SFRVJSF FYQPOFOUJBM DPNQVUBUJPO
 CVU FWFO QPMZOPNJBM BNPVOUT PG DPNQVUBUJPO
DBO CF EBVOUJOH JO QSBDUJDF� 3FDBMM UIBU UIF PG TVNT PWFS BMM IJTUPSJFT JO ρMPDBM BSF
QSPQPSUJPOBM UP UIF GPSXBSE MJLFMJIPPE DPOEJUJPOBM PO τ̂M 
 UIFM �QBSUJDMF
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BQQSPYJNBUJPO PG UIF ėMUFSJOH EJTUSJCVUJPO τ � "U FBDI TUFQ
 XF DBO TBWF
DPNQVUBUJPO CZ
 FĎFDUJWFMZ
 FTUJNBUJOH τ XJUI POMZ BO BSCJUSBSZ ėYFE OVNCFS
H << M QBSUJDMFT� UIBU JT
 CZ VTJOH POMZH IJTUPSZ UFSNT GPS UIFTF TVNT BOE
VTJOH UIPTF UP HFU VOCJBTFE )PSWJU[�ĉPNQTPO FTUJNBUPST PG UIF UPUBMT� ĉJT
MFBET UP ρTBNQMFE� /PUF UIBU UIF TQFDJėDH IJTUPSZ QBSUJDMFT VTFE XJMM DIBOHF GSPN
TUFQ UP TUFQ BOE MPDVT UP MPDVT JO UIF .$.$
 UIVT UBLJOH BEWBOUBHF PG UIF GVMMM
QBSUJDMFT JO FRVJMJCSJVN�

ĉF JEFB PG VTJOH VOCJBTFE FTUJNBUPST UP DBMDVMBUF UIF .FUSPQPMJT�)BTUJOHT
BDDFQUBODF SBUJP JT OPU OFX
 BOE
 BT "OESJFV BOE 3PCFSUT ǊǈǈǑ<ǌ> TIPX
 UIJT DBO
CF NBEF UP DPOTFSWF UIF TUBUJPOBSZ EJTUSJCVUJPO
 QSPWJEFE UIBU BOZ SBOEPNOFTT
VTFE JO ėOEJOH UIF FTUJNBUPS JT NBJOUBJOFE BT QBSU PG BO FYQBOEFE
.FUSPQPMJT�)BTUJOHT QBSBNFUFS TQBDF� ĉJT DPVME XPSL GPS ρGVMM� #VU OPX UIBU XF
BSF XPSLJOH GSPN ρMPDBM
 UIJT JT JNQPTTJCMF CFDBVTF UIF .$.$ JT BMSFBEZ OPU USVF
.FUSPQPMJT�)BTUJOHT XJUI B TJOHMF DPNNPO QBSBNFUFS TQBDF� "T EJTDVTTFE BCPWF

UIF UBSHFU EJTUSJCVUJPO PG UIF QBSUJDMF BT B XIPMF JT EJĎFSFOU XIFO DIBOHJOH WBMVFT
BU EJĎFSFOU MPDJ
 BMUIPVHI UIFSF�T SFBTPO UP IPQF UIBU UIF EJĎFSFODF GPS OFBSCZ MPDJ
JT TNBMM� ĉVT
 ρTBNQMFE XJMM JOFWJUBCMZ IBWF B EJĎFSFOU TUBUJPOBSZ EJTUSJCVUJPO GSPN
ρMPDBM� /FWFSUIFMFTT
 JO UIF BMHPSJUIN CFMPX
 JO BO BĨFNQU UP FOTVSF UIBU UIF
TUBUJPOBSZ EJTUSJCVUJPO DIBOHFT BT MJĨMF BT QPTTJCMF
 * FYQBOE UIF QBSBNFUFS TQBDF
PG ρTBNQMFE XJUI B NBUSJY ηs� ĉJT FOTVSFT UIBU UIF TBNFH IJTUPSJFT VTFE XIFO
BDDFQUJOH B WBMVF BU B MPDVT BSF BMTP VTFE XIFO EFDJEJOH XIFUIFS UP DIBOHF UIBU
WBMVF MBUFS�

*O BEEJUJPO UP TIPXJOH UIBU VTJOH VOCJBTFE FTUJNBUPST DBO DPOTFSWF UIF UBSHFU
EJTUSJCVUJPO XIFO UIF QBSBNFUFS TQBDF JT FYQBOEFE
 "OESJFV BOE 3PCFSUT BMTP
EJTDVTT UIF DBTF XIFSF UIF QBSBNFUFS TQBDF JT OPU FYQBOEFE� ĉFZ TIPX UIBU UIJT
DBTF TUJMM IBT B TUBUJPOBSZ EJTUSJCVUJPO
 XIJDI DPOWFSHFT UP UIF PSJHJOBM UBSHFU
EJTUSJCVUJPO BT NPSF TBNQMFT BSF UBLFO� 8JUI NJOPS NPEJėDBUJPOT
 UIF TBNF
QSPPG BQQMJFT UP UIF .$.$ VTJOH ρTBNQMFE� UIF TUBUJPOBSZ EJTUSJCVUJPO PG ρTBNQMFE

JT OPU UIF TBNF BT UIBU PG ρMPDBM
 CVU DPOWFSHFT UP JU BTH → ∞�
ĉVT XF SFWJTF UIF BMHPSJUIN GSPN TFDUJPO Ǌ BT GPMMPXT
 FYQBOEJOH UIF

QBSBNFUFS TQBDF GPS VTF XJUI ρTBNQMFE�

Ǌǌ



ǉ� "T CFGPSF
 BTTVNF XF IBWF τ̂M �

Ǌ� "T CFGPSF
 GPS FBDI QBSUJDMFxi
 QSPHSFTT JU UP HFU B GVMM QBSUJDMF z̃i ∼ Pxi�

ǋ� "T CFGPSF
 ėOE MJLFMJIPPE XFJHIUTwi
l ≡ f(yl|zil ) BOE GPSXBSE EFOTJUJFT

f j→i
l ≡ fP(zil |xj) GPS BMM i, j ∈ {1, . . . ,M} BOE l ∈ {1, . . . , L}�

ǌ� *O QBSBMMFM
 GPS k = 1, . . . ,M 
 EP UIF GPMMPXJOH�

	B
 "T CFGPSF
 TBNQMF ι0 ∈ {1..M}L UP JOJUJBMJ[F UIF TUBUF PG UIF OFX
QSPQPTBM QBSUJDMF�

	C
 *O BEEJUJPO
 JOJUJBMJ[F BOL×H NBUSJY η0 XJUI FOUSJFT JO {1...M}

TBNQMFE JJE XJUI QSPCBCJMJUJFT

P (η0l,h = i) =
g(f

i→ι0l
l )

Σjg(f
j→ι0l
l )

,

XIFSF g JT BO BSCJUSBSZ NPOPUPOJDBMMZ JODSFBTJOH GVODUJPO�

&BDI FOUSZ η0l,h HJWFT UIF JOEFY i PG POF IJTUPSZxi XIJDI XF XJMM MBUFS
VTF UP FTUJNBUF UIF EFOPNJOBUPS PG ρ� ĉF TJHOJėDBODF PG g XJMM CF
FYQMBJOFE JO NPSF EFUBJM CFMPX�

	D
 "T CFGPSF
 SVO B .FUSPQPMJT�)BTUJOHT .$.$ DIBJO
 GPS TUFQT
s = 1, ..., S
 VQEBUJOH η BOE ι BU FBDI TUFQ�

J� "T CFGPSF
 DIPPTF B TQBUJBM MPDVT λ(s) 	BLB λ
 VOJGPSNMZ BU
SBOEPN�

JJ� "T CFGPSF
 TBNQMF B QSPQPTFE SFQMBDFNFOU ι∗(s) 	BLB ι∗
 GPS
MPDVT λ
 XJUI QSPCBCJMJUZ

P (ι∗ = i) = wi
λ/

∑

j

wj
λ.

"MTP
 EFėOF ι∗∗ BT CFGPSF�

ǊǍ



JJJ� *O BEEJUJPO
 TBNQMF 	JJE
 B TFU (η∗1, ..., η∗H) PG IJTUPSJFT CZ XIJDI
UP KVEHF UIJT QSPQPTFE SFQMBDFNFOU
 XIFSF

P (η∗h = i) =
g(f i→ι∗

λ )

Σjg(f
j→ι∗

λ )
.

%FėOF UIF NBUSJY η∗∗ CZ

η∗∗l,h :=

{
η∗h JG l = λ

ηs−1
l,h JG l ̸= λ

JW� 'JOBMMZ
 EFėOF

ρTBNQMFE ≡
Σh∈{1..H}

1
gλ(η∗h,ι

∗∗) [Πl∈Br(λ)f
η∗h→ι∗∗

l ]

Σh∈{1..H}
1

gλ(η∗h,ι
s−1) [Πl∈Br(λ)f

η∗h→ιs−1

l ]

ΣM
j=1f

j→ιs−1

λ

ΣM
j=1f

j→ι∗∗

λ

,

	ǉ�Ǒ

XIFSF

gl(i, j) ≡
g(f i→j

l )

Σkg(f
k→j
l )

.

"T VTVBM
 XF BDDFQU UIF QSPQPTFE SFQMBDFNFOU XJUI .�)
QSPCBCJMJUZ 1 ∧ ρTBNQMFE� *O DBTF PG BDDFQUBODF
 MFU ιs := ι∗∗ BOE
ηs := η∗∗� 0UIFSXJTF
 NBLF OP DIBOHF
 TP UIBU ιs := ιs−1 BOE
ηs := ηs−1�

	E
 "T CFGPSF
 TFU zkl = z̃
ιSl
l �

Ǎ� "T CFGPSF
 UIF ėOBM TFU PG QBSUJDMFT GPSNT

π̂ ≡ 1

M

M∑

i=1

δ[(zi1, ..., z
i
L)].

" GFX XPSET PO UIF GVODUJPO g XIJDI EFėOFT UIF QSPCBCJMJUZ PG DPOTJEFSJOH B
HJWFO IJTUPSZ i JO EFUFSNJOJOH UIF BDDFQUBODF QSPCBCJMJUZ� 'JSTU
 OPUF UIBU UIF
TBNQMJOH QSPCBCJMJUJFT GPS ηs BSF JO QSJODJQMF BSCJUSBSZ
 TP DPVME CF B GVODUJPO PG

Ǌǎ



UIF GVMM DVSSFOU WFDUPS ιs� *O UIF BCPWF EJTDVTTJPO
 IPXFWFS
 UIFZ BSF B GVODUJPO PG
POMZ f i→ι∗

l � UIJT TJNQMJėFT CPUI OPUBUJPO BOE DPNQVUBUJPO� 4FDPOE
 g TIPVME CF
DIPTFO UP CF TPNF OPO�EFDSFBTJOH GVODUJPO PG f i→ι∗

λ 
 TP UIBU UIF WBSJBODF JO
Πl∈Br(λ)f

η∗h→ι∗∗

l JT BU MFBTU QBSUJBMMZ PĎTFU CZ UIBU JO g
 JODSFBTJOH UIF FđDJFODZ PG
UIF FTUJNBUJPO QSPDFTT� "OPUIFS XBZ PG TBZJOH UIJT JT UIBU XF TIPVME NBLF JU NPSF
MJLFMZ UP TBNQMF QMBVTJCMF IJTUPSJFT UIBO JNQMBVTJCMF POFT� 1PTTJCMF DIPJDFT GPS g
BSF EJTDVTTFE JO 4FDUJPO ǉ�ǌ�ǋ CFMPX� 8IBUFWFS g JT DIPTFO
 UIF EFOPNJOBUPS
Σjg(f

j→ι∗

λ ) DBO CF QSFDBMDVMBUFE GPS FBDI QPTTJCMF DIPJDF PG ι∗
 NFBOJOH UIBU UIJT
EPFT OPU NFBOJOHGVMMZ JODSFBTF DPNQVUJOH SFRVJSFNFOUT QFS .$.$ TUFQ�

)PX NVDI DPNQVUBUJPO EPFT ρTBNQMFE TBWF ĉF ρMPDBM BMHPSJUIN SFRVJSFT
SVOOJOHM EJĎFSFOU .$.$ DIBJOT
 XJUI FBDI PGL MPDJ HPJOH UISPVHI S TUFQT

BOE BU FBDI TUFQ DBMDVMBUJOH B ρ VTJOH B TVN PWFSM IJTUPSJFT PG B QSPEVDU PWFS
UIF VQ UPN MPDBUJPOT JO UIF SFMFWBOUBr(l)� ĉF UPUBM DPNQVUBUJPO DPTU JT BU MFBTU
O(M2LNS)� ĉJT JT CFĨFS UIBOO(M2L2S) UIBU ρGVMM XPVME IBWF UBLFO
 CVU
TUJMM TPNFXIBU CVSEFOTPNF� 5P HFU ρTBNQMFE
 PO UIF PUIFS IBOE
 XF POMZ DBMDVMBUF
UIF QSPEVDU PG MPDVT MJLFMJIPPET GPS BO BSCJUSBSZ OVNCFSH PG IJTUPSJFT SBUIFS
UIBO BMMM PG UIFN� ĉVT
 UIF UPUBM DPNQVUBUJPO DPTU GBMMT UPO(MHLNS)�
TJODFH BOEN BSF BSCJUSBSZ DPOTUBOUT UIBU DBO CF TFU JOEFQFOEFOUMZ GSPN UIF GVMM
TJ[FM BOEL SFTQFDUJWFMZ
 UIJT JT B TVCTUBOUJBM JNQSPWFNFOU�

ǉ�ǌ�Ǌ %ĽňķŊňňĽŃł Ńĺ ńŇŃńŃňĵŀ ŌĹĽĻļŉň

*O UIF BCPWF EJTDVTTJPO
 UIF QSPQPTBM XFJHIUT viλ
 VTFE CZ BMM WFSTJPOT PG ρ
 BSF
BSCJUSBSZ� ĉBU JT
 BOZ QSPQPTBMT XJUI OPO[FSP XFJHIUT DPVME CF VTFE� UIF viλ BSF
BDDPVOUFE GPS PVU JO UIF F̄ UFSN�

*EFBMMZ
 UIFTF QSPQPTBM XFJHIUT TIPVME CPUI CF UVOFE GPS NBYJNVN FđDJFODZ
PG UIF .$.$� UIBU JT
 JOTPGBS BT JU EPFT OPU TVCTUBOUJBMMZ JODSFBTF UIF
DPNQVUBUJPOBM DPTUT QFS TUFQ
 UP USZ UP FOTVSF UIBU UIF WBSJBODF PG UIF BDDFQUBODF
QSPCBCJMJUZ JT BT MPX BT QPTTJCMF 	BQQSPBDIJOH UIF (JCCT TBNQMJOH DBTF XIFSF JU�T
VOJGPSNMZ ǉ
 XIJMF NBJOUBJOJOH EJTQFSTF 	IJHI�WBSJBODF
 QSPQPTBM WBMVFT GPS
HPPE FSHPEJDJUZ�NJYJOH�

ǊǏ



'PS viλ
 UIBU JT TJNJMBS UP UIF JEFB PG BO PQUJNBM QSPQPTBM EJTUSJCVUJPO
 XIJDI JT
DPNNPO JO UIF QBSUJDMF ėMUFS MJUFSBUVSF�<Ǎǈ> ĉF MPX�EJNFOTJPOBM CPPUTUSBQ
QBSUJDMF ėMUFS VTFT (z|x1..M) BT B QSPQPTBM
 UIFO SFXFJHIUT VTJOH (y|z)� *O TVDI B
DBTF
 UIF JEFB PG BO JEFBM QSPQPTBM EJTUSJCVUJPO JT UIBU JG ZPV DPVME QSPQPTF GSPN
(z|x1..M , y)
 UIF SFXFJHIUJOH TUFQ XPVME OPU CF OFDFTTBSZ�

"QQMZJOH B TJNJMBS JEFB UP viλ
 JU CFDPNFT DMFBS XIZ * IBWF TFU JU FRVBM UPwi
λ� 0G

DPVSTF
 JODMVEJOH B GBDUPS PGwi
λ JO viλ IFMQT UIFTF UFSNT DBODFM BOE UIVT TJNQMJėFT

UIF DBMDVMBUJPO PG ρ� #VU JG TJNQMJDJUZ PG DBMDVMBUJOH ρXFSF UIF POMZ DPOTJEFSBUJPO


* DPVME IBWF TFU viλ UPwi
λΣ

M
j=1f

j→i
λ 
 TP UIBU UIF SBUJP ΣM

j=1f
j→ι(s−1)
λ

ΣM
j=1f

j→ι(s)∗
λ

XPVME DBODFM
PVU UPP�

#VU TFĨJOH viλ ≡ wi
λ FOTVSFT UIBU UIF QSPQPTBM EFOTJUZ GPS zλ
 DPOEJUJPOBM PO

x1..M BOE y
 JT (zλ|x1..M , yλ)ã OPU UPP GBS GSPN UIF JEFBM
(zλ|x1..M ,y, ζs−1

Br(λ)\λ)XIJDI XPVME BMMPX BO BDDFQUBODF QSPCBCJMJUZ PG
VOJGPSNMZ ǉ� ĉBU�T CFDBVTF UIF EFOTJUZ PG (zλ|x1..M) JT JODMVEFE JNQMJDJUMZ
UISPVHI UIF QSPHSFTTJPO QSPDFEVSF
 XIJMF UIBU PG (zλ|yλ) JT IBOEMFE FYQMJDJUMZ
UISPVHIwi

λ�

ǉ�ǌ�ǋ 3ĹĺĽłĽłĻ ŉļĹ ļĽňŉŃŇŏ ňĵŁńŀĽłĻ ŌĹĽĻļŉň

8IBU BCPVU UIF IJTUPSZ TBNQMJOH XFJHIUT gi→j
l  "T BCPWF
 UIFTF BSF BSCJUSBSZ�

*EFBMMZ
 UP NJOJNJ[F UIF WBSJBODF PG UIF BDDFQUBODF QSPCBCJMJUZ
 UIFZ XPVME
BQQSPYJNBUF�

gi→j
l (ζs−1

Br(l)\l) ∝ fP(z̃
j
l |x

i, ζs−1
Br(l)

) 	ǉ�ǉǈ


= Πκ∈Br(l)f
i→j
κ

��� CFDBVTF UIJT FYQSFTTJPO JO UIF )PSWJU[�ĉPNQTPO JOWFSTF TBNQMJOH XFJHIU
UFSN XPVME DBODFM FYBDUMZ XJUI JUT SFMBUJWF DPOUSJCVUJPO UP UIF FTUJNBUFE TVN PG
QSPEVDUT
 TP UIBU UIF PWFSBMM FTUJNBUPS XPVME CF HPWFSOFE TPMFMZ CZ UIF TVN PG
XFJHIUT UFSN JO UIF EFOPNJOBUPS�

Ǌǐ



*U JT DPNQVUBUJPOBMMZ JOGFBTJCMF UP DBMDVMBUF UIFTF RVBOUJUJFT FYBDUMZ GPS FBDI
TUFQ PG UIF .$.$
 TP * VTF gi→j

l � *O UIF TJNVMBUJPO CFMPX
 *�WF UFTUFE UXP
GPSNVMBT GPS UIFTF XFJHIUT�

ǉ� gVOJGPSN(x) = 1

Ǌ� gCFOUMPH(x) =
MPH(f i→j

λ )−MPH(NJO(f i→j
λ )

α +max(0, MPH(x)− MPH(NBY(x) + β)

XIFSF NJO(x) BOE NBY(x) BSF UIF QSFDBMDVMBUFE NJOJNVN BOE NBYJNVN
WBMVFT PG f i→j

λ BOE α, β BSF QPTJUJWF DPOTUBOUT�

#PUI PG UIFTF PQUJPOT BSF TJNQMZ DPNQVUBUJPOBMMZ�DPOWFOJFOU ėSTU BĨFNQUT�
UIPVHI TJNVMBUJPOT TIPX gCFOUMPH JT BO JNQSPWFNFOU PWFS gVOJGPSN
 JU JT TVSFMZ OPU
PQUJNBM JO UIJT SFHBSE� *O GVSUIFS XPSL
 * XJMM MPPL JOUP VTJOH QSPQPTBM
EJTUSJCVUJPOT UIBU BSF DPOEJUJPOBM PO UIF DVSSFOU WBMVFT BU PUIFS MPDJ
 OPU KVTU PO
UIF PCTFSWBUJPOT BU UIF DVSSFOU MPDVT�

ǉ�ǌ�ǌ 5ļĹŃŇĹŉĽķĵŀ ŀĽŁĽŉĵŉĽŃłň Ńĺ ŉļĹ ĵŀĻŃŇĽŉļŁň Ľł ŉļĽň ńĵńĹŇ

#PUI UIF CMPDL QBSUJDMF ėMUFS BOE UIF 'JOLFMTUFJO QBSUJDMF ėMUFS QSPQPTFE IFSF BSF
JOUFOEFE UP EFBM XJUI UIF DVSTF PG EJNFOTJPOBMJUZ� )PXFWFS
 CPUI NBZ GBJM JO
DBTFT XIFSF GPSXBSE EFOTJUJFT ã UIBU JT
 UIF SFMBUJWF QSPCBCJMJUJFT PG HJWFO TUBUFT
BU UJNF t DPOEJUJPOBM PO UIF TUBUF BU UJNF t− 1ã BSF DPODFOUSBUFE BSPVOE
QBSUJDVMBS WBMVFT
 BOE UIVT JOTVđDJFOUMZ FSHPEJD� 3FCFTDIJOJ BOE 7BO )BOEFM�T
FSSPS CPVOET SFMZ PO B TUSPOH FSHPEJDJUZ BTTVNQUJPO
 CPVOEJOH UIF GPSXBSE
EFOTJUZ BXBZ GSPN 0 JO B XBZ UIBU UIFZ UIFNTFMWFT BDLOPXMFEHF JT VOSFBMJTUJD JO
SFBM�XPSME DBTFT� *O B TFQBSBUF QBQFS
 UIFZ FYQMPSF GVSUIFS UIF LJOE PG QSPCMFNT
UIBU DBO BSJTF XIFO UIJT BTTVNQUJPO EPFT OPU BQQMZ
 BOE UIF SFHJNF XIFSF UIBU
GBJMVSF PDDVST JO QSBDUJDF�<ǌǍ>

'PS UIF 'JOLFMTUFJO QBSUJDMF ėMUFS
 * BN OPU HJWJOH BOZ GPSNBM QSPPGT PG
QFSGPSNBODF
 CVU JU JT DMFBS UIBU JG FSHPEJDJUZ JT QPPS FOPVHI
 NZ BMHPSJUIN XJMM
BMTP CSFBL EPXO� 'PS FYBNQMF
 TVQQPTF UIBU UIF GPSXBSE EFOTJUZ GSPN IJTUPSZxj

UP SBX MPDVT WBMVF zil JT MFTT UIBO ϵ JG i ̸= j
 BOE PUIFSXJTF HSFBUFS UIBO 100ϵ� *O
UIBU DBTF
 UIF .$.$ XJMM TUSPOHMZ UFOE UP HFU TUVDL JO TUBUFT XIFSF BMM MPDVT

ǊǑ



WBMVFT DPNF GSPN UIF TBNF IJTUPSZ� .FUBQIPSJDBMMZ
 4BMMZ 'JOLFMTUFJO XPVME CF
UPP QJDLZ
 OFWFS TFMFDUJOH OFBSCZ CPEZ QBSUT UIBU EJEO�U NBUDI QFSGFDUMZ� ĉF
SFTVMU XPVME UIFO SFEVDF UP UIF CPPUTUSBQ QBSUJDMF ėMUFS
 XJUI NPSF VTFMFTT
DPNQVUBUJPOBM DPTU�

%P UIF SFBM�XPSME QSPCMFNT UP XIJDI UIFTF BMHPSJUINT BSF BQQMJFE IBWF
FOPVHI FSHPEJDJUZ GPS UIFN UP GVODUJPO 'PS UIFTF BMHPSJUINT UP CF BQQSPQSJBUF

XF�E OFFE B TJUVBUJPO XJUI FOPVHI OPOMJOFBS FĎFDUT UIBU TJNQMF ,BMNBO ėMUFST
EPO�U TVđDF� ZFU BMTP POF XIJDI TUJMM IBT QMFOUZ PG OFX SBOEPNOFTT BU FBDI UJNF
TUFQ
 TVDI UIBU FWFO JG UIF GPSXBSE EFOTJUZ JT OPU BDUVBMMZ TUSPOHMZ FSHPEJD
 JU JT BU
MFBTU EJĎVTF FOPVHI GPS UIFTF BMHPSJUINT UP XPSL� *O 4-". 	TJNVMUBOFPVT
MPDBUJPO BOE NBQQJOH
 NPEFMT GPS SPCPUJDT BQQMJDBUJPOT
 TVDI TJUVBUJPOT BSJTF�
#VU JO ĚVJE EZOBNJDT NPEFMT
 DIBPUJD EZOBNJDT BSF UIF SVMF� 4VDI NPEFMT DBO CF
EFUFSNJOJTUJD PS OFBSMZ TP
 XJUI IJHIMZ DPODFOUSBUFE GPSXBSE EFOTJUJFT
 ZFU TUJMM
IBWF JOUFSFTUJOH EZOBNJDT� 6ODFSUBJOUZ JO UIF JOJUJBM DPOEJUJPOT JT BNQMJėFE BU
FBDI UJNF TUFQ
 TP FWFO JO B EFUFSNJOJTUJD NPEFM XJUI OFX NFBTVSFNFOU UFOEJOH
UP SFEVDF UIF VODFSUBJOUZ BU FBDI UJNF TUFQ
 UIF VODFSUBJOUZ XJMM SJTF BHBJO CZ UIF
OFYU UJNF TUFQ
 BOE TP PWFSBMM VODFSUBJOUZ DBO SFNBJO JO FRVJMJCSJVN�

%VF UP UIF iQJDLZ 4BMMZu QSPCMFN FYQMBJOFE KVTU BCPWF
 UIF 'JOLFMTUFJO
BMHPSJUIN BT FYQMBJOFE JO DVSSFOU QBQFS EPFT OPU EFBM XFMM XJUI TVDI
EFUFSNJOJTUJD PS OFBSMZ�EFUFSNJOJTUJD NPEFMT� )PXFWFS
 JO B GPMMPX�VQ QBQFS
 *
XJMM PĎFS B NPEJėDBUJPO PG UIJT BMHPSJUIN UP BEESFTT TVDI NPEFMT�

ǉ�Ǎ /ŊŁĹŇĽķĵŀ ňĽŁŊŀĵŉĽŃłň

ǉ�Ǎ�ǉ 4ĹŉŊń

'JMUFSJOH BMHPSJUINT DBOOPU CF FYQFDUFE UP QSFDJTFMZ JOGFS UIF VOEFSMZJOH USVF
TUBUF PG UIF IJEEFO .BSLPW NPEFM� *OTUFBE
 UIF HPBM JT NFSFMZ UP JOGFS JUT
DPOEJUJPOBM EJTUSJCVUJPO
 BOE NPTU PG UIF JOUFSFTU PG UIF QSPCMFN MJFT JO UIF GBDU
UIBU UIJT EJTUSJCVUJPO SFNBJOT OPO�EFHFOFSBUF� BT XF BDRVJSF NPSF JOGPSNBUJPO JO
PSEFS UP OBSSPX EPXO UIF QPTTJCMF TUBUFT
 UIF TUBUF JUTFMG FWPMWFT
 TP XF OFWFS

ǋǈ



DBUDI VQ�
ĉVT
 XF DBOOPU TJNQMZ GPMMPX UIF SFDJQF PG B NPSF USBEJUJPOBM TJNVMBUJPO

TUVEZ PG B UFDIOJRVF GPS QBSBNFUFS JOGFSFODF� *O USBEJUJPOBM QBSBNFUFS JOGFSFODF

UIF PCKFDU PG JOUFSFTU JT UIF USVF QBSBNFUFS WBMVF	T

 XIJDI DBO CF BSCJUSBSJMZ
DIPTFO XIFO SVOOJOH B TJNVMBUJPO� "MUIPVHI JOGFSFODF BMHPSJUINT NBZ ZJFME BO
JOGFSSFE EJTUSJCVUJPO GPS UIF QBSBNFUFS	T

 UIF JOUFSQSFUBUJPO PG UIJT EJTUSJCVUJPO
BT B DPOėEFODF EJTUSJCVUJPO 	GPS GSFRVFOUJTU NFUIPET
 PS B DSFEJCMF EJTUSJCVUJPO
	GPS #BZFTJBO NFUIPET
 JT JO TPNF TFOTF OPU JOIFSFOU UP UIF QSPCMFN� GPS
FYBNQMF
 JO UIF DBTF PG #BZFTJBO NFUIPET
 B DSFEJCMF JOUFSWBM JT POMZ BT WBMJE BT UIF
QSJPST UIBU QSPEVDF JU� )PXFWFS
 JO UIJT DBTF
 XF BSF OPU NBLJOH BSCJUSBSZ
BTTVNQUJPOT JO PSEFS UP HFU UIF CFTU PS UIF NPTU SPCVTU QFSGPSNBODF� UIF
BTTVNQUJPOT BSF HJWFO CZ UIF QSPCMFN
 BOE UIF BJN JT UP DBMDVMBUF B USVF
QSPCBCJMJUZ EJTUSJCVUJPO� *O PSEFS UP FđDJFOUMZ NFBTVSF BO BMHPSJUIN�T
QFSGPSNBODF
 XF�E MJLF B TFĨJOH XIFSF UIF DPSSFDU WBMVF PG UIF PCKFDU PG JOUFSFTU
ã OPU UIF QPJOU WBMVF
 CVU UIF DPOEJUJPOBM EJTUSJCVUJPO ã JT LOPXO�

4P
 JO PSEFS UP SVO B TJNVMBUJPO TUVEZ
 * GBMM CBDL PO B MJOFBS (BVTTJBO NPEFM

XIFSF UIF ,BMNBO ėMUFS BMHPSJUIN HJWFT BO BOBMZUJDBMMZ�DPSSFDU ėMUFSJOH
EJTUSJCVUJPO� 0G DPVSTF
 HJWFO UIBU TVDI BO BOBMZUJD TPMVUJPO EPFT FYJTU
 POF
XPVME OFWFS JO QSBDUJDF VTF BO JOFYBDU ėMUFSJOH BMHPSJUIN TVDI BT UIPTF EJTDVTTFE
CZ UIJT QBQFS� )PXFWFS
 UIF BCJMJUZ PG PVS NPSF�HFOFSBM BMHPSJUIN UP SPVHIMZ
SFQSPEVDF UIF SFTVMUT PG B ,BMNBO ėMUFS JT
 BU UIF MFBTU
 FODPVSBHJOH�

ĉF QBSUJDVMBS MJOFBS (BVTTJBO NPEFM * VTF JT B NPEFM CBTFE PO B QSPHSFTTJPO
NBUSJY P 
 B OPWFMUZ NBUSJYN 
 BOE B NFBTVSFNFOU FSSPS DPWBSJBODF NBUSJYE�

z = Px+ δ 	ǉ�ǉǉ


y = z + ϵ

δ ∼ N (0, N)

ϵ ∼ N (0, E)

P JT B USJEJBHPOBM NBUSJY� N BOEE BSF EJBHPOBM NBUSJDFT XJUI QFSJPEJD
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TUSVDUVSF
 TP UIBU TPNF MPDJ BSF CFTU MFBSOFE BCPVU UISPVHI UIFJS OFJHICPST�
4QFDJėDBMMZ
N �T FMFNFOUT BMUFSOBUF CFUXFFO B IJHIFS BOE B MPXFS WBSJBODF
 FBDI
WBMVF PDDVSSJOH BU FWFSZ ǊOE MPDVT
 XIJMFE IBT B MPXFS WBSJBODF BU FWFSZ ǍUI
MPDVT��

P ≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

b c 0

a b c

a b
� � �

� � � � � � c

0 a b

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

	ǉ�ǉǊ


a ≡ .4; b ≡ .35; c ≡ .05; a+ b+ c = .8 < 1

N ≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0

q

1

q
� � �

0 q

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

q = .25

E ≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 ... 4 5 6 ... d

1 e 0

2 1
��� � � �
4 1

5 e

6 1
��� � � �
d 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

e = .16
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ĉF TUBUF XBT JOJUJBMJ[FE BU NFBO ǈ BOE WBSJBODF Ǎ JOEFQFOEFOUMZ BU FBDI MPDVT�
ĉF NPEFM XBT SVO GPS ǉǈ UJNF TUFQT
 BOE GPS UIF QBSUJDMF ėMUFSJOH BMHPSJUINT UIF
PVUDPNF WBSJBCMFT PG Ǎ TFQBSBUF SVOT XFSF BWFSBHFE�

" OVNCFS PG QBSBNFUFST XFSF USJFE GPS UIF BMHPSJUINT
 CVU B HPPE TFU PG
OVNCFST GPS DPNQBSJOH EJĎFSFOU NPEFMT XBT� 400 QBSUJDMFT GPS UIF 'JOLFMTUFJO
WBSJBOUT
 4002 = 160000 QBSUJDMFT GPS UIF CPPUTUSBQ QBSUJDMF ėMUFS
 BOE
4002/5 = 32000 QBSUJDMFT GPS UIF CMPDL QBSUJDMF ėMUFS BMHPSJUIN� ĉFTF OVNCFST
XFSF DIPTFO TP UIBU FBDI BMHPSJUIN XPVME UBLF SPVHIMZ DPNQBSBCMF DPNQVUJOH
UJNF� UIF POMZ TUFQ UIBU SFRVJSFT DPNQVUJOH QPXFS UIBU JT RVBESBUJD JO UIF OVNCFS
PG QBSUJDMFT JT QSF�DBMDVMBUJOH UIF GPSXBSE EFOTJUJFT f j→i

l JO UIF 'JOLFMTUFJO
BMHPSJUIN�

"MM SFTVMUT GPS 'JHVSFT ǉ�Ǎ�Ǌ BOE ǉ�Ǎ�ǋ BSF GPS B ǋǈ�EJNFOTJPOBM NPEFM� 3FTVMUT
GPS CPUI 'JOLFMTUFJO BOE CMPDL QBSUJDMF ėMUFS BMHPSJUINT SFNBJOFE NBUFSJBMMZ
TJNJMBS BT NPEFM EJNFOTJPO XBT WBSJFE GSPN ǋǈ UP Ǒǈ
 EFNPOTUSBUJOH UIBU UIF
'JOLFMTUFJO BOE 'SBOLFOTUFJO BMHPSJUINT� FSSPST BSF SPVHIMZ JOEFQFOEFOU PG
EJNFOTJPO
 BT FYQFDUFE�

ĉF 'JOLFMTUFJO BMHPSJUIN XBT VTFE XJUI ρTBNQMFE
 XJUI ǌǍ IJTUPSJFT QFS MPDBUJPO
BOE UXP GPSNVMBT GPS UIF IJTUPSZ TBNQMJOH QSPCBCJMJUJFT g 	gVOJGPSN
 BOE gCFOUMPH

XJUI α = β = 5
� ĉF OFJHICPSIPPE XJEUI XBT r ≡ 1
 XIJDI JT UP TBZ UIBU
NBY |Br(l)| = 3� 4JNJMBSMZ
 UIF [POF TJ[F GPS UIF CMPDL QBSUJDMF ėMUFS BMHPSJUIN
XBT ǋ�

/PUF UIBU * BN OPU UIF ėSTU UP TJNVMBUF PVUDPNFT GPS UIF CMPDL QBSUJDMF ėMUFS�
"MUIPVHI 3FCFTDIJOJ BOE WBO )BOEFM�T QBQFS PSJHJOBMMZ QSPQPTJOH JU SFMJFE PO
QSPPGT SBUIFS UIBO TJNVMBUJPOT
 NPSF SFDFOU QBQFST IBWF JNQMFNFOUFE JU BOE
HJWFO SFTVMUT�<ǋǍ> <ǉǍ> <ǍǏ> ĉF SFTVMUT UIFSF BSF OPU EJSFDUMZ DPNQBSBCMF XJUI
UIPTF HJWFO IFSF EVF UP EJĎFSFOU NPEFMT VTFE�

ǉ�Ǎ�Ǌ 3ĹňŊŀŉň

5P HFU BO JOUVJUJPO GPS UIJT TJUVBUJPO
 * XJMM CFHJO CZ TIPXJOH UIF FWPMVUJPO PG B
TJOHMF SVO PG UIF NPEFM� ĉF UPQ QBOFM PG ėHVSF ǉ�Ǎ�ǉ TIPXT UIF FWPMVUJPO PWFS

ǋǋ



UJNF PG UIF USVF WBMVF 	
∑5

l=3 zl

 UIF PCTFSWFE WBMVF 	
∑5

l=3 yl

 BOE UIF ėMUFSJOH
EJTUSJCVUJPO BT DBMDVMBUFE CZ B ,BMNBO ėMUFS 	Eπ(

∑5
l=3 zl|y1, ...,yt

 GPS UIF

TVN PG MPDJ ǋ�Ǎ� ĉF CPĨPN QBOFM TIPXT UIF UIF NFBO PG UIF FTUJNBUFE ėMUFSJOH
EJTUSJCVUJPO GPS FBDI PG UIF GPVS BMHPSJUINT * UFTUFE ã ,BMNBO ėMUFS 	BOBMZUJDBMMZ
DPSSFDU

 CPPUTUSBQ QBSUJDMF ėMUFS
 CMPDL QBSUJDMF ėMUFS
 BOE 'JOLFMTUFJO QBSUJDMF
ėMUFS�

−2
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Time series of truth, observation, and ideal Kalman filter
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Block PF

Bootstrap PF

Finkelstein PF

Time series using various filtering estimation algorithms

6B;m`2 RX8XR, hBK2 b2`B2b 7`QK � bBM;H2 `mM Q7 2�+? �H;Q`Bi?K 7Q` Ry iBK2
bi2Tb- BM � KQ/2H rBi? Ny /BK2MbBQMbX S�`�K2i2`b 7Q` 2�+? �H;Q`Bi?K �`2 ;Bp2M
BM i2tiX

*O UIF VQQFS QBOFM PG 'JHVSF ǉ�Ǎ�ǉ
 POF DBO TFF UIBU UIF PCTFSWBUJPOT WBSZ
SFMBUJWFMZ XJEFMZ BSPVOE UIF USVUI
 XIJMF UIF ,BMNBO ėMUFS NFBO GPMMPXT UIPTF
PCTFSWBUJPOT XJUI NPSF DPOTFSWBUJWF NPWFT
 UIVT TUBZJOH DMPTFS UP UIF USVF WBMVF�
*O UIF MPXFS QBOFM
 POF DBO TFF UIBU UIF CPPUTUSBQ QBSUJDMF ėMUFS GBMMT UP UIF DVSTF

ǋǌ



PG EJNFOTJPOBMJUZ� XIJMF UIF CMPDL BOE 'JOLFMTUFJO QBSUJDMF ėMUFST CPUI NBOBHF UP
BQQSPYJNBUF UIF DPSSFDU ,BMNBO ėMUFS EJTUSJCVUJPO SFMBUJWFMZ XFMM�

5P DPNQBSF PVUDPNFT PG UIF UXP XPSLJOH BMHPSJUINT JO HSFBUFS EFQUI

'JHVSF ǉ�Ǎ�Ǌ TIPXT UIF BWFSBHF TRVBSFE FSSPS QFS MPDVT� UIBU JT
 UIF TRVBSFE
EJĎFSFODF CFUXFFO UIF FTUJNBUFE EJTUSJCVUJPO NFBO BOE UIF DPSSFDU NFBO BT
HJWFO CZ UIF ,BMNBO ėMUFS
 DPOEJUJPOBM PO B TJOHMF ėYFE TFSJFT PG PCTFSWBUJPOT
(y1, ..., y10)� /PUF UIBU XF BSF NFBTVSJOH FSSPS SFMBUJWF UP UIFNFBO PG UIF ,BMNBO
ėMUFS SBUIFS UIBO UP zl� UIJT JT CFDBVTF UIF ,BMNBO ėMUFS SFTVMU JT UIF JEFBM ėMUFSJOH
EJTUSJCVUJPO UIBU XF BSF USZJOH UP DBQUVSF IFSF� ĉPVHI JU�T OPU WJTJCMF JO UIFTF
HSBQIT
 CPUI BMHPSJUINT EP B SFMBUJWFMZ HPPE KPC PG SFQSPEVDJOH UIF WBSJBODF PG
UIF ėMUFSJOH EJTUSJCVUJPO� UIJT JT XJUIJO ǋƻ PG UIF USVF WBMVF GPS CPUI BMHPSJUINT�

'JHVSF ǉ�Ǎ�Ǌ NBLFT UXP UIJOHT DMFBS� 'JSTU
 UIFSF JT B CJBT�WBSJBODF USBEFPĎ
CFUXFFO UIF CMPDL QBSUJDMF ėMUFS BOE UIF 'JOLFMTUFJO QBSUJDMF ėMUFS� XJUI
DPNQBSBCMF SVO UJNFT
 UIF CMPDL ėMUFS IBT B IJHIFS CJBT CVU BMNPTU OP WBSJBODF JO
JUT EJTUSJCVUJPO FSSPS� 4FDPOE
 BT FYQFDUFE
 UIF QFSGPSNBODF PG UIF CMPDL QBSUJDMF
ėMUFS EJĎFST GPS MPDJ UIBU BSF DFOUSBM UP UIFJS OFJHICPSIPPEZj 
 BT PQQPTFE UP MPDJ
UIBU BSF PO UIF CPSEFS PG UIFJS OFJHICPSIPPE� 	ĉF TNBMM BQQBSFOU EJĎFSFODF JO
QFSGPSNBODF PG UIF 'JOLFMTUFJO BMHPSJUIN CFUXFFO UIF UXP LJOET PG MPDJ JT MBSHFMZ
BO BSUJGBDU PG UIF TQFDJėD SFBMJ[BUJPO PG (y1, ..., y10) UIBU XBT VTFE UP HFOFSBUF UIJT
HSBQI� ĉF 'JOLFMTUFJO BMHPSJUIN EPFT OPU VTF ėYFE OFJHICPSIPPET {Zj}
 TP UIF
EJTUJODUJPO CFUXFFO DFOUSBM BOE QFSJQIFSBM JT TJNQMZ EPFT OPU BQQMZ
 FYDFQU GPS
UIF ėSTU BOE MBTU MPDJ PWFSBMM�


ĉF FSSPS PG UIF 'JOLFMTUFJO BMHPSJUIN
 MJLF UIBU PG UIF CMPDL QBSUJDMF ėMUFS

BQQFBST UP SFNBJO TUBCMF PWFS UJNF
 BT TFFO JO 'JHVSF ǉ�Ǎ�ǋ� ĉJT TIPXT UIF UJNF
FWPMVUJPO PG UIF ,- EJWFSHFODF CFUXFFO UIF USVF ėMUFSJOH EJTUSJCVUJPO
 BT
DBMDVMBUFE VTJOH UIF ,BMNBO ėMUFS
 BOE B (BVTTJBO XJUI NFBO WFDUPS BOE
DPWBSJBODF NBUSJY JOGFSSFE GSPN B 'JOLFMTUFJO QBSUJDMF ėMUFS� *U BQQFBST UIBU
VOJGPSN TBNQMJOH 	gVOJGPSN
 DBO PDDBTJPOBMMZ CF VOTVDDFTTGVM JO TBNQMJOH HPPE
IJTUPSJFT
 BT SFĚFDUFE CZ UIF TQJLFT JO UIBU MJOF� MPH TBNQMJOH 	gCFOUMPH
 IBE
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6B;m`2 RX8Xk, "`2�F/QrM Q7 �p2`�;2 b[m�`2/ 2``Q` T2` HQ+mbX

TVQFSJPS TUBCJMJUZ�

ǉ�ǎ $ŃłķŀŊňĽŃł

* IBWF JOUSPEVDFE UIF OPWFM 'JOLFMTUFJO QBSUJDMF ėMUFSJOH BMHPSJUIN GPS FTUJNBUJOH
UIF ėMUFSJOH EJTUSJCVUJPO PG NPEFMT XJUI IJHI EJNFOTJPOBMJUZ EVF UP MBSHF TQBUJBM
FYUFOU� *O TVDI NPEFMT
 UIF TJNQMF CPPUTUSBQ QBSUJDMF ėMUFSJOH BMHPSJUIN JT
VOVTBCMF� #VU
 BT XJUI UIF QSFWJPVTMZ�QSPQPTFE CMPDL QBSUJDMF ėMUFS
 NZ BMHPSJUIN
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6B;m`2 RX8Xj, ai�#BHBiv Q7 EG /Bp2`;2M+2 �+`Qbb iBK2 bi2TbX

SFMJFT PO UIF MPDBMJUZ PG EZOBNJDT UP SFTPMWF UIJT QSPCMFN
 GPDVTJOH PO B TNBMM BSFB
BU B UJNF�

6TJOH TJNVMBUJPOT
 * IBWF TIPXFE UIBU UIF FSSPS PG NFBOT PG NZ BMHPSJUIN IBT
MPXFS CJBT CVU IJHIFS WBSJBODF UIBO UIF CMPDL QBSUJDMF ėMUFS
 HJWFO DPNQBSBCMF
QBSBNFUFST� "MM JO BMM
 UIF UPUBM TRVBSFE FSSPS PG NFBOT PG UIF 'JOLFMTUFJO
BMHPSJUIN JT NPSF IPNPHFOFPVT BDSPTT MPDJ UIBO UIBU PG UIF CMPDL BMHPSJUIN�
MPXFS GPS MPDJ QFSJQIFSBM UP B OFJHICPSIPPE JO UIF CMPDL QBSUJDMF ėMUFS
 CVU IJHIFS
GPS UIPTF XIJDI BSF DFOUSBM� * BMTP HJWF FNQJSJDBM FWJEFODF UIBU UIF FSSPS PG UIJT
BMHPSJUIN JT TUBCMF PWFS UJNF
 NBLJOH JU B DBOEJEBUF GPS POMJOF EBUB BTTJNJMBUJPO
UBTLT�

*U JT DPNNPOQMBDF UP QSFGFS WBSJBODF PWFS CJBT XIFO TVDI B USBEFPĎ JT QPTTJCMF

CFDBVTF UIJT BMMPXT JNQSPWJOH QSFDJTJPO XJUI BEEJUJPOBM DPNQVUJOH QPXFS CZ

ǋǏ



JOEFQFOEFOU SFSVOT PG UIF BMHPSJUIN� ĉBU JNQSPWFE QSFDJTJPO XPVME DFSUBJOMZ CF
QPTTJCMF JO UIJT DBTF XJUI UIF 'JOLFMTUFJO BMHPSJUIN� ĉJT QJDUVSF JT TMJHIUMZ
DPNQMJDBUFE CZ UIF GBDU UIBU TVDI DPNQVUJOH QPXFS NJHIU FOBCMF CFĨFS SFTVMUT
GSPN UIF CMPDL QBSUJDMF ėMUFS CZ JODSFBTJOH UIF OFJHICPSIPPE TJ[F� #VU UIFSF BSF
TFWFSBM QSPCMFNT XJUI KVTU JODSFBTJOH OFJHICPSIPPE TJ[F� "CPWF BMM
 DPNQVUJOH
QPXFS 	UIBU JT
 OVNCFS PG QBSUJDMFT
 OFFEFE DPVME CF VQ UP FYQPOFOUJBM JO
OFJHICPSIPPE TJ[F
 XIJMF JU�T KVTU RVBESBUJD JO OVNCFS PG 'JOLFMTUFJO QBSUJDMFT PS
MJOFBS JO JOEFQFOEFOU 'JOLFMTUFJO SVOT� 4FDPOE
 VOMJLF OVNCFS PG QBSUJDMFT

OFJHICPSIPPE TJ[F DPNFT JO TJ[FBCMF EJTDSFUF JOUFSWBMT� JU NBZ OPU CF QPTTJCMF UP
FĎFDUJWFMZ VTF B TNBMM BEEJUJPOBM BNPVOU PG DPNQVUJOH QPXFS� "OE ėOBMMZ
 UP
SFEVDF UIF CJBT PG UIF CMPDL QBSUJDMF ėMUFS
 OFJHICPSIPPE TJ[F NVTU CF JODSFBTFE
VQ�GSPOU
 XIJMF UIF WBSJBODF 'JOLFMTUFJO QBSUJDMF ėMUFS DBO JO CF SFEVDFE CZ
JOEFQFOEFOU SVOT 	QFSIBQT FWFO CZ EJĎFSFOU TDJFOUJTUT
�

ĉVT
 * CFMJFWF UIBU UIF 'JOLFMTUFJO QBSUJDMF ėMUFS BMHPSJUIN PĎFST NFBOJOHGVM
BEWBOUBHFT PWFS QSJPS QSPQPTBMT� *O GVUVSF XPSL
 * XJMM FYUFOE UIJT UP DPWFS
DIBPUJD EZOBNJDT JO B EFUFSNJOJTUJD PS RVBTJ�EFUFSNJOJTUJD NPEFM�
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2
-BQMBDF 'BNJMZ 7BSJBUJPOBM *OGFSFODF GPS

*OEFQFOEFOU -BUFOU 7BSJBCMF.PEFMT

*O UIJT DIBQUFS
 XF QSPWJEF BO BQQSPBDI GPS BQQSPYJNBUF #BZFTJBO JOGFSFODF JO
MBUFOU WBSJBCMF NPEFMT� NPEFMT XIFSF
 JO BEEJUJPO UP B TFU PG HMPCBM QBSBNFUFST

UIFSF JT B TFQBSBUF WFDUPS PG MBUFOU QBSBNFUFST GPS FBDI PCTFSWBUJPO� ĉF
QPUFOUJBMMZ MBSHF OVNCFS PG NPEFM QBSBNFUFST DBO DBVTF EJđDVMUJFT XJUI
USBEJUJPOBM JOGFSFODF UFDIOJRVFT�

8F BQQSPBDI UIF QSPCMFN UISPVHI WBSJBUJPOBM JOGFSFODF 	7*
� UIBU JT
 XF BJN
UP BQQSPYJNBUF UIF NPEFM QPTUFSJPS 	JO UIF TFOTF PG NJOJNJ[JOH ,-�EJWFSHFODF

XJUI B QBSBNFUSJD EJTUSJCVUJPO GSPN TPNF WBSJBUJPOBM GBNJMZ� 7BSJBUJPOBM JOGFSFODF
JT BO BMUFSOBUJWF UP .$.$ 	.BSLPW $IBJO .POUF $BSMP
� 8IJMF .$.$
DPOWFSHFT 	VOEFS CSPBE DPOEJUJPOT
 UP HJWF TBNQMFT GSPN UIF USVF EJTUSJCVUJPO PG
JOUFSFTU
 JU DBO CF JNQSBDUJDBM XJUI IJHI�EJNFOTJPOBM NPEFMT� 7BSJBUJPOBM

ǋǑ



JOGFSFODF
 PO UIF PUIFS IBOE
 SFMJFT PO BQQSPYJNBUJPOT
 CVU NBZ CF NPSF QSBDUJDBM
BOE�PS GBTUFS�Ǯ

0VS LFZ JOOPWBUJPO JT UP EFėOF B OFX WBSJBUJPOBM iHVJEFu GBNJMZ PG NVMUJWBSJBUF
OPSNBM EJTUSJCVUJPOT
 XIJDI XF DBMM UIF -BQMBDF GBNJMZ� ĉF -BQMBDF GBNJMZ IBT B
SFMBUJWFMZ TNBMM OVNCFS PG WBSJBUJPOBM QBSBNFUFST
 ZFU DPOUBJOT HPPE
BQQSPYJNBUJPOT UP UIF QPTUFSJPS 	JO UIF TFOTF EFTDSJCFE CFMPX
� *NQPSUBOUMZ

VOMJLF UIF DPNNPOMZ VTFE NFBO�ėFME BQQSPYJNBUJPO
 UIF -BQMBDF GBNJMZ
DBQUVSFT UIF GBDU UIBU UIF NPEFM QBSBNFUFST BSF HFOFSBMMZ OPU JOEFQFOEFOU� ĉJT JT
JNQPSUBOU UP BDDPNNPEBUF UIF GBDU UIBU
 FWFO JO DBTFT XIFSF UIFZ XFSF
JOEFQFOEFOU B QSJPSJ
 DPOEJUJPOJOH PO PCTFSWBUJPOT JOEVDFT EFQFOEFODF JO UIF
QPTUFSJPS�

"ěFS JOUSPEVDJOH UIJT HVJEF GBNJMZ
 XF TIPX IPX UXP TUBOEBSE NFUIPET GPS
TQFFEJOH VQ WBSJBUJPOBM JOGFSFODF ã TUPDIBTUJD 7* BOE BNPSUJ[BUJPO 	WBSJBUJPOBM
BVUPFODPEJOH
 ã DBO CF JODPSQPSBUFE JO UIJT DPOUFYU� 8F BMTP CSPBEFO UIF JEFB
PG BNPSUJ[BUJPO UP JODMVEF iBOBMZUJD BNPSUJ[BUJPOu
 VTFGVM XIFO UIF JOEJWJEVBM
EJTUSJCVUJPOT UIBU NBLF VQ UIF NPEFM DBO CF TPMWFE BOBMZUJDBMMZ GPS UIFJS
NBYJNVN MJLFMJIPPE WBMVFT�

Ǌ�ǉ %ĹĺĽłĽłĻ /ŃŉĵŉĽŃł� -ĵŉĹłŉ 7ĵŇĽĵĶŀĹ .ŃĸĹŀň ĵłĸ 7ĵŇĽ�
ĵŉĽŃłĵŀ *łĺĹŇĹłķĹ

Ǌ�ǉ�ǉ -ĵŉĹłŉ 7ĵŇĽĵĶŀĹ 	-7
 .ŃĸĹŀň

'PS PVS QVSQPTFT
 B MBUFOU WBSJBCMF NPEFM DPOTJTUT PG ǋ DPSF FMFNFOUT�

r B WFDUPS γ PG HMPCBM QBSBNFUFST
 XJUI γ ∈ Γ ∼= Rg 
 BTTVNFE EJTUSJCVUFE
CZ UIF QSJPS EFOTJUZ p(γ)

r WFDUPSTλ1, . . . ,λN PG MBUFOU QBSBNFUFST
 ESBXO JOEFQFOEFOUMZ GSPN B
QBSBNFUFS TQBDFΛ ∼= Rl XIFSFλi JT EJTUSJCVUFE CZ UIF EFOTJUZ

Ǯ" UIJSE BMUFSOBUJWF JT 4.$ 	4FRVFOUJBM .POUF $BSMP
 NFUIPET� ĉPVHI UIFTF UFDIOJRVFT BSF
QSPNJTJOH JO UIF DPOUFYU PG IJHI�EJNFOTJPOBM NPEFMT
 UIFZ BSF OPU ZFU BT NBUVSF BOE FBTZ�UP�BQQMZ
BT .$.$
 BOE XF XJMM OPU EJTDVTT UIFN GVSUIFS�
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p(λ|γ,χi)� IFSF
 χi SFQSFTFOUT LOPXO DPWBSJBUFT GPS VOJU i
 XIJDI XJMM CF
JNQMJDJU IFSFBěFS�

r PCTFSWBUJPOTx1, . . . ,xN 
 ESBXO JOEFQFOEFOUMZ GSPN p(x|λ,γ)
 XJUI
xi ∼ p(x|λi,γ)�

*O PUIFS XPSET


p (γ,λ1, . . . ,λN ,x1, . . . ,xN) = p(γ)
N∏

i=1

p(λi|γ) p(xi|λi,γ) 	Ǌ�ǉ


XIJDI JNQMJFT UIBU

[(xi,λi) ⊥⊥ (xj,λj)]
∣∣∣γ GPS i ̸= j. 	Ǌ�Ǌ


XIFSF p(γ) SFQSFTFOUT UIF QSJPS	T
 PO γ �
*O TPNF MBUFOU WBSJBCMF NPEFMT
 UIF HMPCBM QBSBNFUFST γ BSF UIF RVBOUJUJFT PG

JOUFSFTU
 XIJMF UIF MBUFOU QBSBNFUFSTλ BSF NFSFMZ OVJTBODFT� JO PUIFST
 JU JT UIF
PUIFS XBZ BSPVOE� *O FJUIFS DBTF
 UIF NPUJWBUJPO GPS VTJOH UIF GVMM NPEFM JT UIF
IPQF UIBU JODMVEJOH CPUI LJOET PG QBSBNFUFST XJMM JNQSPWF JOGFSFODF PWFSBMM� ĉBU
JT UP TBZ
 UIF HPBM PG JOGFSFODF JT UP VOEFSTUBOE UIF GVMM QPTUFSJPS EJTUSJCVUJPO PWFS
BMM d := g +NlNPEFM QBSBNFUFST�

ĉF UFDIOJRVFT EFTDSJCFE JO UIJT QBQFS SFRVJSF UIBU FBDI PG UIF EJTUSJCVUJPOT
p(γ)
 p(λ|γ)
 BOE p(x|λ,γ) IBWF UISJDF EJĎFSFOUJBCMF EFOTJUZ GVODUJPOT� 6OMJLF
JO DPOKVHBDZ�CBTFE WBSJBUJPOBM BMHPSJUINT
 XF EP OPU SFRVJSF UIBU UIFZ DPNF GSPN
FYQPOFOUJBM GBNJMJFT� )PXFWFS
 GPS UIF QVSQPTFT PG BOBMZUJD BNPSUJ[BUJPO 	TFF
TFDUJPO Ǌ�ǋ�Ǎ

 XF EP QSFGFS UIBU
 GPS HJWFO γ BOE i
 UIFSF CF BO BOBMZUJD TPMVUJPO
GPS UIF DPOEJUJPOBM ."1 	NBYJNVN B QPTUFPSJ


λ∗
i = BSHNBYλ p(xi|λ,γ), 	Ǌ�ǋ


PS BU MFBTU BO FBTJMZ�DPNQVUBCMF BQQSPYJNBUJPO�

ǌǉ



Ǌ�ǉ�Ǌ 7ĵŇĽĵŉĽŃłĵŀ *łĺĹŇĹłķĹ 	7*


4VQQPTF XF IBWF B TFU PG PCTFSWBUJPOTx BOE B NPEFM GPS UIFTF PCTFSWBUJPOT XJUI
QBSBNFUFST θ ∈ Rd� *O PUIFS XPSET
 XF BSF HJWFO B QSJPS EJTUSJCVUJPO p(θ) BOE B
MJLFMJIPPE p(x|θ)� 8F BSF JOUFSFTUFE JO UIF QPTUFSJPS EJTUSJCVUJPO

p(θ|x) = p(x|θ)p(θ)∫
θ′ p(x|θ′)p(θ′)dθ′ . 	Ǌ�ǌ


ĉF QSPCMFN JT UIBU
 JO HFOFSBM
 UIF JOUFHSBM JO UIF EFOPNJOBUPS JT WFSZ EJđDVMU UP
DPNQVUF PS FWFO UP FTUJNBUF ã FTQFDJBMMZ XIFO d
 UIF EJNFOTJPOBMJUZ PG θ
 JT
IJHI�

ĉF WBSJBUJPOBM BQQSPBDI JT UP BQQSPYJNBUF UIF QPTUFSJPS EJTUSJCVUJPO CZ B
TBNQMFBCMF HVJEF EJTUSJCVUJPO qφ(θ) CFMPOHJOH UP TPNF HVJEF GBNJMZQΦ

QBSBNFUSJ[FE CZ UIF WFDUPS PG HVJEF QBSBNFUFSTφ ∈ Φ�ǯ <ǍǑ> 5P ėOE UIF CFTU
BQQSPYJNBUJPO
 XF MPPL GPS UIF WBMVF φ̂ ∈ Φ UIBU NJOJNJ[FT UIF ,VMMCBDL�-FJCMFS
	,-
 EJWFSHFODF CFUXFFO qφ(θ) BOE PVS UBSHFU QPTUFSJPS EJTUSJCVUJPO�

φ̂ = BSHNJOφ
[
D,-

(
qφ(θ)

∣∣∣∣p(θ|x)
)]

. 	Ǌ�Ǎ


8F DBO UIFO FTUJNBUF QPTUFSJPS RVBOUJUJFT PG JOUFSFTU CZ VTJOH TBNQMFT GSPN UIF
ėĨFE HVJEF JO QMBDF PG TBNQMFT GSPN UIF QPTUFSJPS� *NQPSUBODF�XFJHIUJOH UIFTF
TBNQMFT CZ UIF SBUJP PG UIF VOOPSNBMJ[FE QPTUFSJPS EFOTJUZ UP UIF HVJEF EFOTJUZ
DBO HJWF B GVSUIFS JODSFNFOUBM JNQSPWFNFOU UP UIF FTUJNBUJPO�

.JOJNJ[JOHD,-
(
qφ(θ)

∣∣∣∣p(θ|x)
)
UVSOT PVU UP CF FRVJWBMFOU UP

NBYJNJ[JOH BO FYQSFTTJPO LOPXO BT UIF &-#0 	PS WBSJBUJPOBM GSFF FOFSHZ
 PG

ǯ*O PUIFS MJUFSBUVSF
 UIFTF BSF TPNFUJNFT LOPXO BT UIF WBSJBUJPOBM EJTUSJCVUJPO
 WBSJBUJPOBM GBNJMZ

BOE WBSJBUJPOBM QBSBNFUFST SFTQFDUJWFMZ�

ǌǊ



p(θ,x)XJUI SFTQFDU UP qφ(θ)�

	Ǌ�ǎ


=

∫
[MPH p(x,θ)]qφ(θ)dθ −

∫
[MPH qφ(θ)]qφ(θ)dθ.

= MPH
(∫

p(x,θ)dθ

)
−D,-

(
qφ(θ)

∣∣∣∣p(θ|x)
)

	Ǌ�Ǐ


ĉF OBNF &-#0 TUBOET GPS FWJEFODF MPXFS CPVOE
 CFDBVTF UIF ėSTU UFSN JO
	Ǌ�Ǐ

 UIF MPH PG UIF OPSNBMJ[JOH DPOTUBOU PG UIF QPTUFSJPS EJTUSJCVUJPO
 JT
TPNFUJNFT DBMMFE UIF FWJEFODF�

/PUF UIBU UIF DIPJDF PG NJOJNJ[JOHD,-
(
qφ

∣∣∣∣p
)
SBUIFS UIBO

D,-
(
p
∣∣∣∣qφ

)
JT NPUJWBUFE TPMFMZ CZ DPNQVUBUJPOBM USBDUBCJMJUZ� TJODF XF LOPX

IPX UP TBNQMF GSPN qφ
 JU JT FBTZ UP FTUJNBUF FYQFDUBUJPOT PWFS UIBU EJTUSJCVUJPO�
*G XF DPVME TPNFIPX JOUFHSBUF PWFS UIF QPTUFSJPS p(θ|x)
 XF DPVME DPNQVUF UIF
FWJEFODF VQQFS CPVOE PS &6#0ǰ�

&6#0(φ) := Ep(θ|x) [MPH p(x,θ)− MPH qφ(θ)] 	Ǌ�ǐ


= MPH
(∫

p(x,θ)dθ

)
+D,-

(
p(θ|x)

∣∣∣∣qφ(θ)
)

	Ǌ�Ǒ


ĉF &6#0 JT BDUVBMMZ B NPSF VTFGVM RVBOUJUZ UIBO UIF &-#0
 BT JU DBO IFMQ
CPVOE UIF FSSPS XIFO FTUJNBUJOH QPTUFSJPS RVBOUJUJFT CBTFE PO
JNQPSUBODF�XFJHIUFE TBNQMFT GSPN UIF ėĨFE HVJEF<ǉǊ
 ǋǌ>� -BUFS JO UIJT QBQFS

XF XJMM VTF UIF &6#0 UP FWBMVBUF UIF RVBMJUZ PG PVS WBSJBUJPOBM BQQSPYJNBUJPO UP
B QPTUFSJPS EJTUSJCVUJPO GPS XIJDI XF DBO HFU TVđDJFOU .$.$ TBNQMFT UP USFBU
BT LOPXO� *O HFOFSBM
 IPXFWFS
 UIF &6#0 JT BMNPTU OFWFS VTFE
 TJODF JO PSEFS UP
FTUJNBUF JU
 XF XPVME OFFE UP TBNQMF GSPN UIF WFSZ EJTUSJCVUJPO UIBU XF BSF USZJOH
UP BQQSPYJNBUF�

ĉF ėSTU UFSN PG UIF &-#0
 LOPXO BT UIF FOFSHZ
 FODPVSBHFT B DIPJDF PG qφ

ǰ6OMJLF i&-#0u
 UIF UFSN i&6#0u JT OPU TUBOEBSE�

ǌǋ



XIPTF SFHJPOT PG IJHI QSPCBCJMJUZ DPJODJEF XJUI SFHJPOT XIFSF
p(θ|x) ∝ p(θ,x) JT IJHI� *G XF POMZ NBYJNJ[FE UIF FOFSHZ
 XIJMF BMMPXJOH
VOSFTUSJDUFE EJTUSJCVUJPOT BT PVS HVJEF
 UIF PQUJNVN XPVME CF B EFMUB
EJTUSJCVUJPO XJUI QSPCBCJMJUZ NBTT DPODFOUSBUFE BU UIF NBYJNVN PG p(θ|x)
Ǳ
XIJDI DPVME CF B QSPCMFN JG UIJT MPDBM NBYJNVN BDDPVOUFE GPS POMZ B TNBMM
QPSUJPO PG UIF UPUBM QSPCBCJMJUZ NBTT PG UIF QPTUFSJPS� ĉJT JT XIZ XF BMTP JODMVEF
UIF TFDPOE UFSN
 LOPXO BT UIF FOUSPQZ
 XIJDI FODPVSBHFT B DIPJDF PGφ UIBU
TQSFBET PVU UIF QSPCBCJMJUZ NBTT PG qφ BT NVDI BT QPTTJCMF� 6TJOH UIF SFTVMUJOH
ėĨFE HVJEF qφ̂(θ) BT BO BQQSPYJNBUJPO PG p(θ|x) JT VTVBMMZ B CFĨFS XBZ UP
FTUJNBUF RVBOUJUJFT PG JOUFSFTU UIBO VTJOH UIF ."1 	NBYJNBM B QPTUFSJPSJ
 QPJOU
FTUJNBUF�

/PUF UIBU UIF &-#0 JT JUTFMG BO JOUSBDUBCMF JOUFHSBM
 FYDFQU JO B GFX TQFDJBM
DBTFT UIBU BMMPX DMPTFE�GPSN TPMVUJPOT VTJOH DPOKVHBUF EJTUSJCVUJPOT� 8IFO OP
DMPTFE�GPSN TPMVUJPO FYJTUT
 XF FTUJNBUF UIF JOUFHSBM CZ POF PS NPSF TBNQMFT GSPN
UIF HVJEF� ĉJT JT LOPXO BT #MBDL�#PY 7BSJBUJPOBM *OGFSFODF 	##7*
<ǌǊ>� ĉF
UFSN iCMBDL�CPYu ESBXT B DPOUSBTU XJUI PMEFS GPSNT PG 7* UIBU POMZ XPSLFE GPS
FYQPOFOUJBM GBNJMZ NPEFMT XJUI DPOKVHBUF EJTUSJCVUJPOT� ĉF OVNCFSm PG HVJEF
TBNQMFT VTFE GPS FTUJNBUJPO JT BO BSCJUSBSZ QBSBNFUFS UP CF TFU CZ UIF SFTFBSDIFS�

Ǌ�Ǌ $ŃŁŁŃł5ŏńĹň Ńĺ (ŊĽĸĹ 'ĵŁĽŀĽĹň

Ǌ�Ǌ�ǉ .Ĺĵł�ĺĽĹŀĸ ĵłĸ łŃŇŁĵŀ ĻŊĽĸĹ ĺĵŁĽŀĽĹň

" LFZ QBSU PG WBSJBUJPOBM JOGFSFODF JT DIPPTJOH BO BQQSPQSJBUF HVJEF GBNJMZQΦ�
ĉF NPTU DPNNPO DIPJDF PG HVJEF GBNJMZ JT TPNF GPSN PGNFBO�ėFME GBNJMZ� B
QSPEVDU PG JOEFQFOEFOU FYQPOFOUJBM�GBNJMZ EJTUSJCVUJPOT GPS FBDI NPEFM
QBSBNFUFS θi<ǋǑ>� ĉFSF BSF
 PG DPVSTF
 TPNF DBTFT XIFSF UIJT BTTVNFE QPTUFSJPS
JOEFQFOEFODF IPMET PS OFBSMZ IPMET
 CVU TVDI DBTFT BSF
 JG BOZUIJOH
 UIF
FYDFQUJPO� $POTJEFS #FSLTPO�T QBSBEPY� UXP QBSBNFUFST UIBU BSF B QSJPSJ
JOEFQFOEFOU CVU CPUI QPTJUJWFMZ DPSSFMBUFE XJUI BO PCTFSWBCMF XJMM CFDPNF

Ǳ"TTVNJOH
 PG DPVSTF
 UIBU B EFMUB EJTUSJCVUJPO XBT JO UIF HVJEF GBNJMZ 	PS
 JG PVS EFėOJUJPO PG
uPQUJNVNu JODMVEFT MJNJUT
 JO UIF DMPTVSF UIFSFPG
�
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OFHBUJWFMZ DPSSFMBUFE XJUI FBDI PUIFS BěFS DPOEJUJPOJOH PO UIBU PCTFSWBCMF� ĉJT
TPSU PG QSPCMFN BSJTFT GSFRVFOUMZ JO IJFSBSDIJDBM NPEFMT�

0VS HPBM JT UP HJWF B HFOFSBM NFUIPE GPS DPOTUSVDUJOH HVJEF EJTUSJCVUJPOT UIBU
EP DBQUVSF UIF DPSSFMBUJPOT BNPOH UIF NPEFM QBSBNFUFST� ĉF OBUVSBM DIPJDF JT UP
QJDL B GBNJMZ PG (BVTTJBOT� VOMJLF NBOZ PUIFS EJTUSJCVUJPO GBNJMJFT
 (BVTTJBOT BSF
OBUVSBMMZ NVMUJWBSJBUF
 BOE NBLF JU FBTZ UP DPOUSPM DPSSFMBUJPO TUSVDUVSF�
.PSFPWFS
 BTZNQUPUJD UIFPSZ TIPXT UIBU VOEFS MPPTF SFHVMBSJUZ DPOEJUJPOT

QPTUFSJPS EJTUSJCVUJPOT PG DPOUJOVPVT QBSBNFUFST UFOE UPXBSET OPSNBMJUZ�
	"MUIPVHI UIFTF BTZNQUPUJDT POMZ BQQMZ UP UIF HMPCBM QBSBNFUFST JO PVS NPEFM

OPU UP UIF MBUFOU WBSJBCMFT�


0G DPVSTF
 JO SFTUSJDUJOH PVS BĨFOUJPO UP OPSNBM HVJEF GBNJMJFT
 XF NBZ CF
GPSFHPJOH UIF DIBODF UP DIPPTF DPOKVHBUF EJTUSJCVUJPOT BOE�PS POFT UIBU
OBUVSBMMZ IBWF UIF DPSSFDU TVQQPSU� (FOFSBMMZ
 XF EFBM XJUI JTTVFT PG TVQQPSU CZ
VTJOH USBOTGPSNFE QBSBNFUFST XIPTF TVQQPSU FYUFOET PWFS UIF GVMM SFBM MJOF� 'PS
FYBNQMF
 JG B QBSBNFUFS JO UIF NPEFM JT SFTUSJDUFE UP UIF QPTJUJWF SFBM OVNCFST
 XF
DBO USBOTGPSN JU UP JUT MPHBSJUIN
 SFTVMUJOH JO B HVJEF UIBU JT FĎFDUJWFMZ MPHOPSNBM
PWFS UIF VOUSBOTGPSNFE QBSBNFUFS� *G UIFTF USBOTGPSNBUJPOT BSF TNPPUI
 NVDI PG
UIF BTZNQUPUJD UIFPSZ NFOUJPOFE BCPWF TUJMM IPMET�

'PS NVMUJWBSJBUF OPSNBM HVJEF GBNJMJFT
 UIF NFBO�ėFME SFTUSJDUJPO PG
JOEFQFOEFODF JT FRVJWBMFOU UP SFTUSJDUJOH UIF DPWBSJBODF NBUSJY PG UIF QPTUFSJPS
PO UIF QBSBNFUFST
 XIJDI XF�MM DBMMΣ
 UP CF EJBHPOBM� ĉVT
 B (BVTTJBO NFBO�ėFME
GBNJMZ IBT 2D HVJEF QBSBNFUFST� B NFBO BOE B WBSJBODF GPS FBDI PG UIF dNPEFM
QBSBNFUFST� ĉJT HJWFT B QPPS ėU JG QPTUFSJPS DPSSFMBUJPOT BSF TJHOJėDBOU� *U JT OPU
IBSE UP TIPX UIBU
 JG UIF USVF QPTUFSJPS BQQSPBDIFT B NVMUJWBSJBUF (BVTTJBO
 UIF
PQUJNBM NFBO�ėFME BQQSPYJNBUJPO BQQSPBDIFT UIF DPOEJUJPOBM WBSJBODF PG FBDI
DPNQPOFOU� 'JHVSF Ǌ�Ǌ�ǉ
 SFQSPEVDFE GSPN 'JHVSF ǉ PG <ǉǈ>
 TIPXT UIJT QSPCMFN
HSBQIJDBMMZ�

&WFO JG UIF USVF QPTUFSJPS JT OPU RVJUF (BVTTJBO
 CZ UIF MBX PG UPUBM WBSJBODF
	i&WF�T MBXu

 DPOEJUJPOBM WBSJBODFT BSF TZTUFNBUJDBMMZ 	UIPVHI OPU OFDFTTBSJMZ
VOJGPSNMZ
 MPXFS UIBO NBSHJOBM POFT� ĉVT
 B NFBO�ėFME HVJEF
 XIJDI BTTVNFT

ǌǍ



6B;m`2 kXkXR, aivHBx2/ BK�;2 Q7 � +`2/B#H2 b2i Q7 � k@/BK2MbBQM�H +Q``2H�i2/
:�mbbB�M TQbi2`BQ`- �M/ i?2 QTiBK�H K2�M@}2H/ �TT`QtBK�iBQM i?2`2Q7X Uh?2
2HHBTb2b �`2 2σ +QMiQm`b Q7 i?2 `2H2p�Mi :�mbbB�M /Bbi`B#miBQMb- r?2`2 i?2
K2�M@}2H/ /Bbi`B#miBQM ?�b +QM/BiBQM�H p�`B�M+2 Q7 R BM 2�+? /BK2MbBQM �M/
+Q``2H�iBQM Q7 XNX h?Bb };m`2 Bb `2T`Q/m+2/ 7`QK 6B;m`2 R Q7 (Ry)XV

OP DPSSFMBUJPO CFUXFFO NPEFM QBSBNFUFST
 XJMM TZTUFNBUJDBMMZ VOEFSFTUJNBUF
UIFJS QPTUFSJPS NBSHJOBM WBSJBODF� 4JODF FTUJNBUJOH QPTUFSJPS NBSHJOBM WBSJBODFT JT
PěFO PG QSJNBSZ JOUFSFTU JO #BZFTJBO BOBMZTJT
 UIJT JT B TJHOJėDBOU DPODFSO�

Ǌ�Ǌ�Ǌ /Ńł�ŁĹĵł�ĺĽĹŀĸ ĻŊĽĸĹ ĺĵŁĽŀĽĹň� ńŇĽŃŇ ŌŃŇĿ

0OF PCWJPVT XBZ UP BEESFTT NFBO�ėFME�T QSPCMFN XJUI DPSSFMBUJPOT XPVME CF UP
VTF BO VODPOTUSBJOFE(BVTTJBO HVJEF GBNJMZ� UIBU JT
 UIF ėĨFE QPTUFSJPS DPVME
CF BOZ NVMUJWBSJBUF (BVTTJBO EJTUSJCVUJPO PORd
 XJUI OP BSUJėDJBM MJNJUBUJPOT PO
UIF GPSN PG JUT DPWBSJBODF NBUSJYΣ� )PXFWFS
 UIJT NFBOT UIBU UIF HVJEF GBNJMZ
XJMM IBWFO(d2) HVJEF QBSBNFUFST� 8JUIPVU GVSUIFS SFTUSJDUJPOT PS BTTVNQUJPOT

UIJT JT JNQSBDUJDBM GPS -7 NPEFMT�

$PQVMB 7*<Ǌǉ><Ǎǋ> BMMPXT BSCJUSBSZ DPSSFMBUJPO TUSVDUVSF JO UIF HVJEF
 BOE
VOMJLF PVS QSPQPTBM CFMPX
 XPSLT FWFO XIFO UIF DPNQPOFOUT PG UIF HVJEF BSF OPU

ǌǎ



BMM (BVTTJBO� )PXFWFS
 MJLF UIF VODPOTUSBJOFE (BVTTJBO BQQSPBDI EFTDSJCFE
BCPWF
 UIF EJNFOTJPO PG UIF SFTVMUJOH HVJEF GBNJMZ JTO(d2)� ĉVT
 JU EPFT OPU
SFBMMZ SFTPMWF UIF JTTVF PG MBUFOU WBSJBCMF NPEFMT SFRVJSJOH EJNFOTJPOBMJUZ UIBU JT
RVBESBUJD JO d
 CVU SBUIFS UIBU PG OPO�OPSNBMJUZ� *U NBZ UIFSFGPSF CF
DPNQMFNFOUBSZ XJUI PVS BQQSPBDI CFMPX�

'PS UJNF�TFSJFT NPEFMT
 DPSSFMBUJPOT BDSPTT UJNF BSF PěFO PG QSJNBSZ
JNQPSUBODF� " OVNCFS PG NPEFM�TQFDJėD BQQSPBDIFT UP JODPSQPSBUJOH TVDI
DPSSFMBUJPOT JOUP UIF HVJEF IBWF CFFO EFWFMPQFE� GPS B TVSWFZ
 TFF <ǍǑ>
 Q� ǉǊ� 0VS
BQQSPBDI JT NPSF HFOFSBM UIBO UIFTF�

)JFSBSDIJDBM 7*<ǌǋ> VTFT B NFBO�ėFME HVJEF
 CVU UIFO QMBDFT B QSJPS PO UIF
HVJEF BOE NBSHJOBMJ[FT UIF HVJEF JUTFMG PVU� UIJT BMMPXT EFQFOEFODJFT BNPOH
NPEFM QBSBNFUFST UP CF SFĚFDUFE JO UIF JOGFSSFE iHVJEF IZQFSQBSBNFUFSTu� ĉJT JT
BO JOUFSFTUJOH BQQSPBDI
 CVU TP GBS
 XF EP OPU CFMJFWF JU IBT CFFO BQQMJFE JO B
CMBDL�CPY DPOUFYU� *U NBZ CF EJđDVMU UP FYUFOE UIJT BQQSPBDI UP DBTFT XIFSF
NPEFM EJTUSJCVUJPOT EP OPU IBWF LOPXO DPOKVHBUF EJTUSJCVUJPOT�

"O JOUFSFTUJOH DPNQSPNJTF CFUXFFO GVMM�SBOL DPSSFMBUJPOT BOE NFBO�ėFME JT
UBLFO CZ .JMMFS FU BM� BT QBSU PG UIFJS 7BSJBUJPOBM #PPTUJOH UFDIOJRVF<ǋǋ>� ĉPVHI
UIFJS QSJNBSZ GPDVT JT PO VTJOH B TFSJFT PG NJYUVSF EJTUSJCVUJPOT BT HVJEF GBNJMJFT

BEEJOH POF NJYUVSF DPNQPOFOU BU B UJNF
 UIFZ EP BMMPX BO JOUFSFTUJOH DPSSFMBUJPO
TUSVDUVSF XJUIJO FBDI DPNQPOFOU
 XIPTF DPWBSJBODF NBUSJY JT DPOTUSVDUFE BT UIF
TVN PG B TQFDJėD GPSN MPX�SBOL NBUSJY BOE B EJBHPOBM NBUSJY� ĉPVHI VOMJLF PVS
BQQSPBDI
 UIJT EPFT OPU VTF UIF NPEFM JUTFMG UP EFėOF UIF DPWBSJBODF
 JU EPFT
QSPWJEF BO JOUFSFTUJOH NJEEMF HSPVOE CFUXFFO QVSFMZ EJBHPOBM NFBO�ėFME
BQQSPBDIFT BOE GVMM�SBOL BQQSPBDIFT� ĉFZ TIPX FODPVSBHJOH SFTVMUT GPS UIJT
LJOE PG DPNQSPNJTF BQQSPBDI�

0OF XBZ UP BMMPX B DPSSFMBUFE QPTUFSJPS XJUIPVU FYQMJDJUMZ TQFDJGZJOH B
DPSSFMBUJPO TUSVDUVSF JT CZ VTJOH OPSNBMJ[JOH ĚPXT UP USBOTGPSN UIF HVJEF GSPN B
TJNQMF NFBO�ėFME TUSVDUVSF UP TPNFUIJOH NPSF DPNQMFY<ǌǎ>� *O QBSUJDVMBS

)BNJMUPOJBO ĚPXT
 MJLF PVS -BQMBDF GBNJMZ QSPQPTBM CFMPX
 DBO VTF UIF NPEFM
JUTFMG JO EFėOJOH UIF HVJEF� *O WFSZ TJNQMJėFE UFSNT
 )BNJMUPOJBO ĚPXT BSF
TJNJMBS UP XIBU POF XPVME HFU JG CZ UBLJOH B TBNQMF GSPN B TJNQMF QBSBNFUSJD
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HVJEF TVDI BT B NVMUJWBSJBUF OPSNBM
 UIFO BQQMZJOH POF PS NPSF TUFQT PG B
EFUFSNJOJTUJD )BNJMUPOJBO .$.$ QSPDFEVSF
 MFBWJOH BO FĎFDUJWF EJTUSJCVUJPO
GPS UIF ėOBM PVUDPNF XIJDI BTZNQUPUJDBMMZ BQQSPBDIFE UIF USVF QPTUFSJPS� -JLF
PVS BQQSPBDI IFSF
 UIJT FĎFDUJWFMZ VTFT UIF NPEFM JUTFMG UP TUSVDUVSF UIF
DPWBSJBODF PG UIF ėĨFE QPTUFSJPS FTUJNBUF� ĉF DPNQVUBUJPOBM USBEFPĎT BOE
OFDFTTBSZ BQQSPYJNBUJPOT JOWPMWFE BSF EJĎFSFOU
 IPXFWFS� JO UIF GVUVSF

DPNQBSJOH UIFTF UXP BQQSPBDIFT XPVME CF JOUFSFTUJOH�

"MTP XPSUI NFOUJPOJOH BSF UIF QSJPS SFTFBSDIFST XIP IBWF VTFE -BQMBDF
BQQSPYJNBUJPOT JO UIF DPOUFYU PG WBSJBUJPOBM JOGFSFODF
 CVU OPU BT B GVMM HVJEF
GBNJMZ� 8BOH BOE #MFJ<Ǎǎ> VTF B NFUIPE UIFZ UFSN -BQMBDF 7BSJBUJPOBM *OGFSFODF

JO XIJDI UIF -BQMBDF BQQSPYJNBUJPO JT VTFE BT B NFBOT PG JNQSPWJOH VQEBUFT UP
OPO�-BQMBDF HVJEF GBNJMJFT
 JO PSEFS UP TQFFE DPOWFSHFODF PG NFBO�ėFME 7*� ĉJT
TBNF BQQSPBDI JT GVSUIFS QVSTVFE CZ PUIFST<ǎǈ><ǋǐ><ǋǊ>�

'JOBMMZ
 PUIFST IBWF VTFE -BQMBDF BQQSPYJNBUJPOT GPS TVC�NBUSJDFT PG UIF
HVJEF�GBNJMZ
 JO B XBZ TJNJMBS UP XIBU XF QSPQPTF CFMPX<ǎǉ><ǎǊ><ǋǊ>� 0VS XPSL
FYUFOET UIJT JEFB UP B NPSF HFOFSBM DPOUFYU BOE VTFT JU BT B XBZ UP DPOTUSVDU B GVMM
HVJEF SBUIFS UIBO KVTU DFSUBJO LFZ TVCDPNQPOFOUT�

Ǌ�ǋ 7ĵŇĽĵŉĽŃłĵŀ *łĺĹŇĹłķĹŌĽŉļ ĵ -ĵńŀĵķĹ (ŊĽĸĹ 'ĵŁĽŀŏ

Ǌ�ǋ�ǉ 5ļĹ -ĵńŀĵķĹ ĺĵŁĽŀŏ

*O UIJT TFDUJPO
 XF JOUSPEVDF B OFX UZQF PG OPSNBM HVJEF GBNJMZ UIBU BMMPXT VT UP
DBQUVSF QPTUFSJPS DPSSFMBUJPOT CFUXFFO NPEFM QBSBNFUFST θ1, . . . , θd XJUI POMZ
O(d) HVJEF QBSBNFUFST� 	*O 4FDUJPO Ǌ�ǋ�Ǎ
 XF XJMM CF BCMF UP SFEVDF UIF OVNCFS
PG QBSBNFUFST FWFO GVSUIFS UISPVHI BNPSUJ[BUJPO�


ĉF JOUVJUJPO CFIJOE PVS DPOTUSVDUJPO JT BT GPMMPXT� 3FDBMM UIBU GPS B
QSPCBCJMJUZ EJTUSJCVUJPO p(θ)
 UIF PCTFSWFE JOGPSNBUJPO BU θ∗ JT UIF OFHBUJWF PG
UIF )FTTJBO PG MPH p(θ)XJUI SFTQFDU UP θ
 FWBMVBUFE BU θ∗�

Ip (θ
∗) := −H [MPH p(θ)]

∣∣∣∣
θ∗
. 	Ǌ�ǉǈ
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*U JT FBTZ UP DIFDL UIBU JG θ∗ JT B NPEF PG p(θ)
 UIFOIp (θ∗) JT UIF QSFDJTJPO
NBUSJY PG UIF -BQMBDF BQQSPYJNBUJPO GPS p(θ) BU θ∗� *NQPSUBOUMZ
Ip (θ∗) DBO CF
FWBMVBUFE FWFO JG XF POMZ IBWF BDDFTT UP p(θ) VQ UP OPSNBMJ[JOH DPOTUBOU�

/PX TVQQPTF XF DPVME HVBSBOUFF UIBU
 GPS PVS QBSUJDVMBS NPEFM QPTUFSJPS
p(θ|x)
 UIF NBUSJYIp (θ∗)XBT QPTJUJWF EFėOJUF GPS BMM θ∗� ĉFO UIFSF XPVME CF
B WFSZ OBUVSBM XBZ UP EFėOF B d�EJNFOTJPOBM HVJEF GBNJMZ GPS p(θ|x)� VTF UIF
GBNJMZ PG NVMUJWBSJBUF OPSNBM EJTUSJCVUJPOT {qθ∗ : θ∗ ∈ Rd}
 XIFSF qθ∗ IBT
NFBO θ∗ BOE QSFDJTJPO NBUSJYIp (θ∗)� *G UIF NPEF PG p(θ|x) 	XIJDI
 JO UIJT
TQFDJBM DBTF
 XPVME OFDFTTBSJMZ CF VOJRVF
 IBQQFOFE UP NBYJNJ[F UIF &-#0

UIFO UIF ėĨFE HVJEF qθ̂∗ XPVME CF UIF -BQMBDF BQQSPYJNBUJPO PG p(θ|x) BU UIJT
NPEF� .PSF MJLFMZ
 CFDBVTF PG BTZNNFUSJFT JO UIF QPTUFSJPS
 UIF &-#0 XJMM CF
IJHIFS JG θ∗ JT B TMJHIU QFSUVSCBUJPO PG UIF NPEF PG p� CVU JO BOZ DBTF
 XF LOPX UIF
PQUJNBM HVJEF JT BU MFBTU BT HPPE BT UIF -BQMBDF BQQSPYJNBUJPO�

ĉVT
 GPS FBDI NPEF θ∗ PG p(θ)
 UIF -BQMBDF GBNJMZ BT EFėOFE CFMPX XJMM
DPOUBJO EJTUSJCVUJPOT BSCJUSBSJMZ DMPTF UP UIF -BQMBDF BQQSPYJNBUJPO PG p(θ) BU θ∗�
*O NBOZ DBTFT
 XF FYQFDU PVS ėOBM ėĨFE HVJEF qθ∗,ψ UP CF DMPTF UP POF PG UIFTF
EJTUSJCVUJPOT
 CVU UIJT XJMM OPU OFDFTTBSJMZ CF UIF DBTF� 'PS POF UIJOH
 UIF -BQMBDF
BQQSPYJNBUJPO JT UIF CFTU�ėU (BVTTJBO POMZ MPDBMMZ BOE JT OPU OFDFTTBSJMZ UIF CFTU
BQQSPYJNBUJPO UP p(θ) JO UIF TFOTF PG ,-�EJWFSHFODF� 'PS JOTUBODF
 UIF NFBO θ∗

PG PVS ėĨFE HVJEF NJHIU OPU CF B NPEF PG p BU BMM� 'PS JOTUBODF
 BT XF XJMM TFF JO
UIF OFYU TFDUJPO
 B (BVTTJBO DFOUFSFE BU B TBEEMF QPJOU CFUXFFO UXP NPEFT PG
p(θ)NBZ HJWF B IJHIFS &-#0 UIBO UIF -BQMBDF BQQSPYJNBUJPO BU FJUIFS NPEF� *O
PUIFS XPSET
 CZ VTJOH UIF -BQMBDF HVJEF GBNJMZ
 XF BSF FTTFOUJBMMZ HVBSBOUFFJOH
UIBU BO PQUJNBMMZ�ėĨFE HVJEF XJMM CF BU MFBTU BT HPPE BT B -BQMBDF BQQSPYJNBUJPO
BU POF PG UIF NPEFT PG p�ǲ #VU JO NBOZ DBTFT
 JU XJMM CF FWFO CFĨFS�

*O HFOFSBM
 PG DPVSTF
Ip(θ∗)XJMM OPU BMXBZT CF QPTJUJWF EFėOJUF� #VU TVQQPTF
XF DPVME ėOE B GVODUJPO f : Sd → Sd
 BDUJOH PO UIF TFU TZNNFUSJD d× d

NBUSJDFT
 TVDI UIBU

ǲ*U JT JNQPSUBOU UP OPUF UIBU NBYJNJ[JOH UIF &-#0 XJMM MFBE VT OPU UP UIF IJHIFTU NPEF PG
p
 CVU UP UIF NPEF UIBU IBT UIF NPTU UPUBM EFOTJUZ BSPVOE JU� *G XF UIJOL PG NPEFT BT uIJMMTu JO UIF
EJTUSJCVUJPO�T EFOTJUZ
 B TIPSUFS CVU XJEFS IJMM NBZ IBWFNPSF WPMVNF UIBO POF UIBU�T UBMM CVU TLJOOZ�
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r JGM ∈ Sd JT QPTJUJWF EFėOJUF XJUI B EFUFSNJOBOU HSFBUFS UIBO TPNF TNBMM
DPOTUBOU
 UIFO f(M) = M �

r 0UIFSXJTF f(M) JT B QPTJUJWF EFėOJUF NBUSJY DMPTF UPM 	JO TPNF OPSN
�

8F SFGFS UP TVDI GVODUJPOT BT CPPTUJOH GVODUJPOT� UIFTF IBWF CFFO FYUFOTJWFMZ
TUVEJFE JO UIF DPOUFYU PG OPO�MJOFBS PQUJNJ[BUJPO� *O QSBDUJDF
 DPNQVUJOH f(M)

VTVBMMZ JOWPMWFT TPNF NPEJėDBUJPO PG UIF $IPMFTLZ EFDPNQPTJUJPO BMHPSJUIN GPS
QPTJUJWF EFėOJUF NBUSJDFT� 4FF <ǉǌ> GPS B TVSWFZ PG DPNNPOMZ VTFE CPPTUJOH
NFUIPET�

6TJOH B CPPTUJOH GVODUJPO f 
 XF DPVME NPEJGZ UIF BCPWF DPOTUSVDUJPO CZ
MFĨJOH qθ∗ IBWF QSFDJTJPO NBUSJY f(Ip (θ∗))� 8IFO θ∗ JT BU PS OFBS B NPEF PG p

Ip (θ∗)XPVME BMSFBEZ CF QPTJUJWF EFėOJUF BOE f XPVME OPU DBVTF BOZ EJTUPSUJPO�
UIVT UIF -BQMBDF BQQSPYJNBUJPO BU FWFSZ NPEF PG pXPVME TUJMM CF BWBJMBCMF BT B
HVJEF� "OE
 PODF BHBJO
 JG XF ėOE UIBU UIF &-#0 JT BDUVBMMZ NBYJNJ[FE BU BO
FOUJSFMZ EJĎFSFOU WBMVF PG θ∗
 TP NVDI UIF CFĨFS�

'PS BEEJUJPOBM ĚFYJCJMJUZ
 XF XJMM VTF OPU B TJOHMF GVODUJPO f 
 CVU B
QBSBNFUSJ[FE GBNJMZ PG TVDI GVODUJPOT�

%FėOJUJPO� -FU Sd CF UIF TFU PG TZNNFUSJD d× dNBUSJDFT BOE MFUΨ CF B TVCTFU PG
Rd

+ DPOUBJOJOH 0⃗ JO JUT DMPTVSF� " CPPTUJOH GBNJMZ fΨ JT B GBNJMZ PG BMNPTU
FWFSZXIFSF UISJDF�EJĎFSFOUJBCMF GVODUJPOT fψ : Sd → Sd
 JOEFYFE CZΨ
 TVDI UIBU�

r 'PS BOZψ ∈ Ψ BOE BOZM ∈ Sd
 UIF NBUSJY fψ(M) JT QPTJUJWF EFėOJUF�

r *GM JUTFMG JT QPTJUJWF EFėOJUF UIFO

MJN
ψ→0⃗

fψ(M) = M. 	Ǌ�ǉǉ


8F BSF OPX SFBEZ UP EFėOF UIF -BQMBDF HVJEF GBNJMZ GPS B QSPCBCJMJUZ
EJTUSJCVUJPO�

%FėOJUJPO� -FU p(θ) CF B 	QPTTJCMZ VOOPSNBMJ[FE
 QSPCBCJMJUZ EJTUSJCVUJPO PO
Rd� -FUΘ ⊆ Rd
Ψ ⊆ Rd

+
 BOE MFU fΨ CF B CPPTUJOH GBNJMZ BT BCPWF�

Ǎǈ



ĉF -BQMBDF HVJEF GBNJMZLΘ×Ψ(p, fΨ) JT UIF TFU PG d�EJNFOTJPOBM OPSNBM
EJTUSJCVUJPOT {qθ,ψ : θ ∈ Θ, ψ ∈ Ψ}
 XIFSF qθ,ψ IBT NFBO θ BOE QSFDJTJPO
NBUSJY fψ (Ip(θ))�

/PUF UIBU UIF TQBDFΘ×Ψ PG HVJEF QBSBNFUFST DBO IBWF VQ UP 2D EJNFOTJPOT�
)PXFWFS
 BT XF XJMM TFF CFMPX
 XIFO XPSLJOH XJUI MBUFOU WBSJBCMF NPEFMT
 XF
PěFO DPOTUSBJOΘ BOEΨ UP MPXFS�EJNFOTJPOBM TVCTFUT PGRd BOERd

+ SFTQFDUJWFMZ�
8IJMF XF IBWF EFėOFE B -BQMBDF HVJEF GBNJMZ BT B (BVTTJBO PWFS BMM NPEFM

QBSBNFUFST
 JU JT PG DPVSTF QPTTJCMF UP LFFQ DFSUBJO QBSBNFUFST PVU PG UIF
NVMUJWBSJBUF OPSNBM BOE EFBM XJUI UIFN JO PUIFS XBZT� 'PS FYBNQMF
 JO UIJT BOE
UIF GPMMPXJOH DIBQUFS
 UIFSF BSF UXP DBTFT XIFSF XF XJMM UBLF B NPEFM QBSBNFUFS ξ
BT IBWJOH B EFMUB EJTUSJCVUJPO JO UIF HVJEF DPOEJUJPOBM PO UIF HVJEF QBSBNFUFST� *O
TVDI DBTFT
 UIF WBMVF PG ξ∗ JT TUJMM VTFE UP EFUFSNJOF UIF QPJOU BU XIJDI XF UBLF UIF
)FTTJBO
 CVU UIF )FTTJBO JUTFMG EPFT OPU JODMVEF ξ� ĉF HVJEF JT UIFO EFėOFE BT
UIF QSPEVDU PG B NVMUJWBSJBUF OPSNBM PWFS UIF PUIFS NPEFM QBSBNFUFST
 XJUI B
EFMUB EJTUSJCVUJPO GPS ξ = ξ∗�

ĉFSF BSF TFWFSBM SFBTPOT XF NJHIU EFDJEF UP EP UIJT�

r ĉFSF NBZ CF TPNF EJđDVMUZ PCUBJOJOH UIF )FTTJBO XJUI SFTQFDU UP ξ
 GPS
JOTUBODF CFDBVTF TPNF EJTUSJCVUJPO JOWPMWJOH ξ JT OPU UISJDF�EJĎFSFOUJBCMF�

r *U NBZ CF DMFBS GSPN UIF QSPCMFN TFUVQ UIBU UIF DPNCJOFE QPTUFSJPS
JODMVEJOH ξ XJMM OPU CF XFMM�BQQSPYJNBUFE CZ B NVMUJWBSJBUF OPSNBM� 'PS
JOTUBODF
 JG ξ NJHIU CF B TDBMF QBSBNFUFS DPOUSPMMJOH UIF TUBOEBSE EFWJBUJPO
PG TPNF PUIFS EJNFOTJPO	T
�QBSBNFUFS	T
 JO UIF QPTUFSJPS�

r ξ NBZ TJNQMZ CF B OVJTBODF QBSBNFUFS XIPTF QPTUFSJPS WBSJBODF JT UIPVHIU
UP CF VOMJLFMZ UP DPOUSJCVUF TVCTUBOUJBMMZ UP UIF QPTUFSJPS WBSJBODF PG PUIFS
NPSF�JNQPSUBOU QBSBNFUFST� *O UIJT DBTF
 VTJOH B EFMUB EJTUSJCVUJPO XPVME
NFSFMZ CF B UJNF�TBWJOH USJDL UP BWPJE UIF OFFE UP JODMVEF ξ JO UIF )FTTJBO�

Ǎǉ



Ǌ�ǋ�Ǌ " ŉŃŏ ĹŎĵŁńŀĹ

#FGPSF QSPDFFEJOH UP IJHI�EJNFOTJPOBM MBUFOU WBSJBCMF NPEFMT
 XF JMMVTUSBUF UIF
BEWBOUBHF PG B -BQMBDF GBNJMZ PWFS B NFBO�ėFME GBNJMZ VTJOH B TJNQMF

MPX�EJNFOTJPOBM FYBNQMF�

4VQQPTF XF XBOU UP NPEFM BO PCTFSWBCMF RVBOUJUZ x BT UIF TVN PG UXP
t�EJTUSJCVUFE SBOEPN WBSJBCMFT
 QMVT B OPSNBMMZ�EJTUSJCVUFE FSSPS UFSN ϵ�

x = T1 + T2 + ϵ 	Ǌ�ǉǊ


Ti ∼ StudentTν ; i ∈ {1, 2}

ϵ ∼ N (0, σ2)

ĉF RVBOUJUJFT PG JOUFSFTU BSF UIF PG NPEFM QBSBNFUFST θ := (T1, T2)� PS
 UP CF
QSFDJTF
 UIFJS QPTUFSJPS EJTUSJCVUJPO DPOEJUJPOBM PO UIF PCTFSWFE x BOE UIF LOPXO
ν 	EFHSFFT PG GSFFEPN
 BOE σ2 	PCTFSWBUJPO FSSPS WBSJBODF
� /PUF UIBU
 JG xPCT JT
TVđDJFOUMZ GBS GSPN 0 BOE ν JT TVđDJFOUMZ MPX
 UIFO p(θ|xPCT) JT CJNPEBM� JU JT
NPSF MJLFMZ UIBU POF PG UIF Ti BDDPVOUT GPS NPTU PG xPCT UIBO UIBU UIFZ FBDI
BDDPVOU GPS SPVHIMZ IBMG�

8F BQQSPYJNBUF p(θ|xPCT) VTJOH WBSJBUJPOBM JOGFSFODF XJUI UXP EJĎFSFOU HVJEF
GBNJMJFT�

r ĉF -BQMBDF HVJEF GBNJMZ LΘ×Ψ(p, f)� )FSFΘ = R2� 'PS TJNQMJDJUZ
 XF
UBLFΨ UP CF POF�EJNFOTJPOBM�

Ψ :=
{
(ψ1,ψ2) ∈ R2 : ψ1 = ψ2

}
. 	Ǌ�ǉǋ


ĉF HVJEF qθ∗,ψ(θ) JT OPSNBM XJUI NFBO θ∗ = (T ∗
1 , T

∗
2 ) BOE QSFDJTJPO

NBUSJYPθ∗ := fψ [Ip (θ∗)]�

r ĉF OPSNBM NFBO�ėFME HVJEF GBNJMZFΦ� )FSFΦ = R2 × R2
+� 8JUI

φ = (T ∗
1 , T

∗
2 , σ1, σ2) ∈ Φ, 	Ǌ�ǉǌ


ǍǊ



UIF NFBO�ėFME HVJEF qφ(θ) JT OPSNBM XJUI NFBO (T ∗
1 , T

∗
2 ) BOE DPWBSJBODF

NBUSJY %JBH(σ2
1, σ

2
2)�

'PS FBDI GBNJMZ
 XF ėU UIF HVJEF UP UIF NPEFM VTJOH WBSJBUJPOBM JOGFSFODF BT
JNQMFNFOUFE JO UIF 1ZUIPO QBDLBHF i1ZSPu<ǐ>� 8F UIFO DPNQBSF UIF ėĨFE
HVJEFT VTJOH UXP NFUSJDT�

r ĉF &-#0 XJUI SFTQFDU UP UIF ėĨFE HVJEF� UIJT JT UIF RVBOUJUZ UIBU
WBSJBUJPOBM JOGFSFODF JT USZJOH UP NBYJNJ[F� 3FDBMM UIBUNBYJNJ[JOH UIF
&-#0 JT FRVJWBMFOU UP NJOJNJ[JOH UIF ,-�EJWFSHFODF ěPN UIF HVJEF UP UIF
QPTUFSJPS�

r ĉF &6#0 XJUI SFTQFDU UP UIF ėĨFE HVJEF 	TFF FRVBUJPO Ǌ�ǐ
� 3FDBMM UIBU
NJOJNJ[JOH UIF &6#0 JT FRVJWBMFOU UP NJOJNJ[JOH UIF ,-�EJWFSHFODF ěPN
UIF QPTUFSJPS UP UIF HVJEF� 	ĉJT NBLFT UIF &6#0 B NPSF OBUVSBM NFBTVSF PG
ėU UIBO UIF &-#0�
 *O HFOFSBM
 UIF JOUFHSBM JO UIF &6#0 JT JOUSBDUBCMF
 CVU
JO UIJT TJNQMF FYBNQMF XF DBO HFU HPPE OVNFSJDBM FTUJNBUFT CZ UBLJOH B TFU
PG .$.$ TBNQMFT BOE BTTVNJOH UIBU UIFZ BSF B DPOTJTUFOU BQQSPYJNBUJPO
PG TBNQMFT GSPN UIF USVF QPTUFSJPS�

5BCMF Ǌ�ǋ�ǉ TIPXT UIF SFTVMUT PG UIF DPNQBSJTPO GPS σ = 0.4 BOE TFWFSBM
EJĎFSFOU WBMVFT PG xPCT BOE ν � *O BMM DBTFT
 UIF -BQMBDF GBNJMZ HJWFT B CFĨFS
BQQSPYJNBUJPO UIBO UIF NFBO�ėFME GBNJMZ GPS CPUI PG PVS NFUSJDT�

ĉF EJĎFSFODF JO UIF &6#0 GPS xPCT = 7 BOE ν = 2 JT QBSUJDVMBSMZ TUSJLJOH�
	"T UIF UBCMF TIPXT
 TVDI BO PCTFSWBUJPO JT JO UIF Ǌƻ VQQFS UBJM� BO PVUMJFS
 CVU
OPU BO FYUSFNF POF�
 'JHVSF Ǌ�ǋ�ǉ IFMQT DMBSJGZ UIF TJUVBUJPO� 8IFO XF QMPU
DSFEJCMF SFHJPOT GPS UIF USVF QPTUFSJPS 	HSFFO

 UIF -BQMBDF ėĨFE HVJEF 	SFE

 BOE
UIF NFBO�ėFME ėĨFE HVJEF 	CMVF

 XF TFF UIBU UIF USVF QPTUFSJPS JO UIJT DBTF JT
CJNPEBM� ĉF NFBO�ėFME HVJEF JT DFOUFSFE BU POF PG UIF NPEFT BOE JT UIVT
FTTFOUJBMMZ NJTTJOH IBMG UIF NBTT PG UIF QPTUFSJPS EJTUSJCVUJPO� UIJT FYQMBJOT XIZ
D,-(p||q)
 BOE UIVT UIF &6#0
 JT TP MBSHF� *O DPOUSBTU
 UIF -BQMBDF HVJEF JT
DFOUFSFE BU UIF TBEEMF QPJOU CFUXFFO UIF UXP NPEFT PG UIF QPTUFSJPS� ĉJT JT B

Ǎǋ



h�#H2 kXjXR, � +QKT�`BbQM Q7 p�`B�iBQM�H BM72`2M+2 7Q` i?2 KQ/2H BM kXRk
mbBM; G�TH�+2 UǴG�TǴV �M/ K2�M@}2H/ UǴJ6ǴV 7�KBHB2bX 6Q` 1G"P +QHmKMb-
?B;?2` Bb #2ii2`c 7Q` 1l"P +QHmKMb- HQr2` Bb #2ii2`X

xPCT ν σ P (|x| < xPCT) &-#0 &6#0
B QSJPSJ -BQ .�' -BQ .�'

ǈ�ǈ ǋǈ ǈ�ǌ ǈ�ǈǈ �ǉ�ǌǍ �Ǌ�ǊǑ �ǈǍ ǈ�Ǐǐ
ǋ�ǈ ǋǈ ǈ�ǌ ǈ�Ǒǎ �ǋ�ǌǋ �ǌ�ǋǏ �ǉ�ǌǉ �ǉ�ǈǋ
ǈ�ǈ Ǌ ǈ�ǌ ǈ�ǈǈ �ǉ�ǎǍ �Ǌ�ǍǊ �ǈǐ �Ǒǉ
ǋ�ǈ Ǌ ǈ�ǌ ǈ�ǐǉ �ǋ�ǉǈ �ǌ�ǍǍ �ǈ�ǐǌ ǋ�Ǌǎ
Ǐ�ǈ Ǌ ǈ�ǌ ǈ�Ǒǎ �Ǎ�ǋǑ �Ǐ�Ǌǋ �Ǌ�ǈǉ Ǎǌ�ǎǌ

DBTF XIFSF UIF UIF ĚFYJCJMJUZ QSPWJEFE CZ UIF BEEJUJPOBM QBSBNFUFSψ QMBZT B
TJHOJėDBOU SPMF JO JNQSPWJOH UIF RVBMJUZ PG UIF 7* FTUJNBUF�ǳ

8F DBO BMTP VTF UIJT FYBNQMF UP JMMVTUSBUF UIF EJTUJODUJPO CFUXFFO -BQMBDF
WBSJBUJPOBM JOGFSFODF BOE B TJNQMF -BQMBDF BQQSPYJNBUJPO UP UIF QPTUFSJPS BSPVOE
JUT NBYJNVN EFOTJUZ 	."1
� /PUF UIBU JG σ XFSF OPU UBLFO BT LOPXO JO UIJT
NPEFM
 CVU JOTUFBE HJWFO B QSJPS 	TVDI BT B IBMG�$BVDIZ EJTUSJCVUJPO

 UIF
QPTUFSJPS EFOTJUZ PG σ, ϵ → 0XPVME CF JOėOJUF� ĉF &-#0
 IPXFWFS
 XPVME OPU
CF
 CFDBVTF BT UIF FOFSHZ UFSN BQQSPBDIFT JOėOJUZ
 TP EPFT UIF FOUSPQZ UFSN

MFBWJOH UIF PWFSBMM &-#0 XJUI B MBDLMVTUFS ėOJUF WBMVF� ĉJT JT BO JNQPSUBOU XBZ
JO XIJDI NBYJNJ[JOH UIF &-#0 SFTVMUT JO CFĨFS JOGFSFODF UIBO NBYJNJ[JOH UIF
QPTUFSJPS EFOTJUZ�

Ǌ�ǋ�ǋ 5ļĹ -ĵńŀĵķĹ ĻŊĽĸĹ ĺĵŁĽŀŏ ĺŃŇ ĵ ŀĵŉĹłŉ ŋĵŇĽĵĶŀĹ ŁŃĸĹŀ

*O UIJT TFDUJPO
 XF TIPX XIZ -BQMBDF HVJEF GBNJMJFT BSF QBSUJDVMBSMZ XFMM�TVJUFE
GPS XPSLJOH XJUI MBUFOU WBSJBCMF NPEFMT� *O QBSUJDVMBS
 XF TIPX UIBU MBUFOU

ǳ'PS UIJT FYBNQMF
 XF VTF BO BMUFSOBUF RVBTJ�CPPTUJOH GBNJMZ
 CBTFE PO VTJOH MPHTVNFYQ BT B
TPěNBY UP FOTVSF UIF NBUSJY JT 4%% 	<TZNNFUSJD BOE> EJBHPOBMMZ EPNJOBOU
� 8F VTF UIJT SBUIFS
UIBO UIF CPPTUJOH GBNJMZ CBTFE PO (.8ǐǉ CFDBVTF UIF MBĨFS JT OPU TNPPUI XJUI SFTQFDU UPψ� *G
UIJT NPEFM XFSF NPSF UIBO B UPZ
 XF XPVME IBWF DIPTFO POF PG UIF PUIFS
 NPSF�DPNQMFY NFUIPET
PVUMJOFE JO <ǉǌ> SBUIFS UIBO UIJT 4%%�CBTFE NFUIPE�

Ǎǌ



6B;m`2 kXjXR, SQbi2`BQ` �M/ oA@2biBK�i2/ TQbi2`BQ` 7Q` xQ#b = 7, ν = 2X :`22M
HBM2b b?Qr U�TT`QtBK�i2V N8W �M/ 8yW i`m2 TQbi2`BQ` +`2/B#H2 b2ibc `2/ �M/
#Hm2 2HHBTb2b �`2 2biBK�i2/ N8W +`2/B#H2 b2ib 7Q` i?2 }ii2/ G�TH�+2 �M/ K2�M@
}2H/ ;mB/2b `2bT2+iBp2HvX

WBSJBCMF NPEFMT IBWF B CMPDL BSSPXIFBE TUSVDUVSF PO UIF )FTTJBO
 XIJDI BMMPXT
TVCTUBOUJBMMZ GBTUFS DPNQVUBUJPO JO PQUJNJ[JOH UP ėOE UIF CFTU�ėU HVJEF�

"T VTVBM
 XF BTTVNF UIF NPEFM IBT QBSBNFUFST θ = {γ,λ1, . . . ,λN)
 XIFSF
γ ∈ Rg JT UIF WFDUPS PG HMPCBM QBSBNFUFST BOEλi ∈ Rl JT UIF WFDUPS PG MBUFOU
QBSBNFUFST DPSSFTQPOEJOH UP UIF PCTFSWBUJPOxi� ĉF -BQMBDF GBNJMZ IBT POF
HVJEF QBSBNFUFS DPSSFTQPOEJOH UP FBDI NPEFM QBSBNFUFS
 BOE XF TQMJU VQ UIF
DPSSFTQPOEJOH WFDUPS PG HVJEF QBSBNFUFST
 θ∗
 BDDPSEJOHMZ�

θ∗ = (γ∗,λ∗
1, . . . ,λ

∗
N). 	Ǌ�ǉǍ


8F SFGFS UP γ∗ BT UIF WFDUPS PG HMPCBM HVJEF QBSBNFUFST BOE UPλ∗
1, . . . ,λ

∗
N BT UIF

ǍǍ



MBUFOU HVJEF QBSBNFUFST�
#FDBVTF UIFλi BSF DPOEJUJPOBMMZ JOEFQFOEFOU JO UIF NPEFM
 UIF NBUSJY

Ip(θ∗) IBT B CMPDL�BSSPXIFBE TUSVDUVSF�

Ip(θ
∗) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

G C1 C2 . . . CN

CT
1 U1 0 . . . 0

CT
2 0 U2 . . . 0
��� 0 0

� � � 0

CT
N 0 0 . . . UN

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, 	Ǌ�ǉǎ


ĉJT BMMPXT VT UP TQFFE VQ UIF DPNQVUBUJPO JO TFWFSBM XBZT� 'JSTU
 GPS ėYFE g
BOE l
 DPNQVUJOHIp(θ∗) UBLFT POMZO(N) UJNF
 SBUIFS UIBO UIF EFGBVMUO(N2)�
8F DBO EFTJHO B CPPTUJOH GBNJMZ fΨ GPS CMPDL�BSSPXIFBE NBUSJDFT TVDI UIBU
fψ(Ip(θ∗)) JT BMTP CMPDL�BSSPXIFBE BOE DPNQVUJOH JU UBLFTO(N) UJNF� "T B
SFTVMU
 TBNQMJOH GSPN qθ∗,ψ JT BMTP POMZO(N) SBUIFS UIBOO(N3)� 4FF "QQFOEJY
Ǌ�ǉ GPS EFUBJMT BOE QSPPGT�

8F DBO GVSUIFS TQFFE VQ UIF BMHPSJUIN CZ TFĨJOH UIF DPNQPOFOUT PGψ
DPSSFTQPOEJOH UP UIF EJĎFSFOU MBUFOU QBSBNFUFST UP CF FRVBM� ĉJT SFEVDFT UIF
EJNFOTJPOBMJUZ PG UIF CPPTUJOH QBSBNFUFS TQBDFΨ GSPN g + lN UP g + l� 'SPN
OPX PO
 XIFO XPSLJOH XJUI MBUFOU WBSJBCMF NPEFMT XF XJMM BMXBZT BTTVNF UIBU

Ψ = {(ψΓ,ψΛ, . . . ,ψΛ) : ψΓ ∈ RG
+, ψΛ ∈ RL

+}, 	Ǌ�ǉǏ


BOE XF XJMM BCCSFWJBUFψ ∈ Ψ BT (ψΓ,ψΛ)�

Ǌ�ǋ�ǌ 4ŉŃķļĵňŉĽķ ŋĵŇĽĵŉĽŃłĵŀ ĽłĺĹŇĹłķĹ ŌĽŉļ ĵ -ĵńŀĵķĹ ĺĵŁĽŀŏ

4UPDIBTUJD WBSJBUJPOBM JOGFSFODF 	47*
 JT B TUBOEBSE NFUIPE GPS TQFFEJOH VQ
WBSJBUJPOBM JOGFSFODF PO IJHI�EJNFOTJPOBM MBUFOU WBSJBCMF NPEFMT� *U XBT ėSTU
JOUSPEVDFE JO <ǊǊ> GPS FYQPOFOUJBM GBNJMZ EJTUSJCVUJPOT
 CVU JT FBTJMZ HFOFSBMJ[FE
UP CMBDL�CPY 7*�

*O 47*
 FBDI JUFSBUJPO PG UIF &-#0�PQUJNJ[BUJPO QSPDFEVSF VTFT POMZ B

Ǎǎ



SBOEPN 	QPTTJCMZ XFJHIUFE
 TVCTBNQMF PG UIF PCTFSWBUJPOT BOE UIFJS
DPSSFTQPOEJOH MBUFOU QBSBNFUFST� #FDBVTF UIFλi BSF JOEFQFOEFOU DPOEJUJPOBM PO
γ 
 JU JT FBTZ UP HFU BO VOCJBTFE FTUJNBUF PG UIF VOOPSNBMJ[FE QPTUFSJPS JO UIJT XBZ

FWBMVBUJOH POMZ UIF UFSNT JOWPMWJOH UIF TVCTBNQMFE VOJUT� 8F DBO BMTP FTUJNBUF
UIF &-#0 BOE JUT HSBEJFOU
 UIPVHI UIFTF FTUJNBUFT XJMM OPU OFDFTTBSJMZ CF
VOCJBTFE 	TFF CFMPX
� 8F UIFO VTF B TQFDJBMMZ�BEBQUFE PQUJNJ[BUJPO BMHPSJUIN

XIJDI UBLFT UIF OPJTF JO UIF HSBEJFOU FTUJNBUF JOUP BDDPVOU� " OVNCFS PG TVDI
TUPDIBTUJD PQUJNJ[BUJPO BMHPSJUINT BSF BWBJMBCMF� 1ZSP
 UIF QSPCBCJMJTUJD
QSPHSBNNJOH MBOHVBHF UIBU XF VTF GPS PVS DPNQVUBUJPOT
 VTFT UIF "EBN
BMHPSJUIN <Ǌǐ> GPS UIJT QVSQPTF�

*NQMFNFOUJOH 47* GPS UIF -BQMBDF GBNJMZ JT DPODFQUVBMMZ TUSBJHIUGPSXBSE
 CVU
UIFSF BSF B GFX EFUBJMT UIBU SFRVJSF BĨFOUJPO� 3FDBMM UIBU PVS WFDUPS PG WBSJBUJPOBM
QBSBNFUFST JT (θ∗,ψ)
 BOE UIBU θ∗ DPOTJTUT PG UIF WFDUPS γ∗ PG HMPCBM HVJEF
QBSBNFUFST BOEN WFDUPSTλ∗

1, . . . ,λ
∗
N PG MBUFOU HVJEF QBSBNFUFST� 8IFON JT

MBSHF
 XF XBOU UP CF BCMF UP FTUJNBUF UIF &-#0 VTJOH POMZ γ∗ BOE B TVCTBNQMF PG
UIFλ∗

i PG TJ[F n ≪ N �
'JY n
 BOE MFUπ = (π1, . . . , πN) CF B WFDUPS PG OPO[FSP QSPCBCJMJUJFT

	0 < πi ≤ 1
 TVDI UIBU
∑N

i=1 πi = n� -FU S = {i1, . . . , in} CF B TBNQMF GSPN
{1, . . . , N}
 ESBXO JO TVDI B XBZ UIBU 1SPC(i ∈ S) = πi� 'PS JOTUBODF
 GPS B
TJNQMF SBOEPN TBNQMF 	XJUIPVU SFQMBDFNFOU

 XF XPVME IBWF πi = n/N GPS BMM
i�Ǵ

(JWFO θ = (γ,λ1, . . . ,λN) BOEx = (x1, . . . ,xN)
 EFėOF

θS = (γ,λi1 , . . . ,λin);

xS = (xi1 , . . . ,xin);

pS(θS ,xS) := p(γ)
∏

i∈S

[
p(λi|γ) p(xi|λi,γ)

]1/πi

.

Ǵ)FSF XF BSF BTTVNJOH TBNQMJOH XJUIPVU SFQMBDFNFOU BOE XJUI B ėYFE TBNQMF�TJ[F n
 XIJDI
BMMPXT VT UP VTF UIF )PSWJU[�ĉPNQTPO FTUJNBUPS� )PXFWFS
 BOZ PUIFS TBNQMJOH TDIFNF UIBU IBT B
DPSSFTQPOEJOH VOCJBTFE FTUJNBUPSXPVMEXPSL� ĉFHPBM
 BT BMXBZT
 JT UP ėOE BOVOCJBTFE FTUJNBUPS
XJUI MPX WBSJBODF� )PX CFTU UP EP UIJT EFQFOET PO UIF TJUVBUJPO�

ǍǏ



/PUF UIBU MPH pS(θS ,xS) JT B )PSWJU[�ĉPNQTPO FTUJNBUPS GPS MPH p(θ,x)�
/PX MFU θ∗ ∈ Θ
 BOE EFėOF θ∗

S BOBMPHPVTMZ UP θS � ĉF -BQMBDF HVJEF
qθ∗

S ,ψ
(θS) GPS pS(θS |xS) JT EFėOFE JO UIF VTVBM XBZ� JU B NVMUJWBSJBUF OPSNBM

EJTUSJCVUJPO XJUI NFBO θ∗
S BOE QSFDJTJPO NBUSJY fψ (Ips(θ

∗
S))� 8F DBO EP

TUPDIBTUJD HSBEJFOU BTDFOU PO UIF &-#0 PG pS XJUI SFTQFDU UP qθ∗
S ,ψ

(θS)
 UBLJOH B
OFX TVCTBNQMF S BU FBDI TUFQ PG UIF HSBEJFOU BTDFOU� 0ODF XF PCUBJO 	PS HFU
DMPTF UP
 UIF PQUJNBM WBMVFT θ∗ BOEψ GPS UIJT TVCTBNQMJOH QSPDFEVSF
 XF
SFDPNQVUF UIF GVMM QSFDJTJPO NBUSJY 	XJUIPVU TVCTBNQMJOH
 UP PCUBJO UIF ėOBM
ėĨFE HVJEF qθ∗,ψ �

6OGPSUVOBUFMZ
 UIF &-#0 PG pS JT OPU BO VOCJBTFE FTUJNBUF PG UIF &-#0 PG p

TP XF EP OPU FYQFDU UIF TUPDIBTUJD BOE OPO�TUPDIBTUJD WFSTJPOT PG -BQMBDF 7* UP
DPOWFSHF UP UIF TBNF HVJEF� )PXFWFS
 UIF ėĨFE HVJEF qθ∗,ψ PCUBJOFE CZ 47* JT

JO FYQFDUBUJPO
 B HPPE BQQSPYJNBUJPO UP pS 
 BOE UIVT TIPVME BMTP CF B HPPE
BQQSPYJNBUJPO UP UIF USVF QPTUFSJPS BT XFMM�

Ǌ�ǋ�Ǎ "łĵŀŏŉĽķ ĵŁŃŇŉĽŐĵŉĽŃł

*O B NPEFM XJUI B MBSHF OVNCFS PG MBUFOU WBSJBCMFTλi ã FBDI PG XIJDI SFRVJSFT B
TFQBSBUF WFDUPS PG HVJEF QBSBNFUFSTλ∗

i ã UIF EJNFOTJPOBMJUZ PG UIF HVJEF GBNJMZ
DBO CFDPNF UPP IJHI GPS FWFO TUPDIBTUJD PQUJNJ[BUJPO� 6TJOH UIF BMHPSJUIN
EFTDSJCFE JO UIF QSFWJPVT TFDUJPO
 FWFO BěFS UIF HMPCBM QBSBNFUFST γ∗ DPOWFSHF UP
iHPPEu WBMVFT 	J�F
 POFT UIBU UFOE UP SPVHIMZ NBYJNJ[F UIF &-#0

 XF NVTU TUJMM
FOTVSF UIBU GPS FBDI VOJU i
 UIF DPSSFTQPOEJOHλ∗

i ∈ S GPS FOPVHI
PQUJNJ[BUJPO�TUFQ�TQFDJėD WBMVFT PG S 
 UP BMMPX UIF PQUJNJ[FEλ∗

i UP DPOWFSHF UP B
iHPPEu WBMVF BT XFMM� ĉJT QSPDFTT PG iUZJOH VQ MPPTF FOETu XJUI UIF MBUFOU HVJEF
QBSBNFUFST DPVME FBTJMZ UBLF NPSF DPNQVUJOH UJNF UIBO PQUJNJ[JOH UIF HMPCBMT�

0OF DPNNPO BQQSPBDI JT UP DPOTUSBJO FBDIλ∗
i UP CF B EFUFSNJOJTUJD GVODUJPO

Mi(γ∗)� *O NBOZ BQQMJDBUJPOT
 UIF GVODUJPOM DPNFT GSPN B OFVSBM OFUXPSL BOE
UIVT IBT JUT PXO GSFF QBSBNFUFST 	XFJHIUT
� ĉF HSBEJFOU PG UIF &-#0 JT UIFO
DPNQVUFE XJUI SFTQFDU UP UIFTF XFJHIUT BT XFMM BT γ∗
 BOE UIF XFJHIUT BSF
PQUJNJ[FE BT QBSU PG 7*� ĉJT UFDIOJRVF PG SFEVDJOH UIF OVNCFS PG HVJEF

Ǎǐ



QBSBNFUFST UP CF PQUJNJ[FE JT LOPXO BT BNPSUJ[BUJPO� *O UIF DPOUFYU PG OFVSBM
OFUXPSLT
 UIF GVODUJPOM JT SFGFSSFE UP BT B WBSJBUJPOBM BVUP�FODPEFS� TFF <ǊǑ>
GPS EFUBJMT�

4JODF XF BSF BTTVNJOH UIBU PVS NPEFM QPTUFSJPS IBT B SFMBUJWFMZ TJNQMF
GVODUJPOBM GPSN
 XF UBLF B EJĎFSFOU BQQSPBDI UP BNPSUJ[BUJPO� XF BOBMZUJDBMMZ
EFSJWF 	PS BQQSPYJNBUF
 UIF ."1 PGλ∗

i DPOEJUJPOBM PO γ∗ BOExi
 BOE UIFO
TJNQMZ TFUλ∗

i UP UIJT WBMVF� *O PUIFS XPSET
 XF VTF B EFUFSNJOJTUJD GVODUJPO

Mi(γ
∗) ≈ ."1 (λ∗

i |γ∗,xi) 	Ǌ�ǉǐ


UIBU IBT OP BEEJUJPOBM QBSBNFUFST UP CF PQUJNJ[FE�ǵ
0G DPVSTF
 UIJT LJOE PG BOBMZUJD BNPSUJ[BUJPO JT JNQPTTJCMF XIFO UIF SFMFWBOU

