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Universality of Lévy Matrices

Abstract

Motivated by conjectures from physics, we study the eigenvalues and eigenvectors of
Lévy matrices, which are symmetric random matrices whose upper triangular entries are
independent, identically distributed a-stable distributions. For a < 2, these distributions
are heavy-tailed, with infinite second moment. For o € (1,2), we show that at all finite non-
zero energies, Lévy matrices exhibit completely delocalized eigenvectors and local eigenvalue
statistics that asymptotically match those of the Gaussian Orthogonal Ensemble. For almost
all a € (0,2), we prove the same result for small energies, including zero. Additionally, for
almost all a € (0, 2), we analyze the statistics of eigenvector entries of Lévy matrices at small
energies and show that the limiting distribution of any such entry is non-Gaussian. For entries
of the eigenvector corresponding to the median eigenvalue, we identify this distribution
explicitly. We also demonstrate the presence of non-trivial correlations between eigenvector
entries corresponding to nearby eigenvalues. These findings contrast sharply with the known
eigenvector behavior for other random matrix ensembles. Further, our results for both

eigenvalues and eigenvectors generalize to a large class of heavy-tailed random matrices.
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Chapter 1

Introduction

1.1 Background

The spectral analysis of random matrices has been a topic of intense study since Wigner’s
pioneering investigations in the 1950s [99]. Wigner’s central thesis asserts that the spectral
statistics of random matrices are universal models for highly correlated systems. A con-
crete realization of his vision, the Wigner-Dyson—Mehta conjecture, states that the bulk
local spectral statistics of an NV x N real symmetric (or complex Hermitian) Wigner matrix
should become independent of the laws of its entries as N tends to infinity [84, Conjecture
1.2.1]. This phenomenon is known as bulk universality. While Wigner was able to show the
universality of the global spectral distribution, made precise by his famous semicircle law,
rigorous results on local spectral statistics remained out of reach until only recently.

Over the past decade, a framework based on resolvent estimates and Dyson Brownian
motion has been developed to establish the Wigner-Dyson—Mehta conjecture and extend
its conclusion to a wide class of matrix models. These include Wigner matrices [41, 52,
57,61,62,64,70-72,79,95,97], correlated random matrices [10, 48], random graph models
(22,54, 56,69, 70], general Wigner-type matrices [11,12], certain families of band matrices

(39,40, 43,45, 100], and various other models. All these models require that the variance



of each matrix entry is finite, an assumption already present in the original universality
conjectures [84]. The moment assumption required for the bulk universality of Wigner
matrices has been progressively improved, and universality is now known to hold for matrix
entries with finite (2 + £)-th moments [4,54].

While finite variance might seem to be the natural assumption for the Wigner—Dyson—
Mehta conjecture, in 1994 the physicists Cizeau and Bouchaud [50] asked to what extent local
eigenvalue statistics and related phenomena remain universal once the finite variance con-
straint is removed. Their work was motivated by heavy-tailed phenomena in physics [35,90],
including the study of spin glass models with power-law interactions [49], and applications
to finance [36-38,46,66,75,76]. Recent work has also shown the appearance of heavy-tailed
spectral statistics in neural networks [81-83]. Heavy-tailed random matrices may therefore
be regarded as exemplars of a new universality class for highly correlated systems.

The authors of [50] proposed a family of symmetric random matrix models, called Lévy
matrices, whose entries are random variables in the domain of attraction of an a-stable law.!
Based on numerical simulations, they predicted that bulk universality should still hold in
certain regimes when a < 2. In particular, for o < 1 they proposed that the local statistics
of Lévy matrices should exhibit a sharp phase transition from GOE at small energies to
Poisson at large energies.

Such a transition is called a mobility edge (also known as an Anderson transition or Mott
transition, depending on the physical context) and is a principal concept in the pathbreak-
ing work of the physicists Anderson and Mott on metal-insulator transitions in condensed
matter physics [3,16,17,87,88]. It is widely believed to exist in the context of random
Schrodinger operators, particularly in the Anderson tight-binding model [1,2,8,9,21], but
rigorously establishing this statement has remained a fundamental open problem in mathe-
matical physics for decades. While localization and Poisson statistics at large energies in the

Anderson model have been known since the 1980s, even the existence of a delocalized phase

"'When o < 2, we recall that the densities of such laws decay asymptotically like 2=~ dz. In particular,
they have infinite second moment.



with GOE local statistics has not been rigorously verified for any model exhibiting a conjec-
tural mobility edge [7,51,65,67,80,85,92]. As explained below, Lévy matrices provide one of
the few examples of a random matrix ensemble for which such a transition is also believed
to appear. Consequently, the predictions of [50] have attracted significant attention among

mathematicians and physicists over the past 25 years [18,19,24,25,25,30-34,47,91,98].

1.2 Delocalization and eigenvalue statistics

The work [50] further analyzed the large N limiting profile for the empirical spectral dis-
tribution of a Lévy matrix H, defined by pug = N~! Zivzl dx;, where Aj, Ag, ..., Ay denote
the eigenvalues of H. They predicted that ug should converge to a deterministic, explicit
measure fi, as N tends to infinity, which was later proven by Ben Arous and Guionnet [18].
This measure p, is absolutely continuous with respect to the Lebesgue measure on R and
therefore admits a density g, which is symmetric and behaves as 9,(7) ~ =27 as x tends
to infinity [18,24,32]. In particular, g, is supported on all of R and has an a-heavy tail. This

contrasts with the limiting spectral density for Wigner matrices, given by the semicircle law,
Qsc('r> = (271—)_11|x|<2\/ 4—ZE27 (121)

which is compactly supported on [—2,2].

Two other phenomena of interest are eigenvector delocalization and local spectral statis-
tics. Associated with any eigenvalue Ay of H is an eigenvector uy, = (ug, Ugg, - . ., Ung) € RY,
normalized such that |[ug]|3 = 32V, u2, = 1. If H = GOEy is instead taken from the Gaus-
sian Orthogonal Ensemble? (GOE), then the law of uy, is uniform on the (N — 1)-sphere,
and so maxj<;<y ‘u,k‘ < N%-1/2 holds with high probability for any 6 > 0. This bound is

referred to as complete eigenvector delocalization. The local spectral statistics of H concern

2This is defined to be the N x N real symmetric random matrix GOEy = {g;;}, whose upper triangular
entries g;; are mutually independent Gaussian random variables with variances 2N~! if ¢ = j and N -1
otherwise.
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Figure 1.1: Phase diagram. The thick line indicates the location of the conjectural mobility
edge, which separates the localized phase from the delocalized phase. The gray area indicates
the scope of our results.
the behavior of its neighboring eigenvalues close to a fixed energy level £ € R.

The main predictions of [50] were certain transitions in the eigenvector behavior and
local spectral statistics of Lévy matrices. Their predictions are not fully consistent with the

recent work [98] by Tarquini, Biroli, and Tarzia, based on the supersymmetric method. The

latter predictions can be summarized as follows.

A (1 <a<2) All eigenvectors of H corresponding to finite eigenvalues are completely de-
localized. Further, for any £ € R, the local statistics of H near E converge to those

of the GOE as N tends to infinity.

B (0 < a < 1) There exists a mobility edge E, such that (i) if |E| < E, then the local
statistics of H near E converge to those of the GOE and all eigenvectors in this region
are completely delocalized; (ii) if |E| > E,, then the local statistics of H near E
converge to those of a Poisson point process and all eigenvectors in this region are

localized.

The earlier predictions of [50] are different: A’ (1 < « < 2): There are two regions:
(i) for sufficiently small energies, the eigenvectors are completely delocalized and the local

statistics are GOE; (ii) for sufficiently large energies, the eigenvectors are weakly localized
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according to a power law decay, and the local statistics are given by certain non-universal
laws that converge to Poisson statistics in the infinite energy limit; B’ (0 < a < 1): essen-
tially the same as prediction B above except that in the delocalized region the eigenvectors
were predicted to only be partially delocalized, in that a positive proportion of the mass is
completely delocalized and a positive proportion of the mass is completely localized. In ad-
dition, [50] proposes an equation for the mobility edge E,; a much simpler (but equivalent)
version of this equation was predicted in [98].

The problem of rigorously establishing this mobility edge remains open. In fact, there
have been no previous mathematical results on local statistics for Lévy matrices in any
regime. However, partial results on eigenvector (de)localization were established by Borde-
nave and Guionnet in [33,34]. If 1 < a < 2, they showed that almost all eigenvectors uy sat-
isfy maxi<;j<y |ug] < N°7° for any § > 0 with high probability, where p = m (33].
For almost all a € (0, 2), they also proved the existence of some ¢ = ¢(«) such if uy, is an eigen-
vector of H corresponding to an eigenvalue Ay € [—c, c], then max; <<y |ug| < N°—o/(1+20)
for any § > 0 with high probability [34]. These estimates remain far from the complete delo-
calization bounds that have been established in the Wigner case. Furthermore, if 0 < o < %
and G(z) = {Gy;(2)} = (H — 2)~!, then they showed that E[(Im Gy1(2))**] = O(*/29)
for any § > 0 if Rez is sufficiently large and 7 = Imz > N~(GFt)/(@a+12) " which implies
eigenvector localization in a certain weak sense at large energy [33].

In this dissertation, we establish complete delocalization and bulk universality for Lévy
matrices for all energies in any fixed compact interval away from F = 0if 1 < a < 2. In
addition, for 0 < a < 2 outside a (deterministic) countable set, we prove that there exists
Ea such that complete delocalization and bulk universality hold for all energies in [—Ea, Ea]
These results establish the prediction A of [98] essentially completely for 1 < av < 2 and also
the existence of the GOE regime for 0 < a < 1, with completely delocalized eigenvectors.

Before describing these results in more detail, we recall the three-step strategy for establishing

bulk universality of Wigner matrices developed in [52,58,60-62,95] (see [26,53] or the book



[52] for a survey).

The first step is to establish a local law for H, meaning that the spectral density of H
asymptotically follows that of its deterministic limit on small scales of order nearly N—!, the
typical inter-eigenvalue distance. The second step is to consider a Gaussian perturbation H+
t'/2GOEy of H, for some small ¢, and then use the local law to show that the local statistics
of the perturbed matrix are universal. The third step is to compare the local statistics of
H and its perturbed variant H + t'/2GOEy, and show that they are asymptotically the
same. The comparison of the local statistics can be most efficiently obtained by comparing
the entries of the resolvents of the ensembles; this is often referred to as a Green’s function
(resolvent) comparison theorem [64].

There are two issues with adapting this framework to the heavy-tailed setting. First,
we do not know of a direct way to establish a local law for the a-stable matrix H on the
optimal scale of roughly N~!. Second, justifying the removal of the Gaussian perturbation
in the third step has intrinsic problems since the entries of H have divergent variances (and
possibly divergent expectations).

To explain the first problem, we introduce some notation. We recall the Stieltjes trans-

form of the empirical spectral distribution py is defined by the function

my(z) =myu(z) = %Z 3 L %Tr (H- Z)fl, (1.2.2)

Jj=1 i

for any z € H. Since ug converges weakly to p, as N tends to infinity, one expects my(z)
to converge to mqa(z) = [3(x — 2) ' 0a(2) dz. The imaginary part of the Stieltjes transform
represents the convolution of the empirical spectral distribution with an approximate identity,
the Poisson kernel, at scale n = Im z. Hence, control of the Stieltjes transform at scale n can
be thought of as control over the eigenvalues averaged over windows of size approximately
7.

A local law for H is an estimate on |my(z) — mq(2)| when n = Im z scales like N~'+¢,



The typical procedure [55, 56,59, 60,64, 79] for establishing a local law relies on a detailed
understanding of the resolvent of H, defined to be the N x N matrix G(z) = (H — z)_l =
{G;;(2)}. Indeed, since my(z) = N7' Tr G(z), it suffices to estimate the diagonal entries of
G. In many of the known finite variance cases, (almost) all of the entries G;; converge to a
deterministic quantity in the large NV limit.

This is no longer true in the heavy-tailed setting, where the limiting resolvent entries
are instead random away from the real axis [32]. While the idea that the resolvent entries
should satisfy a self-consistent equation (which has been a central concept in proving local
laws for Wigner matrices [59]) is still applicable to the current setting [18,24, 33, 34], the
random nature of these resolvent entries poses many difficulties in analyzing the resulting
self-consistent equation. This presents serious difficulties in applying previously developed
methods to establish a local law for a-stable matrices on the optimal scale. While local

1/2 were established for such matrices in [33,34] if «

laws on intermediate scales n > N~
is sufficiently close to two, the value of n allowed in these estimates deteriorates to 1 as «
decreases to zero.

For the second problem, all existing methods of comparing two matrix ensembles H and
H [4,41,54,56,70,79,94,95,97] involve Taylor expanding the matrix entries of their resolvents
to order at least three and then matching the expectations of the first and second order terms
of this expansion, which correspond to the first and second moments of the matrix entries.
If the entries of H and H are heavy-tailed, then all second and higher moments of these
matrix entries diverge, and this expansion is meaningless.

These two difficulties are in fact intricately related, and our solution to them consists of
the following steps.

1. We first rewrite the matrix as H = X+ A, where A consists of the “small terms” of H
that are bounded by N™" in magnitude for some constant 0 < v < é, and X consists of the

remaining terms. We prove a comparison theorem for the resolvent entries of H = X + A

and those of V;, = X + t'/2GOEy, where GOEy is independent from X. The parameter



t ~ N*(@=2) will be chosen so that the variances of matrix entries of t2GOE, and A match.
By construction, A and X are symmetric, so the first and third moments of the matrix entries
vanish. Hence in the comparison argument, the problem is reduced to considering the second
and fourth order terms.

Notice that A and X are dependent, so the previous heuristic cannot be applied directly.
To remove their correlation, we expand upon a procedure introduced in [4] to produce a
three-level decomposition of H. By conditioning on the decomposition into large and small
field regions, A and X are independent and a version of the comparison theorem can be
proven.

2. From the work of [78], the GOE component in V; improves the regularity of the initial
data V, which is a manifestation of the parabolic regularization of the Dyson Brownian
motion flow. Roughly speaking, if the spectral density of Vj is bounded above and below
at a scale n < N7, then the following three properties for V; hold: (i) universality of local
statistics, (ii) complete eigenvector delocalization, and (iii) a local law at all scales up to
n > N°~! for any 0 > 0 [42,63,77,78].

The fundamental input for this method is an intermediate local law for X on a scale
n < N"@=2) ~ ¢, The existing intermediate local laws for heavy tailed matrices established
in [33,34] are unfortunately only valid on scales larger than this critical scale when « is
close to one. Our second main result is to improve these laws to scales below N*(@~2. Our
method uses self-consistent equations for the resolvent entries and special tools developed in
[33] for Lévy matrices. Note that the resolvent entries of X are random and self-consistent
equations for them are difficult to work with. Still, we are able to derive effective upper
bounds on the diagonal resolvent entries of X, which enable us to improve the intermediate
local laws to scales below N¥(@=2),

3. Combining steps 1 and 2, we are able to transport the three properties for V; to our
original matrix H. Recall that in the standard comparison theorem, resolvent bounds on the

optimal scale are required on both ensembles. Since our initial estimates on the resolvent of



the original matrix H are far from on the optimal scale, a different approach is required. In
particular, it is known that one can induct on the scale 7 to transfer resolvent estimates from
one ensemble to another using the comparison method [74]. Although technical estimates
must be supplied, the upshot of this step is that all three properties for V, hold for the original
matrix H. The eigenvector delocalization and universality of local statistics constitute our
main results. For the sake of brevity, we will not pursue the local law on the optimal scale
of approximately N~!, since it will not be needed to prove our main results.

We prove our results on delocalization and GOE statistics in Chapter 2. In Section 2.1
we explain our results in more detail. In Section 2.2 we state the comparison between H
and Vy, as well as the intermediate local laws for X in the a € (1,2) case and the small
energy o € (0,2) case. Then, assuming these estimates, we establish our results (given by
Theorem 2.1.4 and Theorem 2.1.5). In Section 2.3 we establish the comparison between H
and V;. In Section 2.4 and Section 2.5 we establish the intermediate local law on X at all
energies away from 0 when o € (1,2). In Section 2.6 and Section 2.7 we show a similar

intermediate local law on X, but at sufficiently small energies and for almost all a € (0, 2).

1.3 Eigenvector statistics

Universality for the eigenvector entries of Wigner matrices was recently proven in [44] by
Bourgade and Yau. There, they introduced the eigenvector moment flow, a system of stochas-
tic differential equations which govern the evolution of the moments of eigenvector entries of
a matrix under the addition of Gaussian noise. Through a careful analysis of these dynamics,
they prove asymptotic normality for the eigenvector entries of Wigner matrices. Extensions
of this method later enabled the analysis of eigenvector statistics for sparse and deformed
Wigner matrices in [27,42], and for other eigenvector observables in [28,45].

While the results and predictions in the previous section address (de)localization of Lévy

matrix eigenvectors, little is known about refined properties of their entry fluctuations. In



25], Benaych-Georges and Guionnet showed that averages of O(N?) of these eigenvector

172 However, until now, we have

entries converge to Gaussian processes, after scaling by N~
not been aware of any results or predictions concerning fluctuations for individual entries of
Lévy matrix eigenvectors.