DPOEJUJPOBM EJTUSJCVUJPOT BSF B DPOTFRVFODF PG NPSF DPNQMJDBUFE EZOBNJDT
 TVDI
BT OFVSBM OFUT PS PUIFS GPSNT PG NBDIJOF MFBSOJOH� #VU XIFSF QPTTJCMF
 XF CFMJFWF
UIBU BOBMZUJD BNPSUJ[BUJPO JT CPUI TJNQMFS BOE NPSF FđDJFOU UIBO UIF USBEJUJPOBM
LJOE� *O UIJT DIBQUFS
 XF VTF JU XJUI B -BQMBDF HVJEF GBNJMZ
 CVU XF TFF OP SFBTPO
XIZ JU DPVME OPU CF VTFE XJUI PUIFS HVJEF GBNJMJFT BT XFMM�

8JUI BOBMZUJD BNPSUJ[BUJPO
 UIF -BQMBDF HVJEF GBNJMZ JT EFėOFE BT VTVBM
 CVU
UIF HVJEF QBSBNFUFS θ∗ JT SFTUSJDUFE UP

ΘM =
{
(γ∗,λ∗

1, . . . ,λ
∗
N) ∈ Θ : λ∗

i = Mi(γ
∗) GPS i = 1, . . . , N

}
. 	Ǌ�ǉǑ


ĉVT UIF &-#0 JT OPX B GVODUJPO POMZ PG γ∗ BOEψ�
*U�T XPSUI OPUJOH POF BEEJUJPOBM DPNQVUBUJPOBM USJDL UIBU TIPVME JNQSPWF

SFTVMUT JO TPNF DBTFT� 4PNFUJNFT
 UIF BOBMZUJD BNPSUJ[BUJPO JT BQQSPYJNBUF� UIF
FYBDU DPOEJUJPOBM ."1 PGλ∗

i JT OPU BOBMZUJDBMMZ USBDUBCMF
 TP UIF CFTUMi(γ∗)

QSBDUJDBMMZ BWBJMBCMF JT POMZ BO BQQSPYJNBUJPO UIFSFPG� 8IFO UIJT JT USVF
 B TMJHIU
BEKVTUNFOU UP UIF HVJEF qθ∗,ψ DBO JNQSPWF JUT ėU BU BMNPTU OP FYUSB

ǵ/PUF UIBU VTJOH UIF DPOEJUJPOBM."1 BT TVHHFTUFE IFSF JT HFOFSBMMZ BQQSPQSJBUF XIFOλi DPO�
TJTUT PG TPMFMZ MPDBUJPO QBSBNFUFST� )PXFWFS
 XIFOλi JODMVEFT B DPNCJOBUJPO PG MPDBUJPO BOE TDBMF
QBSBNFUFST
 UIF."1 JT PěFO0 GPS UIF TDBMF QBSBNFUFST SFHBSEMFTT PG UIF WBMVFT PGγ� TJODF UIJT MFBET
UP BO &-#0 PG −∞ UISPVHI UIF FOUSPQZ UFSN UIJT JT VOEFTJSBCMF� 3FTPMWJOH UIJT JTTVF JT CFZPOE
UIF TDPQF PG UIF DVSSFOU QBQFS�

ǍǑ



DPNQVUBUJPOBM DPTU� 3FDBMM UIBU qθ∗,ψ JT OPSNBM XJUI NFBO θ∗ BOE QSFDJTJPO
NBUSJYP = fψ(Ip(θ∗))� $BMDVMBUJOHP JT UIF NPTU DPNQVUBUJPOBMMZ�JOUFOTJWF
QBSU PG UIF BMHPSJUIN� )PXFWFS
 PODF XF LOPXP 
 XF IBWF BMM UIF JOHSFEJFOUT UIBU
XF OFFE JO PSEFS UP BQQMZ B TUFQ PG /FXUPO�T NFUIPE UP PVS FTUJNBUF PG
."1(λ∗

i |γ∗,xi)� "ěFS BMM
P JT UIF CPPTUFE OFHBUJWF )FTTJBO PG MPH p BU θ∗
 BOE
JO UIF DPVSTF PG DPNQVUJOHP 
 XF IBE UP DPNQVUF∇ MPH p BT XFMM� 4P
 GPS FBDI i

XF DBO MFU

λ̃∗
i := λ∗

i + (Pi)
−1 ∇ MPH p(θ∗,x)i, 	Ǌ�Ǌǈ


XIFSFPi BOE∇ MPH p(θ∗,x)i EFOPUF UIF TVCNBUSJY 	SFTQFDUJWFMZ
 TVCWFDUPS

DPSSFTQPOEJOH UPλi� 8F DBO OPX MFU q̃θ∗,ψ CF UIF OPSNBM EJTUSJCVUJPO XJUI
QSFDJTJPOP BOE NFBO (γ∗, λ̃∗

1, . . . , λ̃
∗
N)� /PUF UIBU q̃θ∗,ψ JT OP MPOHFS

UFDIOJDBMMZ B -BQMBDF HVJEF
 TJODF JUT QSFDJTJPO NBUSJY JT CBTFE PO B )FTTJBO UBLFO
BU B EJĎFSFOU QPJOU UIBO JUT NFBO� )PXFWFS
 /FXUPO�T NFUIPE DBO CF FYQFDUFE UP
JNQSPWF UIF NFBO PG UIF HVJEF
 HJWJOH B EJSFDU 	ėSTU�PSEFS
 JNQSPWFNFOU JO UIF
FOFSHZ UFSN PG UIF &-#0
 XIJMF UIF TMJHIU FSSPS UIJT DSFBUFT JO UIF )FTTJBO TIPVME
CF B NPSF JOEJSFDU 	TFDPOE�PSEFS
 FĎFDU�

Ǌ�ǋ�ǎ 'Ŋŀŀ ĵŀĻŃŇĽŉļŁ ĺŃŇ ĵŁŃŇŉĽŐĹĸ -ĵńŀĵķĹ 47*

1VĨJOH JU BMM UPHFUIFS
 CFMPX JT UIF GVMM BMHPSJUIN GPS BNPSUJ[FE
 TVCTBNQMFE
-BQMBDF WBSJBUJPOBM JOGFSFODF JO B MBUFOU WBSJBCMF NPEFM�

(JWFO�
r B MBUFOU WBSJBCMF NPEFM
 XJUI OPUBUJPO BT JO 4FDUJPO Ǌ�ǋ�ǋ�

r BO JOUFHFS n < N 	EFTJSFE TBNQMF TJ[F JO 47*
 BOE B WFDUPSπ PG TBNQMJOH
QSPCBCJMJUJFTǶ
 BT JO 4FDUJPO Ǌ�ǋ�ǌ�

r B GBNJMZ fψ PG CPPTUJOH GVODUJPOT GPS BSSPXIFBE NBUSJDFT
 BT JO "QQFOEJY
Ǌ�ǉ�

Ƕ*O BMM UIF FYBNQMFT
 XF IBWF VTFE B TJNQMF SBOEPN TBNQMF XJUI FRVBM QSPCBCJMJUJFT� *O TPNF
DBTFT
 UIJT NJHIU CF JNQSPWFE CZ UVOJOH UIF QSPCBCJMJUZ XFJHIUT π TP BT UP NJOJNJ[F UIF WBSJBODF
PG UIF &-#0 FTUJNBUF� %JTDVTTJPO PG XIFO BOE IPX UP EP UIJT JT CFZPOE UIF TDPQF PG UIJT DIBQUFS�

ǎǈ



r B GBNJMZ PG BNPSUJ[BUJPO GVODUJPOTMi : Γ → Λ GPS i ∈ {1, . . . , N}
 BT JO
4FDUJPO Ǌ�ǋ�Ǎ�

"MHPSJUIN GPS ėĨJOH UIF HVJEF�

ǉ� *OJUJBMJ[F γ∗ UP 0�ψΓ BOEψΛ UP WFDUPST PG TNBMM QPTJUJWF OVNCFST 	F�H�
ǈ�ǈǉ
� BOEm UP B QPTJUJWF JOUFHFS�

Ǌ� XIJMF5SVF EP
ǋ� DIPPTF BO JOEFQFOEFOU TBNQMF S := {i1, . . . , in} GSPN

{1, . . . , N}
 XJUI TBNQMJOH QSPCBCJMJUJFT HJWFO CZπ�
ǌ� TFUxS := (xi1 , . . . ,xin)�
Ǎ� GPS k ∈ 1, . . . , n EP
ǎ� TFUλ∗

ik
:= Mik(γ

∗)�
Ǐ� TFU θ∗

S :=
(
γ∗,λ∗

i1 , . . . ,λ
∗
in

)
�

ǐ� DPNQVUFI (θ∗
S)� UIF OFHBUJWF )FTTJBOǮǭ PG UIF TBNQMFE NPEFM MPH

EFOTJUZ

MPH pS(θS ,xS) := MPH p(γ) +
n∑

k=1

1

πik

MPH p(λik , xik |γ) 	Ǌ�Ǌǉ


XJUI SFTQFDU UP UIF WBSJBCMFT θS := (γ,λi1 , . . . ,λin)
 FWBMVBUFE BU
(θ∗

S ,xS)�
Ǒ� DPNQVUFPS := fψ,π(I (θ∗

S))�
ǉǈ� 	015*0/"-
 TFU θ∗

S :=
(
γ∗, λ̃∗

i1 , . . . , λ̃
∗
in

)

 XIFSF

λ̃∗
i := λ∗

i + (Pi)
−1 ∇ MPH p(θ∗,x)i, 	Ǌ�ǊǊ


Ǯǭ8IFO VTJOH BVUPNBUJD EJĎFSFOUJBUJPO
 NBJOUBJOJOH UIF EJTUJODUJPO CFUXFFO θS BOE θ∗
S SF�

RVJSFT TPNF DBSF� *O θS 
 UIFλT BSF OPU SFMBUFE UP γ WJB UIF BNPSUJ[BUJPO GVODUJPOM 
 TP UIF HSBEJ�
FOU PGM NVTU CF FYDMVEFE GSPN UIF DBMDVMBUJPO PG UIF )FTTJBO� ZFU XIFO XF FTUJNBUF UIF HSBEJFOU
PG UIF &-#0 XJUI SFTQFDU UP γ∗
 XF EP XBOU UP JODMVEFM JO DBMDVMBUJOH UIF HSBEJFOU PG UIF QPJOU
BU XIJDI UIF )FTTJBO XBT UBLFO� 5P BDDPNQMJTI UIJT QSPHSBNNBUJDBMMZ JO QZUPSDI
 XF NBLF B DPQZ
PGγ∗ BOE VTF UIF /2i�+? DPNNBOE UP TFWFS JUT DPOOFDUJPO UP UIFλT WJBM � 8F VTF UIF EFUBDIFE
DPQZ XIFO DPNQVUJOH UIF )FTTJBO BOE BEE JUT HSBEJFOU POUP UIBU PG UIF PSJHJOBM WBSJBCMF γ∗ KVTU
CFGPSF "%". PQUJNJ[BUJPO�

ǎǉ



BT JO 4FDUJPO Ǌ�ǋ�Ǎ�
ǉǉ� ESBXm J�J�E TBNQMFT θ1

S , . . . ,θ
m
S GSPN UIF OPSNBM EJTUSJCVUJPO XJUI

NFBO θ∗
S BOE QSFDJTJPO NBUSJYPS �ǮǮ

ǉǊ� TFU

&-#0FTU :=
1

m

m∑

j=1

[
MPH pS(θj

S ,xS)− (θj
S − θ∗

S)
TPS(θ

j
S − θ∗

S)
]
;

	Ǌ�Ǌǋ


ǉǋ� VTF CBDLXBSET�NPEF BVUPNBUJD EJĎFSFOUJBUJPO UP ėOE UIF HSBEJFOU
PG &-#0FTU�Ǯǯ

ǉǌ� VQEBUF γ∗ BOEψ BDDPSEJOHMZ
 VTJOH UIF "EBN TUPDIBTUJD
PQUJNJ[BUJPO BMHPSJUIN�

ǉǍ� JG B TUPQQJOH DPOEJUJPO IBT CFFO NFU
 CSFBL PVU PG UIF MPPQ�Ǯǰ
ǉǎ� SFEP TUFQT ǌ�ǉǈ XJUI B GVMM TBNQMF 	BMM VOJUT
� UIBU JT
 S = {1, . . . , N} BOE

π = (1, 1, . . . , 1)
 PNJĨJOH UIF TVCTDSJQU S GSPN BMM RVBOUJUJFT�
ǉǏ� SFUVSO ėĨFE HVJEF qθ∗,ψ� B OPSNBM EJTUSJCVUJPO XJUI NFBO θ∗ BOE QSFDJTJPO

NBUSJYP �

Ǌ�ǌ " ňĽŁńŀĹ ĵńńŀĽķĵŉĽŃł

8F DPNQBSF UIF QFSGPSNBODF PG UISFF WBSJBUJPOBM JOGFSFODF NFUIPET ã
NFBO�ėFME 7*
 -BQMBDF 7*
 BOE BNPSUJ[FE -BQMBDF 7* ã PO B SFMBUJWFMZ TJNQMF
MBUFOU WBSJBCMF NPEFM
 VTJOH CPUI SFBM BOE TJNVMBUFE EBUB�

ǮǮ/PUF UIBU XF DBO QFSGPSN UIF TBNQMJOH XJUIPVU GVMMZ JOWFSUJOHPS � TFF "QQFOEJY Ǌ�ǉ�
ǮǯĉJT JT BVUPNBUFE CZ QZSP
 BQQMZJOH TUBUF�PG�UIF�BSU WBSJBODF�SFEVDJOH USJDLT TVDI BT <ǌǏ>�
ǮǰĉF TQFDJėD TUPQQJOH SVMF GPS UIF PQUJNJ[BUJPO MPPQ JT OPU PVS GPDVT IFSF� *O QSBDUJDF
 XF VTF

BO FYQPOFOUJBM NPWJOH BWFSBHF PG &-#0FTU
 XJUI B EFDBZ UJNF PG ǉǈǈ FQPDIT� BOE XF TUPQ XIFO
UIBU BWFSBHF JT OPU MPXFS UIBO JUT WBMVF Ǎǈǈ FQPDIT BHP�

ǎǊ



Ǌ�ǌ�ǉ 5ļĹ ŁŃĸĹŀ

$POTJEFS B NVMUJ�TJUF FYQFSJNFOUBM TUVEZ XJUI SBOEPNMZ�BTTJHOFE USFBUNFOU BOE
DPOUSPM HSPVQT BU FBDI TJUF� -FU xi CF UIF EJĎFSFODF JO NFBOT CFUXFFO UIF
USFBUNFOU BOE DPOUSPM HSPVQT BU TJUF i� 8F DBO UIJOL PG xi BT BO FTUJNBUF PG UIF
USVF USFBUNFOU FĎFDU τi GPS TJUF i� 'PS NPEFSBUFMZ TJ[FE HSPVQT
 XF DBO UBLF UIF
WBSJBODF PG xi UP CF si
 UIF FTUJNBUFE TUBOEBSE FSSPS PGE[(xi − τi)2] BU FBDI TJUF
	B LOPXO RVBOUJUZ
� *G XF UIFO BTTVNF UIBU UIF USVF USFBUNFOU FĎFDUT BSF
EJTUSJCVUFE BDDPSEJOH UP B TDBMFE
 TIJěFE 4UVEFOU t�EJTUSJCVUJPO XJUI VOLOPXO
NFBO µ
 TDBMF σ
 BOE EFHSFFT PG GSFFEPN ν 
 XF PCUBJO UIF GPMMPXJOH NPEFM�

Ti/σ ∼ StudentTν ; i ∈ {1, ..., N}

τi = µ+ Ti 	Ǌ�Ǌǌ


xi ∼ N (τi, s
2
i )

ĉF TJUF�MFWFM RVBOUJUJFT PG JOUFSFTU BSF UIF USVF USFBUNFOU FĎFDUT τi� ĉF TDBMF
QBSBNFUFS σ DBQUVSFT UIF TDBMF PG UIF WBSJBCJMJUZ PG τi
 XIJMF B MPX ν JOEJDBUFT UIBU
PVUMJFST BSF SFMBUJWFMZ QSFWBMFOU�

ĉF 4UVEFOU t�EJTUSJCVUJPO NBZ OPU CF UIF USVF EJTUSJCVUJPO PG TJUF�MFWFM FĎFDUT�
8F VTF JU IFSF CFDBVTF JUT EFHSFF�PG�GSFFEPN QBSBNFUFS ν BMMPXT VT UP FYQMJDJUMZ
NPEFM UIF QSFWBMFODF PG PVUMJFST� $MFBSMZ
 XF XJMM XBOU UIF FYQFDUFE QPTUFSJPS
WBSJBODF PG UIF τi�T UP 	OFBSMZ
 NBUDI UIF TBNQMF WBSJBODF PG UIF xi�T BEKVTUFE CZ
si� #VU UIJT DBO CF BDDPNQMJTIFE FJUIFS CZ TFĨJOH CPUI ν BOE σ UP CF IJHI
	DPSSFTQPOEJOH UP B CSPBE DMVTUFS PG xi�T XJUI GFX PVUMJFST
 PS CZ TFĨJOH CPUI UP
CF MPX 	DPSSFTQPOEJOH UP B TNBMMFS DMVTUFS
 CVU XJUI PVUMJFST
� -PXFS WBMVFT PG σ
BOE ν XPVME MFBE UP IJHIFS FTUJNBUFT PG UIF QFSDFOUBHF PG TJUFT XIFSF UIF
USFBUNFOU FĎFDU XPVME 	PS EJE
 GBMM BCPWF TPNF OPOUSJWJBM UISFTIPME� ĉVT
 UIF
FYUSB ĚFYJCJMJUZ GSPN BEEJOH ν UP UIF NPEFM DBO QPUFOUJBMMZ IFMQ VT BOTXFS UIJT
TDJFOUJėDBMMZ�NFBOJOHGVM RVFTUJPO�

8F VTF UIF GPMMPXJOH QSJPST GPS PVS NPEFM QBSBNFUFST 	USBOTGPSNJOH XIFSF

ǎǋ



OFDFTTBSZ UP PCUBJO QBSBNFUFST XJUI VODPOTUSBJOFE TVQQPSU
�

d := MPH(ν − νNJO) ∼ N (1, 1.52) 	Ǌ�ǊǍ


ς := MPH(σ − σNJO) ∼ N (0, 22)

µ ∼ N (0, 20)

νNJO = 2.5, σNJO = NBY(si) ∗ 1.9

ĉF DPOTUBOU νmin = 2.5 JT DIPTFO BSCJUSBSJMZ UP FOTVSF XFMM�CFIBWFE PWFSBMM
WBSJBODF
 XIJMF UIF DPOTUSBJOU σmin = max(si) ∗ 1.9 JT DIPTFO UP NBLF UIBU
DPOEJUJPOBM ."1 GVODUJPO VTFE JO BNPSUJ[BUJPO USBDUBCMF� 	4FF "QQFOEJY Ǌ�Ǌ GPS
EFUBJMT� /PUF UIBU UIJT NJOJNVN PO UIF DSPTT�TJUF WBSJBUJPO JT QSPCMFNBUJD

FTQFDJBMMZ JG JU DPOĚJDUT XJUI PVS QSJPS CFMJFGT BCPVU UIF SFMBUJWF TDBMF PG XJUIJO�TJUF
BOE DSPTT�TJUF WBSJBUJPO� *U JT SFRVJSFE UP NBLF PVS .-& GVODUJPO GPS BOBMZUJD
BNPSUJ[BUJPO OVNFSJDBMMZ XFMM�CFIBWFE
 CVU JU DPVME CF SFNPWFE JG XF XFSF
XJMMJOH UP VTF BO BQQSPYJNBUJPO UP UIF .-& GPS DBTFT XIFSF UIF DPOEJUJPOBM
MJLFMJIPPE JT NVMUJNPEBM�


Ǌ�ǌ�Ǌ 5ļĹ ŉļŇĹĹ 7* ĵŀĻŃŇĽŉļŁň

8F DPOTUSVDU UISFF EJĎFSFOU HVJEF GBNJMJFT GPS UIF NVMUJ�TJUF NPEFM XJUIN TJUFT�

r ĉFNFBO�ėFME GBNJMZ IBT 6 + 2N HVJEF QBSBNFUFST 	ǎ MPDBM BOE 2N
MBUFOU

 DPSSFTQPOEJOH UP UIF NFBO BOE TUBOEBSE EFWJBUJPO GPS FBDI PG
µ, ς, d
 BOE T1, . . . , TN �

r ĉF -BQMBDF GBNJMZ IBT 7 +N HVJEF QBSBNFUFST� ǋ HMPCBM QBSBNFUFST
µ∗, ς∗, d∗�N MBUFOU QBSBNFUFS T ∗

1 , . . . , T
∗
N � BOE ǌ CPPTUJOH QBSBNFUFST

ψµ,ψς ,ψd,ψT �

r ĉF BNPSUJ[FE -BQMBDF GBNJMZ IBT POMZ Ǐ PQUJNJ[BCMF HVJEF QBSBNFUFST�

ǎǌ



8F BNPSUJ[F UIFN MBUFOU QBSBNFUFST CZ TFĨJOH

T ∗
i = Mi(µ

∗, ς∗, d∗) := BSHNBYTi
p(Ti|µ∗, ς∗, d∗). 	Ǌ�Ǌǎ


ĉF GPSNVMB BOE EFSJWBUJPO GPS UIF GVODUJPOMi DBO CF GPVOE JO "QQFOEJY
Ǌ�Ǌ�

8F VTF CMPDL�BSSPXIFBE 4%% RVBTJ�CPPTUJOH 	"QQFOEJY Ǌ�ǉ
 GPS
VOBNPSUJ[FE -BQMBDF 7*�

'PS BMM UISFF 7* NFUIPET�

r 8F VTF TUPDIBTUJD WBSJBUJPOBM JOGFSFODF XJUI TBNQMF TJ[F n = 100 BOE
FRVBM TBNQMJOH QSPCBCJMJUJFT�

r 8F QFSGPSN &-#0 NBYJNJ[BUJPO VTJOH TUPDIBTUJD HSBEJFOU BTDFOU XJUIJO
UIF iQZSPu QZUIPO QBDLBHF� 8F VTF UIF "%". TUPDIBTUJD PQUJNJ[BUJPO
BMHPSJUIN
 XJUI TUBOEBSE QBSBNFUFST 	JODMVEJOH B MFBSOJOH SBUF PG ǈ�ǈǈǍ
BOE (β1, β2) = (0.8, 0.9)�


r 'PS FTUJNBUJOH UIF &-#0
 XF VTF FJUIFSm = 1 PSm = 3 TBNQMFT GSPN
UIF HVJEF�

0ODF XF PCUBJO UIF ėOBM ėĨFE WBMVFT PG BMM UIF HVJEF QBSBNFUFST
 XF HP CBDL
BOE DBMDVMBUF UIF )FTTJBO POF ėOBM UJNF PWFS BMM UIF NPEFM QBSBNFUFST
 VTJOH B
OVNFSJDBM BQQSPYJNBUJPO GPS UIF TFDPOE EFSJWBUJWF PG UIF QPTUFSJPS XJUI SFTQFDU
UP d� ĉF ėOBM ėĨFE HVJEF JT UIVT B NVMUJWBSJBUF OPSNBM
 BT JO SFHVMBS -BQMBDF 7*�

Ǌ�ǌ�ǋ 5ĹňŉĽłĻ ŉļĹ ĵŀĻŃŇĽŉļŁň Ńł ňĽŁŊŀĵŉĹĸ ĸĵŉĵ

8F HFOFSBUFE UXP EBUBTFUT GSPN UIF NVMUJ�TJUF NPEFM
 BT GPMMPXT�

r 'PS CPUI EBUBTFUT
 XF TFUN = 400, µ = 1.0 BOE σ = 2.0�

r 'PS %BUBTFU ƺǉ
 XF TFU ν = 3.0� GPS %BUBTFU ƺǊ
 XF TFU ν = 30.0�

ǎǍ



r 8F VTFE UIF TBNF WFDUPS s = (s1 . . . , s400) GPS CPUI EBUBTFUT� UIF si XFSF
TBNQMFE JOEFQFOEFOUMZ GSPN (BNNB(4, 8)
 XJUI BMM WBMVFT BCPWF ǉ TFU UP
ǉ�

r 'PS FBDI EBUBTFU
 XF TBNQMFE Ti BOE xi GPS i ∈ 1, . . . , 400 GSPN UIF
NPEFM
 DPOEJUJPOBM PO µ, σ, ν, BOE s�

r ĉF ėOBM EBUBTFU JO FBDI DBTF DPOTJTUFE PG xi BOE si GPS 1 ≤ i ≤ 400�

&BDI PG UIF UISFF 7* BMHPSJUIN XBT SVO PO FBDI EBUBTFU XJUIm = 3� 3FQFBUFE
SVOT
 BT XFMM BT SVOT XJUIm = 1
 DPOWFSHFE UP TJNJMBS WBMVFT� UIBU JT
 UIF
TUPDIBTUJD PQUJNJ[BUJPO TFFNT SPCVTU� 'PS FBDI EBUBTFU
 XF BMTP DBSSJFE PVU
)BNJMUPOJBO .$.$ 	VTJOH UIF 4UBO QBDLBHF XJUI /654 TBNQMFS
 GPS ǌ DIBJOT
PG ǉǈǈǈ XBSN�VQ BOE ǉǈǈǈ TBNQMFT FBDI
 BOE VTFE UIF EJTUSJCVUJPO PG .$.$
TBNQMFT BT B TUBOE�JO GPS UIF USVF QPTUFSJPS�

'PS FBDI BMHPSJUIN
 EBUBTFU
 BOE WBMVF PGm
 5BCMF Ǌ�ǌ�ǉ SFQPSUT UIF GPMMPXJOH
NFUSJDT�

r ĉF BWFSBHF &-#0 BOE &6#0 XJUI SFTQFDU UP UIF ėĨFE HVJEF�

r ĉF BWFSBHF DPWFSBHF PG Ti GPS 1 ≤ i ≤ 400� UIBU JT
 UIF QSPQPSUJPO PG UIF
.$.$ TBNQMFT UIBU GBMM JOTJEF UIF TZNNFUSJD ǑǍƻ DSFEJCMF JOUFSWBM PG UIF
ėĨFE HVJEF� /PUF UIBU UIJT OPU UIF TFOTF PG iDPWFSBHFu VTVBMMZ VTFE JO
TJNVMBUJPO TUVEJFT� JOTUFBE PG CFJOH UIF QFSDFOUBHF PG TFQBSBUFMZ�FTUJNBUFE
JOUFSWBMT DPOUBJOJOH UIF USVUI
 JU JT UIF QFSDFOUBHF PG UIF iUSVFu
	.$.$�CBTFE
 QPTUFSJPS DPOUBJOFE JO B TJOHMF FTUJNBUFE QPTUFSJPS�

r ĉF BWFSBHF DPWFSBHF PG µ
 BOE σ
 BOE ν JO UIF TBNF TFOTF�

ĉF NBSHJOBM EJTUSJCVUJPOT PG TJY NPEFM QBSBNFUFST 	µ
 ς 
 d
 BOE UISFF
BSCJUSBSJMZ DIPTFO MBUFOUT
 GPS UIF UISFF ėĨFE 7* HVJEFT BOE .$.$ BSF TIPXO JO
'JHVSF Ǌ�ǌ�Ǌ GPS %BUBTFU ƺǉ 	ν = 3
 BOE JO 'JHVSF Ǌ�ǌ�ǉ GPS %BUBTFU ƺǊ 	ν = 30
�
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h�#H2 kX9XR, J2�bm`2b Q7 }ii2/ p�`B�iBQM�H BM72`2M+2 Qmi+QK2 [m�HBiv 7Q` irQ
bBKmH�i2/ b+2M�`BQb- i?`22 ;mB/2 7�KBHB2b- �M/ irQ MmK#2`b Q7 ;mB/2 b�KTH2b
mX 6Q` #Qi? b+2M�`BQb- /�i� r2`2 ;2M2`�i2/ rBi? µ = 1.0,σ = 2.0X

%BUBTFU ν m 'BNJMZ "NPSUJ[FE &6#0 &-#0 $PWFSBHF PG ǑǍƻ JOUFSWBM
µ σ ν Ti

ǉ ǋ ǋ -BQMBDF : �ǋǍǏ �ǉǉǊǎ ǈ�ǑǊǊ ǈ�ǐǉǋ ǈ�ǐǋǍ ǈ�ǐǐǊ
ǉ ǋ ǋ -BQMBDF / �ǊǊǌ �ǉǉǋǈ ǈ�ǋǍǊ ǈ�ǑǊǐ ǈ�Ǒǉǌ ǈ�ǐǋǌ
ǉ ǋ ǋ .FBO�ėFME / ǏǍ �ǋǑǉǋ ǉ�ǈǈǈ ǈ�ǉǊǌ ǈ�Ǎǋǐ ǈ�Ǒǋǌ
Ǌ ǋǈ ǋ -BQMBDF : �ǉǊǍ�ǑǏ ǐǑǏ ǈ�ǑǉǊ ǈ�ǑǎǈǊ ǈ�ǍǑǋ ǈ�ǐǎǌ
Ǌ ǋǈ ǋ -BQMBDF / �ǉǈǉ�ǐǏ ǑǍǋ ǈ�ǋǐǑ ǈ�ǑǌǏ ǈ�ǏǊǊ ǈ�ǐǊǍ
Ǌ ǋǈ ǋ .FBO�ėFME / �ǉǐǋ�Ǒǐ ǐǐǍ ǉ�ǈǈǈ ǈ�ǈǈǈ ǈ�Ǒǐǉ �ǑǑǑ
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*O CPUI UIF ν = 3 	IJHI�PVUMJFS
 BOE UIF ν = 30 	OFBSMZ�(BVTTJBO
 DBTFT

BNPSUJ[FE -BQMBDF JT TVQFSJPS UP VOBNPSUJ[FE -BQMBDF
 XIJDI JT 	TVCTUBOUJBMMZ

TVQFSJPS UP NFBO�ėFME� ĉJT JT WJTJCMF JO UFSNT PG MPXFS &6#0
 IJHIFS &-#0
 BOE
CFĨFS 	DMPTFS�UP�OPNJOBM
 DPWFSBHF� /POFUIFMFTT
 FWFO GPS BNPSUJ[FE -BQMBDF

DPWFSBHF MFBWFT SPPN GPS JNQSPWFNFOU�

Ǌ�ǌ�ǌ "ńńŀĽķĵŉĽŃł ŉŃ &$)4 ĸĵŉĵ

8F XJMM BQQMZ UIF BCPWF NPEFM UP B NVMUJ�TJUF FWBMVBUJPO TUVEZ PG UIF &BSMZ
$PMMFHF )JHI 4DIPPM 	&$)4
 QSPHSBN� 'VOEFE CZ UIF #JMM BOE .FMJOEB (BUFT
'PVOEBUJPO
 UIJT JT B QSPHSBN JO XIJDI IJHI�TDIPPM TUVEFOUT FBSO BO BTTPDJBUF
EFHSFF PS VQ UP UXP ZFBST PG DPMMFHF DSFEJU BMPOH XJUI UIFJS IJHI�TDIPPM EJQMPNB�
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6B;m`2 kX9XR, J�`;BM�H /Bbi`B#miBQMb Q7 J*J* p�Hm2b �M/ p�`B�iBQM�H }ib iQ
.�i�b2i Ok- ;2M2`�i2/ mbBM; µ = 1- σ = 2- �M/ ν = 30X AM �HH +�b2b- m = 3
;mB/2 b�KTH2b T2` bi2T r2`2 mb2/ BM 2biBK�iBM; i?2 1G"PX
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6B;m`2 kX9Xk, J�`;BM�H /Bbi`B#miBQMb Q7 J*J* p�Hm2b �M/ p�`B�iBQM�H }ib iQ
.�i�b2i OR- ;2M2`�i2/ mbBM; µ = 1- σ = 2- �M/ ν = 3X AM �HH +�b2b- m = 3
;mB/2 b�KTH2b T2` bi2T r2`2 mb2/ BM 2biBK�iBM; i?2 1G"PX

0VS EBUB TFU
 GSPN <ǉǋ>
 JT CBTFE PO ǌ
ǈǈǌ /PSUI $BSPMJOB TUVEFOUT XIP FOUFSFE
POF PG ǌǌ MPĨFSJFT BOE FJUIFS EJE PS EJE OPU RVBMJGZ GPS &$)4 iUSFBUNFOU�u ĉF
PVUDPNF PG JOUFSFTU JT B CJOBSZ JOEJDBUPS PG XIFUIFS B TUVEFOU JT iPO USBDLu UP
DPNQMFUF /PSUI $BSPMJOB�T 'VUVSF�3FBEZ $PSF (SBEVBUJPO 3FRVJSFNFOUT CZ UIF
FOE PG OJOUI HSBEF� *O QBSUJDVMBS
 XF�E MJLF UP VOEFSTUBOE UIF EJTUSJCVUJPO PG
MPĨFSZ�TQFDJėD USFBUNFOU FĎFDUT�

8F GPMMPX :VBO
 'FMMFS
 BOE .JSBUSJY<Ǎǐ> JO UFSNT PG EBUB DMFBOJOH EFDJTJPOT�
*O QBSUJDVMBS
 UIJT NFBOT UIBU XF POMZ DPOTJEFS UIPTF TUVEFOUT XIP DPVME CF
MJOLFE UP UIF /PSUI $BSPMJOB %FQBSUNFOU PG *OTUSVDUJPO 	/$%1*
 EBUBCBOL�
XIPTF OJOUI HSBEF TDIPPM XBT XJUIJO Ǌǈ NJMFT PG UIFJS FJHIUI HSBEF TDIPPM� BOE
GPS XIPN GVMM DPWBSJBUF EBUB JT BWBJMBCMF 	SBDF
 HFOEFS
 GSFF PS SFEVDFE�QSJDF MVODI
FMJHJCJMJUZ
 ėSTU HFOFSBUJPO DPMMFHF TUVEFOU TUBUVT
 BOE FJHIUI HSBEF NBUI BOE
SFBEJOH TDPSFT
� ĉJT SFEVDFT UIF TBNQMF UP ǋ
ǌǏǏ TUVEFOUT BDSPTT ǋǐ MPĨFSJFT�
Ǌ
ǈǊǉ USFBUFE BOE ǉ
ǌǍǎ VOUSFBUFE�

6TJOH UIF NVMUJ�TJUF NPEFM QSFTFOUFE BCPWF
 XF ėU UIF EBUB VTJOH CPUI .$.$
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BOE WBSJBUJPOBM JOGFSFODF� 4JODF UIFSF XFSF POMZ ǌǌ TJUFT
 XF EJE OPU TVCTBNQMF�
ĉF NBSHJOBM SFTVMUT GPS UIF HMPCBM QBSBNFUFST BOE UISFF BSCJUSBSZ TJUF�MFWFM
	MBUFOU
 QBSBNFUFST BSF TIPXO JO 'JHVSF Ǌ�ǌ�ǋ�

0

1

2

3

4

5

−0.2 0.0 0.2
µ

de
ns

ity

0.0

0.2

0.4

0.6

−12 −8 −4
ς

de
ns

ity

0.0

0.1

0.2

0.3

0.4

0.5

−5 0 5 10
d

de
ns

ity

0.0

0.5

1.0

1.5

2.0

−0.4 0.0 0.4
T1

de
ns

ity

0

1

2

−0.6 −0.3 0.0 0.3 0.6
T17

de
ns

ity

0.0

0.5

1.0

1.5

2.0

−0.8 −0.4 0.0 0.4
T42

de
ns

ity

Guide family amortized Laplace mean−field unamortized Laplace

6B;m`2 kX9Xj, J*J* p�Hm2b �M/ p�`B�iBQM�H }ib iQ 1*>a /�i�X

ĉF 	VOBNPSUJ[FE
 NFBO�ėFME BQQSPBDI TFFNT UP IBWF GBJMFE CBEMZ JO UIJT
DBTF� "T GPS UIF 	MBSHFMZ TJNJMBS� BOE
 GPS d
 BDUVBMMZ JOEJTUJOHVJTIBCMF
 SFTVMUT PG
BNPSUJ[FE BOE VOBNPSUJ[FE MBQMBDF
 JO TDJFOUJėD UFSNT
 UIFZ TFFNT UP TVHHFTU UIBU
B (BVTTJBO NPEFM
 XJUIPVU U�EJTUSJCVUJPOT UP BDDPNNPEBUF PVUMJFST
 XPVME IBWF
CFFO TVđDJFOU� ĉBU JT UP TBZ
 UIF MPH�EFHSFFT�PG�GSFFEPN QBSBNFUFS d TFFNT UP
IBWF JUT QPTUFSJPS EFOTJUZ NPEF TPNFXIFSF JO UIF SBOHF Ǌ�ǌ
 JOEJDBUJOH EFHSFFT PG
GSFFEPN ν JO UIF SBOHF PG ǉǈ�ǎǈ ã B EJTUSJCVUJPO PG USFBUNFOU FĎFDUT UIBU
BQQSPBDIFT OPSNBMJUZ�

Ǌ�Ǎ $ŃłķŀŊňĽŃł

*O UIJT DIBQUFS
 XF IBWF TIPXO UIBU -BQMBDF GBNJMJFT DBO CF B QPXFSGVM UPPM GPS
BQQSPYJNBUF JOGFSFODF� ĉFZ DBO DBQUVSF JNQPSUBOU EFQFOEFODJFT JO UIF
QPTUFSJPS CFĨFS UIBO NFBO�ėFME HVJEFT
 XJUIPVU UIF EJNFOTJPOBM PWFSIFBE PG
VODPOTUSBJOFE (BVTTJBO GBNJMJFT� 8F IBWF HJWFO B QSBDUJDBM BMHPSJUIN GPS VTJOH
-BQMBDF GBNJMJFT XJUI MBUFOU WBSJBCMF NPEFMT
 B EPNBJO JO XIJDI FYJTUJOH

ǎǑ



UFDIOJRVFT 	FJUIFS WBSJBUJPOBM PS .$.$
 DBO TUSVHHMF EVF UP UIF IJHI
EJNFOTJPOBMJUZ PG UIF QPTUFSJPS�

0VS SFTVMUT PO UXP TJNQMF NPEFMT TIPX UIF QSPNJTF PG UIJT NFUIPE
 BOE
KVTUJGZ PVS QMBO UP VTF UIJT NFUIPE GPS UIF NVDI NPSF DPNQSFIFOTJWF FDPMPHJDBM
JOGFSFODF NPEFM JO $IBQUFS ǋ�

*O PSEFS UP CSPBEFO UIF QSBDUJDBM BQQMJDBUJPOT PG -BQMBDF WBSJBUJPOBM JOGFSFODF

TFWFSBM EJSFDUJPOT XPVME CF JOUFSFTUJOH�

r *NQSPWF QSBDUJUJPOFS BDDFTTJCJMJUZ� 'PS JOTUBODF
 PQUJNJ[F UIF DPEF BOE
NBLF B QZSP uBVUPHVJEFu UIBU DBO DSFBUF B -BQMBDF GBNJMZ HVJEF
BVUPNBUJDBMMZ�

r *OWFTUJHBUF UIF DPOEJUJPOT GPS FđDJFOU DPOWFSHFODF PG TUPDIBTUJD
WBSJBUJPOBM JOGFSFODF UP UIF USVF PQUJNVN NFNCFS PG UIF HVJEF GBNJMZ�
ĉJT XPVME JODMVEF MPPLJOH GPS USJDLT UP SFEVDF UIF WBSJBODF PG UIF &-#0
HSBEJFOU FTUJNBUF� ėOEJOH XBZT UP UVOF UIF PQUJNJ[BUJPO BMHPSJUIN

JODMVEJOH VTJOH UIF BMSFBEZ�DBMDVMBUFE )FTTJBO FYQMJDJUMZ JO UIF PQUJNJ[FS�
BOE FNQJSJDBMMZ FYQMPSJOH UIF WBSJBCJMJUZ PG UIF SFTVMUT�

r $PNCJOF UIF -BQMBDF GBNJMZ BQQSPBDI XJUI PUIFS UFDIOJRVFT� 1PUFOUJBMMZ
QSPNJTJOH DPNCJOBUJPOT JODMVEF UIF DPQVMB BQQSPBDI PG <Ǌǉ><Ǎǋ>
 UP
BMMPX UIF ėĨFE QPTUFSJPS NPSF ĚFYJCJMJUZ UIBO B (BVTTJBO GBNJMZ�
OPO�BOBMZUJD BNPSUJ[BUJPO MJLF UIF WBSJBUJPOBM BVUPFODPEFS
 UP NBLF UIF
QSPDFTT PG BNPSUJ[BUJPO NPSF PG BO BVUPNBUFE UVSO�LFZ QSPDFEVSF GPS UIF
SFTFBSDIFS� BOE QFSIBQT TPNF PG UIF PUIFS UFDIOJRVFT NFOUJPOFE JO
4FDUJPO Ǌ�Ǌ�Ǌ BT iQSJPS XPSLu�

r &YQFSJNFOU XJUI VTJOH NVMUJWBSJBUF t�EJTUSJCVUJPOT SBUIFS UIBO
NVMUJWBSJBUF OPSNBMT BT HVJEF GBNJMJFT
 TP UIBU GBĨFS UBJMT NJHIU UJHIUFO UIF
&-#0�&6#0 HBQ�

Ǐǈ



3
&DPMPHJDBM *OGFSFODF

&DPMPHJDBM JOGFSFODF JT UIF OPUPSJPVTMZ USJDLZ QSPCMFN PG JOGFSSJOH JOEJWJEVBM
CFIBWJPS GSPN HSPVQ�MFWFM EBUB� "MUIPVHI JU DPNFT VQ JO NBOZ EJĎFSFOU EPNBJOT

UIF NBJO TFĨJOH JO XIJDI FDPMPHJDBM JOGFSFODF IBT CFFO TUVEJFE EVSJOH UIF QBTU
GFX EFDBEFT JT UIF 64 7PUJOH 3JHIUT "DU <ǉ>
 BT JOUFSQSFUFE CZ UIF 4VQSFNF
$PVSU JOĉPSOCVSH W (JOHMFT 	ǉǑǐǎ
� <Ǌ> <ǉǑ> ĉJT JT UIF DPOUFYU UIBU NPUJWBUFT
PVS XPSL JO UIF DVSSFOU QBQFS BOE GSPN XIJDI XF ESBX BMM PVS FYBNQMFT�

*OĉPSOCVSH W (JOHMFT
 UIF $PVSU FTUBCMJTIFE B TFU PG DSJUFSJB GPS EFUFSNJOJOH
XIFUIFS UIF FMFDUPSBM TZTUFN JO B HJWFO KVSJTEJDUJPO WJPMBUFT UIF WPUJOH SJHIUT PG B
SBDJBM NJOPSJUZ� 4PNF PG UIF DSJUFSJB EFQFOE PO UIF FYUFOU UP XIJDI WPUJOH
QBĨFSOT JO UIF KVSJTEJDUJPO BSF DPSSFMBUFE XJUI iSBDFu� ĉJT SBJTFT BO FDPMPHJDBM
JOGFSFODF QSPCMFN� IPX DBO XF EFUFSNJOF XIFUIFS WPUFST PG EJĎFSFOU iSBDFTu
UFOE UP WPUF EJĎFSFOUMZ &MFDUJPO EBUB UFMM VT IPX NBOZ QFPQMF JO FBDI QSFDJODU u
WPUFE GPS FBDI DBOEJEBUF c� )PXFWFS
 TJODF UIF CBMMPU JT TFDSFU
 XF IBWF OP EJSFDU

Ǐǉ



EBUB PO IPX NBOZ PG UIFTF WPUFST XFSF PG iSBDFu r� 7PUF DPVOUT 	JG XF IBE UIFN

XPVME GPSN BOR× C NBUSJY Yu 	XIFSFR JT UIF OVNCFS PG iSBDFTu BOEC JT UIF
OVNCFS PG DBOEJEBUFT

 CVU
 BT XF�MM TFF JO NPSF EFUBJM CFMPX
 UIF POMZ EBUB XF
IBWF BDDFTT UP BSF UIF SPX BOE DPMVNO TVNT PG Yu GPS FBDI QSFDJODU u� 0VS UBTL
UIFO JT UP JOGFS DSFEJCMF WBMVFT GPS UIF FMFNFOUT PG UIFTF NBUSJDFT�

ĉF JOGFSFOUJBM TUSBUFHJFT UP VTF JO TVDI DBTFT XFSF XJEFMZ EJTQVUFE VOUJM ,JOH�T
CPPL " 4PMVUJPO UP UIF &DPMPHJDBM *OGFSFODF 1SPCMFN <Ǌǎ> HBWF B DPIFSFOU
IJFSBSDIJDBM BQQSPBDI GPS UIF TJNQMF 2× 2 DBTF� ĉJT XBT MBUFS HFOFSBMJ[FE UP B
IJFSBSDIJDBM #BZFTJBO NPEFM GPS iUIFR×C DBTFu 	UIBU JT
 GPSR BOE�PSC HSFBUFS
UIBO 2
 CZ 3PTFO
 +JBOH
 ,JOH
 BOE 5BOOFS 	IFSFBěFS 3+,5
<ǌǐ>� ,JOH DBMMFE IJT
BQQSPBDI UP UIF FDPMPHJDBM JOGFSFODF QSPCMFN i&*u� 4JODF UIFO
 &* IBT CFDPNF B
CSPBE VNCSFMMB UFSN GPS BMM BQQSPBDIFT UIBU GPMMPX JO ,JOH�T GPPUTUFQT�

ĉF HFOFSBM PVUMJOF PG UIF &* QBSBEJHN JT BT GPMMPXT�

ǉ� (JWF B DPIFSFOU B QSJPSJNPEFM GPS WPUJOH CFIBWJPS� ĉF NPEFM TIPVME
JODMVEF TPNF DSPTT�QSFDJODU WBSJBCJMJUZ
 CVU BMTP FYQMJDJUMZ GBWPS DBTFT
XIFSF WPUFST PG UIF TBNF HSPVQ IBWF TJNJMBS WPUJOH QBĨFSOT BDSPTT BMM
QSFDJODUT�

Ǌ� $POEJUJPO UIJT NPEFM PO UIF PCTFSWFE EBUB
 BOE FTUJNBUF BOE�PS ESBX
TBNQMFT GSPN UIF #BZFTJBO QPTUFSJPS� &BDI QPTUFSJPS TBNQMF XJMM JODMVEF
CPUI HMPCBM QBSBNFUFST 	TVDI BT UIF GSBDUJPO PG WPUFST PG iSBDFu r XIP
XPVME CF FYQFDUFE UP WPUF GPS DBOEJEBUF c
 BOE QSFDJODU�MFWFM QBSBNFUFST
	TVDI BT UIF GSBDUJPO PG UIF WPUFST PG iSBDFu r JO QSFDJODU uXIP BSF JOGFSSFE
UP IBWF BDUVBMMZ WPUFE GPS DBOEJEBUF c
�

ǋ� 3FQPSU QPTUFSJPS DSFEJCMF JOUFSWBMT GPS BHHSFHBUFT PG UIF QSFDJODU�MFWFM
QBSBNFUFST
 OPU GPS UIF HMPCBM QBSBNFUFST� ĉJT JT CFDBVTF XF FYQFDU UIF
NPEFM UP CF TPNFXIBU XSPOH� XF USVTU UIF QSFDJODU�MFWFM QBSBNFUFST NPSF
CFDBVTF UIFZ BSF DPOEJUJPOFE PO UIF USVF EBUB NPSF EJSFDUMZ UIBO BSF UIF
HMPCBM QBSBNFUFST�

*U JT UIJT MBTU TUFQ XIJDI NPTU EJTUJOHVJTIFT ,JOH�T &* GSPN UIF BQQSPBDIFT UIBU

ǏǊ



QSFDFEFE JU� /PUF UIBU JU JT TPNFXIBU DPVOUFS�JOUVJUJWF� 'PS JOTUBODF
 TBZ XF BSF
JOUFSFTUFE JO UIF QFSDFOU PG "GSJDBO�"NFSJDBOT XIP WPUFE GPS DBOEJEBUF c� *O UIF
&* BQQSPBDI
 FWFO UIPVHI XF IBWF B TJOHMF QBSBNFUFS XIJDI DPVME CF JOUFSQSFUFE
BT B QSFEJDUJPO PG XIBU UIBU OVNCFS XPVME CF JG XF SF�SBO UIF FMFDUJPO
 XF EP OPU
TJNQMZ SFQPSU B DSFEJCMF JOUFSWBM GPS UIBU QBSBNFUFS� *OTUFBE
 GPS FBDI QPTUFSJPS
TBNQMF
 XF BEE VQ UIF OVNCFS PG "GSJDBO�"NFSJDBOT JO FBDI QSFDJODU XIP BSF
JOGFSSFE UP IBWF BDUVBMMZ WPUFE GPS DBOEJEBUF c
 BOE SFQPSU B DSFEJCMF JOUFSWBM GPS
UIBU TVN� ĉPVHI NPSF DPNQMFY
 UIJT BQQSPBDI VTFT UIF EBUB XF IBWF NPSF GVMMZ
BOE FđDJFOUMZ�

3+,5 BQQMZ UIJT HFOFSBM BQQSPBDI UP B TQFDJėD NPEFM PG BO FMFDUJPO XJUIR
iSBDFTu BOEC DBOEJEBUFT� ĉFZ EFSJWF B GBTU
 NPNFOU�CBTFE BQQSPYJNBUJPO PG
UIFJS NPEFM QPTUFSJPS
 XIJDI DBO HJWF BOTXFST NPSF RVJDLMZ
 UIPVHI MFTT
BDDVSBUFMZ
 UIBO GVMM .$.$� 6OGPSUVOBUFMZ
 UIJT EFSJWBUJPO EFQFOET PO UIF
TQFDJėDT PG UIFJS NPEFM
 BOE UIVT EPFT OPU FBTJMZ HFOFSBMJ[F UP TJUVBUJPOT XIFSF B
NPSF DPNQMFY NPEFM NJHIU CF SFRVJSFE
 TVDI BT XIFO UIF SFTFBSDIFS XJTIFT UP
VTF EBUB GSPN NVMUJQMF FMFDUJPOT�

4JODF 3+,5
 PUIFST IBWF DPOUJOVFE UP FYQMPSF EJĎFSFOU NPEFMT
 NPTUMZ
GPMMPXJOH UIF CBTJD &* QBSBEJHN PVUMJOFE BCPWF� /PUBCMF FYBNQMFT JODMVEF NBOZ
PG UIF BSUJDMFT DPNQJMFE JO <ǊǏ>
 <Ǌǌ>
 <Ǌǈ>
 <ǊǍ>
 BOE <ǋǈ>�

ĉJT DIBQUFS IBT UISFF NBJO HPBMT�

ǉ� (JWF BO FBTJMZ�FYUFOTJCMF GSBNFXPSL GPS CVJMEJOH FMFDUJPO NPEFMT UIBU DBO
CF VTFE JO UIF &* QBSBEJHN�

Ǌ� %FTDSJCF B DPNQVUBUJPOBMMZ�USBDUBCMF BQQSPBDI UP BQQSPYJNBUFMZ TBNQMF
GSPN TVDI NPEFMT 	WBSJBUJPOBM JOGFSFODF
�

ǋ� %FNPOTUSBUF UIF GFBTJCJMJUZ PG UIJT BQQSPBDI CZ ėĨJOH B TJNQMFR× C

TJOHMF�FMFDUJPO WFSTJPO PG UIF NPEFM PO TJNVMBUFE EBUB CBTFE PO UIF Ǌǈǉǎ
1SFTJEFOUJBM FMFDUJPO JO /PSUI $BSPMJOB�

*O PUIFS XPSET
 UIJT DIBQUFS XJMM OPU BĨFNQU UP CSFBL OFX HSPVOE JO UFSNT PG
SFTVMUT� ĉPVHI UIF NPEFM XF ėU DBO FBTJMZ CF FYUFOEFE JO B WBSJFUZ PG XBZT
 XF EP

Ǐǋ



OPU EP TP� 8F NFSFMZ TIPX UIBU JUT QFSGPSNBODF PO FYJTUJOH uTPMWFEu QSPCMFNT JT
DPNQBSBCMF UP UIBU PG FYJTUJOH UPPMT� ĉF UBTL PG BDUVBMMZ FYUFOEJOH UIJT NPEFM UP
OFX EPNBJOT JT MFě GPS GVUVSF XPSL�

*O 4FDUJPO ǋ�ǉ
 XF DPOTUSVDU B #BZFTJBO NPEFM GPS UIF NPTU CBTJD WFSTJPO PG
R×C FDPMPHJDBM JOGFSFODF
 XIJDI DBO TFSWF BT UIF CBTJT GPS NPSF HFOFSBM NPEFMT�
*O 4FDUJPO ǋ�Ǌ
 XF CSJFĚZ SFWJFX IPX WBSJBUJPOBM JOGFSFODF XPSLT JO UIF HFOFSBM
DPOUFYU PG IJFSBSDIJDBM #BZFTJBONPEFMJOH 	JODMVEJOH UIF JEFB PG B -BQMBDF GBNJMZ
HVJEF
 JOUSPEVDFE JO $IBQUFS Ǌ PG UIJT UIFTJT
� *O 4FDUJPO ǋ�ǋ
 XF EFTDSJCF IPX UP
BQQMZ UIFTF UFDIOJRVFT UP PVS CBTJD &* NPEFM� *O TFDUJPO ǋ�ǌ
 XF BQQMZ UIJT NPEFM
UP TJNVMBUFE EBUB SFQSFTFOUJOH UIF Ǌǈǉǎ QSFTJEFOUJBM FMFDUJPO JO /PSUI $BSPMJOB

BOE HJWF TPNF SFTVMUT DPNQBSJOH UIJT XJUI UIF 3+,5 BQQSPBDI� 'JOBMMZ
 JO 4FDUJPO
ǋ�Ǎ
 XF TIPX IPX PVS CBTJD NPEFM DBO CF FYUFOEFE JO TFWFSBM QPTTJCMF EJSFDUJPOT�

ǋ�ǉ #ĵňĽķ ŁŃĸĹŀ ĺŃŇ ĹķŃŀŃĻĽķĵŀ ĽłĺĹŇĹłķĹ

*O UIJT TFDUJPO
 XF EFTDSJCF B IJFSBSDIJDBM #BZFTJBO NPEFM GPS UIF NPTU CBTJD
WFSTJPO PG UIF FDPMPHJDBM JOGFSFODF QSPCMFN� ĉF TFĨJOH JT B QMVSBMJUZ FMFDUJPO JO B
KVSJTEJDUJPO XIFSF UIF WPUFST CFMPOH UPR EJĎFSFOU SBDJBM 	PS PUIFS
 HSPVQT� ĉFSF
BSFC DBOEJEBUFT 	QPTTJCMZ JODMVEJOH B iEJE OPU WPUFu PQUJPO
� ĉF KVSJTEJDUJPO
DPOUBJOTU FMFDUPSBM VOJUT 	QSFDJODUT
� 'PS FBDI QSFDJODU u
 XF LOPX UIF
GPMMPXJOH JOGPSNBUJPO�

r nu,r = UIF OVNCFS PG WPUFST PG iSBDFu r JO QSFDJODU u�

r vu,c = UIF OVNCFS PG WPUFST JO QSFDJODU uXIP WPUFE GPS DBOEJEBUF c�

8F XJMM EFOPUF UIF DPNCJOFE EBUB GPS QSFDJODU u BTxu� 5FDIOJDBMMZ
 POF NJHIU
DPOTJEFS UIF v BT PCTFSWBUJPOT BOE UIFn BT HJWFOT
 CVU GPS PVS QVSQPTFT
 UIFJS
NFBOJOH JT OFBSMZ TZNNFUSJD� UIFZ DBO CF TFFO BTR SPX TVNT BOEC DPMVNO
TVNT GPS FBDI PG P EJĎFSFOU NBUSJDFT� 8F XJTI UP JOGFS IPX UIF WPUFT GPS FBDI
DBOEJEBUF XFSF EJTUSJCVUFE BNPOH UIF EJĎFSFOU SBDJBM HSPVQT� UIJT DPVME CF TFFO
BT UIF FMFNFOU�XJTF TVN PG BMM UIF NBUSJDFT�

Ǐǌ



'JHVSF ǋ�ǉ�ǉ TIPXT B TJNQMF FYBNQMF PG B TJOHMF IZQPUIFUJDBM QSFDJODU XPSUI PG
PCTFSWBUJPOT
 BMPOH XJUI UXP QPTTJCMF VOEFSMZJOH WPUJOH QBĨFSOT DPOTJTUFOU XJUI
UIPTF PCTFSWBUJPOT� /PUF UIBU
 JHOPSJOH JOUFHFS DPOTUSBJOUT
 BOZ QPTTJCMF TFU PG
PCTFSWBUJPOT JT DPOTJTUFOU XJUI B VOJRVF QPTTJCJMJUZ JO XIJDI B SBOEPNMZ�DIPTFO
WPUFS�T iSBDFu JT JOEFQFOEFOU PG UIFJS DBOEJEBUF TVQQPSU
 BT JO DBTF # PG UIF ėHVSF�
XF XJMM VTF UIJT GBDU MBUFS�

QSF
DJO

DU

(
SP

VQ

$BOEJEBUF
X Y Z nu

White ? ? ? 400
Black ? ? ? 200

Hispanic ? ? ? 100
Other ? ? ? 100

vu 400 200 200 800

0CTFSWFE EBUB GPS POF IZQPUIFUJDBM QSFDJODU
�

QSF
DJO

DU

(
SP

VQ

$BOEJEBUF
X Y Z nu

White 400 0 0 400
Black 0 200 0 200

Hispanic 0 0 100 100
Other 0 0 100 100

vu 400 200 200 800

1PTTJCMF VOEFSMZJOH EBUB "� BTTVNJOH MBSHFTU
HSPVQT WPUF GPS NPTU�QPQVMBS DBOEJEBUFT

QSF
DJO

DU

(
SP

VQ

$BOEJEBUF
X Y Z nu

White 200 100 100 400
Black 100 50 50 200

Hispanic 50 25 25 100
Other 50 25 25 100

vu 400 200 200 800

1PTTJCMF VOEFSMZJOH EBUB #� BTTVNJOH DBOEJEBUF�T
QFSDFOU TVQQPSU JT JOEFQFOEFOU PG SBDJBM�FUIOJD
HSPVQ

6B;m`2 jXRXR, P#b2`p�iBQMb 7Q` QM2 ?vTQi?2iB+�H T`2+BM+i- �M/ irQ TQbbB#H2
mM/2`HvBM; pQi2 T�ii2`Mb +QMbBbi2Mi rBi? i?Qb2 Q#b2`p�iBQMbX

'SPN B #BZFTJBO QPJOU PG WJFX
 UIF NPEFM�T GVODUJPO JT UP NBLF SFBTPOBCMF

ǏǍ



BTTVNQUJPOT BCPVU QBĨFSOT PG WPUJOH ã GPS JOTUBODF
 UIBU BDSPTT QSFDJODUT
 B
HJWFO SBDJBM HSPVQ UFOET UP WPUF JO TJNJMBS QSPQPSUJPOT GPS B HJWFO DBOEJEBUF ã JO
PSEFS UP BMMPX VT UP JOGFS GSPN EBUB XIJDI WPUJOH UPUBMT BSF NPSF DSFEJCMF�

'PS FBTF PG FYQMBOBUJPO
 XF CFHJO XJUI B SFMBUJWFMZ�TJNQMF CBTJD NPEFM
 TIPXO
HSBQIJDBMMZ CFMPX JO 'JHVSF ǋ�ǉ�Ǌ� *O 4FDUJPO ǋ�Ǎ
 XF XJMM EJTDVTT QPTTJCMF
FYUFOTJPOT PG UIJT NPEFM
 TVDI BT BOBMZ[JOH EBUB GPS NVMUJQMF FMFDUJPOT BOE�PS
JODPSQPSBUJOH BEEJUJPOBM JOGPSNBUJPO TVDI BT UIF SBDJBM DBUFHPSZ PS QBSUZ PG FBDI
DBOEJEBUF�

βr

σβ

α

σα

νu,r

σν

πu,r

.VMUJnu,r

yu,r

vu

U

R

6B;m`2 jXRXk, h?2 #�bB+ KQ/2H 7Q` 2+QHQ;B+�H BM72`2M+2X
U:`�v MQ/2b `2T`2b2Mi Q#b2`p2/ [m�MiBiB2bX .B�KQM/b `2T`2b2Mi +QKTmi2/
[m�MiBiB2bXV

"T VTVBM
 HSBZ BOE XIJUF OPEFT JO 'JHVSF ǋ�ǉ�Ǌ SFQSFTFOU PCTFSWFE BOE
VOPCTFSWFE RVBOUJUJFT SFTQFDUJWFMZ� $JSDMFT SFQSFTFOU SBOEPN WBSJBCMFT
 XIJMF
EJBNPOET BSF DPNQVUFE EFUFSNJOJTUJDBMMZ� #FHJOOJOH GSPN UIF CPĨPN PG UIF
EJBHSBN
 XF IBWF�

r 2VBOUJUJFT DPOTJEFSFE LOPXO B QSJPSJ� 7FDUPSTnu ∈ RR GPS FBDI

Ǐǎ



u ∈ {1, . . . , U}
 XJUI FOUSJFT nu,r� UIF OVNCFS PG 	QPUFOUJBM
 WPUFST GPS
FBDI iSBDFu�

r 0CTFSWFE WBSJBCMFT� 7FDUPST vu ∈ RC GPS FBDI u ∈ {1, . . . , U}
 XJUI
FOUSJFT vu,c BT BCPWF� UIF UPUBM OVNCFS PG WPUFST DIPPTJOH FBDI PQUJPO�

r -BUFOU WBSJBCMFT� 7FDUPST yu,r ∈ RC GPS FBDI u ∈ {1, . . . , U} BOE
r ∈ {1, . . . , R}� ĉF FOUSZ yu,r,c SFQSFTFOUT UIF OVNCFS PG WPUFST GSPN
HSPVQ r JO QSFDJODU u WPUJOH GPS DBOEJEBUF c� 'PS FBDI QSFDJODU u
 UIF
WFDUPST yu,1, . . . ,yu,R DBO CF TUBDLFE UP GPSN UIF SPXT PG UIFR× C

QSFDJODU WPUF NBUSJY Yu ã UIF NBUSJY EFQJDUFE JO 'JHVSF ǋ�ǉ�ǉ�

"MUIPVHI UIF WFDUPST yu,r BSF VOLOPXO UP VT
 UIFZ BSF JO QSJODJQMF
PCTFSWBCMF BOE JOEFQFOEFOU PG BOZ QBSUJDVMBS NPEFM� 'PS UIJT SFBTPO
 XF
SFGFS UP UIFN BT iMBUFOU WBSJBCMFTu SBUIFS UIBO iNPEFM QBSBNFUFSTu� /PUF

IPXFWFS
 UIBU JO B #BZFTJBO TFĨJOH
 UIFSF JT OP GVOEBNFOUBM EJTUJODUJPO
CFUXFFO QBSBNFUFST BOE MBUFOU WBSJBCMFT� *O QBSUJDVMBS
 JO UIF DPOUFYU PG
WBSJBUJPOBM #BZFTJBO JOGFSFODF BT EFTDSJCFE JO 4FDUJPO ǋ�Ǌ
 UIF yu,r XJMM GBMM
VOEFS UIF DBUFHPSZ PG iQBSBNFUFSTu
 TJODF UIFZ BSF VOPCTFSWFE BOE OFFE UP
CF JOGFSSFE�

'PS FBDI u BOE r
 UIF WFDUPS yu,r IBT EJTUSJCVUJPO

yu,r ∼ .VMUJOPNJBM (nu,r,πu,r) , 	ǋ�ǉ


XIFSF UIF QSPCBCJMJUZ WFDUPSπu,r JT DPNQVUFE GSPN UIF NPEFM QBSBNFUFST

BT EFTDSJCFE CFMPX�

r .PEFM QBSBNFUFST� ĉFTF BSF RVBOUJUJFT UIBU DPOUSJCVUF UP πu,r,c
 UIF
QSPCBCJMJUZ PG BO JOEJWJEVBM WPUFS PG iSBDFu r JO QSFDJODU u WPUJOH GPS
DBOEJEBUF c� 8F EJTUJOHVJTI CFUXFFO UXP UZQFT PG NPEFM QBSBNFUFST�

• (MPCBM QBSBNFUFST EFQFOE PO DIBSBDUFSJTUJDT PG UIF WPUFS PS DBOEJEBUF
UIBU BQQMZ BDSPTT UIF FOUJSF KVSJTEJDUJPO
 JOEFQFOEFOU PG UIF QSFDJODU

ǏǏ



u� *O PVS TJNQMF WFSTJPO PG UIF NPEFM
 UIF POMZ TVDI DIBSBDUFSJTUJD JT
UIF WPUFS�T iSBDFu r� 0VS HMPCBM QBSBNFUFST DPOTJTU PG�

• " WFDUPSα ∈ RC 
 SFTUSJDUFE UP UIFC − 1�EJNFOTJPOBM
TVCTQBDF PG NFBO�0 WFDUPST
 XIPTF QSPCBCJMJUZ EFOTJUZ JT
QSPQPSUJPOBM UP UIBU PGα ∼ N (0, σα

2I)�Ǯ ĉF FOUSZ αc

DPSSFTQPOET UP UIF PWFSBMM TVQQPSU GPS DBOEJEBUF c
 BDSPTT BMM
SBDJBM HSPVQT BOE QSFDJODUT�

• " NBUSJYβ
 XIPTF SPXT BSF NFBO�ǈ WFDUPSTβr ∈ RC GPS FBDI
r ∈ {1, . . . , R}
 BOE XIPTF DPMVNOT BSF BMTP SFTUSJDUFE UP IBWF
NFBO ǈ� XJUI EFOTJUZ QSPQPSUJPOBM UP βr,c ∼ N (0, σ2

βI)� ĉVT

β ∈ RR×C 
 CVU JU JT SFTUSJDUFE UP B TVCTQBDF PG EJNFOTJPO
(R− 1)(C − 1)�ǯ ĉF FOUSZ βr,c DPSSFTQPOET UP BO BEEJUJPOBM
QSFGFSFODF GPS 	PS BHBJOTU
 DBOEJEBUF c TQFDJėD UP SBDJBM HSPVQ r

BDSPTT BMM QSFDJODUT�

*O NPSF DPNQMFY NPEFMT
 XF NBZ IBWF BEEJUJPOBM HMPCBM QBSBNFUFST
DPSSFTQPOEJOH UP UIF iSBDFu PS QBSUZ PG UIF DBOEJEBUF
 UIF ZFBS PS
UZQF PG FMFDUJPO
 FUD�

• /VJTBODF QBSBNFUFST EFQFOE PO UIF QSFDJODU u BOE DPSSFTQPOE UP
SBOEPN WBSJBUJPO JO WPUJOH QBĨFSOT CFUXFFO QSFDJODUT�

*O PVS CBTJD NPEFM
 UIF OVJTBODF QBSBNFUFST DPOTJTU PG NBUSJDFT
νu ∈ RC 
 XJUI SPXT GPS FBDI r ∈ {1, . . . , R} BOE u ∈ {1, . . . , U}

JJE XJUI EJTUSJCVUJPO νu,r,c ∼ N (0, σ2

νI)� ĉF FOUSZ νu,r,c
DPSSFTQPOE UP BEEJUJPOBM QSFGFSFODF GPS 	PS BHBJOTU
 DBOEJEBUF c
BNPOH WPUFST PG iSBDFu r TQFDJėDBMMZ JO QSFDJODU u�

*O NPSF DPNQMFY NPEFMT XF NBZ IBWF BEEJUJPOBM QSFDJODU�MFWFM
QBSBNFUFST� 'PS JOTUBODF
 JG UIF EBUB JODMVEFE FMFDUJPOT GPS EJĎFSFOU
PđDFT BOE JO EJĎFSFOU ZFBST
 XF NJHIU IBWF QBSBNFUFST GPS QBSUZ CZ

Ǯ&YQSFTTJOH UIF QSJPS JO UIJT GPSN NBZ TFFN TUSBOHF
 CVU JU JT TZNNFUSJD PWFS iSBDFTu BOE
DPNQVUBUJPOBMMZ�DPOWFOJFOU�

ǯ/PUF UIBU UIFR(C−1) UPUBM EJNFOTJPOT PGα BOEβ BSF UIF SJHIU OVNCFS UP BMMPX BOZ BWFSBHF
QBĨFSO PG WPUJOH QSFGFSFODFT GPS FBDI iSBDFu�

Ǐǐ



QSFDJODU BT XFMM BT QBSUZ CZ QSFDJODU CZ ZFBS CZ PđDF� ĉF DIPJDF PG
FYBDUMZ XIJDI DPNCJOBUJPOT PG GBDUPST UP JODMVEF BU UIF QSFDJODU MFWFM
XPVME EFQFOE PO UIF TDJFOUJėD RVFTUJPOT UIF NPEFM XBT JOUFOEFE UP
BEESFTT
 CVU UIFTF OVJTBODF QBSBNFUFST HFOFSBMMZ TIPVME CF LFQU UP
POMZ POF PS UXP JG QPTTJCMF�

#FDBVTF OVJTBODF QBSBNFUFST BSF NVDI NPSF OVNFSPVT BOE PG MFTT
JOUSJOTJD JOUFSFTU UIBO UIF HMPCBM QBSBNFUFST
 XF XJMM EFBM XJUI UIFN
EJĎFSFOUMZ XIFO DPOTUSVDUJOH UIF HVJEF GBNJMZ UP QFSGPSN
WBSJBUJPOBM JOGFSFODF�

(JWFO UIF NPEFM QBSBNFUFSTα
β
 BOE {νu}
 UIF QSPCBCJMJUZ UIBU B WPUFS
PG iSBDFu r JO QSFDJODU u WPUFT GPS DBOEJEBUF c JT

πu,r,c =
FYQ(αc + βr,c + νu,r,c)∑
c̃ FYQ(αc̃ + βr,c̃ + νu,r,c̃)

. 	ǋ�Ǌ


*O PUIFS XPSET
 BDDPSEJOH UP PVS NPEFM
 B WPUFS�T QSPQFOTJUZ UP WPUF GPS
DBOEJEBUF c JT QSPQPSUJPOBM UP B QSPEVDU PG MPHOPSNBMMZ�EJTUSJCVUFE
QBSBNFUFST UIBU DPSSFTQPOE UP UIF PWFSBMM TUSFOHUI PG UIF DBOEJEBUF 	αc


UIF HMPCBM QSFGFSFODFT PG UIF WPUFS�T SBDJBM HSPVQ 	βr,c

 BOE QSFDJODU�MFWFM
FĎFDUT CZ iSBDFu 	νu,r,c
� 8F BTTVNF UIBU
 DPOEJUJPOBM PO UIFTF QBSBNFUFST

FBDI JOEJWJEVBM WPUFS�T EFDJTJPO JT JOEFQFOEFOU�

r .PEFM IZQFSQBSBNFUFST� *O PVS TJNQMF NPEFM
 UIFTF BSF KVTU UIF UISFF
RVBOUJUJFT σα
 σβ 
 BOE σν 
 XIJDI DPOUSPM UIF EJTUSJCVUJPOT PG UIF
QBSBNFUFST αc
 βr,c
 BOE νu,r,c SFTQFDUJWFMZ�

*O QSBDUJDF
 XF VTVBMMZ TFU σα = σβ = 2
 XIJDI JT MBSHF FOPVHI UP BMMPX
UIF NPEFM QMFOUZ PG ĚFYJCJMJUZ UP ėU DBTFT XIFSF DBOEJEBUFT EJĎFS JO
QPQVMBSJUZ CZ GBDUPST PG ǉǈǈ PS NPSF� 	ĉFTF WBMVFT BSF DPOTUBOUT CFDBVTF
UIFTF WBMVFT BSF POMZ WFSZ XFBLMZ DPOTUSBJOFE CZ UIF EBUB
 BOE BT MPOH BT
UIFZ BSF OPU UPP MPX
 UIF QPTUFSJPS FTUJNBUFT PG α, β TIPVME CF HPPE
� 0O
UIF PUIFS IBOE
 TJODF PVS QSJPS CFMJFG JT UIBU SBOEPN WBSJBUJPO CFUXFFO

ǏǑ



QSFDJODUT JT
 PO BWFSBHF
 SFMBUJWFMZ TNBMM
 XF MFU MPH(σν) ∼ N (−2.5, 1.2)

DPSSFTQPOEJOH UP B Ǒǈƻ DSFEJCMF JOUFSWBM PG SPVHIMZ (0.01, 0.6) GPS σν �
ĉBU JT
 SPVHIMZ TQFBLJOH
 UIF PEET PG B QFSTPO PG B HJWFO SBDF WPUJOH GPS B
HJWFO DBOEJEBUF NBZ UZQJDBMMZ WBSZ CZ BT MJĨMF BT B GBDUPS PG ǉ�ǈǉ
 PS BT
NVDI BT B GBDUPS PG ǉ�ǎ
 BDSPTT QSFDJODUT�

*O NPSF DPNQMFY QSPCMFNT
 XF NBZ IBWF BEEJUJPOBM IZQFSQBSBNFUFST
DPSSFTQPOEJOH UP UIF DPSSFMBUJPO CFUXFFO EJĎFSFOU NPEFM QBSBNFUFST� TFF
4FDUJPO ǋ�Ǎ
 &YBNQMF Ǌ GPS EFUBJMT�

(FOFSBMMZ
 JO B IJFSBSDIJDBM #BZFTJBO NPEFM
 XF BSF HJWFO B EJTUSJCVUJPO PG UIF
PCTFSWFE WBSJBCMFT DPOEJUJPOBM PO UIF MBUFOU WBSJBCMFT BOE QBSBNFUFST� #VU JO
FDPMPHJDBM JOGFSFODF
 UIF JOUFSBDUJPO CFUXFFO UIF EBUB BOE UIF NPEFM JT TPNFXIBU
EJĎFSFOU� ĉF PCTFSWFE WBSJBCMFTnu BOE vu JNQPTF EFUFSNJOJTUJD DPOTUSBJOUT PO
UIF SPX BOE DPMVNO TVNT PG UIF NBUSJY Yu PG MBUFOU WBSJBCMFT�

3PX TVNT :
C∑

c=1

yu,r,c = nu,r GPS FBDI r�

$PMVNO TVNT :
R∑

r=1

yu,r,c = vu,c GPS FBDI c�

*O PUIFS XPSET
 GPS FBDI QSFDJODU u
 UIF EBUB WFDUPSTnu BOE vu EFėOF BO
(R− 1)× (C − 1)�EJNFOTJPOBM QPMZUPQF Ȳu JO UIF TQBDF PGR× C NBUSJDFT

BOE UIF MJLFMJIPPE P (nu,vu | Yu) JT TJNQMZ UIF JOEJDBUPS GVODUJPO PG UIJT
QPMZUPQF�ǰ

5P JMMVTUSBUF UIJT JEFB
 DPOTJEFS 'JHVSF ǋ�ǉ�ǋ
 TIPXJOH B QSFDJODU u JO BO
FMFDUJPO XJUI ǋ DBOEJEBUFT BOE Ǌ iSBDFTu 	VOMBCFMFE
� *O UIJT 3× 2 DBTF
 UIF
QPMZUPQF JT Ǌ�EJNFOTJPOBM� UIF ėHVSF TIPXT XIBU JU XPVME MPPL MJLF QSPKFDUFE
JOUP UIF TQBDF PG yu11 × yu12�

ǰ"DUVBMMZ
 UIF MJLFMJIPPE JT UIF JOEJDBUPS GVODUJPO PG UIF QPMZUPQF Ȳu POMZ GPS JOUFHFS WBMVFT PG
BMM FMFNFOUT
 BOE JT ǈ GPS BOZ OPO�JOUFHFS WBMVFT� 8F BEESFTT UIJT JTTVF JO 4FDUJPO ǋ�ǋ�Ǌ�

ǐǈ



(
SP

VQ

$BOEJEBUF
A B C nu

8IJUF yu11 yu12 yu13 150
#MBDL yu21 yu22 yu23 210

120 120 120 360
Ȳu

y u
1
2

yu11

y
u11 +

y
u12 >

30
yu12 > 0 y u

1
1
<

12
0

y
u11 +

y
u12 <

150

yu12 < 120

y u
1
1
>

0

6B;m`2 jXRXj, 1t�KTH2 Q7 T`2+BM+i@H2p2H Q#b2`p�iBQMb �M/ i?2 `2bmHiBM; ȲuX

'PS FBTF PG OPUBUJPO
 XF DPNCJOF PVS QBSBNFUFST JOUP TFUT BT GPMMPXT�

r 'PS FBDI QSFDJODU u
 UIF LOPXO RVBOUJUJFTnu BOE UIF PCTFSWFE WBSJBCMFT
vu JOUP B TJOHMF WFDUPS

xu ∈ RC+R; 	ǋ�ǋ


r UIF HMPCBM QBSBNFUFSTα,β1, . . . ,βR JOUP B TJOHMF WFDUPS

γ ∈ Γ ≃ RC+RC ; 	ǋ�ǌ


r UIF QSFDJODU�MFWFM OVJTBODF QBSBNFUFST νu,r 	GPS BMM u BOE r
 JOUP B TJOHMF
WFDUPS

ν ∈ RURC ; 	ǋ�Ǎ


r UIF NBUSJDFT Yu 	GPS BMM u
 JOUP B TJOHMF WFDUPS PG NBUSJDFT

Y ∈ MU
R×C ≃ RURC . 	ǋ�ǎ


ĉF QPTUFSJPS EJTUSJCVUJPO PG BMM NPEFM QBSBNFUFST BOE MBUFOU WBSJBCMFT JT KVTU
UIF QSJPS EJTUSJCVUJPO XJUI Yu SFTUSJDUFE UP Ȳu
 SFOPSNBMJ[FE BDDPSEJOHMZ� ĉF

ǐǉ



IBSE QBSU
 BT VTVBM
 JT DPNQVUJOH UIF OPSNBMJ[BUJPO DPOTUBOU� "T VTVBM JO UIF &*
QBSBEJHN
 XF BSF NPTU JOUFSFTUFE JO UIF QPTUFSJPS EJTUSJCVUJPO PG UIF MBUFOU
WBSJBCMFT yu,r SBUIFS UIBO UIF NPEFM QBSBNFUFSTβr �

ǋ�Ǌ 7ĵŇĽĵŉĽŃłĵŀ ĽłĺĹŇĹłķĹ ĵłĸ -ĵńŀĵķĹ ĺĵŁĽŀĽĹň

5P PCUBJO UIF QPTUFSJPS PO yu
 XF XJMM CF VTJOH WBSJBUJPOBM JOGFSFODF
 XJUI B
USBOTGPSNFE
 BNPSUJ[FE -BQMBDF HVJEF GBNJMZ
 BT EFTDSJCFE JO $IBQUFS Ǌ� *O UIJT
TFDUJPO
 XF SFNJOE UIF SFBEFS PG UIF CBTJD DPODFQUT BOE OPUBUJPO� 	3FBEFST XIP
IBWF $IBQUFS Ǌ GSFTI JO UIFJS NJOET DBO TBGFMZ TLJQ UIJT TFDUJPO�


4VQQPTF XF IBWF B TFU PG PCTFSWBUJPOTx BOE B NPEFM GPS UIFTF PCTFSWBUJPOT
XJUI QBSBNFUFST θ ∈ RD � *O PUIFS XPSET
 XF BSF HJWFO B QSJPS EJTUSJCVUJPO p(θ)
BOE B MJLFMJIPPE p(x|θ)� 8F BSF JOUFSFTUFE JO UIF QPTUFSJPS EJTUSJCVUJPO

p(θ|x) = p(x|θ)p(θ)∫
θ p(x|θ)p(θ)dθ

. 	ǋ�Ǐ


ĉF WBSJBUJPOBM BQQSPBDI JT UP BQQSPYJNBUF UIF QPTUFSJPS EJTUSJCVUJPO CZ B
TBNQMFBCMF HVJEF EJTUSJCVUJPO qφ(θ) CFMPOHJOH UP TPNF HVJEF GBNJMZQΦ

QBSBNFUSJ[FE CZ φ ∈ Φ� 8F XJTI UP ėOE UIF WBMVF PG φ UIBU NJOJNJ[FT UIF
,VMMCBDL�-FJCMFS EJWFSHFODF CFUXFFO UIF HVJEF BOE UIF QPTUFSJPS� ĉJT UVSOT PVU
UP CF FRVJWBMFOU UP NBYJNJ[JOH 	VTVBMMZ VTJOH TPNF GPSN PG HSBEJFOU BTDFOU
 BO
FYQSFTTJPO LOPXO BT UIF &-#0�

&-#0(φ) := Eqφ [MPH p(x,θ)− MPH qφ(θ)]

=

∫
[MPH p(x,θ)]qφ(θ)dθ −

∫
[MPH qφ(θ)]qφ(θ)dθ.