In this dissertation we establish several such results, which in many respects contrast
with their known counterparts for Wigner matrices (and all other random matrix models
for which the eigenvector entry distributions have previously been identified). We establish,

for almost all a < 2, the following statements concerning the unit (in L?) Lévy eigenvectors

w;, = (u(1),ur(2),. .., up(N)) whose associated eigenvalues A, ~ E are sufficiently small.

1. An eigenvector entry v/ Nu;(i) is not asymptotically normal: its square converges to
N?-U,(E) as N tends to infinity, where A is a standard normal random variable and
U.(F) is an independent (non-constant and typically non-explicit) random variable

that depends on F.
2. Different entries of the same eigenvector are asymptotically independent.

3. Entries of different eigenvectors with the same index are not asymptotically indepen-
dent: if ki, ks, ..., k, € [1, N] and i € [1, N] are indices such that \;, =~ E, then the
vector (Nuy, (i), Nuy, (i)?, ..., Nug, (i)?) converges to (NZ-U(E),NF-U(E), ... N2

U.(E)), where the N; are i.i.d. standard Gaussians that are independent from U, (E).

4. The law of U, (0) is given explicitly as the inverse of a one-sided §-stable law. In

particular, all asymptotic moments of the median eigenvector are also explicit.

To contextualize our results, we recall the asymptotic normality statements for Wigner
eigenvectors proved in [44]. First, an individual eigenvector entry converges to a standard
normal random variable. Second, different entries of the same eigenvector are asymptotically
independent. Third, the same is true for entries of different eigenvectors with the same index.

Our results show that, although the second of these phenomena persists in the Lévy case, the

10



first and third do not. We further note that while Lévy matrices exhibit GOE local statistics
at small energy, which only differ through a rescaling factor corresponding to the eigenvalue
density, the eigenvector statistics follow a family of distinct random variables that vary in
the energy parameter £/ € R. This is again unlike the Wigner eigenvectors, which display
the same Gaussian statistics throughout the spectrum.

Our work confronts one of the major differences between Lévy matrices and Wigner
matrices: the non-concentration of the resolvent entries. In the Wigner case, these diagonal
resolvent entries converge to a deterministic quantity (the Stieltjes transform of the semicircle
law) as N tends to infinity. However, for Lévy matrices H, the diagonal entries Gj;(z) of
the resolvent G(z) = (H — 2)~! converge for fixed z € H to nontrivial (complex) random
variables R,(z) as N tends to infinity [32]. This is the mechanism that generates the non-
Gaussian scaling limit for the limiting eigenvector entries. Indeed, the random variable U, (E)
mentioned above is defined as a (multiple of a) weak limit of R,(E + in), as n tends to 0.

Our proof strategy is dynamical. First, we define a matrix X, which is coupled to the
Lévy matrix H and obtained by setting all sufficiently small (in absolute value) entries of H
to zero. We also introduce the Gaussian perturbation Xy = X + /sW, where W is a GOE
and s < 1. Under a certain choice of s = ¢, we are able to show that the eigenvector statistics
of H are asymptotically the same as those of X;. Second, we identify the moments of the
eigenvector entries of X, in terms of entries of the resolvent matrix R(¢,2) = (X; — 2)7,
where z = F 4 in and 7 tends to 0 as N tends to infinity. Third, we compute the large
N limit of these resolvent entries and deduce the above claims from the behavior of the
resulting scaling limits. We now describe the steps of our argument, and their associated
challenges, in more detail.

1. The first step is a comparison of eigenvector statistics, which has been achieved before
for Wigner matrices with entries matching in the first four moments [73,97]. However, these
results do not apply to Lévy matrices, since the second moments of their entries are infinite.

Instead, we use the comparison scheme introduced above that conditions on the locations of
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the large entries of H and matches moments between the small entries of H and the Gaussian
perturbation VIW in X, = X+ \/EW; these have all moments finite by construction. While
we previously considered the comparison for Green’s function elements, we apply it to general
smooth functions of the matrix entries and write the eigenvector statistics as such functions
using ideas from [42,70].

2. The second step uses the eigenvector moment flow to show that moments of the
eigenvector entries of X; approximate moments of the Im R(¢, z) entries. As in [42,44], a
primary idea here is to apply the maximum principle to show under these dynamics that
eigenvector moment observables equilibriate after a short period of time to a polynomial in
the entries of ImR(¢, z). However, unlike in those previous works, the entries of Im R(s, z)
do not concentrate and therefore might be unstable under the dynamics. To address this,
we condition on the initial data Xo, which one might hope renders the Rj;(s, z) essentially
constant under the flow X, for s < 1. Unfortunately, we cannot show this directly, and in
fact it appears that these resolvent entries can be unstable in the beginning of the dynamics
even after this conditioning. Therefore, we run the flow for a short time 7 before beginning
the main analysis. This has a regularizing effect and ensures the stability of the resolvent
entries of X, for s € [r,t]. Our analysis then proceeds by running the dynamics for a
further amount of time ¢ — 7 > N~1/2 to prove convergence to equilibrium, given this initial
regularity.

3. The third step asymptotically equates moments of Im R;;(¢, z) with those of Im R,(2),
as 7 = Im z tends to 0 and N tends to infinity simultaneously. To analyze the former, we
first use the Schur complement formula and a certain integral identity to express arbitrary
moments of Im Ry (¢, ) through the §-th moments of (real and imaginary parts of) Ry (t, 2),
as in [33,34]. Next, using a local law from the previous section, we approximate these §-th
moments by corresponding ones for R,(z). To analyze the moments of Im R,(z), we use the
same integral identity and a recursive distributional equation for R,(z) from [32] to express

them through §-moments of (real and imaginary parts of) R,(z). We then observe the two
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expressions are equal as N tends to infinity.

We prove our results on eigenvector statistics in Chapter 3. In Section 3.1 we state
our results in detail. In Section 3.2 we give a full proof outline and establish our main
results, assuming several preliminary claims which are shown in the remainder of the chapter.
Section 3.3 recalls results on Lévy matrices from previous works that are required for the
argument. Section 3.4 details the comparison part of the argument. Section 3.5 analyzes
the eigenvector moment flow. Section 3.6 computes the scaling limits of the resolvent entries
mentioned above. Section 3.7 provides some preliminary results needed in the previous
sections, and Section 3.8 addresses convergence in distribution. In Section 3.9, we discuss
quantum unique ergodicity (QUE) for eigenvectors of Lévy matrices, whose analogue for

Wigner matrices was established in [44].

1.4 About this dissertation

This dissertation is a compilation of two papers. The first, [6], appears here as Chapter 2.
This is joint work with Amol Aggarwal and Horng-Tzer Yau. The second, [5], constitutes
Chapter 3. This is joint work with Amol Aggarwal and Jake Marcinek. In each case, I
made minor typographical changes from the versions currently on arXiv to make the sec-
tions stylistically coherent, but did not alter the mathematical content. Further, instead
of reproducing the introduction to each paper individually, I combined them to form the
introduction to this work.

The work [6] will be published in Journal of the European Mathematical Society, while
[5] is an unpublished preprint currently under peer review. Therefore, it is likely that the
published version of the latter will incorporate changes made during peer review and differ
from the one here. The latest version of each paper will always be available on the arXiv.
The copyright to [6] is held by JEMS and the work is reproduced here for non-commercial

purposes, in accordance with the journal’s copyright policy. I and the other authors of [5]
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retain the copyright to that work.

While I performed the research presented in this dissertation, I was partially funded by
the NSF Graduate Research Fellowship Program under grant DGE-114415, and through my
advisor’s NSF grants, DMS-1606305 and DMS-1855509. I thank the NSF for their support.
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Chapter 2

Eigenvalue Statistics of Lévy Matrices

2.1 Results

We fix parameters o € (0,2) and 0 > 0. A random variable Z is a (0,0) a-stable law if
E[e"?] = exp (— o*|t|*), forallteR. (2.1.1)

While many previous works have considered only matrices whose entires are distributed
as a-stable laws, the methods of this work apply to a fairly broad range of symmetric power-
law distributions. We now define the entry distributions we consider in this paper; the end
of this section discusses an extension to more general ones. For simplicity, the reader may
consider the concrete case of an a-stable distribution. The proof for this case contains all

essential features of the general one.

Definition 2.1.1. Let Z be a (0,0) a-stable law with

1/a
o= (23111 @)F@) > 0. (2.1.2)

Let J be a symmetric! random variable (not necessarily independent from Z) such that

!By symmetric, we mean that J has the same distribution as —J.
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E[J?] < 0o, Z + J is symmetric, and

G
(Jt| +1)"

Cy

<Pl|IZ+ T >t £ ——=,
| ) (]t} +1)

for each t > 0 and some constants C7, Cy > 0.

(2.1.3)

Denoting 3 = Z + J, the symmetry of J and the condition E[J?] < oo are equivalent to
imposing a coupling between 3 and Z such that § — Z is symmetric and has finite variance,
respectively.

For each positive integer N, let {H;;}1<i<j<n be mutually independent random variables
that each have the same law as N~Y/%(Z + J) = N~Y/%;. Set H,; = Hj; for each 4,7, and
define the N x N random matrix H = Hy = {H;;} = {Hi(m}, which we call an a-Lévy

5]

matriz.

The N~ scaling in the H,; is different from the more standard N—'/2 scaling that
occurs in the entries of Wigner matrices. This is done in order to make the typical row sum
of H of order one. Furthermore, the explicit constant o (3.1.2) was chosen to make our
notation consistent with that of previous works, such as [18,33,34], but can be altered by
rescaling H.

It was shown as Theorem 1.1 of [18] that, as N tends to oo, the empirical spectral
distribution of H converges to a deterministic measure p,. This is the (unique) probability
distribution p on R whose Stieltjes transform [,(z — z)~" du(x) is equal to the function
mea(2), which can be explicitly described as follows. Denote the upper half plane by H =
{z € C: Imz > 0} and its image under multiplication by —i by K = {2z € C: Rez > 0}. For
any z € H, define the functions ¢ = ¢, .: K = C and ¢ = ¢, ,: K — C by

1 ) /Oo ta/2—1eitze—r(1—a/2)ta/2x dt, Zbaz(x) _ /Oo eitze—r(l—a/2)ta/2z dt,
0 0

‘Pa,z(x) = W

(2.1.4)

for any x € K. For each z € H there exists a unique solution y(z) € K to the equation
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Y(2) = @a,-(y(2)), so let us define

Mal2) = e (4(2)): (2.15)
The probability density function of the measure ., is given by o,, which is defined by setting

1
0a(E) = = limImm,(E +in), foreach £ € R.

T n—0

The term bulk universality refers to the phenomenon that, in the bulk of the spectrum,
the correlation functions of an N x N random matrix should converge to those of an N x N
GOE matrix in the large N limit. This is explained more precisely through the following

definitions.

Definition 2.1.2. Let N be a positive integer and H be an N x N real symmetric ran-
dom matrix. Denote by p%v )()\1, Ao, ..., An) the density of the symmetrized joint eigenvalue

distribution of H.? For each integer k € [1, N], define the k-th correlation function of H by

N
pglg)(xlax%"'axk):/ kpgl\])(xlax%"'7xkayk+1>yk+27"'7yN) H dy]
RN~ .
j=k+1

Definition 2.1.3. Let {H = Hy}nez., be a set of matrices, {0 = on}nez., be a set of a
probability density functions, and E € R be a fixed real number. We say that the correlation
functions of H are universal at energy level E with respect to o if, for any positive integer k

and compactly supported smooth function ' € C°(R¥), we have that

—0, (2.1.6)

lim
N—o0

/RkF(a) (pﬁ?v (E + ﬁ(ﬁi)) — PabEy (Ngi(0)>>da

where da denotes the Lebesgue measure on R* and we recall that .. was defined by (1.2.1).

2In particular, with respect to the symmetrized density, A1, A2, ..., Ax are exchangeable random variables.
Such a density exists because each entry distribution of the random matrix has a density.
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Now we can state our main results. In what follows, we set || V||oo = max;cp g |v;] for any

v = (v1,0,...,v4) € RL

Theorem 2.1.4. Let H denote an N x N «-stable matriz, as in Definition 3.1.1. Suppose

that o € (1,2), and fiz some compact interval K C R\ {0}.

1. For any 6 > 0 and D > 0, there exists a constant C' = C(«, 0, D, K) > 0 such that

P [max {||Jul|e : Hu= Au,|jul, =1,A € K} > N°7V/?] < CN7P.

2. Fix some E € K. Then the correlation functions of H are universal at energy level E

with respect to 0., as in Definition 2.1.5.

Theorem 2.1.5. Let H denote an a-stable matriz, as in Definition 3.1.1. There exists a
countable set A C (0,2) with no accumulation points in (0,2) such that for any o € (0,2)\ A,

there exists a constant ¢ = c¢(a) > 0 such that the following holds.

1. For any 6 > 0 and D > 0, there exists a constant C' = C(a, 9, D) > 0 such that

P [max {||ul| : Hu= Au, [lufo =1, € [-¢,d} > N‘;_I/Z} <CN7P.

2. Fiz E € [—c,c|. Then, the correlation functions of H are universal at energy level E

with respect to 0, as in Definition 2.1.5.

The above two theorems comprise the first complete eigenvector delocalization and bulk
universality results for a random matrix model whose entries have infinite variance. For
a € (1,2), Theorem 2.1.4 completely settles the bulk universality and complete eigenvector
delocalization for all energies (except if @ € A and E = 0), consistent with prediction A in
?7?7. When a < 1, Theorem 2.1.5 can be viewed as establishing a lower bound on the mobility

edge in prediction B.
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Let us make four additional comments about the results above. First, although they
are only stated for real symmetric matrices, they also apply to complex Hermitian random
matrices. In order to simplify notation later in the paper, we only pursue the real case here.

Second, the exceptional set A of a to which Theorem 2.1.5 does not apply should be
empty. Its presence is due to the fact that we use results of [34] stating that certain deter-
ministic, a-dependent fixed point equations can be inverted when o ¢ A.

Third, our conditions in Definition 3.1.1 allow for the entries of H to be not exactly
a-stable, but they are not optimal. Although our methods currently seem to require the
symmetry of J and Z + J, they can likely be extended to establish our main results under
weaker moment constraints on J. In particular, they should apply assuming only this sym-
metry, (3.1.3), and that E[|.J|’] < oo, for some fixed 8 > a. Pursuing this improvement
would require altering the statements and proofs of (2.5.13), Lemma 2.5.8, and Lemma 2.9.1
below (with the primary effort being in the former).®> However, for the sake of clarity and
brevity, we do not develop this further here.

Fourth, local statistics of a random matrix H are also quantified through gap statistics.
For some fixed (possibly N-dependent) integer i and uniformly bounded integer m > 0,
these statistics provide the joint distribution of the gaps between the (nearly) neighboring
eigenvalues {N (A — )\k)}\j*iH heil<m’ Our methods can be extended to establish universality
of gap statistics of Lévy matrices, by replacing the use of Proposition 2.2.11 below with

Theorem 2.5 of [78], but we do not pursue this here.

2.2 Proofs of delocalization and bulk universality

In this section we establish the theorems stated in Section 2.1 assuming some results that
will be proven in later parts of this paper. For the remainder of this paper, all matrices

under consideration will be real and symmetric.

3For the improvement of Theorem 2.1.5, which considers a € (0,2) \ A and small energies, it suffices to
modify only the statements and proofs of Lemma 2.5.8, and Lemma 2.9.1.
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Throughout this section, we fix a compact interval K C R and parameters «, b, v, p > 0

satisfying

1 1 1
ae(0,2), v=——=b>0, 0<p<vr<=, —<rv< ap < (2 —a)v.
[0 «

(2.2.1)

Viewing a € (0,2) as fixed, one can verify that it is possible to select the remaining
parameters b, v, p > 0 such that the conditions (2.2.1) all hold. The reason for these con-
straints will be explained in Section 2.3.2. The proofs of Theorem 2.1.4 and Theorem 2.1.5

will proceed through the following three steps.

1. First we define a matrix X obtained by setting all entries of H less than N™" to zero,
and we establish an intermediate local law for X on a certain scale n = N~% with

w>v(2—a).

2. Next we study V = V, = X + t'/?W, for a GOE matrix W and ¢ ~ N*(®=2_ The
results of [42,77] imply that if the Stieltjes transform and diagonal resolvent entries of X
are bounded on some scale 1y < t, then all resolvent entries of V are bounded by N° on
the scale  ~ N°~! for any § > 0, and bulk universality holds for V. In particular, this
does not require that the resolvent entries of X approximate a deterministic quantity.
Thus, the previously mentioned local law for X (which takes place on scale N~%, which
is less than t ~ N(©~2¥) implies that the resolvent entries of V are bounded by N°

when n = N°!, and that the local statistics of V are universal.

3. Then we establish a comparison theorem between the resolvent entries of H and V.
Combining this with the estimates on the resolvent entries of V from the previous step,
this allows us to conclude that that the resolvent entries of H are bounded by N° on the
scale n = N~ implying complete eigenvector delocalization for H. Further combining

this comparison with bulk universality for V will also imply bulk universality for H.