4P UIF ėĨFE HVJEF JT qφ̂(θ)
 XIFSF

φ̂ = BSHNBYφ (&-#0(φ)) . 	ǋ�ǐ


ǐǊ



0G DPVSTF
 IPX XFMM qφ̂(θ) BDUVBMMZ BQQSPYJNBUFT p(θ|x) EFQFOET PO UIF
DIPJDF PG UIF WBSJBUJPOBM GBNJMZQΦ� ĉF NPTU DPNNPO DIPJDF
 LOPXO BT
NFBO�ėFME GBNJMZ
 JT B GBNJMZ PG (BVTTJBOT XJUI UIF DPWBSJBODF NBUSJY
DPOTUSBJOFE UP CF EJBHPOBM 	JO PSEFS UP MJNJU UIF OVNCFS PG WBSJBUJPOBM QBSBNFUFST
UP CF MFBSOFE
�

)PXFWFS
 UIF NFBO�ėFME GBNJMZ JT DMFBSMZ JOBQQSPQSJBUF GPS &*
 TJODF UIF LFZ
NPEFM QBSBNFUFST yu,r,c BSF DMFBSMZ IJHIMZ DPSSFMBUFE GPS FBDI u� *OTUFBE
 XF VTF
UIF -BQMBDF HVJEF GBNJMZLΦ JOUSPEVDFE JO $IBQUFS Ǌ
 XIJDI IBT SPVHIMZ UIF
TBNF OVNCFS PG QBSBNFUFST BT UIF NFBO�ėFME GBNJMZ
 ZFU JT BMTP BCMF UP BDDVSBUFMZ
DBQUVSF UIF DPSSFMBUJPO TUSVDUVSF PG UIF QPTUFSJPS� *O QBSUJDVMBS
 UIF -BQMBDF GBNJMZ
DPOUBJOT 	B TMJHIU EJTUPSUJPO PG
 UIF -BQMBDF BQQSPYJNBUJPO UP p(θ|x) BU FWFSZ
NPEF PG p� 8F DBO UIFSFGPSF FYQFDU UIF ėĨFE HVJEF qφ̂(θ) UP CF BU MFBTU BT HPPE BU
BQQSPYJNBUJOH p BT UIF -BQMBDF BQQSPYJNBUJPO BU UIF EPNJOBOU NPEF ã BOE
QPTTJCMZ CFĨFS�

" -BQMBDF GBNJMZ HVJEF qφ ∈ LΦ JT B NVMUJWBSJBUF OPSNBM EJTUSJCVUJPO
 XJUI UIF
QSJNBSZ DPNQPOFOU PG UIF QBSBNFUFS φ FODPEJOH UIF NFBO θ∗
 XIJMF UIF
DPWBSJBODF NBUSJY JT PCUBJOFE GSPN UIF JOWFSTF PG UIF iPCTFSWFEu JOGPSNBUJPO

Ip(θ,x) (θ
∗) := −H [MPH p(θ,x)]

∣∣∣∣
θ∗
. 	ǋ�Ǒ


)FSF
H JT UIF )FTTJBO PG MPH p(θ,x)XJUI SFTQFDU UP θ
 FWBMVBUFE BU θ = θ∗� *G
θ∗ JT B MPDBM NBYJNVN PG p(θ,x)
 UIFO qφ(θ) JT UIF -BQMBDF BQQSPYJNBUJPO PG
p(θ | x) BU θ∗�

"MUIPVHI UIF NBUSJYI (θ∗) JUTFMG NBZ OPU CF QPTJUJWF EFėOJUF
 XF DBO BEKVTU JU
UP CF TP VTJOH B QBSBNFUSJ[FE GBNJMZ PG iCPPTUJOHu GVODUJPOT fψ � ĉF BEKVTUNFOU
JT DPOUSPMMFE CZ B TFDPOE TFU PG HVJEF QBSBNFUFSTψ� 8IFOI (θ∗) JT BMSFBEZ
QPTJUJWF EFėOJUF 	BOE UIFSFGPSF OFFET OP BEKVTUNFOU

 XF FOTVSF UIBU
fψ(I (θ∗)) → I (θ∗) BTψ → 0� 	'PS EFUBJMT PO CPPTUJOH GVODUJPOT
 QMFBTF
SFGFS UP $IBQUFS �SFGDIǊ�


%VF UP UIF QSFTFODF PG QSFDJODU�MFWFM MBUFOU WBSJBCMFT
 UIF OVNCFS PG
QBSBNFUFST JO BO &* NPEFM JT MJLFMZ UP CF WFSZ MBSHF� 5P MJNJU UIF OVNCFS PG HVJEF

ǐǋ



QBSBNFUFST
 XF NBLF VTF PG B TUBOEBSE NFUIPE GPS WBSJBUJPOBM JOGFSFODF JO MBUFOU
WBSJBCMF NPEFMT
 BNPSUJ[BUJPO� 8F TQMJU UIF NPEFM QBSBNFUFST θ JOUP HMPCBM
QBSBNFUFST γ 	J�F� α BOEβr GPS FBDI r
 BOE MBUFOU WBSJBCMFT�QBSBNFUFSTλu GPS
FBDI QSFDJODU u 	J�F� νu,r BOE Yu GPS FBDI u BOE r
� ĉF HVJEF QBSBNFUFST θ∗ BSF
TJNJMBSMZ TQMJU JOUP γ∗ BOEλ∗

u
 XJUIλ∗
u DPOTUSBJOFE UP CF B GVODUJPO PG γ∗ BOE

UIF QSFDJODU�u PCTFSWBUJPOTxu� ĉF SFTVMUJOH BNPSUJ[FE -BQMBDF GBNJMZ BMMPXT
JOGFSFODF UIBU JT CPUI GBTUFS BOE TMJHIUMZ NPSF SPCVTU UIBO B QVSF -BQMBDF
BQQSPBDI� 1MFBTF SFGFS UP $IBQUFS Ǌ GPS EFUBJMT�

ǋ�ǋ 7ĵŇĽĵŉĽŃłĵŀ ĽłĺĹŇĹłķĹ ĺŃŇ &*

0VS HPBM JT UP BQQSPYJNBUF UIF QPTUFSJPS p (σν ,γ,ν,Y | x) VTJOH WBSJBUJPOBM
JOGFSFODF XJUI B -BQMBDF GBNJMZ PG OPSNBM EJTUSJCVUJPOT� )PXFWFS
 UIFSF BSF B GFX
JTTVFT UIBU OFFE UP CF BEESFTTFE CFGPSF XF DBO QSPDFFE�

ǉ� 0VS NPEFM DPOUBJOT B EJTDSFUF 	NVMUJOPNJBM
 DPNQPOFOU
 XIFSFBT
WBSJBUJPOBM JOGFSFODF NFUIPET HFOFSBMMZ SFMZ PO UIF QPTUFSJPS CFJOH
EJĎFSFOUJBCMF 	BOE UIF -BQMBDF BQQSPBDI JO QBSUJDVMBS SFRVJSFT UIF
QPTUFSJPS UP CF UISJDF�EJĎFSFOUJBCMF BMNPTU FWFSZXIFSF
�

Ǌ� "T FYQMBJOFE JO 4FDUJPO ǋ�ǉ
 UIF TVQQPSU PG p (Y | x,γ,ν) JTΠU
u=1Ȳu,

XIFSF FBDI Ȳu JT B DMPTFE (R− 1)(C − 1)�EJNFOTJPOBM QPMZUPQF JO
MR×C � ĉVT
 CFDBVTF PG JUT IJHIMZ DPOTUSBJOFE TVQQPSU

p (σν ,γ,ν,Y | x) EPFT OPU MFOE JUTFMG XFMM UP B OPSNBM BQQSPYJNBUJPO�

ǋ� ĉF HMPCBM QBSBNFUFSTα BOEβr BSF OBUVSBMMZ FYQSFTTFE BT EJNFOTJPOR
BOER× C SFTQFDUJWFMZ
 CVU UIFZ BSF SFTUSJDUFE UP TVCTQBDFT PG EJNFOTJPO
R− 1 BOE (R− 1)× (C − 1)
 CFDBVTF DIBOHFT JO UIFTF QBSBNFUFST UIBU
BSF QFSQFOEJDVMBS UP UIF QSPEVDU PG UIPTF TVCTQBDFT EP OPU BĎFDU UIF
MJLFMJIPPE�Ǳ

ǱĉFBOBMPHPVT SFEVOEBODZ JOν∗ JT OPU BO JTTVF
 TJODFXF JOUFOE UP BNPSUJ[F BMM UIF QBSBNFUFST
JO ν∗ SBUIFS PQUJNJ[JOH UIFN JOEJWJEVBMMZ�

ǐǌ



ǋ�ǋ�ǉ )ĵłĸŀĽłĻ ĸĽňķŇĹŉĹ ńĵŇĵŁĹŉĹŇň

ĉF ėSTU QSPCMFN JT SFMBUJWFMZ FBTZ UP EFBM XJUI� XF DBO EFėOF B iDPOUJOVPVT
NVMUJOPNJBMu EJTUSJCVUJPO
ǲ $.VMU(n,π)XJUI VOOPSNBMJ[FE EFOTJUZ

f(y1, . . . , yC) =

⎧
⎪⎨

⎪⎩

ΠC
c=1

πyc
c

Γ(yc+1) JG
∑C

c=1 yc = n BOE yc ≥ 0 GPS BMM c;

0 PUIFSXJTF�
	ǋ�ǉǈ


8F DBO OPX DIBOHF PVS NPEFM UP IBWF (yu,r|γ,ν) ∼ $.VMU(nu,r,πu,r)

XIFSFπu,r JT DPNQVUFE GSPN γ BOE ν BT JO 4FDUJPO ǋ�ǉ� /PUF UIBU XF EP OPU
OFFE UP DPNQVUF UIF OPSNBMJ[JOH DPOTUBOU GPS $.VMU
 TJODF UIF &-#0 SFRVJSFT
POMZ BO VOOPSNBMJ[FE EFOTJUZ�

/PUF UIBU $.VMU JT B HPPE BQQSPYJNBUJPO PG UIF NVMUJOPNJBM EJTUSJCVUJPO GPS
WBMVFT GBS BXBZ GSPN UIF CPVOEBSZ
 CVU JT MFTT TP OFBS UIF CPVOEBSZ� ĉJT JT
CFDBVTF UIF UPUBM QSPCBCJMJUZ NBTT PWFS BO JOUFSWBM XIJDI JT BXBZ GSPN UIF
CPVOEBSZ JT MJLFMZ UP CF SPVHIMZ UIF TBNF GPS UIF UXP EJTUSJCVUJPOT
 CVU UIJT JT OPU
TP BU UIF CPVOEBSZ� $.VMU
 VOMJLF NVMUJOPNJBM
 BMNPTU OFWFS FYBDUMZ UBLFT
FYUSFNF WBMVFT ǈ PS n� *O QSBDUJDF
 XF EFBM XJUI UIJT CZ BEEJOH QTFVEP�WPUFST
 BT
EFTDSJCFE JO UIF GPMMPXJOH TFDUJPO
 BOE UIFO TVCUSBDUJOH UIPTF QTFVEP�WPUFST PVU
PG PVS FTUJNBUFT BU UIF FOE� ĉJT FĎFDUJWFMZ FYUFOET UIF CPVOEBSZ PG $.VMU
TMJHIUMZ CFZPOE UIBU PG NVMUJOPNJBM
 BMMPXJOH JNQPTTJCMF OFHBUJWF WPUFS FTUJNBUFT
JO SBSF DBTFT CVU IPQFGVMMZ SFEVDJOH UIF CJBT PWFSBMM�

ǋ�ǋ�Ǌ )ĵłĸŀĽłĻ ńŃŀŏŉŃńĹ ňŊńńŃŇŉ

8F BEESFTT UIF TFDPOE QSPCMFN CZ SFQBSBNFUSJ[JOH UIF QPMZUPQFT Ȳu� 'PS FBDI
u ∈ {1, . . . , U}
 XF EFėOF B CJKFDUJWF
 BMNPTU�FWFSZXIFSF TNPPUI
 NBQQJOH

mu : R(R−1)(C−1) → Yu, 	ǋ�ǉǉ


ǲ8IFOQSFTFOUJOH UIJTNBUFSJBM
 XFIBWFCFFOBTLFE JG UIF DPOUJOVPVTNVMUJOPNJBM DPSSFTQPOET
UP BOZ SFBTPOBCMF EBUB�HFOFSBUJOH QSPDFTT� 8F CFMJFWF UIBU UIF BOTXFS JT OP� XF BSF VTJOH JU NFSFMZ
BT B EJĎFSFOUJBCMF BQQSPYJNBUJPO UP UIF NVMUJOPNJBM�

ǐǍ



XIFSFYu JT UIF EBUB�TQFDJėD PQFO QPMZUPQF 	OPU JODMVEJOH UIF CPVOEBSZ
� 7JB
UIJT SFQBSBNFUSJ[BUJPO
 BOZ DPOUJOVPVT QSPCBCJMJUZ EJTUSJCVUJPO PO UIF PQFO TFU
Yu DPSSFTQPOET UP B EJTUSJCVUJPO POR(R−1)(C−1) XJUI VODPOTUSBJOFE TVQQPSU�
0OF QPTTJCMF DPOTUSVDUJPO GPSmu JT HJWFO JO "QQFOEJY ǋ�ǋ�

/PUF UIBU UIJT SFQBSBNFUSJ[BUJPO TXJUDIFE GSPN UIF DMPTFE QPMZUPQF UP UIF
PQFO POF
 XIJDI XPVME NFBO UIBU B QPTUFSJPS TBNQMF DBO OFWFS FTUJNBUF FYBDUMZ
[FSP WPUFST JO B HJWFO yurc� ĉJT JT B TJNJMBS JTTVF UP UIBU PG UIF EJĎFSFODF CFUXFFO
$.VMU BOE NVMUJOPNJBM OFBS UIF CPVOEBSZ
 NFOUJPOFE BCPWF
 BOE TP XF IPQF
UIBU PVS TUFQ PG BEEJOH QTFVEP�WPUFST XIJMF ėĨJOH CVU TVCUSBDUJOH UIFN GSPN UIF
ėOBM FTUJNBUFT XJMM BEESFTT CPUI PG UIFTF JTTVFT TJNVMUBOFPVTMZ� *O FĎFDU
 UIJT
BMMPXT FTUJNBUFT PG yurc
 BěFS UIF QTFVEP�WPUFST BSF TVCSBDUFE PVU
 UP CF TMJHIUMZ
OFHBUJWF� XF CFMJFWF UIBU JO UIJT XBZ
 UIF UPUBM QPTUFSJPS QSPCBCJMJUZ NBTT OFBS [FSP
XJMM SPVHIMZ BQQSPYJNBUF UIF QSPCBCJMJUZ NBTT UIBU XPVME CF FYBDUMZ BU [FSP JG XF
XFSF BCMF UP VTF B EJTDSFUF NVMUJOPNJBM JO PVS NPEFM�

ĉF QSPEVDU PG UIF NBQTm1, . . . ,mU HJWFT VT B HMPCBM SFQBSBNFUSJ[BUJPO

mx : RU(R−1)(C−1) → ΠU
u=1Yu. 	ǋ�ǉǊ


'PS BOZW = (W1, . . . ,WU) ∈ RU(R−1)(C−1)
 XF DBO OPX EFėOF BO B�F�
TNPPUI QSPCBCJMJUZ EFOTJUZ GVODUJPO CBTFE PO UIF EFOTJUZ GVODUJPO PWFSYu

p̃x(σν ,γ,ν,W ) := p (σν ,γ,ν,mx(W ) | x) · |Jmx(W )|, 	ǋ�ǉǋ


XIFSF Jmx JT UIF +BDPCJBO PGmx�

ǋ�ǋ�ǋ 4ŊĶňńĵķĹ ĺŃŇ ĻŀŃĶĵŀ ńĵŇĵŁĹŉĹŇň

5P BEESFTT UIF UIJSE QSPCMFN
 XF EFėOF SFEVDFE�EJNFOTJPO HVJEF QBSBNFUFST
α∗ ∈ RC−1 BOEβ∗ ∈ RR(C−1)� ĉBU JT
 XF MFBWF UIF SFEVOEBOU NPEFM
QBSBNFUFSTαC 
βr,C 
 BOEβR,c PVU PG UIF HVJEF�T QBSBNFUFS TQBDF
 BOE HFOFSBUF
UIFN GSPNα∗ PSβ∗ BT OFFEFE�

ĉF HSBQIJDBM SFQSFTFOUBUJPO PG p̃x JT TIPXO JO 'JHVSF ǋ�ǋ�ǉ
 XJUI EJĎFSFODFT

ǐǎ



CFUXFFO p̃x BOE p (σν ,γ,ν,Y | x) IJHIMJHIUFE JO SFE�

β∗
r

σβ

α∗

σα

νu,r

σν

πu,r

$.VMUnu,r

yu,r

Wuvu

U

R

6B;m`2 jXjXR, JQ/2H 7Q` p̃x(σν ,γ,ν,W )X
U:`�v MQ/2b `2T`2b2Mi Q#b2`p2/ [m�MiBiB2bX .B�KQM/b `2T`2b2Mi +QKTmi2/
[m�MiBiB2bXV

*O UIF OFYU TFDUJPO
 XF XJMM TIPX IPX UP VTF WBSJBUJPOBM JOGFSFODF UP ėOE BO
BQQSPYJNBUJPO qφ̂(σν ,γ,ν,W ) GPS p̃x� 8F DBO UIFO VTF UIF NBQm−1

x UP
USBOTGPSN qφ̂ CBDL UP BO BQQSPYJNBUJPO PG PVS PSJHJOBM QPTUFSJPS EJTUSJCVUJPO
p(σν ,γ,ν,Y | x)
 BT EFTJSFE�

ǋ�ǋ�ǌ %ĹĺĽłĽłĻ ŉļĹ ĻŊĽĸĹ ĺĵŁĽŀŏ

5P BQQSPYJNBUF p̃x(σν ,γ,ν,W )
 XF VTF 	B TMJHIU NPEJėDBUJPO PG
 UIF
BNPSUJ[FE -BQMBDF GBNJMZ BT EFTDSJCFE JO DIBQUFS Ǌ�

ǐǏ



8F EFėOF

γ∗ := (α−,β−) ∈ RR(C−1); 	ǋ�ǉǌ


σν ∈ R1
+;

λ∗
u := (ν∗

u, . . . ,ν
∗
u,W

∗
u ) ∈ RRC+(R−1)(C−1) GPS FBDI u;

ΘM :=
{
(γ∗,λ∗

1, . . . ,λ
∗
U) ∈ Θ : λ∗

u = Mu(γ
∗) GPS u = 1, . . . , U

}
,

XIFSF
Mu : RR(C−1) → R1+RC+(R−1)(C−1) 	ǋ�ǉǍ


JT B EJĎFSFOUJBCMF GVODUJPO UIBU BQQSPYJNBUFT UIF ."1 PG (νu,Wu) DPOEJUJPOBM
PO γ∗ 	BOE JNQMJDJUMZ
 WJB UIF QPMZUPQF NBQQJOH
 POxu
�

(σ∗
ν ,ν

∗,W ∗) := M(γ∗) ≈ BSHNBYσν ,ν,W )(p̃x(γ
∗,ν,W ). 	ǋ�ǉǎ


ĉF EFSJWBUJPO GPS UIF GVODUJPOMu(γ∗) DBO CF GPVOE JO "QQFOEJY ǋ�ǌ�ǉ�
#FDBVTF CPUI PVS BNPSUJ[BUJPO GVODUJPOM BOE PVS USBOTGPSNBUJPOm BSF

QPPS XIFO BOZ FMFNFOUT PGY BSF MFTT UIBO ǉ
 XF BEE k = 1 uQTFVEP�WPUFSu UP
FBDI TVDI FMFNFOU JNNFEJBUFMZ BěFS ėOEJOHY ∗
 BT XFMM BT BEEJOH DPSSFTQPOEJOH
BNPVOUT UP UIF PCTFSWBUJPOT� C UP FBDI nu
 BOER UP FBDI vu� 8F IBWF OP
QSJODJQMFE SFBTPO UP DIPPTF k = 1 BT UIF PQUJNBM DPSSFDUJPO GBDUPS IFSF
 CVU IBWF
SFBTPO UP CFMJFWF UIBU UIF PQUJNBM k JT HSFBUFS UIBO ǈ
 CPUI JO PSEFS UP SFEVDF UIF
CJBT DBVTFE CZ UIF EJĎFSFODF CFUXFFO 4UJSMJOH�T BQQSPYJNBUJPO BOE UIF (BNNB
GVODUJPO XIFO yu,r,c JT MFTT UIBO ǉ
 BOE CFDBVTF TVCUSBDUJOH UIFTF QTFVEP�WPUFST
CBDL PVU BU UIF FOE BMMPXT UIF EJTUSJCVUJPO PGmu(Wu) UP JODMVEF UIF CPVOEBSJFT
PG UIF USVF
 DMPTFE QPMZUPQF 	BOE B CJU CFZPOE

 SBUIFS UIBO CFJOH BSUJėDJBMMZ
SFTUSJDUFE UP UIF PQFO QPMZUPQF CZ UIF GVODUJPOmu�

8F EFėOF UIF HVJEF qφ (γ, σν ,ν,W ) UP CF B NVMUJWBSJBUF OPSNBM XJUI NFBO
(γ∗, σ∗

ν ,ν
∗,W ∗)� ĉBU JT UP TBZ
 UP TBNQMF GSPN UIF HVJEF
 XF�E ESBX GSPN B

(BVTTJBO PWFS MBUFOUW TQBDF
 UIFO USBOTGPSN UIBU UP Y TQBDF JODMVEJOH
QTFVEP�WPUFST
 UIFO TVCUSBDU PVU QTFVEP�WPUFST� ĉF QSFDJTJPO 	JOWFSTF

ǐǐ



DPWBSJBODF
 NBUSJY PG UIJT NVMUJWBSJBUF OPSNBM JT i-BQMBDJBOu� UIF PCTFSWFE
JOGPSNBUJPO NBUSJY PG UIF NPEFM XJUI SFTQFDU UP BMM BSHVNFOUT BU UIF NFBO PG UIF
HVJEF
 BEKVTUFE UP CF QPTJUJWF EFėOJUF� fψ [Ip̃x (γ

∗, σ∗
ν ,ν

∗,W ∗)]�
"T FYQMBJOFE JO DIBQUFS Ǌ
 XF DBO UBLF BEWBOUBHF PG UIF CMPDL BSSPXIFBE

TUSVDUVSF PG UIJT )FTTJBO GPS TFWFSBM PQUJNJ[BUJPOT
 JODMVEJOH XIFO ESBXJOH
TBNQMFT GSPN UIF HVJEF�

" HSBQIJDBM SFQSFTFOUBUJPO PG UIF HVJEF qφ(γ,ν,W ) JT TIPXO JO 'JHVSF ǋ�ǋ�Ǌ�
ĉF PQUJNJ[BUJPO PG UIF &-#0 XJMM CF QFSGPSNFE UISPVHI 1ZSP
 B 1ZUIPO
QBDLBHF CVJMU GPS TUPDIBTUJD WBSJBUJPOBM JOGFSFODF�

γ∗

W ∗
u

ν∗
u

σ∗
ν

I −1(γ∗)N

γ

I −1(γ∗,W ∗
u) N

N|γ

(Wu,νu)

U

6B;m`2 jXjXk, :`�T?B+�H KQ/2H 7Q` i?2 ;mB/2 qφ(γ,σν ,ν,W )X �b mbm�H- /B�@
KQM/b `2T`2b2Mi +QKTmi2/ [m�MiBiB2bX h?2 ;`2v /B�KQM/ 7Q` σ∗

ν BM/B+�i2b i?�i
Bi Bb i`2�i2/ �b � +QMbi�Mi 7Q` Tm`TQb2b Q7 +QKTmiBM; i?2 1G"P ;`�/B2MiX

ǐǑ



ǋ�ǋ�Ǎ "ŀĻŃŇĽŉļŁ ĺŃŇ ĵŁŃŇŉĽŐĽłĻ -ĵńŀĵķĹ ŋĵŇĽĵŉĽŃłĵŀ &*

0VS BMHPSJUIN GPS ėĨJOH UIF BCPWF FDPMPHJDBM JOGFSFODF NPEFM GPMMPXT UIF
HFOFSBM -BQMBDF HVJEF BMHPSJUIN BT EFTDSJCFE JO TFDUJPO Ǌ�ǋ�ǎ PG DIBQUFS Ǌ� 5P EP
TP
 XF NVTU USBOTMBUF HFOFSBMJUJFT UP TQFDJėDT JO TFWFSBM SFHBSET� NPTU JNQPSUBOUMZ

JO UFSNT PG PVS BMHPSJUIN GPS BQQSPYJNBUJOH
M(γ∗) = (σ∗

ν ,ν
∗,W ∗) ≈ BSHNBYσν ,ν,W

p̃(γ∗, σν ,ν,W )�
ĉF CBTJD TUSVDUVSF PG UIJT BQQSPYJNBUJPO QSPDFTT JT TLFUDIFE PVU CFMPX
 BOE

GVMMZ FYQMBJOFE JO BQQFOEJY ǋ�ǌ�Ǌ� *U JOWPMWFT B TFSJFT PG SPVHI ėSTU�PSEFS
BQQSPYJNBUJPOT
 XJUI POF TUFQ PG /FXUPO�T .FUIPE BU UIF FOE UP SFEVDF CPUI UIF
CJBT BOE UIF WBSJBODF PG UIF BQQSPYJNBUJPOT� 8F VOEFSTUBOE UIBU TPNF PG UIF
EFDJTJPOT JO EFTJHOJOH UIJT QSPDFEVSF XFSF BSCJUSBSZ BOE DPVME QSPCBCMZ CF
JNQSPWFE VQPO
 CVU UIF PWFSBMM BMHPSJUIN TFFNT UP XPSL�

ĉF CBTJD TUFQT BOE GPSNVMBT BSF BT GPMMPXT� 'PS BO FYQMBOBUJPO PG UIF MPHJD
CFIJOE FBDI GPSNVMB
 TFF "QQFOEJY ǋ�ǌ�Ǌ�

ǉ� 'JOEY ∗ ≈ BSHNBYY p̃(γ∗, σν = 0,ν = 0⃗,Y )� ĉJT QSPDFTT JT
EFTDSJCFE JO "QQFOEJY ǋ�ǌ�ǉ� 6TFm−1 UP UVSO UIJT JOUPW ∗�ǳ

Ǌ� &TUJNBUF ν̂ := MPH
(

y∗u,r,c
nu,rπ∗

r,c

)

 BO FTUJNBUPS PG ν �

ǋ� &TUJNBUF σ̂2
u,r,c :=

nu,r−y∗u,r,c
nu,ry∗u,r,c


 BO FTUJNBUPS PG σ2
u,r,c
 UIF QBSU PG UIF

WBSJBODF PG ν̂u,r,c UIBU JT BĨSJCVUBCMF UP TBNQMJOH WBSJBODF JO yu,r,c�

ǌ� 5BLFmax(0, ν̂2
b,r,c − σ̂2

u,r,c)
 GPS FBDI u, r, c
 BT FTUJNBUFT PG σν � BWFSBHF
UIFTF FTUJNBUFT UP HFU σ∗

ν �

Ǎ� 5BLF ν∗
u,r,c :=

ν̂u,r,c/σ̂2
u,r,c

1/σ̂2
u,r,c+1/(σ∗

ν)
2 
 DPNCJOJOH UIF iMJLFMJIPPEu EJTUSJCVUJPO

XJUI BQQSPYJNBUF NFBO BOE WBSJBODF [ν̂u,r,c, σ̂2
u,r,c] BOE UIF iQSJPSu

EJTUSJCVUJPO XJUI NFBO BOE WBSJBODF [0, σ∗
ν ]
 VTJOH B QSFDJTJPO�XFJHIUFE

BWFSBHF�

ǳ8F BSF BXBSF UIBU
 CFDBVTF PG UIF +BDPCJBO PG m
 UIJT JOUSPEVDFT CJBT�
BSHNBYW p̃(m(W ), ...) ̸= m−1[BSHNBYY p̃(Y , ...)]� $VSSFOUMZ
 XF BSF IPQJOH UIBU UIF
POF TUFQ PG /FXUPO�T NFUIPE BU UIF FOE BEESFTTFT UIJT JTTVF TVđDJFOUMZ� 8F QMBO UP EFWFMPQ B
CFĨFS ėY GPS UIJT JTTVF JO GVUVSF WFSTJPOT PG UIF BMHPSJUIN�

Ǒǈ



ǎ� "ěFS UBLJOH UIF )FTTJBO
 VTF POF TUFQ PG /FXUPO�T NFUIPE PO FBDI
QSFDJODU u�T MBUFOU QBSBNFUFST UP SFEFėOF (W ∗

u,ν∗
u)
 BT FYQMBJOFE JO

TFDUJPO Ǌ�ǋ�Ǎ PG DIBQUFS Ǌ�

ǋ�ǌ 3ĹňŊŀŉň

8F UFTUFE PVS BMHPSJUIN PO TJNVMBUFE WPUJOH EBUB GPS ǊǏǏǌ QSFDJODUT
 XJUI
QSFDJODU SBDJBM DPNQPTJUJPO CBTFE PO UIF EFNPHSBQIJDT PG BDUVBM SFHJTUFSFE
WPUFST JO /PSUI $BSPMJOB JO Ǌǈǉǎ�Ǵ 4JNVMBUFE FMFDUJPO SFTVMUT GPS UISFF
iDBOEJEBUFTu 	%FNPDSBU
 3FQVCMJDBO
 0UIFS�OPU WPUJOH
 XFSF HFOFSBUFE GSPN
UIF CBTJD &* NPEFM JO 4FDUJPO ǋ�ǉ
 XJUI NPEFM QBSBNFUFSTα BOEβ TFU UP NJSSPS
UIF TUBUFXJEF UVSOPVU BOE FYJU QPMMT JO /PSUI $BSPMJOB GPS UIF Ǌǈǉǎ 1SFTJEFOUJBM
FMFDUJPO 	5BCMFT ǋ�ǌ�ǉ BOE ǋ�ǌ�Ǌ
�ǵ

h�#H2 jX9XR, kyRe S`2bB/2MiB�H 2H2+iBQM BM LQ`i? *�`QHBM�, im`MQmi �M/ 2tBi
TQHHb

0G UIPTF XIP WPUFE
 QFSDFOU WPUJOH GPS�
i3BDFu 7PUFS 5VSOPVU $MJOUPO 	%
 5SVNQ 	3
 0UIFS
#MBDL ǎǌƻ ǐǑƻ ǐƻ ǋƻ
8IJUF Ǐǉƻ ǋǊƻ ǎǋƻ Ǎƻ
0UIFS ǍǑƻ Ǎǎƻ ǌǈƻ ǌƻ

6TJOH UIF BCPWF WBMVFT PGα BOEβr 
 XF DSFBUFE GPVS EBUBTFUT XJUI MPX
QSFDJODU�UP�QSFDJODU WBSJBCJMJUZ 	σν = 0.02
 BOE GPVS XJUI IJHI WBSJBCJMJUZ
	σν = 0.3
� 8F DIPTF σν = 0.02 BT PVS MPX WBMVF CFDBVTF
 GPS NPTU QSFDJODUT JO

Ǵ1SFDJODU�MFWFM WPUFS SFHJTUSBUJPO EBUB CZ iSBDFu XFSF PCUBJOFE GSPN UIF /PSUI $BSPMJOB 4UBUF
#PBSE PG &MFDUJPOT� <ǋǏ> "MM iSBDFTu PUIFS UIBO XIJUF BOE CMBDL XFSF DPNCJOFE JOUP B TJOHMF DBU�
FHPSZ iPUIFSu� 0OF WPUFS QFS SBDJBM DBUFHPSZ XBT BEEFE UP FBDI QSFDJODU UP BWPJE [FSPT� UIJT XBT
UBLFO UP CF HSPVOE USVUI�

ǵ4PVSDFT� ?iiTb,ffrrrX+MMX+QKf2H2+iBQMfkyRef`2bmHibf2tBi@TQHHbfMQ`i?@
+�`QHBM�fT`2bB/2Mi�
?iiTb,ffrrrXr7�2XQ`;fTQbifMmK#2`b@�`2@#`2�FBM;@/QrM@M+b@kyRe@pQi2`@
/2KQ;`�T?B+bObi`2�Kfy

Ǒǉ



h�#H2 jX9Xk, kyRe S`2bB/2MiB�H 2H2+iBQM BM LQ`i? *�`QHBM�, KQ/2H T�`�K2i2`b

i3BDFu $MJOUPO 	%
 5SVNQ 	3
 0UIFS�OPU WPUJOH
#MBDL β = 0.49 β = −1.23 β = 0.01
8IJUF β = −0.43 β = 0.94 β = −0.15
0UIFS β = −0.06 β = 0.30 β = 0.14
5PUBM α = 0.20 α = −0.48 α = 0.28

PVS EBUB
 UIJT TFĨJOH NBLFT UIF WBSJBCJMJUZ JO yurc EVF UP EJĎFSFODFT JO νurc POMZ
TMJHIUMZ IJHIFS UIBO UIF WBSJBCJMJUZ JO yurc EVF UP NVMUJOPNJBM TBNQMJOH�

'PS FBDI EBUBTFU
 XF DPNQBSF UIF QFSGPSNBODF PG PVS BMHPSJUIN XJUI UIBU PG
3+,5
 XIJDI VTFT .$.$ UP TBNQMF GSPN B IJFSBSDIJDBM %JSJDIMFU�NVMUJOPNJBM
NPEFM<ǌǐ>� 0VS BMHPSJUIN XBT JNQMFNFOUFE JO QZUIPO VTJOH UIF QZSP
QSPCBCJMJTUJD QSPHSBNNJOH QBDLBHF<Ǒ>� 'PS UIF 3+,5 BMHPSJUIN
 XF VTFE UIF
FJ1BDL QBDLBHF JO 3<ǋǉ>�

"T VTVBM JO &*
 XF GPDVT PVS BĨFOUJPO PO UIF QPTUFSJPS EJTUSJCVUJPO PG UIF
R×C NBUSJYQ
 XIFSFQr,c JT UIF PWFSBMM GSBDUJPO PG WPUFST PG iSBDFu r XIP WPUFE
GPS DBOEJEBUF c�

Qr,c =

∑U
u=1 Yu,r,c∑U
u=1 nu,r

. 	ǋ�ǉǏ


-FUQi CF UIF WBMVF PGQ JO %BUBTFU i� 'PS FBDI BMHPSJUINA ∈ {3+,5
 -BQMBDF}

MFU Q̂(A,i) BOE s(A,i)

Q CF FTUJNBUFT PG UIF QPTUFSJPS NFBO 	XFJHIUFE CZ nu
 BOE
TBNQMF TUBOEBSE EFWJBUJPO PGQ BDSPTT QSFDJODUT 	JF
 UIF 4% PG UIF QFSDFOU WBMVF
JO FBDI DFMM
 BDSPTT TBNQMFT GSPN UIF QPTUFSJPS

 CBTFE PO 1000 TBNQMFT GSPN UIF
FTUJNBUFE QPTUFSJPS EJTUSJCVUJPO PCUBJOFE CZ SVOOJOH BMHPSJUINA PO %BUBTFU i�

-FUQσ 
Q
(A,σ)
 BOE s(A,σ)

Q CF UIF BWFSBHFT PGQi
 Q̂(A,i)
 BOE s(A,i)
Q

SFTQFDUJWFMZ GPS UIF EBUBTFUT iXIFSF σν = σ� 5BCMFT ǋ�ǌ�ǋ BOE ǋ�ǌ�ǌ TIPX UIF
JOEJWJEVBM FOUSJFT PG UIFTF NBUSJDFT GPS σν = 0.02 BOE σν = 0.3 SFTQFDUJWFMZ�

ĉFTF SFTVMUT TIPX UIBU
 JO UFSNT PG QPJOU FTUJNBUFT
 PVS NPEFM JT QFSGPSNJOH
DPNQBSBCMZ UP 3+,5 GPS UIF MPX�WBSJBODF TDFOBSJP
 BOE TMJHIUMZ XPSTF GPS UIF
IJHI�WBSJBODF TDFOBSJP� *O UIF MBĨFS DBTF
 PVS NPEFM�T SFTVMUT BSF OPUBCMZ CJBTFE

ǑǊ



h�#H2 jX9Xj, _2bmHib 7Q` σν = 0.02

0UIFS�OPOWPUJOH $MJOUPO 	%
 5SVNQ 	3

A Q sQ Q sQ Q sQ

8IJUF
5SVUI ǋǊ�ǌƻ ǊǊ�ǎƻ ǌǍ�ǈƻ
3+,5 ǋǊ�ǋƻ ǈ�ǈǐǎƻ ǊǊ�Ǎƻ ǈ�ǈǎǍƻ ǌǌ�Ǒƻ ǈ�ǈǏǈƻ
-BQMBDF ǋǊ�ǌƻ ǈ�ǈǉǍƻ ǊǊ�ǐƻ ǈ�ǈǉǌƻ ǌǌ�Ǒƻ ǈ�ǈǉǎƻ

#MBDL
5SVUI ǋǐ�ǈƻ Ǎǎ�Ǐƻ Ǎ�Ǌǐƻ
3+,5 ǋǐ�ǎƻ ǈ�Ǌǎƻ Ǎǎ�ǉƻ ǈ�ǉǏƻ ǌ�ǐǉƻ ǈ�Ǌǋƻ
-BQMBDF ǋǏ�Ǒƻ ǈ�ǈǋǐƻ Ǎǎ�ǉƻ ǈ�ǈǋǊƻ Ǎ�ǑǑƻ ǈ�ǈǊǎƻ

0UIFS
5SVUI ǌǋ�ǋƻ ǋǊ�Ǐƻ Ǌǌ�ǈƻ
3+,5 ǌǈ�Ǒƻ ǉ�ǈƻ ǋǋ�ǋƻ ǈ�ǋǏƻ Ǌǌ�ǌƻ ǈ�ǑǑƻ
-BQMBDF ǌǋ�ǐƻ ǈ�ǉǋƻ ǋǊ�ǎƻ ǈ�ǉǉƻ Ǌǋ�Ǎƻ ǈ�ǉǍƻ

h�#H2 jX9X9, _2bmHib 7Q` σν = 0.3

0UIFS�OPOWPUJOH $MJOUPO 	%
 5SVNQ 	3

A Q sQ Q sQ Q sQ

8IJUF
5SVUI ǋǊ�ǋƻ ǊǊ�Ǐƻ ǌǍ�ǈƻ
3+,5 ǋǊ�Ǌƻ ǈ�ǈǎǑƻ Ǌǋ�ǈƻ ǈ�ǉǋƻ ǌǌ�Ǐƻ ǈ�ǈǑǊƻ
-BQMBDF ǋǊ�ǎƻ ǈ�ǈǉǐƻ Ǌǋ�Ǎƻ ǈ�ǈǉǎƻ ǌǋ�Ǒƻ ǈ�ǈǊǉƻ

#MBDL
5SVUI ǋǐ�Ǒƻ ǍǍ�ǎƻ Ǎ�ǌǐƻ
3+,5 ǌǉ�ǈƻ ǈ�Ǎǈƻ Ǎǋ�Ǌƻ ǈ�Ǎǋƻ Ǎ�ǊǑƻ ǈ�ǉǋƻ
-BQMBDF ǌǉ�ǈƻ ǈ�ǈǌǈƻ Ǎǋ�ǈƻ ǈ�ǈǋǉƻ Ǎ�ǑǑƻ ǈ�ǈǋǊƻ

0UIFS
5SVUI ǌǋ�ǈƻ ǋǊ�Ǐƻ Ǌǌ�ǋƻ
3+,5 ǋǏ�ǋƻ ǈ�ǑǍƻ ǋǍ�ǋƻ ǈ�ǍǍƻ Ǌǎ�ǈƻ ǈ�ǎǍƻ
-BQMBDF ǋǍ�Ǎƻ ǈ�ǉǍƻ ǋǋ�ǋƻ ǈ�ǉǊƻ ǋǉ�Ǌƻ ǈ�ǉǏƻ

Ǒǋ



UPXBSET FWFO TQMJUT GPS FBDI iSBDFu 	J�F� UPXBSETQrc =
1
C GPS BMM r
�

8F CFMJFWF UIBU XF VOEFSTUBOE
 BOE IBWF B QPTTJCMF ėY GPS
 UIF SFBTPO GPS UIJT
CJBT� 8IJMF 3+,5�T NPEFM WJFXT QSFDJODU�MFWFM SFTJEVBMT JO UFSNT PG QFSDFOUBHFT

PVST OBUVSBMMZ EPFT TP JO UFSNT PG PEET� 'PS FYBNQMF
 DPOTJEFS B QSFDJODU XIFSF
CMBDL BOE XIJUF WPUFST XJMM WPUF GPS 5SVNQ XJUI QSPCBCJMJUJFT ǐƻ BOE ǋǐƻ
SFTQFDUJWFMZ� 0VS NPEFM DPOTJEFST JU UP CF FRVBMMZ iIBSEu UP EPVCMF UIF PEET PG
WPUJOH GPS 5SVNQ GPS FJUIFS iSBDFu
 XIFUIFS JU NFBOT DIBOHJOH UIF QSPCBCJMJUZ GPS
XIJUF WPUFST GSPN ǋǐƻ UP ǍǍƻ PS DIBOHJOH UIF QSPCBCJMJUZ GPS CMBDL WPUFST GSPN
ǐƻ UP ǉǍƻ� .FBOXIJMF
 UIF 3+,5 NPEFM DPOTJEFST UIBU Ǐƻ PG CMBDL WPUFST JO B
HJWFO QSFDJODU TXJUDIJOH DBOEJEBUFT JT NVDI NPSF QSPCBCMF UIBO ǉǏƻ PG XIJUF
WPUFST EPJOH TP� ĉVT
 XIFO JU EFUFDUT IJHI JOUFS�QSFDJODU WBSJBCJMJUZ
 PVS NPEFM JT
CJBTFE UPXBSET BTDSJCJOH JU UP MBSHFS HSPVQT� 8F CFMJFWF UIBU TDBMJOH UIF QSFDJTJPO
PG νu,r,c CZ UIF FYQFDUBUJPO PG yu,r,c
 DPOEJUJPOBM PO PCTFSWBUJPOT BOE HMPCBM
QBSBNFUFST
 NBZ SFNPWF UIJT CJBT�

" NPSF TFSJPVT JTTVF JT UIBU PVS FTUJNBUF PG sσQ JT DPOTJTUFOUMZ MPXFS UIBO UIBU
PG 3+,5� .PSFPWFS
 XIJMF GPS 3+,5
 XF DPOTJTUFOUMZ IBWF

∣∣∣Qσ −Q
(A,σ)

∣∣∣< s(A,σ)
Q , 	ǋ�ǉǐ


UIJT JT OPU BMXBZT UIF DBTF GPS -BQMBDF
 FWFO XIFO σν = 0.02� 8F BSF MPPLJOH JOUP
UIJT QSPCMFN�

ǋ�Ǎ 1ŃňňĽĶŀĹ ĹŎŉĹłňĽŃłň Ńĺ ŉļĹ ŁŃĸĹŀ

*U JT FBTZ UP FYUFOE UIF CBTJD NPEFM UP BMMPX GPS BOZ BEEJUJPOBM TUSVDUVSF BOE�PS
FYUSB EBUB XF BSF JOUFSFTUFE JO� 8F HJWF KVTU UISFF FYBNQMFT IFSF�

&YBNQMF ǉ� "O JNQPSUBOU DSJUJRVF PG FDPMPHJDBM JOGFSFODF NFUIPET XBT
FYQSFTTFE CZ 'SFFENBO FU BM�<ǉǎ>
 XIP HBWF FYBNQMFT XIFSF ,35�T PSJHJOBM
#BZFTJBO FDPMPHJDBM JOGFSFODF DPVME HJWF BOTXFST BU PEET XJUI LOPXO VOEFSMZJOH
USVUI
 BOE ZFU UIF EJBHOPTUJDT PG UIF NPEFM EJE OPU SBJTF BOZ BMBSN CFMMT� ĉFTF
QSPCMFNBUJD FYBNQMFT IJOHF PO TJUVBUJPOT JO XIJDI UIF WPUJOH CFIBWJPS PG B

Ǒǌ



NBKPSJUZ FUIOJDJUZ JO B HJWFO QSFDJODU JT TZTUFNBUJDBMMZ DPSSFMBUFE XJUI UIF
QFSDFOUBHF PG POF PS NPSF HJWFO NJOPSJUZ FUIOJDJUJFT JO UIBU QSFDJODU� 4VDI B
NPEFM DBO IBWF B MJLFMJIPPE UIBU JT WFSZ TJNJMBS UP UIBU PG B NPEFM XJUIPVU TVDI
DPSSFMBUJPOT
 XIFSF UIFTF DSPTT�QSFDJODU EJĎFSFODFT JO NBKPSJUZ WPUJOH CFIBWJPS
BSF JODPSSFDUMZ BĨSJCVUFE UP UIF NJOPSJUZ WPUFST�

ĉJT QPTTJCJMJUZ
 XIFSF POF CFIBWJPS QBĨFSO NBTRVFSBEFT BT BOPUIFS CFDBVTF
CPUI MFBE UP UIF TBNF PS TJNJMBS QBĨFSOT PG PCTFSWBCMF PVUDPNFT
 NBZ CF TFFO BT
QSPCMFNBUJD GPS FDPMPHJDBM JOGFSFODF PO UXP EJĎFSFOU MFWFMT
 QSBDUJDBM BOE
QIJMPTPQIJDBM� 0O UIF QSBDUJDBM MFWFM
 JU DBO DBVTF QSPCMFNT XJUI FNQJSJDBM
DPWFSBHF PG QSBDUJDBM &* NFUIPET TVDI BT UIF POFT QSPQPTFE JO UIJT QBQFS� 0O B
QIJMPTPQIJDBM MFWFM
 JU SBJTFT RVFTUJPOT PG JEFOUJėBCJMJUZ BOE DPOTJTUFODZ UIBU HP UP
UIF IFBSU PG UIF WFSZ GFBTJCJMJUZ PG BOZ GPSN PG FDPMPHJDBM JOGFSFODF�

0OF DPVME CFHJO UP BEESFTT UIJT CZ JODMVEJOH UFSNT JO UIF NPEFM UP NPEFM B
QPUFOUJBMMZ TZTUFNBUJD EFQFOEFODF PG POF HSPVQ�T CFIBWJPS PO UIF MPDBM
QFSDFOUBHF PG BOPUIFS HSPVQ� 	/PUF UIBU BEEJOH UIJT UP UIF NPEFM EPFT OPU JNQMZ
BOZ TUBODF PO JUT DBVTBM TUBUVT�
 4JNJMBS UP POF PG 3,+5�T NPEJėDBUJPOT PG UIF
3,5 NPEFM
 XF DBO BEE IZQFSQBSBNFUFST

ρr,r′,c ∼ N (0, σρ) 	ǋ�ǉǑ


GPS FBDI PSEFSFE USJQMFU (r, r′, c) PG UXP SBDJBM HSPVQT BOE POF DBOEJEBUF
 BOE
DIBOHF UIF EJTUSJCVUJPO PG ν BT GPMMPXT�

νu,r,c ∼ N
(
∑

r′

ρr,r′,c MPH
(R− 1)(nu,r′ + 1)

R− 1 +
∑

r′′ ̸=r′ nu,r′′
, σ2

ν

)
, 	ǋ�Ǌǈ


XIFSF nu =
∑

r nu,r � *O PUIFS XPSET
 B <QPTJUJWF�OFHBUJWF> ρr,r′,c SFQSFTFOUT B
UFOEFODZ GPS SBDJBM HSPVQ r UP WPUF <NPSF�MFTT> GPS DBOEJEBUF cXIFO UIFSF BSF
NPSF NFNCFST PG SBDJBM HSPVQ r′ QSFTFOU JO UIF TBNF QSFDJODU� 'PS TJNQMJDJUZ
 XF
DPVME MJNJU UIFTF DPFđDJFOUT UP ǈ XIFO r′ ̸= r
 TP UIBU FBDI SBDJBM HSPVQ POMZ
DBSFT BCPVU JUT PXO QSFWBMFODF JO UIF QSFDJODU
 OPU UIF SBUJP CFUXFFO PUIFS
HSPVQT�

ǑǍ



*O QSBDUJDF
 JODMVEJOH TVDI UFSNT JO UIF NPEFM XJMM UFOE UP JODSFBTF UIF
QPTUFSJPS WBSJBODF PGY 	PS
 FRVJWBMFOUMZ
W 
� 5P VOEFSTUBOE XIZ
 DPOTJEFS UIBU
UIF NPEFM JT OPX BCMF UP BDDPVOU GPS B QPTJUJWF DPSSFMBUJPO CFUXFFO UIF
QFSDFOUBHF PG B HJWFO EFNPHSBQIJD HSPVQ r�T QSFWBMFODF JO B QSFDJODU BOE UIBU
QSFDJODU�T PCTFSWFE WPUF UPUBMT GPS DBOEJEBUF c JO UXP EJĎFSFOU XBZT� CZ JOGFSSJOH
UIBU HSPVQ�r WPUFST UFOE UP WPUF GPS c
 PS CZ JOGFSSJOH UIBU OPO�r WPUFST UFOE UP
WPUF NPSF GPS cXIFO UIFZ MJWF JO QSFDJODUT XJUI NPSF HSPVQ�r OFJHICPST�
"MUIPVHI UIF MJLFMJIPPE GPS UIFTF UXP QPTTJCJMJUJFT BDSPTT NVMUJQMF QSFDJODUT XJMM
UZQJDBMMZ EJĎFS TMJHIUMZ
 UIPTF EJĎFSFODFT XJMM VTVBMMZ CF TNBMM VOMFTT UIF OVNCFS
PG QSFDJODUT JT WFSZ MBSHF� ĉF JODSFBTFE QPTUFSJPS WBSJBODF TIPVME JNQSPWF UIF
FNQJSJDBM DPWFSBHF QSPQFSUJFT PG UIF NPEFM
 BOE TP XF SFDPNNFOE UIJT TPSU PG
DPSSFMBUJPO TUSVDUVSF CF JODMVEFE� *O GBDU
 QSJPS LOPXMFEHF BCPVU QPTTJCMF WBMVFT
PG ρ DPVME CF JODMVEFE JO UIJT LJOE PG NPEFM
 JNQSPWJOH JU ZFU GVSUIFS�

0O B NPSF QIJMPTPQIJDBM MFWFM
 XF CFMJFWF UIBU TVDI FYQBOEFE NPEFMT
 BOE BOZ
SFTVMUJOH JNQSPWFE FNQJSJDBM DPWFSBHF JO DBTFT XIFSF UIJT DBO CF DIFDLFE
 DBO
JODSFBTF PVS DPOėEFODF UIBU FDPMPHJDBM JOGFSFODF JT GFBTJCMF� 8IJMF UIF BCPWF
NPEJėDBUJPO UP UIF NPEFM POMZ BMMPXT TJNQMF MJOFBS BOE IPNPTLFEBTUJD
EFQFOEFODF PG POF HSPVQ�T CFIBWJPSBM PEET PO UIF QSFWBMFODF PG BOPUIFS HSPVQ

UIF ĚFYJCJMJUZ PG UIJT NFUIPEPMPHZ XPVME BMMPX NPSF DPNQMJDBUFE NPEJėDBUJPOT
UIBU JODMVEF OPOMJOFBSJUZ BOE�PS IFUFSPTLFEBTUJDJUZ UP CF USJFE BT XFMM� ĉPVHI
EFBMJOH XJUI UIJT NBĨFS GPSNBMMZ JT CFZPOE UIF TDPQF PG UIJT QBQFS
 XF CFMJFWF
EVF UP UIF QIFOPNFOPO LOPXO BT UIF #BZFTJBO 0DDBN�T 3B[PS
 UIBU XIFOFWFS
UIF PCTFSWFE EBUB JT DPOTJTUFOU XJUI NVMUJQMF VOEFSMZJOH FYQMBOBUJPOT
 UIF ėĨFE
QPTUFSJPS XJMM UFOE UP EJTDPVOU DPNQMJDBUFE QPTTJCJMJUJFT PG DSPTT�HSPVQ
CFIBWJPSBM EFQFOEFODJFT JO GBWPS PG TJNQMFS FYQMBOBUJPOT
 XIFSF WBSJBUJPOT UIBU
DPSSFMBUF XJUI B HSPVQ�T QSFWBMFODF BSF FYQMBJOFE CZ UIBU HSPVQ�T PXO CFIBWJPS� 0G
DPVSTF
 JG UIF EBUB JT NPSF DPOTJTUFOU XJUI DSPTT�HSPVQ EFQFOEFODJFT
 B ĚFYJCMF
NPEFM TIPVME SFĚFDU UIBU GBDU JO UIF QPTUFSJPS�

*O BOZ DBTF
 TFOTJUJWJUZ BOBMZTFT VTJOH NPEFM FYQBOTJPOT TVDI BT UIJT XJMM CF
BCMF UP JODSFBTF PVS DPOėEFODF JO UIF BQQMJDBCJMJUZ PG &* NFUIPET BOE UIF
BDDVSBDZ PG UIFJS SFTVMUT�

Ǒǎ



&YBNQMF Ǌ� 4VQQPTF XF BSF JOUFSFTUFE JO XIFUIFS WPUFST GSPN UXP EJĎFSFOU
HSPVQT WPUF JO TJNJMBS XBZT�Ƕ 8F DBO FYQMJDJUMZ JODPSQPSBUF TVDI DPSSFMBUJPO JOUP
PVS NPEFM BT GPMMPXT�

r -FU σβ, σν 
 BOEα CF BT CFGPSF�

r "EE B IZQFSQBSBNFUFS Σ̃c GPS FBDI DBOEJEBUF c� BOR×RNBUSJY UP
DPOUSPM UIF DPSSFMBUJPO BDSPTT SBDJBM HSPVQT PG TVQQPSU GPS c� (JWF JU BO
BQQSPQSJBUF QSJPS 	TVDI BT BO JOWFSTF 8JTIBSU EJTUSJCVUJPO
�

r $PNCJOF UIF QBSBNFUFS WFDUPSTβ1, . . . ,βR JOUP B TJOHMFR× C NBUSJY #

XIFSF DPMVNO c IBT EJTUSJCVUJPON (0, σ2

βΣ̃c)�

r 'PS FBDI u
 DPNCJOF UIF QBSBNFUFS WFDUPST νu,1, . . . ,νu,R JOUP B TJOHMF
R× C NBUSJYNu
 XIFSF DPMVNO c IBT EJTUSJCVUJPON (0, σ2

νΣ̃c)�

r -FUπu,r BOE Yu CF BT CFGPSF�

8F DBO UIFO DBSSZ PVU WBSJBUJPOBM JOGFSFODF PO UIJT NPEFM FYBDUMZ BT JO 4FDUJPO
ǋ�ǋ�

)FSF
 PODF BHBJO
 PVS QSJNBSZ PCKFDU PG BOBMZTJT XPVME OPU CF UIF QBSBNFUFS
NBUSJY # UIBU HJWFT DPSSFMBUJPO QSPQFOTJUZ
 CVU UIF BDUVBM WPUFT yu,r,c BT
DPOTUSBJOFE CZ UIF PCTFSWFE EBUB� )PXFWFS
 JODMVEJOH # BT B QBSBNFUFS BMMPXT VT
UP HFU B NPSF BDDVSBUF FTUJNBUF PG UIF MBUFOU WBMVFT yu,r,c BOE PG UIFJS WBSJBODF

FTQFDJBMMZ JG UIFSF JT
 JO GBDU
 OPOUSJWJBM DPSSFMBUJPO CFUXFFO UIF EJĎFSFOU SBDJBM
HSPVQT�

&YBNQMF ǋ� 4VQQPTF XF BSF JOUFSFTUFE JO NPEFMJOH NVMUJQMF FMFDUJPOT� 5P EP
UIJT
 XF BEE BO JOEFY e ∈ {1, 2, . . . , E} UP BMM WBSJBCMFT BOE QBSBNFUFST� 8F DBO
BMTP EFėOF t(e) GPS UIF ZFBS PG FMFDUJPO e
 C(e) GPS UIF TFU PG DBOEJEBUFT SVOOJOH JO
FMFDUJPO e
 BOE π(c) GPS UIF QBSUZ PG DBOEJEBUF c� 0VS EBUB XPVME DPOTJTU PGne,u

Ƕ*O TFWFSBM SFDFOU 7ĆDBTFT
 QMBJOUJĎT IBWF DMBJNFE UIBU UIF (JOHMFT DSJUFSJB 	ĉPSOCVSH W (JO�
HMFT
 ǉǑǐǎ
 DBO CF BQQMJFE OPU POMZ UP BO JOEJWJEVBM SBDJBM NJOPSJUZ HSPVQ
 CVU BMTP UP B DPBMJUJPO
PG TVDI HSPVQT� 'PS TVDI DBTFT
 JO PSEFS UP FTUBCMJTI XIFUIFS UIF DPBMJUJPO HSPVQT WPUF BT B CMPD
 JU
XJMM CF JNQPSUBOU UP DPNQBSF UIF WPUJOH CFIBWJPS PG FBDI JOEJWJEVBM HSPVQ JO UIF DPBMJUJPOXJUI UIF
WPUJOH CFIBWJPS PG UIF DPBMJUJPO BT B XIPMF�

ǑǏ



BOE ve,u GPS FBDI e BOE u
 BOE UIF MBUFOU WBSJBCMF NBUSJY Ye,u XPVME CF
DPOTUSBJOFE UP MJF JO UIF QPMZUPQFY −

e,u EFėOFE BT CFGPSF�
ĉFSF BSF UIFO UXP EJĎFSFOU XBZT XF DBO FYUFOE UIF CBTJD NPEFM
 FBDI PG

XIJDI IBT B TFQBSBUF SPMF UP QMBZ�

r 8F DBO BEE NPSF HMPCBM QBSBNFUFST UP PVS NPEFM
 SFQSFTFOUJOH WBSJPVT
RVBOUJUJFT PG JOUFSFTU� 'PS JOTUBODF
 XF DBO IBWF B QBSBNFUFS γπ(c),t(e)

JOEFYFE CZ QBSUZ BOE ZFBS PG FMFDUJPO
 UP DBQUVSF DIBOHFT JO QBSUJTBOTIJQ
PWFS UJNF
 JSSFTQFDUJWF PG iSBDFu BOE UZQF PG FMFDUJPO� 8F DPVME BMTP IBWF B
QBSBNFUFS ηπ(c),r 
 JOEFYFE CZ QBSUZ BOE iSBDFu
 UP DBQUVSF QBSUJTBO
UFOEFODJFT PG SBDJBM HSPVQT UIBU FOEVSF PWFS UJNF� "T VTVBM
 UIF SFTVMUT PG
PVS BOBMZTFT XPVME CF CBTFE PO FTUJNBUFT PG UIF MBUFOU WBSJBCMFT Ye,u SBUIFS
UIBO PG UIF NPEFM QBSBNFUFST γ PS η� )PXFWFS
 JODMVEJOH UIFTF QBSBNFUFST
JO UIF NPEFM XJMM IFMQ TIBSQFO UIF FTUJNBUFT PG Ye,u�

r 8F DBO FOTVSF UIBU UIF OVJTBODF QBSBNFUFST ν BSF JOEFYFE CZ FMFDUJPO BOE
QBSUZ ã UIBU JT
 νu,r,π(c),e ã BOE UIFO BEE DPWBSJBODF IZQFSQBSBNFUFST UP
DBQUVSF UIF GBDU UIBU QSFDJODU�MFWFM WBSJBUJPO JO QBSUJTBOTIJQ JT MJLFMZ UP CF
TPNFXIBU TUBCMF BDSPTT FMFDUJPOT� 'PS JOTUBODF
 JG XF IBWF EBUB GPS UXP
DPOTFDVUJWF FMFDUJPOT e1 BOE e2
 XF DPVME BEE IZQFSQBSBNFUFST ρr,π(c) GPS
FBDI r BOE π(c)
 XJUI B VOJGPSN QSJPS PWFS [−1, 1]
 BOE MFU

(
νu,r,π(c),e1 , νu,r,π(c),e2

)
∼ N

(
(0, 0), σν

2

[
1 ρr,π(c)

ρr,π(c) 1

])

	ǋ�Ǌǉ


*G PVS BTTVNQUJPO UIBU QSFDJODU JEJPTZODSBDJFT BSF SFMBUJWFMZ TUBCMF JT
DPSSFDU
 UIFN UIJT FYUFOEFE NPEFM XJMM CF BCMF UP CFĨFS FTUJNBUF TVDI
JEJPTZODSBDJFT
 UIVT TIBSQFOJOH�JNQSPWJOH PVS FTUJNBUFT PG PUIFS
RVBOUJUJFT 	NPTU JNQPSUBOUMZ Yu,e
� ĉF JNQSPWFNFOU IFSF JT SPVHIMZ
BOBMBHPVT UP B TIJě GSPN BO VOQBJSFE U�UFTU UP B QBJSFE POF�

ĉF FYBNQMFT BCPWF EFNPOTUSBUF UIF ĚFYJCJMJUZ PG UIJT CBTJD NPEFM GPSNBU�
#FDBVTF UIF NPEFM BTTVNFT UIBU UIF NJE�MFWFM QBSBNFUFST MJLFα PS νu,r BSF

Ǒǐ



NVUVBMMZ EJTUSJCVUFE BT B NVMUJWBSJBUF (BVTTJBO
 JU JT FBTZ UP BEE JOUFSOBM
DPSSFMBUJPO TUSVDUVSFT
 BEKVTUNFOUT CBTFE PO DPWBSJBUFT
 QSJPS JOGPSNBUJPO

JOEJWJEVBM EBUB
 PS PUIFS GBDUPST�

ǋ�ǎ $ŃłķŀŊňĽŃł

8F IBWF EFTDSJCFE B IJHIMZ�FYUFOTJCMF NPEFM GPS FDPMPHJDBM JOGFSFODF
 BOE HJWFO B
NFBOT PG ėĨJOH JU VTJOH WBSJBUJPOBM JOGFSFODF� 8F�WF TIPXO UIBU UIF TJNQMFTU
WFSTJPO PG PVS NPEFM BOE NFUIPEPMPHZ HJWF SFTVMUT BMNPTU BT HPPE BT FYJTUJOH
XJEFMZ�VTFENFUIPET� 8F IBWF TVHHFTUFE B TJNQMF DIBOHF UIBU XF IPQF XJMM NBLF
UIPTF SFTVMUT DPNQBSBCMF UP UIBU NFUIPE� ĉJT NPEFM PQFOT UIF EPPS UP TFWFSBM
FYUFOTJPOT UIBU XPVME OPU CF QPTTJCMF VTJOH USBEJUJPOBM NFUIPET
 TVDI BT KPJOUMZ
NPEFMJOH NVMUJQMF FMFDUJPOT
 JODMVEJOH IJFSBSDIJDBM TUSVDUVSF TVDI BT WBSJBODF CZ
DPVOUZ BT XFMM BT CZ QSFDJODU
 FUD�

ǑǑ



"QQFOEJDFT

ǉǈǈ



Ǌ�ǉ #ŀŃķĿ�ĵŇŇŃŌļĹĵĸ ńŇĹķĽňĽŃł ŁĵŉŇĽķĹň

3FDBMM UIBU GPS B MBUFOU WBSJBCMF NPEFM XJUI HMPCBM QBSBNFUFST γ ∈ Rg BOE MBUFOUT
λ1, . . . ,λN ∈ Rl
 UIF NBUSJYIp(θ∗) JT B CMPDL�BSSPXIFBE NBUSJY� *O UIJT
BQQFOEJY
 XF DPMMFDU TPNF VTFGVM SFTVMUT BCPVU NBUSJDFT PG UIJT GPSN UIBU BSF
SFMFWBOU UP -BQMBDF WBSJBUJPOBM JOGFSFODF� 'VSUIFS GPSNVMBT SFMBUJOH UP CMPDL
BSSPXIFBE NBUSJDFT NBZ CF GPVOE JO <Ǌǋ>�

ĉFPSFN ǉ -FU

A =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

G C1 C2 . . . CN

CT
1 U1 0 . . . 0

CT
2 0 U2 . . . 0
���

���
��� � � � ���

CT
N 0 0 . . . UN

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

	Ǌ�ǊǊ


CF B CMPDL�BSSPXIFBE NBUSJY
 XJUIG ∈ Sg, Ui ∈ Sl, BOECi ∈ Mg×l GPS
1 ≤ i ≤ N � A JT QPTJUJWF EFėOJUF JG BOE POMZ JGU1, . . . , UN BOE
G̃ = G−

∑N
i=1 CiU

−1
i CT

i BSF BMM QPTJUJWF EFėOJUF�

1SPPG� -FU

B =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

U1 0 . . . 0 CT
1

0 U2 . . . 0 CT
2

���
��� � � � ���

���
0 0 . . . UN CT

N

C1 C2 . . . CN G

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. 	Ǌ�Ǌǋ


4JODFB JT KVTU B TZNNFUSJD QFSNVUBUJPO PG "
 JU IBT UIF TBNF TJHOBUVSF BTA�
'PSN UIFLDLT EFDPNQPTJUJPO PGB
 G̃ BOEUi GPS i = 1, . . . , N :

B = LBDBLT
B;

G̃ = LG̃DG̃L
T
G̃
;

Ui = LiDiLT
i .

	Ǌ�Ǌǌ


ǉǈǉ



&MFNFOUBSZ MJOFBS BMHFCSB TIPXT UIBU

LB =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

L1 0 . . . 0 0

0 L2 . . . 0 0
���

��� � � � ���
���

0 0 . . . LN 0

C1U
−1
1 L1 C2U

−1
2 L2 . . . CNU

−1
N LN LG̃

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

	Ǌ�ǊǍ


BOE

DB =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

D1 0 . . . 0 0

0 D2 . . . 0 0
���

��� � � � ���
���

0 0 . . . DN 0

0 0 . . . 0 DG̃

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. 	Ǌ�Ǌǎ


ĉF UIFPSFN GPMMPXT JNNFEJBUFMZ GSPN UIF GBDU UIBU B TZNNFUSJD NBUSJY JT
QPTJUJWF EFėOJUF JG BOE POMZ JG UIF NBUSJYD JO JUTLDLT EFDPNQPTJUJPO IBT BMM
QPTJUJWF FOUSJFT PO UIF EJBHPOBM�

ĉFPSFN ǉ TVHHFTUT B XBZ PG DPOTUSVDUJOH CPPTUJOH GBNJMJFT GPS
CMPDL�BSSPXIFBE NBUSJDFT� -FUψ = (ψΓ,ψΛ) CF BT JO 4FDUJPO Ǌ�ǋ�ǋ
 BOE
TVQQPTF fψΓ BOE fψΛ BSF CPPTUJOH GBNJMJFT EFėOFE PO Sg BOE Sl SFTQFDUJWFMZ�
-FUA CF B CMPDL�BSSPXIFBE NBUSJY BT JO ĉFPSFN ǉ� %FėOF

fψ(A) =

⎛

⎜⎜⎜⎜⎝

G+ C1 . . . CN

CT
1 U+

1 . . . 0
���

��� � � � ���
CT

N 0 . . . U+
N

⎞

⎟⎟⎟⎟⎠
, 	Ǌ�ǊǏ


ǉǈǊ



XIFSF

U+
i = fψΛ(Ui) GPS 1 ≤ i ≤ N, 	Ǌ�Ǌǐ


G+ = fψΓ

(
G−

N∑

i=1

Ci(U
+
i )

−1CT
i

)
+

N∑

i=1

Ci(U
+
i )

−1CT
i . 	Ǌ�ǊǑ


ĉFO
 CZ ĉFPSFN ǉ
 fψ(A) JT QPTJUJWF EFėOJUF� .PSFPWFS
 JGA JT JUTFMG QPTJUJWF
EFėOJUF
 UIFO

MJN
ψ→0

fψ(A) = A. 	Ǌ�ǋǈ


ĉVT fψ TBUJTėFT UIF DPOEJUJPOT PG B CPPTUJOH GBNJMZ GPS CMPDL�BSSPXIFBE
NBUSJDFT� /PUF UIBU UIF CPPTUFE NBUSJY fψ(A) JT JUTFMG CMPDL�BSSPXIFBE�

ĉFPSFN Ǌ 4VQQPTF

θ = (γ,λ1, . . . ,λN) ∼ N (θ∗,Σ), 	Ǌ�ǋǉ


XIFSFΣ−1 JT B CMPDL�BSSPXIFBE NBUSJY BT JOĉFPSFN ȕ� ĉFO UIF NBSHJOBM
DPWBSJBODF PG γ JT

Σγ :=

(
G−

N∑

i=1

CiU
−1
i CT

i

)−1

	Ǌ�ǋǊ


1SPPG� ĉJT GPMMPXT EJSFDUMZ GSPN JOWFSUJOH UIFLDLT EFDPNQPTJUJPO PGΣ−1

JO UIF QSPPG PG ĉFPSFN ǉ�

'PS ėYFE g BOE l
 XF UIVT IBWF UIF GPMMPXJOHO(N) QSPDFEVSF GPS TBNQMJOH
GSPNN (θ∗,Σ)�

r 4BNQMF γ ∼ N (γ∗,Σγ)�

r 'PS FBDI i GSPN ǉ UPN 
 TBNQMF GSPN UIF DPOEJUJPOBM OPSNBM EJTUSJCVUJPO
λi|γ�

λi ∼ N (λ∗
i + U−1

i CT
i (γ − γ∗), U−1

i ). 	Ǌ�ǋǋ


ǉǈǋ



Ǌ�Ǌ "ŁŃŇŉĽŐĵŉĽŃł Ľł ŉļĹ ŁŊŀŉĽ�ňĽŉĹ ŁŃĸĹŀ

*G ν BOE σ BSF IFME DPOTUBOU
 UIFO VQ UP BO BEEJUJWF DPOTUBOU
 UIF MPH QPTUFSJPS PG
UIF NVMUJ�TJUF NPEFM JT�

MPH[p(T = t/σ,x = x] = −
∑

i

[
ν + 1

2
MPH

(
1 +

t2i
σ2d

)
+

(xi − ti)2

2s2i

]

	Ǌ�ǋǌ

8FXPVME MJLF UPNBYJNJ[F UIJT JO PSEFS UP ėOE UIF DPOEJUJPOBM.-&� /PUF UIBU

UIJT DPVME BMTP CF DBMMFE UIF DPOEJUJPOBM ."1� CFDBVTF UIF DPOEJUJPOJOH UZQJDBMMZ
TDSFFOT PVU BOZ QSJPS EJTUSJCVUJPOT
 UIF UXP BSF HFOFSBMMZ FRVJWBMFOU JO UIJT DBTF�

'PDVTJOH PO POF TJUF i BU B UJNF
 UIF EFSJWBUJWF PG UIF BCPWF ã UIBU JT
 UIF TDPSF
GVODUJPO ã XJUI SFTQFDU UP ti JT�

xi − ti
s2i

− (ν + 1)ti
σ2ν + t2i

	Ǌ�ǋǍ


ĉF NPEFT PG UIF MJLFMJIPPE BSF UIF SPPUT PG UIF DVCJD FRVBUJPO

fi(t) = t3 − xit
2 + [σ2ν + s2i (ν + 1)]t− σ2νxi. 	Ǌ�ǋǎ


ĉFTF SPPUT DBO CF GPVOE VTJOH UIF DVCJD GPSNVMB� 'PS TJNQMJDJUZ
 XF SFTUSJDU
PVS NPEFM UP UIF DBTF XIFSF UIF DVCJD IBT POMZ POF SFBM SPPU 	J�F� UIF MJLFMJIPPE JT
VOJNPEBM
� 8F DBO EP UIJT CZ TFĨJOH B MPXFS CPVOE GPS σ JO UFSNT PG UIF si�

$MBJN� *G σ ≥ 1.9si UIFO fi(t) IBT FYBDUMZ POF SFBM SPPU�
1SPPG� -FU ci = s2i (ν + 1) BOE MFU y = σ2ν � 8F DBO SFXSJUF fi(t) BT

fi(t) = t3 − xit
2 + (y + ci)t− xiy. 	Ǌ�ǋǏ


*U JT XFMM LOPX UIBU fi(t) IBT FYBDUMZ POF SFBM SPPU JG BOE POMZ JG JUT EJTDSJNJOBOU


−4(y + ci)
3 − 4x2

i y − x2
i (8y

2 + 20yci + c2i ), 	Ǌ�ǋǐ


ǉǈǌ



JT OFHBUJWF� 4JODF y, z > 0
 UIF ėSTU UXP UFSNT BCPWF BSF BVUPNBUJDBMMZ OFHBUJWF�
ĉVT
 UP NBLF UIF FOUJSF EJTDSJNJOBOU OFHBUJWF
 JU JT TVđDJFOU 	UIPVHI OPU
OFDFTTBSZ
 UP FOTVSF UIBU

8y2 − 20yci − c2i > 0. 	Ǌ�ǋǑ


4PMWJOH UIF RVBESBUJD GPS y
 XF HFU

y >
5 + 3

√
3

4
ci. 	Ǌ�ǌǈ


4XJUDIJOH CBDL UP σ BOE si
 XF ėOBMMZ PCUBJO UIF TVđDJFOU DPOEJUJPO

σ > si

√
5 + 3

√
3

4
· ν + 1

ν
	Ǌ�ǌǉ


8F IBWF BMSFBEZ DPOTUSBJOFE ν UP CF BU MFBTU Ǌ�Ǎ
 TP UIF DPFđDJFOU PG si JO Ǌ�ǌǉ JT
BU NPTU √

5 + 3
√
3

4
· 3.5
2.5

≈ 1.889. 	Ǌ�ǌǊ


3PVOEJOH VQ B MJĨMF
 XF TFU UIF DPOTUBOU σmin = 1.9NBY(si)� ĉJT HVBSBOUFFT
UIBU FBDI PG UIF DVCJDT fi(t)XJMM IBWF B VOJRVF SFBM SPPU�

*G XF XJTIFE UP SFNPWF UIJT MPXFS CPVOE PO σ GPS HSFBUFS SFBMJTN
 XF DPVME
EFWFMPQ B TNPPUI GPSNVMB UIBU HBWF TPNF XFMM�EFėOFE BQQSPYJNBUJPO PG UIF
.-& FWFO JO UIF CJNPEBM DBTF� ĉJT XPVME
 PG OFDFTTJUZ
 CF JOFYBDU JO TPNF DBTFT

CFDBVTF UIF USVF .-& JO TPNF DBTFT DIBOHFT EJTDPOUJOVPVT BT PUIFS QBSBNFUFST
WBSZ
 XIFO POF PG UIF UXP NPEFT QBTTFT UIF PUIFS� CVU B TNPPUI BQQSPYJNBUJPO
NJHIU TUJMM XPSL XFMM
 FTQFDJBMMZ XIFO UIF USVF EBUB�HFOFSBUJOH QBSBNFUFS WBMVFT
BSF TVđDJFOUMZ GBS GSPN TVDI EJTDPOUJOVJUJFT� %FWFMPQJOH TVDI B GVODUJPO
 BOE
JOWFTUJHBUJOH UIF QFSGPSNBODF PG UIF SFTVMUJOH PWFSBMM BMHPSJUIN
 JT CFZPOE UIF
TDPQF PG UIJT QBQFS�

ǉǈǍ



ǋ�ǋ 3ĹńĵŇĵŁĹŉŇĽŐĽłĻ ŉļĹ ńŃŀŏŉŃńĹYu

*O UIJT BQQFOEJY
 XF HJWF POF QPTTJCMF DPOTUSVDUJPO GPS UIF B�F�Ǯǭ TNPPUI CJKFDUJWF
NBQmu : R(R−1)(C−1) → Yu NFOUJPOFE JO 4FDUJPO ǋ�ǋ�Ǌ�

'PS OPUBUJPOBM DPOWFOJFODF
 XF JOEFY UIF DPPSEJOBUFT PG B WFDUPS
w ∈ R(R−1)(C−1) VTJOH QBJST PG OVNCFST (r, c)XJUI 1 ≤ r ≤ R− 1 BOE
1 ≤ c ≤ C − 1� *O PUIFS XPSET


w = (w1,1, w1,2, . . . , w1,C−1, w2,1, . . . , wR−1,C−1).

-FU Ẏ ∈ Ȳu CF UIF NBUSJY XJUI DPPSEJOBUFT

Ẏrc =
nur · vuc∑R

r̃=1 nur̃

. 	ǋ�ǌǋ


'JHVSF ǋ�ǋ�ǉ TIPXT Ẏ GPS UIF QSFDJODU�MFWFM EBUB GSPN 'JHVSF ǋ�ǉ�ǋ� 8F UIJOL PG Ẏ
BT B LJOE PG iDFOUFSu GPS Ȳu� JUT FOUSJFT DPSSFTQPOET UP UIF NPTU MJLFMZ WPUJOH
PVUDPNFT JG FBDI WPUFS�T QSPCBCJMJUZ PG WPUJOH GPS FBDI DBOEJEBUF XFSF
JOEFQFOEFOU PG SBDF�

-FUPu CF UIF (R− 1)(C − 1)�EJNFOTJPOBM IZQFSQMBOF JOMR×C DPOUBJOJOH
UIF QPMZUPQF Ȳu� 8F DPOTUSVDUmu JO TUBHFT�

r %FėOF B CJKFDUJWF BđOF NBQ a : R(R−1)(C−1) → Pu
 TVDI UIBU a(0) = Ẏ �

r %FėOF B SFUSBDUJPO g : Pu → Yu
 DPOUJOVPVT FWFSZXIFSF BOE TNPPUI
BMNPTU FWFSZXIFSF
 TVDI UIBU g(Ẏ ) = Ẏ �

r 'PS FBDIw ∈ R(R−1)(C−1)
 MFUmu(w) := g(a(w))� /PUF UIBU
mu(0) = Ẏ �

ĉF NBQT a BOE g BSF EFėOFE BT GPMMPXT�

Ǯǭ*U JT BMTP QPTTJCMF UP DPOTUSVDU B GVODUJPO UIBU JT TNPPUI FWFSZXIFSF
 CVU UIF DPOTUSVDUJPO JT
VOXJFMEZ BOE TMPXT EPXO JOGFSFODF VOOFDFTTBSJMZ�

ǉǈǎ



6B;m`2 jXjXR, 1t�KTH2 Q7 T`2+BM+i@H2p2H Q#b2`p�iBQMb �M/ i?2 +Q``2bTQM/BM;
Ẏ ∈ ȲuX

3B
DF

$BOEJEBUF
X Y Z nu

8IJUF 50 50 50 150
#MBDL 70 70 70 210
vu 120 120 120 360 Ẏ

Ȳu

y
p11 +

y
p12 >

30
yp12 > 0 y p

1
1
<

12
0

y
p11 +

y
p12 <

150

yp12 < 120

y p
1
1
>

0

r 'PS 1 ≤ r ≤ R− 1 BOE 1 ≤ c ≤ C − 1
 UIF FOUSJFT PG UIF NBUSJY a(w)

BSF HJWFO CZ
a(w)rc = wrc + Ẏrc. 	ǋ�ǌǌ


ĉF SFNBJOJOH FOUSJFT PG a(w) DBO CF ėMMFE JO CBTFE PO UIF SPX BOE
DPMVNO DPOTUSBJOUT UIBU EFėOF Pu�

∑R
r=1 a(w)rc = vuc GPS FBDI c;

∑C
c=1 a(w)rc = nuc GPS FBDI r.

	ǋ�ǌǍ


r 'PS FBDI NBUSJYM ̸= Ẏ ∈ Pu
 MFU b(M) CF UIF JOUFSTFDUJPO PG UIF SBZ
−−→
Ẏ M XJUI UIF CPVOEBSZ PG Ȳu� /PUF UIBU UIF GVODUJPO b JT TNPPUI PO Pu

BXBZ GSPN B ėOJUF VOJPO PG DPEJNFOTJPO�ǉ IZQFSQMBOFT� /PX MFU ∥ · ∥ CF

ǉǈǏ



UIF &VDMJEFBO OPSN POMR×C ≃ RRC 
 BOE EFėOF

g(M) :=

⎧
⎪⎪⎨

⎪⎪⎩

Ẏ JGM = Ẏ ,

Ẏ + FYQ
(
−∥b(M)−Ẏ ∥

∥M−Ẏ ∥

)
· (b(M)− Ẏ ) PUIFSXJTF.

	ǋ�ǌǎ


'JHVSF ǋ�ǋ�Ǌ JMMVTUSBUFT UIF SFTVMUJOH NBQmu�

6B;m`2 jXjXk, oBbm�HBx�iBQM Q7 mu 7Q` 7Qm` BMTmi p�Hm2b, 0⃗- w1- w2- �M/ w3X

w1

w3

w2
mu(w)
−→

Ȳu

mu(w1)

mu(w3)

mu(w2)

mu(0⃗)

Ẏ

0⃗

8F BMTP OFFE UP DPNQVUF UIF +BDPCJBO EFUFSNJOBOU PGmu� 5P EP UIJT
 EFėOF
RC MJOFBS GVODUJPOT POw 	DPSSFTQPOEJOH UP UIFRC QPTTJCMF GBDFUT PG UIF

ǉǈǐ



QPMZUPQF Ȳu
 BT GPMMPXT�

Lrc(w) = −wrc

Ẏrc
GPS FBDI 1 ≤ r ≤ R− 1, 1 ≤ c ≤ C − 1;

LrC(w) = 1
ẎrC

∑C−1
c=1 wrc GPS FBDI 1 ≤ r ≤ R− 1;

LRc(w) = 1
ẎRc

∑R−1
r=1 wrc GPS FBDI 1 ≤ c ≤ C − 1;

LRC(w) = − 1
ẎRC

∑R−1
r=1

∑C−1
c=1 wrc

	ǋ�ǌǏ

-FU s = NBYr,c Lrc(w)� ĉFO JU JT OPU IBSE UP DIFDL UIBU

|Jmu(w)| = e−(R−1)(C−1)/s

s(R−1)(C−1)+1
. 	ǋ�ǌǐ


ǋ�ǌ "ŁŃŇŉĽŐĵŉĽŃł

ǋ�ǌ�ǉ "ŁŃŇŉĽŐĽłĻY ∗

1ŇŃĶŀĹŁ ňŉĵŉĹŁĹłŉ

(JWFO�

r BOR× C NBUSJYΠXJUI TUSJDUMZ QPTJUJWF FOUSJFT XIPTF SPXT TVN UP ǉ� *O
PUIFS XPSET
 GPS BMM r ∈ {1, . . . , R} BOE c ∈ {1, . . . , C}


πrc > 0 BOE
C∑

c=1

πrc = 1.

8F EFOPUF UIF r�UI SPX PGΠ CZπr �

r B QPTJUJWF JOUFHFS n�

r B WFDUPS d̃ = (d̃1, . . . , d̃R) ∈ NR
+ TVDI UIBU

∑
r d̃r = n�

ǉǈǑ



r B WFDUPS ṽ = (ṽ1, . . . , ṽC) ∈ NC
+ TVDI UIBU

∑
c ṽc = n�

8F XJTI UP ėOE BOR× C NBUSJY Ỹ 	XJUI SPXT y1, . . . ,yr ∈ NC
 UIBU
NBYJNJ[FT UIF QSPEVDU PG NVMUJOPNJBM QSPCBCJMJUJFT

∏

r

p(yr | d̃r,πr),

TVCKFDU UP UIF DPOTUSBJOUT

∑

c

yrc = d̃r GPS FBDI r.

∑

r

yrc = ṽc GPS FBDI c.

1ŇŃĶŀĹŁ ŇĹňŉĵŉĹŁĹłŉ ŊňĽłĻ 4ŉĽŇŀĽłĻ�ň ĵńńŇŃŎĽŁĵŉĽŃł

8F ėY UIF GPMMPXJOH OPUBUJPO�

v =
ṽ

n
, d =

d̃

n
, Q̃ = Ỹ /n.

ĉVT PVS DPOTUSBJOUT BSF�

∑

c

vc = 1,
∑

r

dr = 1,

∑

c

qrc = dr GPS FBDI r,

∑

r

qrc = vc GPS FBDI c.

ĉF ėSTU�PSEFS 4UJSMJOH�T BQQSPYJNBUJPO UP k! JT

MPH k! = k(MPH k − 1) +O(MPH k),

XIFSF MPH JT UIF OBUVSBM MPHBSJUIN� *HOPSJOH UIF ėOBMO(MPH k) UFSN
 UIF

ǉǉǈ



MPHBSJUIN PG UIF NVMUJOPNJBM QSPCBCJMJUZ p(yr | d̃r,πr) DBO CF BQQSPYJNBUFE BT
GPMMPXT�

MPH p(yr | d̃r,πr) = MPH

(
d̃r!

∏

c

πyrc
rc

yrc!

)

= MPH(ndr)! +
∑

c

(
nqrc MPH πrc − MPH(nqrc)!

)

≈ ndr
(

MPH(ndr)− 1
)
+
∑

c

nqrc MPH πrc −
∑

c

nqrc
(

MPH(nqrc)− 1
)

=
∑

c

nqrc MPH πrc −
∑

c

nqrc MPH
qrc
dr

= n
∑

c

qrc MPH
(
drπrc

qrc

)
,

XIFSF
 JG TPNF qrc = 0
 XF UBLF qrc MPH qrc UP FRVBM 0�
/PUF UIBU UIJT JT B 	OFHBUJWF
 NVMUJQMF PGD,-

(
qr
dr
||πr

)

 XIFSF qr

dr
BOEπr BSF

TFFO BT EJTDSFUF QSPCBCJMJUZ EJTUSJCVUJPOT PWFS \ǉ
w
$^�
6TJOH UIJT BQQSPYJNBUJPO
 XF NPEJGZ PVS HPBM BT GPMMPXT�

3FTUBUFE QSPCMFN� (JWFO
r B NBUSJYΠ ∈ MR×C BT BCPWF�

r B WFDUPS d = (d1, . . . , dR) ∈ RR
+ TVDI UIBU

∑
r dr = 1�

r B WFDUPS v = (v1, . . . , vC) ∈ RC
+ TVDI UIBU

∑
c vc = 1�

'PS FBDI r ∈ {1, . . . , R} BOE c ∈ {1, . . . , C}
 MFU

frc(x) =

{
x MPH

(
x

drπrc

)
JG x > 0,

0 JG x = 0.

8F XJTI UP ėOE BOR× C NBUSJYQ =
(
qrc

)
XJUI OPOOFHBUJWF FOUSJFT UIBU

ǉǉǉ



NJOJNJ[FT UIF PCKFDUJWF GVODUJPO

f(Q) :=
∑

r,c

frc(qrc),

TVCKFDU UP UIF MJOFBS DPOTUSBJOUT

gr(Q) :=
∑

c

qrc − dr = 0 GPS FBDI r ∈ {1, . . . , R},

hc(Q) :=
∑

r

qrc − vc = 0 GPS FBDI c ∈ {1, . . . , C}.

"łĵŀŏŉĽķ ňŃŀŊŉĽŃł ŉŃ ŇĹňŉĵŉĹĸ ńŇŃĶŀĹŁ

'JSTU XF JOUSPEVDF TPNF OPUBUJPO� 'PS BOZ WFDUPS v ∈ Rk
 MFUDv EFOPUF UIF
k × k EJBHPOBM NBUSJY XJUI UIF FOUSJFT PG v PO UIF EJBHPOBM�

-FUP UIF TFU PG BMMR× C NBUSJDFT XJUI OPO�OFHBUJWF DPFđDJFOUT TBUJTGZJOH
UIF DPOTUSBJOUT gr BOE hc GPS BMM r BOE c� P JT UIF (R− 1)(C − 1)�EJNFOTJPOBM
QPMZUPQF JOMR×C PO XIJDI XF BSF USZJOH UP NJOJNJ[F f � *O PUIFS XPSET
 XF BSF
MPPLJOH GPS B NJOJNVN PG fP 
 UIF SFTUSJDUJPO PG f UPP �

$MBJN� ĉF GVODUJPO fP IBT B TJOHMF HMPCBM NJOJNVN� JU JT UIF VOJRVF NBUSJY
Q̃ ∈ P TVDI UIBU

Q̃ = DαΠDβ

GPS TPNF WFDUPSTα ∈ RR
+ BOEβ ∈ RC

+� *O PUIFS XPSET
 GPS BMM r BOE c


qrc = αrπrcβc.