20



We will implement the first, second, and third steps outline above in Section 2.2.1, Sec-

tion 2.2.2; and Section 2.2.3, respectively.

Remark 2.2.1. In the above outline we use [77] to prove the strongest form of convergence
of local statistics, which is given by (2.1.6). However, if one is content to establish this
convergence after averaging the eigenvalues over a small interval of size N°~! (known as
averaged energy universality), then one can instead use Theorem 2.4 of the shorter work [78].
Moreover, if one is only interested in proving complete delocalization for the eigenvectors of

H, then it suffices to instead use Theorem 2.1 and Proposition 2.2 of [42].

2.2.1 The intermediate local laws

In this section we introduce a removal variant, denoted by X, of our a-stable matrix H,
given by Definition 2.2.2 and Definition 3.2.3 below. Then, we state two intermediate local
laws for X, depending on whether « € (1,2) or a € (0,2). These are given by Theorem 2.2.4

and Theorem 2.2.5, respectively.

Definition 2.2.2. Fix constants « and b satisfying (2.2.1), and let Z, J, and 3 = Z + J be
as in Definition 3.1.1. Let Y = 31;<n», and let X =3 —Y. We call X the b-removal of a

deformed (0,0) a-stable law.

Definition 2.2.3. Let {Xj;}1<i<j<ny be mutually independent random variables that each
have the same law as N~/ X, where X is given by Definition 2.2.2. Set Xi; = Xj; for each
1 <j < i< N, and define the N x N matrix X = {X,;}. We call X a b-removed a-Lévy
matriz. For any complex number z € H, define the resolvent R = R(2) = {R;; }1<ij<n =
(X — 2)7%. Further denote m = my = my(z) = N"'TrR, and also set z = E + in with
E.neRandn>0.

Now, let {Z;;}1<i<j<n and {Ji;}1<i<j<ny mutually independent random variables that
have the same laws as N~Y/*Z and N~Y*J, respectively, where Z and J are as in Defini-

tion 3.1.1. Let {H;;}1<i<j<n be mutually independent random variables such that H;; =
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Zz’j + ng Couple each Hij with Xij so that Xij = Hij - Hilel/a|H¢j\§Nb' Set Hij = Hji for
each 1 < j < i < N, and define the N x N matrix H = {H,;}. The matrix H is an a-Lévy

matrix that is coupled with X, and we refer to this coupling as the remowval coupling. For

any z € H, let G(z) = {G;;(2)} = (H—2)"".

Now let us state intermediate local laws for the removal matrix X at all energies away
from 0 when a € (1,2) (given by Theorem 2.2.4 below) and at sufficiently small energies
for almost all a € (0,2) (given by Theorem 2.2.5 below). The scale at which the former
local law will be stated is n = N~% for some w € ((2 — a)v, 1/), and the scale at which
the latter will be is = N%'/2 for any § > 0. These should not be optimal and do
not match that at which local laws were proven in finite variance cases, which is n = N1
[4,10,12,23,48,52,53,55,56,59,60,64,69], but they will suffice for our purposes. In fact, one can
establish a local law on this optimal scale by combining Theorem 2.2.15 and Theorem 2.2.16
with Theorem 2.2.4 and Theorem 2.2.5, but we will not pursue this here.

The below result will be established in Section 2.4.1.

Theorem 2.2.4. Fix a,b,v > 0 satisfying (2.2.1). Assume that o € (1,2) and K C R\ {0}.

Let w be such that
2—a)v<w<y,
and define the domain
Dkwc={2=E+ineH: EeK, N “<n<C}, (2.2.2)

There exists a small constant s = »(a,b,v,w, K) > 0 and large constants B = B(a) > 0
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and C = C(a,b,v,w, K) > 0 such that

P [ sup  |my(z) — ma(z)| > < < Cexp (——
ZG'DK’wy% N%
. (2.2.3)

_ log N2
P [ sup  max ‘Rjj(z)‘ > C(log N)*/ (D] < Cexp (_M) )

ZG'DK,WV% IS]SN

Theorem 2.2.4 is similar to Theorem 3.5 of [33], but there are several differences. For
appropriate choices of constants satisfying constraints (2.2.1), we control the Stieltjes trans-
form for n > N~1/2, which essentially equals the scale achieved for o € (%, 2) in [33] and
improves the scale n > N~%/(=3% achieved for a € (1, %) in [33]. The latter improvement
is important for our work because it permits us to access the the critical scale t ~ N@=2)¥
for all @ € (1,2). This would not have been possible for a near 1 using the scales achieved
in [33]. Theorem 2.2.4 also asserts estimates on the diagonal resolvent entries R;;(z), which
are crucial for our main results but were not estimated in [33] for any «. Finally, in Theorem
3.5 of [33], a finite, non-explicit set of energies must be excluded, while we need only exclude
the energy 0.

Next let us state the intermediate local law for X at sufficiently small energies when

a € (0,2) \ A, which is a consequence of Theorem 2.6.6 (and Remark 2.6.7), stated in

Section 2.6.1 below.

Theorem 2.2.5. There exists a countable set A C (0,2), with no accumulation points in

, . . L _ (b=1/a)(2—0)
(0,2), that satisfies the following property. Fiz a and b satisfying (2.2.1), set 0 = =55,
and let § € (0,0). Define the domain
. 1 5—1/2 1
Des=4q2z=E+ineH: ESE’ N Snga ) (2.2.4)
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Then there ezists a large constant C' = C(a, b, ) > 0 such that

1 (log N)Q)
P| sup |m z—maz)>— < (Cex (—— , 2.2.5
L@E’,J ¥(2) = male)| > g | < Cexp (5 2:2.5)
and
(log N)?
P Z:ggé e |Rjj(z)| > (log N)¢| < Cexp <—T : (2.2.6)

Theorem 2.2.5 is similar to Proposition 3.2 of [34], except that it also bounds the diagonal
resolvent entries R;;(z). Furthermore, Theorem 2.2.5 estimates the Stieltjes transform my(z)
for smaller values of n = Imz > N~2 than in Proposition 3.2 of [34], which requires
n > N~*/*®)  This improvement is again important for us to access the the critical scale

t ~ N@=2 for all o € (0,2).

2.2.2 Estimates for V

In this section we implement the second step of our outline, in which we define a matrix
V = X + t'/?W, establish that its resolvent entries are bounded by N? on scale N°~!, and
show that its local statistics are universal.

Recall that a, b, v, p > 0 are parameters satisfying (2.2.1), and define ¢t = ¢(p,v) by the

conditional expectation

NE[H} 11, <N ]

t = NE|H}\ 1, <N P[|Hy:| < N—7]

(2.2.7)

\Hyy| < N*P} -

We require the following lemma that provides large N asymptotics for ¢; with the defi-
nitions of (2.2.1), it in particular implies ¢ = o(1). Its proof will be given in Section 2.3.1

below.

Lemma 2.2.6. There exist a small constant ¢ = c(a, v, p) > 0 and a large constant C =
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C(a,v,p) > 0 such that
eN©@2Dv <t < ONO2Y, (2.2.8)

Now let us define a matrix V that we will compare to H.

Definition 2.2.7. Define the N x N random matrix V = {v;;} = X + t'/2W, where t is
given by (3.2.10); X is the removal matrix from Definition 3.2.3; and W = {w;;} isan N x N
GOE matrix independent from X. For any z € H, let T = T(z2) = {T;;(2)} = (V — 2)~..

Now we would like to bound the entries of T and show that bulk universality holds for
V. To do this, we first require the following definition from [78], which defines a class of

initial data on which Dyson Brownian motion is well-behaved.

Definition 2.2.8 ([78, Definition 2.1]). Let N be a positive integer, let Hy be an N x N
matrix, and set mg(z) = Nt Tr (Ho—z)_l. Fix By € R, 6 € (0,1), and v > 0 independently
of N. Let 1y and r be two (N-dependent) parameters satisfying N°~' < ny and N2y < r <
1. Define

D(Eo,r,m0,7) = {z=E+in€H: E€[E—rEy+r], 1¢€nl}. (2.2.9)

Although D(Ey,r,no,7y) in the above definition depends on § through the choice of 7y, we
omit this from the notation.
We say that Hy is (1,7, r)-reqular with respect to Fy if there exists a constant A > 1

(independent of N) such that

|Ho| < N4, < sup  Immg(z) < A. (2.2.10)

2€D(Eo,m,n0,Y)

| e

Now let N be a positive integer and Hy denote an N x N matrix. Recall that W = {w;;}
is an N x N GOE matrix (which we assume to be independent from Hy), and define H, =

H, + s'/?W for each s > 0. For each z € H, let G, = G,(z) = {Gy;(s,2)} = (H, — z)fl.
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If Hy is (1o, 7y, r)-regular and s is between 7y and r, then the following proposition esti-
mates the entries of G,(F + in), when 7 can be nearly of order N=!, in terms of estimates
on the diagonal entries of Go(F + irp). Its proof will appear in Section 2.8 and is based on
results of [42,78].

Proposition 2.2.9. Adopt the notation of Definition 2.2.8, and let B € (1777_10) be an
N-dependent parameter. Assume that Hy is (no,y,r)-regular with respect to Ey and that
maxi<j<n |G;;(0,2)| < B for all = € D(Eo,r,m0,7). Let s € (N°no, N~°r). Then, for any
D > 1 there exists a large constant C' = C(d, D) > 0 such that

P [sup max |Gij(s,z)| > N°B| <CN~P,

ze® 1<i,j<N
where we have abbreviated ® = D(Ey, 3, N1y — 5)-
Now we can bound the entries of T.

Corollary 2.2.10. Let a,b,v,p > 0 satisfy (2.2.1). For given Ey € R and 6,~,r > 0, we
abbreviate ® = D(Ey, £, N1, v — L) (as in (2.2.9)).

1. Ifa € (1,2) and K C R\{0} is a compact interval, let vy denote the constant B = B(«)
from Theorem 2.2.4. Let Ey € K and 0,7 > 0 be constants (independent of N ) such
that [Eg—r, Eg+1] C K andr < ~. Then, for any D > 0 there exists a large constant
C=C(a,v,p,0,D,K) >0 such that

P |sup max ’ﬂj(z)‘ > N°| <CN~P, (2.2.11)

2D 1<4,j<N

2. If A C (0,2) is as in Theorem 2.2.5 and o € (0,2) \ A, then let v = 55, where the
constant C is from Theorem 2.2.5. Further let Ey € R and r € (0,7) be constants
(independent of N) such that [Eq — 1, Eg + 1] C [ — 27,2y]. Then, for any §,D > 0,

there exists a large constant C = C(a, v, p,d, D) > 0 such that (2.2.11) holds.
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Proof. We assume « € (1,2), since the case o € (0,2) \ A is entirely analogous. By Theo-
rem 2.2.4, there exist large constants 8 = B(«) > 0 and C' = C(«, b, w,d, D, K) > 0 such

that

iy /4
P Zejs;;i}% 1r§nj8£§v|R“(z)| > N

< Cexp (—@) : (2.2.12)

for any (2—a)v < w < v, where we recall the definition of D ., o5 from (2.2.2). Furthermore,
observe (after increasing C' if necessary) that P[||X|| > N@P3/e] < CN72P | since a < 2
and the probability that the magnitude of a given entry of H is larger than N@P+D/« ig at
most CN~2P-2,

Therefore, we may apply Proposition 2.2.9 with that Hy equal to our X; that ny equal
to our N~%; that ¢ equal to our ¢, which is defined by (3.2.10) and satisfies ¢t ~ N(@=2" by
Lemma 3.2.6; that ¢ to be sufficiently small, so that it is less than our ¢ and 1 (w —(2—a)v)
(if o were in (0,2), then we would require that d be less than 1 (1 — (2 — a)v) instead); that
Ey equal to the Ej here; that v equal to our ®8; that r equal to the min {r, %} here; and that
A sufficiently large. Under this choice of parameters, G; = T, so Proposition 2.2.9 implies

(2.2.11). 0

We will next show that the local statistics of V are universal, which will follow from
the results of [63,77,78] together with the intermediate local laws Theorem 2.2.4 and Theo-
rem 2.2.5. Specifically, the results of [63,77,78]| state that, if we start with a (1,7, r)-regular
matrix (recall Definition 2.2.8) and then add an independent small Gaussian component of
order greater than 7y but less than r, then the local statistics of the result will asymptotically
coincide with those of the GOE. To state this more precisely, we must introduce the free
convolution [29] of a probability distribution with the semicircle law.

Fix N € Z-o and an N x N matrix A. For each s > 0, define A® = A + s'/2W, where

1

W is an N x N GOE matrix. For any z € H, also define m®)(2) = N7 Tr (A®) — 2) 7 to

be the Stieltjes transform of the (N-dependent) empirical spectral density of A® which we
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denote by p®)(z) = 7 lim, o Im m®) (E + in).
The following proposition establishes the universality of correlation functions of the ran-

dom matrix M(S), assuming that M is regular in the sense of Definition 2.2.8.

Proposition 2.2.11 ([77, Theorem 2.2]). Fiz some § € (0,1) and v > 0, let N be a
positive integer, and letr € (0, N=%) andny € (N°~1,1) be N-dependent parameters satisfying
no < N~%r. Let M be an N x N matriz, and assume that M is (1o, y, r)-reqular with respect
to some fired E € K. Then, for any s € (N5170, N*‘;r), the correlation functions of M) are

universal at energy level E with respect to p'®, as in Definition 2.1.5.

Using Proposition 2.2.11, one can deduce the following result. In what follows, we recall
the matrices X and V = X® from Definition 3.2.3 and Definition 2.2.7, respectively (where

t was given by (3.2.10)).

Proposition 2.2.12. Assume o € (1,2) and K C R\{0}, and let E € K. Then the correla-
tion functions of V are universal at energy level £ with respect to o,, as in Definition 2.1.5.
Moreover, the same statement holds if A and C' are as in Theorem 2.2.5, a € (0,2)\ A, and

EC |~ 3030

To establish this proposition, one conditions on X and uses its intermediate local law
(Theorem 2.2.4 or Theorem 2.2.5) and Lemma 3.2.6 to verify the assumptions of Propo-
sition 2.2.11. Then, the latter proposition implies that the correlation functions of V are
universal at £ with with respect to p{®). The remaining difference between universality with
respect to p*)(E) and the desired result is in the scaling in (2.1.6). Specifically, one must
approximate the factors of p*)(E) by g,(F) in Definition 2.1.3. This approximation can be
justified using the intermediate local law (Theorem 2.2.4 or Theorem 2.2.5) for X through
a very similar way to what was explained in Lemma 3.3 and Lemma 3.4 of [70]. Thus, we

omit further details.
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2.2.3 Proofs of Theorem 2.1.4 and Theorem 2.1.5

In this section we establish Theorem 2.1.4 and Theorem 2.1.5. This will proceed through a
comparison between the resolvent entries of H and V (from Definition 2.2.7). In Section 2.2.3,
we state this comparison; we will provide a heuristic for its proof in Section 2.3.2, and
the result will be established in detail in Section 2.3. We will then in Section 2.2.3 use
the comparison to deduce eigenvector delocalization and bulk universality for H from the

corresponding results for V established in Section 2.2.2.

The comparison theorem

To formulate our specific comparison statement, we require a certain way of decomposing
the matrix H so that the elements of this decomposition remain largely independent. A less
general version of this procedure was described in [4] under different notation to establish
bulk universality for Wigner matrices whose entries have finite (2 + ¢)-th moment. This is

done through the following two definitions.

Definition 2.2.13. Let ¢ and x be independent Bernoulli 0 — 1 random variables defined

by

P Hij N_V,N_p
Pl =1] =P[|Hy| > N*], Plx=1]= UIP’HEHLN_’)} )}

In particular, ¢ has the same law as the indicator of the event that |H;;| > N 7. Similarly, x

has the same law as the indicator of the event that |H;;| > N~", conditional on |H;;| < N~°.
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Additionally, let a, b, and ¢ be random variables such that

P[H, e (-N-",N~*)n J]
Flog € 11=— P[|H;| < N=)] ’
P|H,; € (-N~*,—~N~*]U[N~",N~#)) 1 [}
Plb;; € I] = — P[[H,| € [N, N-7)] ;
P|H,; € ((—00,~N~#]U[N~*,00)) N I}
Plei; € I = —

P[|H;;| > N—*] ’

for any interval / C R. Again, a has the same law as H;; conditional on |H;;| < N7%; similar

statements hold for b and c.

Observe that if a, b, ¢, 9, and x are mutually independent, then H;; has the same law as
(1—¢)(1—x)a+ (1 —1)xb+1c and X;; has the same law as (1 —1)xb+1c. Thus, although
the random variables H;;1 g, |>n-¢, HijIn-v< | )<n-», and Hyj1 g, <n-v are correlated, this

decomposition expresses their dependence through the Bernoulli random variables 1 and .

Definition 2.2.14. For each 1 < i < j < N, let a;;, bij, cij, ¥i;, and x;; be mutually
independent random variables whose laws are given by those of a, b, ¢, ¢, and x from
Definition 3.2.4 respectively. For each 1 < j < i < N, define a;; = aj by symmetry, and
similarly for each b;;, ¢;j, ¥i;, and x;;. Let P and E denote the probability measure and
expectation with respect to the joint law of these random variables, respectively.