	/PUF UIBU XIJMF Q̃ JT VOJRVF
α BOEβ BSF POMZ VOJRVF VQ UP B NVMUJQMJDBUJWF
DPOTUBOU�


1SPPG� #Z UIF NFUIPE PG -BSHSBOHF NVMUJQMJFST
 B QPJOUQ JO UIF JOUFSJPS PGP
JT BO JOUFSJPS DSJUJDBM QPJOU PG fP JĎ

∇f(Q) =
∑

r

ar ∇gr(Q) +
∑

c

bc ∇hc(Q),

ǉǉǊ



GPS TPNF TDBMBST a1, . . . , aR, b1, . . . , bC ∈ R� *O PUIFS XPSET
 GPS FBDI r BOE c

XF NVTU IBWF

∂f

∂qrc
=

dfrc
dqrc

= MPH
(

qrc
drπrc

)
+ 1 = ar + bc.

&YQPOFOUJBUJOH
 XF PCUBJO
qrc
πrc

= αrβc,

XIFSF αr = drear−1 BOE βc = ebc �
ĉVTQ ∈ P JT B DSJUJDBM QPJOU PG fP JĎ UIFSF FYJTU WFDUPSTα ∈ RR

+ BOE
β ∈ RC

+ TVDI UIBU qrc = πrcαrβc�
4JODF FWFSZ TVNNBOE PG f JT TUSJDUMZ DPOWFY
 TP JT f JUTFMG
 BOE IFODF TP JT fP �

ĉVT fP IBT BU NPTU POF DSJUJDBM QPJOU
 BOE JG UIJT DSJUJDBM QPJOU FYJTUT
 JU JT UIF
HMPCBM NJOJNVN PG fP � 5P DPNQMFUF UIF QSPPG PG UIF DMBJN
 BMM UIBU SFNBJOT UP
TIPX JT fP EPFT JOEFFE IBWF B DSJUJDBM QPJOU JO UIF JOUFSJPS PGP �

4VQQPTF
 CZ XBZ PG DPOUSBEJDUJPO
 UIBU UIJT JT OPU UIF DBTF� ĉFO fP NVTU
BDIJFWF JUT NJOJNVN BU UIF CPVOEBSZ PGP 
 J�F� BU TPNF NBUSJYQXJUI POF PS
NPSF FOUSJFT FRVBM UP ǈ� $POTJEFS UIF NBUSJY

Q′
ε = εQ+ (1− ε)vdT .

4JODF vdT JT BOR× C NBUSJY XJUI QPTJUJWF FOUSJFT UIBU TBUJTėFT BMM UIF
DPOTUSBJOUT g1, . . . , gR, h1 . . . , hC 
 JU JT JO UIF JOUFSJPS PGP � *G 0 < ε < 1
 UIFO
Q′(ε)NVTU CF JO UIF JOUFSJPS PGP BT XFMM� 5P EFSJWF B DPOUSBEJDUJPO
 XF XJMM OPX
TIPX UIBU f(Q′

ε) < f(Q) GPS TVđDJFOUMZ TNBMM ε�

ǉǉǋ



-FUU = vdT −Q� ĉFO

MJN
ε→0

f(Q′
ε)− f(Q)

ε
= MJN

ε→0

f(Q+ εU)− f(Q)

ε

=
∑

r,c

[
MJN
ε→0

frc (qrc + εurc)− frc(qrc)

ε

]

=
∑

r,c : qrc>0

urcf
′
rc(qrc) +

∑

r,c : qrc=0

[
MJN
ε→0

frc(εurc)

ε

]

/PUF UIBU
 JG qrc = 0
 UIFO urc = vcdr 
 TP

MJN
ε→0

frc(εurc)

ε
= MJN

ε→0
vcdr MPH

(
εvc
πrc

)
= −∞.

ĉVT XF IBWF TIPXO UIBU

MJN
ε→0

f(Q′
ε)− f(Q)

ε
=

∑

r,c : qrc>0

urcf
′
rc(qrc)+

∑

r,c : qrc=0

[−∞] = −∞.

ĉJT NFBOT UIBU f(Q′
ε)−f(Q)
ε < 0 GPS TNBMM FOPVHI ε
 TP f(Q′

ε) < f(Q)
 BT
EFTJSFE� ĉVT B QPJOUQ PO UIF CPVOEBSZ PGP DBOOPU CF B NJOJNVN PG fP �

5P DPODMVEF
 XF IBWF TIPXO UIBU fP IBT B VOJRVF DSJUJDBM QPJOU Q̃ JO UIF
JOUFSJPS PGP 
 XIJDI JT JUT HMPCBM NJOJNVN POP � .PSFPWFS
 Q̃ JT UIF VOJRVF QPJOU
JOP TBUJTGZJOH Q̃ = DαΠDβ GPS TPNFα ∈ RR

+ BOEβ ∈ RC
+� 4FĨJOH Ỹ = nQ̃


XF PCUBJO BO BQQSPYJNBUF TPMVUJPO UP PVS PSJHJOBM QSPCMFN�

*ŉĹŇĵŉĽŋĹ ĵŀĻŃŇĽŉļŁ ĺŃŇ ķŃŁńŊŉĽłĻ Q̃

(JWFO BOZ UXP WFDUPSTα ∈ RR
+ BOEβ ∈ RC

+
 MFU

Mα :=

⎛

⎜⎝
DΠTα

DαΠ

⎞

⎟⎠ ∈ M(R+C)×C ,

ǉǉǌ



Mβ :=

⎛

⎜⎝
DβΠT

DΠβ

⎞

⎟⎠ ∈ M(R+C)×R,

b :=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v1
���
vC

d1
���
dR

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∈ RR+C
+ .

ĉFODαΠDβ ∈ P JG BOE POMZ JGα BOEβ TBUJTGZ

Mβ ·α = Mα · β = b.

"MM XF IBWF EPOF IFSF JT SFXSJĨFO UIF DPOTUSBJOUT g1, . . . , gR BOE h1, . . . , hC JO
NBUSJY GPSN BOE JO UFSNT PGα BOEβ�

ĉF DPOTUSBJOUT BSF SFEVOEBOU
 TJODF FBDI PG UIF TFUT {g1, . . . , gR} BOE
{h1, . . . , hC} PO JUT PXO FOTVSFT UIBU UIF FOUSJFT PGQ TVN UP ǉ� ĉVT XF DBO
PNJU 	TBZ
 UIF MBTU SPX GSPNMα
Mβ 
 BOE b UP PCUBJO

Mα ∈ M(R+C−1)×C ,

Mβ ∈ M(R+C−1)×R,

b̃ ∈ RR+C−1,

TVDI UIBUDαΠDβ ∈ P JG BOE POMZ JGMβ ·α = Mα · β = b̃� /PUF UIBU CPUI
Mα BOEMβ BSF OPX GVMM SBOL�

ĉF MJOFBS TZTUFNTMβ ·α = b̃ BOEMα · β = b̃ BSF PWFSDPOTUSBJOFE BOE
UIVT
 JO HFOFSBM
 IBWF OP TPMVUJPOT� )PXFWFS
 HJWFOα0
 XF DBO ėOE UIF MFBTU

ǉǉǍ



TRVBSFT TPMVUJPOT

β0 = (MT

α0
Mα0)

−1MT
α0
b̃,

BOE UIFO JUFSBUF GPS k ≥ 1�

αk = (MT
βk−1

Mβk−1
)−1MT

βk−1
b̃,

βk = (MT
αk
Mαk

)−1MT
αk
b̃.

ĉJT HJWFT VT B TFRVFODF PG NBUSJDFT

Qk = Dαk
ΠDβk

,

XJUIQk DMPTFS UPP UIBOQk−1 	JOL2�OPSN
� "T VTVBM XJUI UIJT LJOE PG JUFSBUFE
QSPKFDUJPOT
 DPOWFSHFODF UP UIF ėYFE QPJOU Q̃ JT HVBSBOUFFE�

*O QSBDUJDF
 PG DPVSTF
 XF OFFE UP TUPQ BěFS B ėOJUF OVNCFS PG JUFSBUJPOT� 0ODF
Qk JT DMPTF FOPVHI UPP 	J�F� XJUIJO UIF UPMFSBODF XF IBWF DIPTFO

 XF UBLF UIF
QSPKFDUJPO PGQk POUPP BT UIF ėOBM PVUQVU PG UIF BMHPSJUIN� "MUIPVHI UIF
PVUQVU JT POMZ BO BQQSPYJNBUJPO UP UIF MPDBM NJOJNVN PG fP 
 JU EPFT TBUJTGZ UIF
DPOTUSBJOUT g1, . . . , gR, h1, . . . , hC FYBDUMZ
 BT SFRVJSFE�

ǋ�ǌ�Ǌ "ŁŃŇŉĽŐĽłĻ σ∗
ν ,ν

∗

3FDBMM UIF QSPDFEVSF GPS FTUJNBUJOH σ∗
ν BOE ν∗ BT HJWFO BCPWF�

ǉ� 'JOEY ∗ ≈ BSHNBYY p̃(γ∗, σν = 0,ν = 0⃗,Y )� ĉJT QSPDFTT JT
EFTDSJCFE JO "QQFOEJY ǋ�ǌ�ǉ�

Ǌ� &TUJNBUF ν̂ := MPH
(

y∗u,r,c
nu,rπ∗

r,c

)

 BO FTUJNBUPS PG ν �

ǋ� &TUJNBUF σ̂2
u,r,c :=

nu,r−y∗u,r,c
nu,ry∗u,r,c


 BO FTUJNBUPS PG σ2
u,r,c
 UIF QBSU PG UIF

WBSJBODF PG ν̂u,r,c UIBU JT BĨSJCVUBCMF UP TBNQMJOH WBSJBODF JO yu,r,c�

ǌ� 5BLFmax(0, ν̂2
b,r,c − σ̂2

u,r,c)
 GPS FBDI u, r, c
 BT FTUJNBUFT PG σν � BWFSBHF
UIFTF FTUJNBUFT UP HFU σ∗

ν �

ǉǉǎ



Ǎ� 5BLF ν∗
u,r,c :=

ν̂u,r,c/σ̂2
u,r,c

1/σ̂2
u,r,c+1/(σ∗

ν)
2 
 DPNCJOJOH UIF uMJLFMJIPPEu EJTUSJCVUJPO

XJUI BQQSPYJNBUF NFBO BOE WBSJBODF [ν̂u,r,c, σ̂2
u,r,c] BOE UIF uQSJPSu

EJTUSJCVUJPO XJUI NFBO BOE WBSJBODF [0, σ∗
ν ]
 VTJOH B QSFDJTJPO�XFJHIUFE

BWFSBHF�

ǎ� "ěFS UBLJOH UIF )FTTJBO
 VTF POF TUFQ PG /FXUPO�T NFUIPE PO FBDI
QSFDJODU u�T MBUFOU QBSBNFUFST UP SFEFėOF (W ∗

u,ν∗
u)
 BT FYQMBJOFE JO

TFDUJPO Ǌ�ǋ�Ǎ PG DIBQUFS Ǌ�

)FSF BSF UIF BTTVNQUJPOT BOE BQQSPYJNBUJPOT CFIJOE UIFTF GPSNVMBT�
'PS TUFQ Ǌ� XF ėSTU EFėOF π∗

rc :=
eα

∗
c+β∗

r,c

∑C
c′=1 e

α∗
c′+β∗

r,c′

 UIFO BTTVNF UIBU GPS FBDI

u, r
 UIF WFDUPS (νu,r,1, ..., νu,r,C) TBUJTėFT
∑C

c=1 π
∗
r,ce

νu,r,c = 1� 	ĉJT
BTTVNQUJPO DBO CF FOTVSFE
 XJUIPVU DIBOHJOH UIF EJTUSJCVUJPO PGY |α∗,β∗,ν 

CZ TIJěJOH FBDI νu,r,c CZ B DPOTUBOU ku,r �
ǮǮ

ĉFO
 MFU π(ν)
u,r,c := π∗

r,ce
νu,r,c � /PUF UIBUπ(ν)

u,r JT B QSPCBCJMJUZ WFDUPS� $POTJEFS
y∗u,r,c BT JG JU IBE CFFO TBNQMFE VTJOH UIJT WFDUPS� y∗

u,r
let∼ Binom(nu,r,π

(ν)
u,r)�

/PX
 VOEFS UIBU DPOTJEFSBUJPO
 ν̂u,r,c := MPH
(

y∗u,r,c
nu,rπ∗

r,c

)
JT BO FTUJNBUF PG νu,r,c
 BT

E(eν̂u,r,c) = eνu,r,c �
'PS TUFQ ǋ� XF VTF B ėSTU�PSEFS 5BZMPS FYQBOTJPO PG UIF FRVBUJPO PG PVS

FTUJNBUPS JO UIF QSFWJPVT TUFQ UP FTUJNBUF�

V armultinomial(ν̂u,r,c|νu,r,c) ≈ V armultinomial(y
∗
u,r,c)

(
dν̂u,r,c
dy∗u,r,c

)2

	ǋ�ǌǑ


= π∗
u,r,c(1− π∗

u,r,c)nu,r

(
1

y∗u,r,c

)2

≈
nu,r − y∗u,r,c
nu,ry∗u,r,c

'PS TUFQ ǌ
 XF OP MPOHFS USFBU νu,r,c BT B HJWFO
 CVU SFDBMM UIBU JU IBT B
EJTUSJCVUJPO� ĉVT
 TJODF VOEFS UIF QSJPS
E(νu,r,c) = 0
 XF IBWF

ǮǮ1FSIBQT JU XPVME TFFN NPSF OBUVSBM UP VTF UIPTF ku,r UP FOTVSF UIBU FBDI νu,r JT NFBO�ǈ� CVU
MJLF UIBU BTTVNQUJPO
 UIJT POF FOTVSFT UIBU JG BOZ PG UIF FMFNFOUT PGνu,r JT OPO[FSP
 UIFO UIFSFNVTU
CF B NJ[ PG QPTJUJWF BOE OFHBUJWF FMFNFOUT�

ǉǉǏ



E(ν2
u,r,c) = V ar(ν̂u,r,c) = V ar(νu,r,c) + V ar(ν̂u,r,c|νu,r,c) ≈ σ2

ν + σ̂2
u,r,c� 4P

GPS FBDI u, r, c
 XF IBWF BO FTUJNBUPS PG σ2
ν �

σ2
ν ≈ ν2

u,r,c − σ̂2
u,r,c

4JODF B WBSJBODF DBO OPU CF OFHBUJWF
 XF TFU
σ∗
ν := 1

URC

∑
u,r,cmax(0, ν2

u,r,c − σ̂2
u,r,c)� 	*O QSBDUJDF
 XF SFQMBDFmax(0, x)

XJUI UIF TNPPUI GVODUJPO 1
k MPH(1 + ekx)
 VTJOH QZUPSDI�T OVNFSJDBMMZ�TUBCJMJ[FE

WFSTJPO PG MPHTVNFYQ
 XJUI k = 100�

4UFQ Ǎ JT TFMG�FYQMBOBUPSZ BT�JT
 BOE TUFQ ǎ JT FYQMBJOFE JO TFDUJPO Ǌ�ǋ�Ǎ PG

DIBQUFS Ǌ�

ǉǉǐ



3FGFSFODFT

<ǉ> 7PUJOH 3JHIUT "DU PG ǉǑǎǍ
 ǉǑǎǍ� ǍǊ 6�4�$ f ǉǈǉǈǉ 	ǉǑǎǍ
�

<Ǌ> ĉPSOCVSH W� (JOHMFT
 ǉǑǐǎ� ǌǏǐ 6�4� ǋǈ 	ǉǑǐǎ
�

<ǋ> 4� "HBQJPV
 0� 1BQBTQJMJPQPVMPT
 %� 4BO[�"MPOTP
 BOE "� .� 4UVBSU�
*NQPSUBODF 4BNQMJOH� *OUSJOTJD %JNFOTJPO BOE $PNQVUBUJPOBM $PTU�
4UBUJTUJDBM 4DJFODF
 ǋǊ	ǋ
�ǌǈǍmǌǋǉ
 "VHVTU ǊǈǉǏ� *44/ ǈǐǐǋ�ǌǊǋǏ

Ǌǉǎǐ�ǐǏǌǍ� EPJ� ǉǈ�ǉǊǉǌ�ǉǏ�454ǎǉǉ�

<ǌ> $ISJTUPQIF "OESJFV BOE (BSFUI 0� 3PCFSUT� ĉF QTFVEP�NBSHJOBM
BQQSPBDI GPS FđDJFOU .POUF $BSMP DPNQVUBUJPOT� ĉF "OOBMT PG 4UBUJTUJDT

ǋǏ	Ǌ
�ǎǑǏmǏǊǍ
 "QSJM ǊǈǈǑ� *44/ ǈǈǑǈ�Ǎǋǎǌ� EPJ� ǉǈ�ǉǊǉǌ�ǈǏ�"04ǍǏǌ�

<Ǎ> "� "QUF
 $� ,� 3� 5� +POFT
 "� .� 4UVBSU
 BOE +� 7PTT� %BUB BTTJNJMBUJPO�
.BUIFNBUJDBM BOE TUBUJTUJDBM QFSTQFDUJWFT� *OUFSOBUJPOBM +PVSOBM GPS
/VNFSJDBM .FUIPET JO 'MVJET
 Ǎǎ	ǐ
�ǉǈǋǋmǉǈǌǎ
 Ǌǈǈǐ� *44/ ǉǈǑǏ�ǈǋǎǋ�
EPJ� ǉǈ�ǉǈǈǊ�GME�ǉǎǑǐ�

<ǎ> ĉPNBT #FOHUTTPO
 1FUFS #JDLFM
 BOE #P -J� $VSTF�PG�EJNFOTJPOBMJUZ
SFWJTJUFE� $PMMBQTF PG UIF QBSUJDMF ėMUFS JO WFSZ MBSHF TDBMF TZTUFNT� *O
*OTUJUVUF PG .BUIFNBUJDBM 4UBUJTUJDT $PMMFDUJPOT
 QBHFT ǋǉǎmǋǋǌ� *OTUJUVUF PG
.BUIFNBUJDBM 4UBUJTUJDT
 #FBDIXPPE
 0IJP
 64"
 Ǌǈǈǐ� *4#/
ǑǏǐ�ǈ�Ǒǌǈǎǈǈ�Ǐǌ�ǌ� EPJ� ǉǈ�ǉǊǉǌ�ǉǑǋǑǌǈǋǈǏǈǈǈǈǈǈǍǉǐ�

<Ǐ> 1FUFS #JDLFM
 #P -J
 BOE ĉPNBT #FOHUTTPO� 4IBSQ 'BJMVSF 3BUFT GPS UIF
#PPUTUSBQ 1BSUJDMF 'JMUFS JO )JHI %JNFOTJPOT� *OTUJUVUF PG .BUIFNBUJDBM
4UBUJTUJDT
 Ǌǈǈǐ� *4#/ ǑǏǐ�ǈ�Ǒǌǈǎǈǈ�ǏǍ�ǉ� EPJ�
ǉǈ�ǉǊǉǌ�ǈǏǌǑǊǉǏǈǐǈǈǈǈǈǈǊǊǐ�

<ǐ> &MJ #JOHIBN
 +POBUIBO 1� $IFO
 .BSUJO +BOLPXJBL
 'SJU[ 0CFSNFZFS

/FFSBK 1SBEIBO
 ĉFPGBOJT ,BSBMFUTPT
 3PIJU 4JOHI
 1BVM 4[FSMJQ
 1BVM

ǉǉǑ



)PSTGBMM
 BOE /PBI %� (PPENBO� 1ZSP� %FFQ 6OJWFSTBM 1SPCBCJMJTUJD
1SPHSBNNJOH� BS9JW QSFQSJOU BS9JW�ȕȜȕȔ�ȔȝșȗȜ
 Ǌǈǉǐ�

<Ǒ> &MJ #JOHIBN
 +POBUIBO 1� $IFO
 .BSUJO +BOLPXJBL
 'SJU[ 0CFSNFZFS

/FFSBK 1SBEIBO
 ĉFPGBOJT ,BSBMFUTPT
 3PIJU 4JOHI
 1BVM 4[FSMJQ
 1BVM
)PSTGBMM
 BOE /PBI %� (PPENBO� 1ZSP� %FFQ 6OJWFSTBM 1SPCBCJMJTUJD
1SPHSBNNJOH� BS9JW�ȕȜȕȔ�ȔȝșȗȜ <DT
 TUBU>
 0DUPCFS Ǌǈǉǐ�

<ǉǈ> %BWJE.� #MFJ
 "MQ ,VDVLFMCJS
 BOE +PO %�.D"VMJĎF� 7BSJBUJPOBM *OGFSFODF�
" 3FWJFX GPS 4UBUJTUJDJBOT� +PVSOBM PG UIF "NFSJDBO 4UBUJTUJDBM "TTPDJBUJPO

ǉǉǊ	Ǎǉǐ
�ǐǍǑmǐǏǏ
 "QSJM ǊǈǉǏ� *44/ ǈǉǎǊ�ǉǌǍǑ� EPJ�
ǉǈ�ǉǈǐǈ�ǈǉǎǊǉǌǍǑ�ǊǈǉǏ�ǉǊǐǍǏǏǋ�

<ǉǉ> 0MJWJFS $BQQF
 &SJD .PVMJOFT
 BOE 5PCJBT 3ZEFO� *OGFSFODF JO )JEEFO
.BSLPW .PEFMT� 4QSJOHFS 4FSJFT JO 4UBUJTUJDT� 4QSJOHFS
 +VOF ǊǈǈǑ� *4#/
ǑǏǐ�ǈ�ǋǐǏ�ǊǐǑǐǊ�ǋ�

<ǉǊ> 4PVSBW $IBĨFSKFF BOE 1FSTJ %JBDPOJT� ĉF TBNQMF TJ[F SFRVJSFE JO
JNQPSUBODF TBNQMJOH� BS9JW�ȕșȕȕ�ȔȕȘȗț <QIZTJDT
 TUBU>
 /PWFNCFS ǊǈǉǍ�

<ǉǋ> +VMJF "� &ENVOET
 -BXSFODF #FSOTUFJO
 &MJ[BCFUI (MFOOJF
 +PIO 8JMMTF

/JOB "STIBWTLZ
 'BUJI 6OMV
 %FCPSBI #BSU[
 5PEE 4JMCFSNBO
 8� %BWJE
4DBMFT
 BOE "OESFX %BMMBT� 1SFQBSJOH 4UVEFOUT GPS $PMMFHF� ĉF
*NQMFNFOUBUJPO BOE *NQBDU PG UIF &BSMZ $PMMFHF )JHI 4DIPPM .PEFM�
1FBCPEZ +PVSOBM PG &EVDBUJPO
 ǐǍ	ǋ
�ǋǌǐmǋǎǌ
 Ǌǈǉǈ� *44/ ǈǉǎǉ�ǑǍǎ9�

<ǉǌ> )BX�SFO 'BOH BOE %JBOOF 1� 0�-FBSZ� .PEJėFE $IPMFTLZ BMHPSJUINT� "
DBUBMPH XJUI OFX BQQSPBDIFT� .BUIFNBUJDBM 1SPHSBNNJOH
 ǉǉǍ	Ǌ
�
ǋǉǑmǋǌǑ
 0DUPCFS Ǌǈǈǐ� *44/ ǈǈǊǍ�Ǎǎǉǈ
 ǉǌǋǎ�ǌǎǌǎ� EPJ�
ǉǈ�ǉǈǈǏ�TǉǈǉǈǏ�ǈǈǏ�ǈǉǏǏ�ǎ�

<ǉǍ> "MCBO 'BSDIJ BOE .BSD #PDRVFU� 3FWJFX BSUJDMF� $PNQBSJTPO PG MPDBM
QBSUJDMF ėMUFST BOE OFX JNQMFNFOUBUJPOT� /POMJOFBS 1SPDFTTFT JO (FPQIZTJDT

ǊǍ	ǌ
�ǏǎǍmǐǈǏ
 /PWFNCFS Ǌǈǉǐ� *44/ ǉǈǊǋ�ǍǐǈǑ� EPJ�
IUUQT���EPJ�PSH�ǉǈ�ǍǉǑǌ�OQH�ǊǍ�ǏǎǍ�Ǌǈǉǐ�

<ǉǎ> %� "� 'SFFENBO
 4� 1� ,MFJO
 .� 0TUMBOE
 BOE .� 3� 3PCFSUT� 3FWJFX PG "
4PMVUJPO UP UIF &DPMPHJDBM *OGFSFODF 1SPCMFN� +PVSOBM PG UIF "NFSJDBO
4UBUJTUJDBM "TTPDJBUJPO
 Ǒǋ	ǌǌǌ
�ǉǍǉǐmǉǍǊǊ
 ǉǑǑǐ� *44/ ǈǉǎǊ�ǉǌǍǑ� EPJ�
ǉǈ�ǊǋǈǏ�ǊǎǏǈǈǎǏ�

ǉǊǈ



<ǉǏ> 8BMUFS 3 (JMLT BOE $BSMP #FS[VJOJ� 'PMMPXJOH B NPWJOH UBSHFU m .POUF
$BSMP JOGFSFODF GPS EZOBNJD #BZFTJBO NPEFMT� +PVSOBM PG UIF 3PZBM 4UBUJTUJDBM
4PDJFUZ
 ǎǋ	ǉ
�ǉǊǏmǉǌǎ
 Ǌǈǈǉ� EPJ� ǉǋǎǑ�ǏǌǉǊ�ǈǉ�ǎǋǉǊǏ�

<ǉǐ> 4JNPO (PETJMM BOE 5JN $MBQQ� *NQSPWFNFOU 4USBUFHJFT GPS .POUF $BSMP
1BSUJDMF 'JMUFST� *O 4FRVFOUJBM .POUF $BSMP .FUIPET JO 1SBDUJDF
 QBHFT
ǉǋǑmǉǍǐ� 4QSJOHFS�7FSMBH
 Ǌǈǈǈ�

<ǉǑ> %� +BNFT (SFJOFS� &DPMPHJDBM *OGFSFODF JO 7PUJOH 3JHIUT "DU %JTQVUFT�
8IFSF "SF 8F /PX
 BOE 8IFSF %P 8F 8BOU UP #F� +VSJNFUSJDT
 ǌǏ�
ǉǉǍmǉǎǐ
 Ǌǈǈǎ�

<Ǌǈ> %� +BNFT (SFJOFS BOE ,FWJO .� 2VJOO� 3Y$ FDPMPHJDBM JOGFSFODF� #PVOET

DPSSFMBUJPOT
 ĚFYJCJMJUZ BOE USBOTQBSFODZ PG BTTVNQUJPOT� +PVSOBM PG UIF
3PZBM 4UBUJTUJDBM 4PDJFUZ� 4FSJFT " 	4UBUJTUJDT JO 4PDJFUZ

 ǉǏǊ	ǉ
�ǎǏmǐǉ
 ǊǈǈǑ�
*44/ ǉǌǎǏ�ǑǐǍ9� EPJ� ǉǈ�ǉǉǉǉ�K�ǉǌǎǏ�ǑǐǍ9�Ǌǈǈǐ�ǈǈǍǍǉ�Y�

<Ǌǉ> 4IBPCP )BO
 9VFKVO -JBP
 %BWJE #� %VOTPO
 BOE -BXSFODF $BSJO�
7BSJBUJPOBM (BVTTJBO $PQVMB *OGFSFODF� BS9JW�ȕșȔȚ�ȔșȜȚȔ <DT
 TUBU>
 +VOF
ǊǈǉǍ�

<ǊǊ> .BĨIFX % )PĎNBO
 %BWJE .� #MFJ
 $IPOH 8BOH
 BOE +PIO 1BJTMFZ�
4UPDIBTUJD 7BSJBUJPOBM *OGFSFODF� +PVSOBM PG .BDIJOF -FBSOJOH 3FTFBSDI
 Ǌǈǉǋ
	ǉǌ
�ǉǋǈǋmǉǋǌǏ
 Ǌǈǉǋ�

<Ǌǋ> 8BMEFNBS )PMVCPXTLJ
 %BSJVT[ ,VS[ZL
 BOE 5PNBT[ 5SBXJOTLJ� " 'BTU
.FUIPE GPS $PNQVUJOH UIF *OWFSTF PG 4ZNNFUSJD #MPDL "SSPXIFBE
.BUSJDFT� "QQMJFE .BUIFNBUJDT � *OGPSNBUJPO 4DJFODF
 Ǒ	Ǌǉ
�ǋǉǑmǋǊǌ

ǊǈǉǍ� EPJ� ǉǈ�ǉǊǏǐǍ�BNJT�ǈǑǊ-ǈǎ�

<Ǌǌ> $ISJTUPQIFS +BDLTPO
 /JDLZ #FTU
 BOE 4ZMWJB 3JDIBSETPO� *NQSPWJOH
FDPMPHJDBM JOGFSFODF VTJOH JOEJWJEVBM�MFWFM EBUB� 4UBUJTUJDT JO .FEJDJOF
 ǊǍ
	ǉǊ
�ǊǉǋǎmǊǉǍǑ
 Ǌǈǈǎ� *44/ ǉǈǑǏ�ǈǊǍǐ� EPJ� ǉǈ�ǉǈǈǊ�TJN�ǊǋǏǈ�

<ǊǍ> +BDMZO ,JNCMF� ĉF 7PUJOH 3JHIUT "DU
 4IFMCZ $PVOUZ
 BOE 3FEJTUSJDUJOH�
*NQSPWJOH &TUJNBUFT PG 3BDJBMMZ 1PMBSJ[FE 7PUJOH JO B .VMUJQMF�&MFDUJPO
$POUFYU� 1IE
 $BMJGPSOJB *OTUJUVUF PG 5FDIOPMPHZ
 ǊǈǉǍ�

<Ǌǎ> (BSZ ,JOH� " 4PMVUJPO UP UIF &DPMPHJDBM *OGFSFODF 1SPCMFN� 3FDPOTUSVDUJOH
*OEJWJEVBM #FIBWJPS ěPN "HHSFHBUF %BUB� 1SJODFUPO 6OJWFSTJUZ 1SFTT
 ǉǑǑǏ�
*4#/ ǑǏǐ�ǈ�ǎǑǉ�ǈǉǊǌǈ�Ǐ�

ǉǊǉ



<ǊǏ> (BSZ ,JOH
 .BSUJO "� 5BOOFS
 BOE 0SJ 3PTFO� &DPMPHJDBM *OGFSFODF� /FX
.FUIPEPMPHJDBM 4USBUFHJFT� $BNCSJEHF 6OJWFSTJUZ 1SFTT
 4FQUFNCFS Ǌǈǈǌ�
*4#/ ǑǏǐ�ǈ�ǍǊǉ�ǍǌǊǐǈ�Ǐ�

<Ǌǐ> %JFEFSJL 1� ,JOHNB BOE +JNNZ #B� "EBN� " .FUIPE GPS 4UPDIBTUJD
0QUJNJ[BUJPO� BS9JW�ȕȘȕȖ�ȚȝȜȔ <DT>
 %FDFNCFS Ǌǈǉǌ�

<ǊǑ> %JFEFSJL 1� ,JOHNB BOE .BY 8FMMJOH� "VUP�&ODPEJOH 7BSJBUJPOBM #BZFT�
BS9JW�ȕȗȕȖ�ȚȕȕȘ <DT
 TUBU>
 %FDFNCFS Ǌǈǉǋ�

<ǋǈ> "OESÊ ,MJNB
 ĉPNBT 4DIMFTJOHFS
 1BVM 8� ĉVSOFS
 BOE )FMNVU
,ÛDIFOIPĎ� $PNCJOJOH "HHSFHBUF %BUB BOE &YJU 1PMMT GPS UIF &TUJNBUJPO
PG 7PUFS 5SBOTJUJPOT� 4PDJPMPHJDBM .FUIPET � 3FTFBSDI
 ǌǐ	Ǌ
�ǊǑǎmǋǊǍ
 .BZ
ǊǈǉǑ� *44/ ǈǈǌǑ�ǉǊǌǉ� EPJ� ǉǈ�ǉǉǏǏ�ǈǈǌǑǉǊǌǉǉǏǏǈǉǌǏǏ�

<ǋǉ> 0MJWJB -BV
 3ZBO 5� .PPSF
 BOE .JDIBFM ,FMMFSNBOO� FJ1BDL� &DPMPHJDBM
*OGFSFODF BOE )JHIFS�%JNFOTJPO %BUB .BOBHFNFOU� ǊǈǉǑ� 3 QBDLBHF WFSTJPO
ǈ�ǉ�Ǒ�

<ǋǊ> 9� -J
 $� -J
 +� $IJ
 +� 0VZBOH
 BOE 8� 8BOH� #MBDL�CPY &YQFDUBUJPO
1SPQBHBUJPO GPS #BZFTJBO .PEFMT� *O 1SPDFFEJOHT PG UIF ȖȔȕȜ 4*".
*OUFSOBUJPOBM $POGFSFODF PO %BUB .JOJOH
 1SPDFFEJOHT
 QBHFT ǎǈǋmǎǉǉ�
4PDJFUZ GPS *OEVTUSJBM BOE "QQMJFE .BUIFNBUJDT
 .BZ Ǌǈǉǐ� EPJ�
ǉǈ�ǉǉǋǏ�ǉ�ǑǏǐǉǎǉǉǑǏǍǋǊǉ�ǎǐ�

<ǋǋ> "OESFX $� .JMMFS
 /JDIPMBT 'PUJ
 BOE 3ZBO 1� "EBNT� 7BSJBUJPOBM #PPTUJOH�
*UFSBUJWFMZ 3FėOJOH 1PTUFSJPS "QQSPYJNBUJPOT� BS9JW�ȕȚȕȕ�ȔȚșȜș <DT
 TUBU>

/PWFNCFS Ǌǈǉǎ�

<ǋǌ> "OESJZ .OJI BOE %BOJMP +� 3F[FOEF� 7BSJBUJPOBM JOGFSFODF GPS .POUF $BSMP
PCKFDUJWFT� BS9JW�ȕȚȔȖ�ȔȚțȖș <DT
 TUBU>
 'FCSVBSZ Ǌǈǉǎ�

<ǋǍ> .� .PS[GFME
 %� )PEZTT
 BOE +� 1PUFSKPZ� 7BSJBUJPOBM QBSUJDMF TNPPUIFST
BOE UIFJS MPDBMJ[BUJPO� 2VBSUFSMZ +PVSOBM PG UIF 3PZBM .FUFPSPMPHJDBM 4PDJFUZ

ǉǌǌ	ǏǉǊ
�ǐǈǎmǐǊǍ
 Ǌǈǉǐ� *44/ ǉǌǏǏ�ǐǏǈ9� EPJ� ǉǈ�ǉǈǈǊ�RK�ǋǊǍǎ�

<ǋǎ> .BĨIJBT .PS[GFME
 9JO 5� 5POH
 BOE :PVTTFG .� .BS[PVL� -PDBMJ[BUJPO GPS
.$.$� 4BNQMJOH IJHI�EJNFOTJPOBM QPTUFSJPS EJTUSJCVUJPOT XJUI MPDBM
TUSVDUVSF� BS9JW�ȕțȕȔ�ȔțțȘț <NBUI
 TUBU>
 0DUPCFS ǊǈǉǏ�

ǉǊǊ



<ǋǏ> /PSUI $BSPMJOB 4UBUF #PBSE PG &MFDUJPOT� /PSUI $BSPMJOB WPUFS SFHJTUSBUJPO
GPS ǉǉ�ǈǐ�Ǌǈǉǎ� IĨQT���EM�ODTCF�HPW� QSFėY�&/34�Ǌǈǉǎ@ǉǉ@ǈǐ�

"VHVTU Ǌǈǉǎ� .FUBEBUB BU
IĨQT���Tǋ�BNB[POBXT�DPN�EM�ODTCF�HPW�&/34�MBZPVU@WPUFS@TUBUT�UYU�

<ǋǐ> #SFOEBO 0�$POOPS
 #SBOEPO 4UFXBSU
 BOE /PBI " 4NJUI� 4VQQMFNFOUBSZ
BQQFOEJY UP i-FBSOJOH UP &YUSBDU *OUFSOBUJPOBM 3FMBUJPOT GSPN 1PMJUJDBM
$POUFYUu 	"$- Ǌǈǉǋ
� QBHF Ǒ
 Ǌǈǉǋ�

<ǋǑ> .BOGSFE 0QQFS BOE %BWJE 4BBE
 FEJUPST� "EWBODFE .FBO 'JFME .FUIPET�
#SBEGPSE #PPLT� /FVSBM *OGPSNBUJPO 1SPDFTTJOH� ĉF .*5 1SFTT
 Ǌǈǈǉ�
*4#/ ǑǏǐ�ǈ�ǊǎǊ�ǉǍǈǍǌ�Ǎ�

<ǌǈ> +POBUIBO 1PUFSKPZ� " -PDBMJ[FE 1BSUJDMF 'JMUFS GPS )JHI�%JNFOTJPOBM
/POMJOFBS 4ZTUFNT� .POUIMZ 8FBUIFS 3FWJFX
 ǉǌǌ	ǉ
�ǍǑmǏǎ
 0DUPCFS ǊǈǉǍ�
*44/ ǈǈǊǏ�ǈǎǌǌ� EPJ� ǉǈ�ǉǉǏǍ�.83�%�ǉǍ�ǈǉǎǋ�ǉ�

<ǌǉ> +POBUIBO 1PUFSKPZ
 3ZBO "� 4PCBTI
 BOE +FĎSFZ -� "OEFSTPO�
$POWFDUJWF�4DBMF %BUB "TTJNJMBUJPO GPS UIF 8FBUIFS 3FTFBSDI BOE
'PSFDBTUJOH .PEFM 6TJOH UIF -PDBM 1BSUJDMF 'JMUFS� .POUIMZ 8FBUIFS 3FWJFX

ǉǌǍ	Ǎ
�ǉǐǑǏmǉǑǉǐ
 .BSDI ǊǈǉǏ� *44/ ǈǈǊǏ�ǈǎǌǌ� EPJ�
ǉǈ�ǉǉǏǍ�.83�%�ǉǎ�ǈǊǑǐ�ǉ�

<ǌǊ> 3BKFTI 3BOHBOBUI
 4FBO (FSSJTI
 BOE %BWJE .� #MFJ� #MBDL #PY 7BSJBUJPOBM
*OGFSFODF� BS9JW�ȕȘȔȕ�ȔȕȕȜ <DT
 TUBU>
 %FDFNCFS Ǌǈǉǋ�

<ǌǋ> 3BKFTI 3BOHBOBUI
 %VTUJO 5SBO
 BOE %BWJE .� #MFJ� )JFSBSDIJDBM
7BSJBUJPOBM .PEFMT� BS9JW�ȕșȕȕ�ȔȖȗȜȚ <DT
 TUBU>
 /PWFNCFS ǊǈǉǍ�

<ǌǌ> 1BUSJDL 3FCFTDIJOJ BOE 3BNPO WBO )BOEFM� $BO MPDBM QBSUJDMF ėMUFST CFBU
UIF DVSTF PG EJNFOTJPOBMJUZ ĉF "OOBMT PG "QQMJFE 1SPCBCJMJUZ
 ǊǍ	Ǎ
�
ǊǐǈǑmǊǐǎǎ
 0DUPCFS ǊǈǉǍ� *44/ ǉǈǍǈ�Ǎǉǎǌ
 Ǌǉǎǐ�ǐǏǋǏ� EPJ�
ǉǈ�ǉǊǉǌ�ǉǌ�""1ǉǈǎǉ� ǈǈǈǏǈ .3� .3ǋǋǏǍǐǐǑ�

<ǌǍ> 1BUSJDL 3FCFTDIJOJ BOE 3BNPO WBO )BOEFM� 1IBTF USBOTJUJPOT JO OPOMJOFBS
ėMUFSJOH� &MFDUSPOJD +PVSOBM PG 1SPCBCJMJUZ
 Ǌǈ
 ǊǈǉǍ� *44/ ǉǈǐǋ�ǎǌǐǑ� EPJ�
ǉǈ�ǉǊǉǌ�&+1�WǊǈ�ǋǊǐǉ�

<ǌǎ> %BOJMP +JNFOF[ 3F[FOEF BOE 4IBLJS .PIBNFE� 7BSJBUJPOBM *OGFSFODF XJUI
/PSNBMJ[JOH 'MPXT� .BZ ǊǈǉǍ�

ǉǊǋ



<ǌǏ> (FPĎSFZ 3PFEFS
 :VIVBJ 8V
 BOE %BWJE ,SJTUKBOTPO %VWFOBVE� 4UJDLJOH
UIF -BOEJOH� "O "TZNQUPUJDBMMZ ;FSP�7BSJBODF (SBEJFOU &TUJNBUPS GPS
7BSJBUJPOBM *OGFSFODF� "S9JW
 BCT�ǉǏǈǋ�ǈǑǉǑǌ
 ǊǈǉǏ�

<ǌǐ> 0SJ 3PTFO
 8FOYJO +JBOH
 (BSZ ,JOH
 BOE .BSUJO " 5BOOFS� #BZFTJBO BOE
GSFRVFOUJTU JOGFSFODF GPS FDPMPHJDBM JOGFSFODF� ĉF 3 Y $ DBTF� &DPMPHJDBM
JOGFSFODF
 QBHF Ǌǋ
 Ǌǈǈǉ�

<ǌǑ> 'SBOÉPJT 4FQUJFS BOE (BSFUI 8� 1FUFST� "O 0WFSWJFX PG 3FDFOU "EWBODFT
JO .POUF�$BSMP .FUIPET GPS #BZFTJBO 'JMUFSJOH JO )JHI�%JNFOTJPOBM
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