Now for each 1 <1i,5 < N, set

Aij = (1 - %’j)(l - Xij)aij> Bij = (1 - %j)Xijbij, Cij = ?/Jijcija (2-2'13)

and define the four N x N matrices A = {A4;;}, B ={B;;}, C ={C;;}, and ¥ = {¢;,}.
Sample H and X by setting H= A + B + C and X = B + C. We will commonly refer
to W as the label of H (or of X). Defining H and X in this way ensures that they have

the same laws as in Definition 3.1.1 and Definition 3.2.3, respectively. Furthermore, this
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sampling induces a coupling between H and X, which coincides with the removal coupling

of Definition 3.2.3.

To state our comparison results, we require some additional notation. Define A, B, C,
H, and X as in Definition 3.2.5, and let W = {w;;} be an independent N x N GOE matrix.

Recalling the parameter ¢ from (3.2.10), define for each y € [0, 1] the N x N random matrices

H' = {H}}=7A+X+(1-)VPW, @' ={G}}=H —2)"
Observe in particular that H = V, G* = T, H' = H, and G' = G, where we recall the
matrices V and T from Definition 2.2.7. Our comparison result will approximate the entries
of G” by those of G° for any v € [0, 1], after conditioning on ¥ and assuming it to be in an
event with high probability with respect to PP.

So, it will be useful to consider the laws of H and X conditional on their label W. This
amounts to conditioning on which entries of H are at least N=7. For any N x N symmetric
0 — 1 matrix ¥, let Py and Eg denote the probability measure and expectation with respect
to the joint law of the random variables { @ij, bij, Cij, Vij, Xij } from Definition 3.2.5 conditional
on the event that {t;;} is equal to W. This induces a probability measure and expectation
on the H” and G7, denoted by Py and Ey, respectively.

It will also useful for us to further condition on a single y;;. Thus, for any x € {0,1}
and 1 < p,qg < N, let Py [ |qu} =Py [ . ‘qu = X] denote the probability measure Py after
additionally conditioning on the event that x,, = X, and let Ey [ . | qu} = ]Eq;[ . } Xpg = X}
denote the associated expectation. Observe in particular that EX []Eq,H quH =Eg [ . }, where
[EX denotes the expectation with respect to the Bernoulli 0 — 1 random variable x from
Definition 3.2.4.

The following theorem, which will be a consequence of Proposition 2.3.4 stated in Sec-
tion 2.3.4 below, provides a way to compare conditional expectations of G° to those of G”

for any v € [0, 1]. After conditioning on the label ¥ to not have too many entries equal to
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1, it roughly states that one compare expectations of smooth functions of these resolvent

entries, assuming a bound on the probability they are large.

Theorem 2.2.15. Let a, b, p,v satisfy (2.2.1), and fiz a positive integer m. Then, there
exist (sufficiently small) constants € = (o, v, p,m) > 0 and w = w(a, v, p,m) > 0 such that
the following holds. Let N be a positive integer. For each integer j € [1,m], fix real numbers
E; € R and n; > N2, and denote z; = E; + in; for each j € [1,m]. Furthermore, let

F:R™ — R be a function such that

sup ‘F(“)(:vl,...,xm)‘ < NCes, sup ’F(“)(:pl,...wm)‘ < N, (2.2.14)
0<|ul<d 0<|ul<d
;| <2N* |zj|<2N?
for some real numbers Co,d > 0. Here p = (1, fo, - - -, fm) 1S an m-tuple of nonnegative

integers, |u| = Y01 i, and F = [T, (%)“jF. Assume that d > do(a, v, p,m,Cy) is

sufficiently large. For any symmetric 0 — 1 matriz W and complex number z, define the

quantities J = J(V) and Qo = Qo(e, 21, 22, - - -, 2m, V) and the event Qy = Qq(e, z) by

J= Og‘lgéd 1<issl’.1j£)<NE\p |i‘F(“) ( Im G;yljl’ S ,Im G;ymjm) ):| , (2215)
0<y<1
and
N I SRS L) 22.10)
1<i,5<N —
0<7<1 =1

Now let U be a symmetric 0 — 1 random matriz with at most N'T°*¢ entries equal to 1.

Then, there exists a large constant C' = C(«, v, p,m) > 0 such that

EQ[F(Ian” o Im@

Sup ai1by’ am

0<y<1

a1b17

)] ~Eo[F(Im ...,ImGgmbm)H

(2.2.17)
<CN™“(J 4 1)+ CQN+0,
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for any indices 1 < ay,ag,...,0n,b1,ba, ..., 0y < N. The same estimate (2.2.17) holds if

some of the Im ngbj and Im G, are replaced by Re ngbj and Re G , , respectively.

ajbj azb;’

Although the conditioning on the label ¥ might notationally obscure the statement of
Theorem 2.2.15, we will see in Section 2.3.3 that this particular statement of the result will
be useful for the proof of Proposition 2.2.17 below. Additionally, we note the constants e,
w, and dp from Theorem 2.2.15 are explicit; see (2.3.25) and (2.3.26) for their values in the

case m = 1.

Eigenvector delocalization and bulk universality for H

In this section we establish Theorem 2.1.4 and Theorem 2.1.5. We first show that the
resolvent entries of H are bounded by N° on the nearly optimal scale n = N°~! for arbitrarily

small § > 0.

Theorem 2.2.16. In both regimes (1) and (2) in Corollary 2.2.10, we have for sufficiently
large C' = C(a,v,p,0,D,K) > 0 that

P | sup sup max ‘GZ](,Z)} > N°| <CON~P. (2.2.18)

0<~<1 ze® 1SHISN

Theorem 2.2.16 is a consequence of Corollary 2.2.10 and the following comparison result,
which allows one to deduce bounds on the entries of G” from bounds on those of T; the

latter result will be established using Theorem 2.2.15 in Section 2.3.3 below.

Proposition 2.2.17. Assume that «,b,v,p > 0 satisfy (2.2.1), and recall that K C R is
a compact interval. Fix ¢ > 0, and suppose that for each 6 > 0 and D > 0 there exists a

constant C = C(«, p,v,0, D, K) such that

P| sup sup max }Tij(EjLin)‘ > N| <CN~P. (2.2.19)
n>Ns—1 BeK 1Si,j<N
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Then, for each 6 > 0 and D > 0 there exists a large constant A = A(«, p,v,6, D, K) such

that

P| sup sup sup max |GL(E+in)| > N°| < AN™P. (2.2.20)

0<y<1 p>Ns-1 EeK 1<6,j<N

Now we can establish Theorem 2.1.4 and Theorem 2.1.5.

Proof of Theorem 2.1.4 and Theorem 2.1.5. It is known from Corollary 3.2 of [64] that com-
plete eigenvector delocalization of the form given by the first parts of Theorem 2.1.4 and
Theorem 2.1.5 follows from bounds on the resolvent entries |Gy;(2)| = ‘Gllj(z)‘ of the form
(2.2.18). Thus, the first parts of Theorem 2.1.4 and Theorem 2.1.5 follow from Theo-
rem 2.2.16.

To establish the second parts of these two theorems, fix a positive integer m, and let
21,22, .., %m € C be such that Im z; > % for each j € [1, N]. Furthermore, if we are in

the setting of Theorem 2.1.4 then we additionally impose that each Rez; € K: if we are

1

56> Where C'is from

in the setting of Theorem 2.1.5, then we require that each |Re zj‘ <
Theorem 2.2.5. We now apply Theorem 2.2.15 with F(z1, 22, ..., 2,) = [[1-, 2:.

Then, Theorem 2.2.16 implies that the quantity )y from Theorem 2.2.15 is bounded
above by N=P for any D > 0 if N is sufficiently large. Furthermore, that theorem and the
deterministic bounds |T};|, |G| < N? (due to (2.3.2) below) imply that for each 6 > 0 there
exists a constant C' = C/(§) such that the quantity J(¥) from (2.2.15) is bounded by C'N°.
Also observe from (3.1.3) and the Chernoff bound that there exists a large constant C' > 0

such that

g (2 o

< Ce N, (2.2.21)

Thus, the probability that the matrix ¥ from Theorem 2.2.15 has more than N*erte
entries equal to one is bounded by ¢ te=“" for some constant ¢ > 0. On this event, we apply

the deterministic bounds |T};|, |Gi;| < N?. Off of this event, we apply (2.2.17) (averaged over
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all (a1,a9,...,am) = (b1,b2,...,by) in [1, N]) and then average over ¥ conditional on the

event that U has at most N'T%*¢ entries equal to one. Combining these estimates implies

E {N‘m H ImTrG(z;)) — N ™ H Im Tr T(Zj):| <CN™, (2.2.22)

J=1 J=1

after increasing C' and decreasing c if necessary. It is known from Theorem 6.4 of [64] that
a comparison of this form implies that the correlation functions of G and T asymptotically
coincide. Now the universality of the correlation functions for H at energy level E follows

from the corresponding statement for V, given by Proposition 2.2.12. O]

2.3 Comparison results

In this section we establish Theorem 2.2.15. After recalling several identities and estimates
in Section 2.3.1, we provide a heuristic for the proof of Theorem 2.2.15 in Section 2.3.2.
Next, assuming Theorem 2.2.15, we use it to establish Proposition 2.2.17 in Section 2.3.3.
We then outline the proof of Theorem 2.2.15 in Section 2.3.4 and implement this outline in

the remaining sections: Section 2.3.5, Section 2.3.6, and Section 2.3.7.

2.3.1 Estimates and identities

In this section we state several identities and estimates that will be used throughout this
article. We first recall that, for any square matrices M and K of the same dimension, we

have the resolvent identity
K'-M'=K'M-K)M . (2.3.1)

Furthermore, for any symmetric matrix M and z = E' + in € H with E,n € R, we have the
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deterministic estimate (see equation (8.34) of [52])

1
‘Kij‘ < -, where K={K;}=(M-2)" (2.3.2)

3

Moreover, observe from (3.1.3) and the fact that H;; has the same law as N~%/%(Z + J) that

Cl CZ
<P|H;l >t < ———— f t . 2.3.
N1 S [| ”|_}_Nt°‘—|—1’ or any t > 0 (2.3.3)
Using (2.3.3), we can establish the following lemma, which bounds moments of trunca-

tions of H;;. As a consequence, we deduce Lemma 3.2.6.

Lemma 2.3.1. Fiz R > N~V qnd let sij = Hij1lig,,\<r- For any positive real number p > a,
we have that cNT'RP~ < E[|s;;|P] < CN7'RP=, for a small constant ¢ = c(c, p,Ca) > 0

and a large constant C' = C(«a,p,Cy) > 0.

Proof. From (2.3.3), we have that

R R -

_ Cip —1— CipRF—
E||si;|? :p/ sPTIP[|Hy| > slds < —= T ds = ———
lsal) =p [ Pl = sJas < SF [ N —a]

which establishes the upper bound in the lemma. To establish the lower bound, observe

from (2.3.3) and the bound R > N~/ that

Cip (B ds
N R/2 gatl-p + N-1lgl-p
R _ 9a—p\ pPp—«
5N s 5N(p — «)

R
E||s; "] :p/ sPT'P[|Hyj| > s]ds >
0

]

Proof of Lemma 3.2.6. From Lemma 2.3.1 applied with R = N7 and p = 2, we deduce
the existence of constants C' = C(a, C;) > 0 and ¢ = ¢(a, Cy) > 0 such that cN@= 21 <

E[HE1 i, <n-+] < CN©@2¥71 Combining this with the fact that P[|Hy;| < N7*] > 1 for

1
2
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sufficiently large N (due to (2.3.3)), we deduce the lemma. O

We close this section with the following lemma, which bounds the conditional moments

of the random variables A;; and B;; from Definition 3.2.5.

Lemma 2.3.2. Let p > «. There ezists a large constant C = C(v, p,p) such that, for any

indices 1 < 1,7 < N, we have that
Eq/ UA”’p‘X”] S CNV(aip)il, E\p UB”’IJ] S CNp(aip)il. (234)

Proof. Let us first establish the bound on ]Eq,[\Bij\p}. There are two cases to consider,
depending on the entry ¢ € {0,1}. If ¢;; = 1, then B;; = 0 and thus (2.3.4) holds. If
1;; = 0, then there exists a constant C' = C(p,p) > 0 such that

E[|Bj;|*] < E[|Hi;P1m,1<n-r)
Py, =0] = P[|Hy| < N-7]

Eq[|B;;[] = < NP

where to deduce the last estimate above we used Lemma 2.3.1 and the fact that IP’UHU| >

N=*] > 1 for sufficiently large N (due to (2.3.3)). This yields the second estimate in (2.3.4).
Through a very similar procedure, we deduce after increasing C'if necessary that E [|aij |p] <

CN¥@=P)=1 where a;; has the same law as the random variable a given in Definition 3.2.4.

Now the first estimate in (2.3.4) follows from the deterministic bound |A4;;| < |a;;|. O

2.3.2 A heuristic for the comparison

Here we provide a heuristic for the estimate (2.2.17) if a = i = b for some i € [1, N]. Condi-

tioning on ¥ (and abbreviating Eg as E here for brevity), we obtain

(4 7t ;
Gz’j Jjk — (1 — ,.)/2>1/2wjk sz

OEG}]= > E

1<j,k<N

Y

where we used (2.3.1) to compute the derivative on the left side.
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Now let us consider two cases. The first is the “large field case,” meaning that v, =1
(which implies that A;, = 0 = By, and |Hjz| > N~). Recall the formula for Gaussian
integration by parts (see, for example, Appendix A.4 of [93]): for a differentiable function
F: R — R subject to a mild growth condition, and a centered Gaussian g, E[gF(g)] =
E[¢?| E[F'(g)]. We integrate by parts with respect to the Gaussian random variable r =
NV %w,,, which is centered and has variance one. This yields

o t\"? 7t
A =22 (N) E[GeGl] = FEIGHGLGL + -],
where the additional terms are degree three monomials in the G; (and we again used (2.3.1)
to compute the derivatives of the resolvent entries). Assuming that each }GZJ{ is bounded,
and using Lemma 3.2.6 and the fact that the number of pairs (j, k) for which t;;, = 1 is
essentially bounded by N**! we can bound the total contribution of these terms by a

multiple of
thlNa;H»l ~ Nu(a72)+ap'

The second is the “small field case,” meaning that 1;;, = 0 (so |H;;z| < N~?). Recall that
A = a;i(1—xjx) and Bjr = bjixjk, and abbreviate ajx = a, bj, = b, X1 = X, and w;, = w.

Letting U” = {Ujk} denote the resolvent of H whose (7, k) and (k, j) entries are set to zero,
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we can expand G” around U” using (2.3.1) to obtain

’Yt1/2lU
E Gk(ﬂ—x)a—m Gji

t1/2
=E ((1 —X)a+ ﬁ) (7(1 —x)a+ xb+ (1 — 72)1/2%1/21(}) (ULURUL + )
t1/2 3
+E ( 2 )1/2) (7(1 —x)a+ xb+ (1 - 72)1/2251/221)) (Uv U )
’YE[ )a —tw]]E[mm UJ+ -]
—l—*yE[fy? x)a* +37*(1 — Y)tw’a +3Xt’w252+(1—72)t2w4]E[U7-~U7+-~],

where the additional terms refer to polynomials in the entries of U. To deduce the first
equality, we used the fact that terms not involving a factor of (1 —x)a -+ xb-+(1—~2)2t1/2
(first order terms) and those involving (ya(1—x)-+bx+(1—~%)"/2t"/ 2w)2 (third order terms)
vanish because a, b, and w are symmetric and U, a, b, w, and x are mutually independent.

From the choice of t, we have that
VE[(1 - x)a® — tw?] = 0.

Hence the second order terms vanish if v;; = 0. Assuming that the entries of U" are

bounded, we can also estimate the sum of all fourth order terms by a multiple of

N2E (1- X)a4 +(1- X)tw2a2 + th2b2 T 20t < NVle=9+1 4 pr(ptr)(a=2) 4 pr2v(a—2)

< Nl/(a74)+1 _i_Nfr’

for some r > 0. Here, we used (3.1.3), Lemma 3.2.6, and the facts that (1 — x)a =
Hij1jg,j<n— and xb = Hyly—v<g,|<n-» to deduce that E[(l — X)aﬂ ~ Nvle=4)-1 E[(l —
x)a? ~ N@=2¥=1 and E[xb* ~ NP(@=2~1 as shown in Lemma 2.3.2.

Hence the total contribution from the second and fourth order terms is bounded by a
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multiple of

Ny(a—2)+ap+NV(a—4)+1 + N

For this to tend to 0, we require

1

v >
4—a’

ap < (2 —a)v, 0<p<uv,

where the last restriction is by definition. This recovers a number of the constraints imposed
by (2.2.1). To motivate the others, recall that the local law for X was proved for any scale
N~ with (2 —a)v < w < v < i for a € (1,2) (Theorem 2.2.4) and at the scale N°'/2
for almost all o € (0,2) in the small energy regime (Theorem 2.2.5). In order to apply the
results on Dyson Brownian motion from Section 2.2.2; we need the scale of these local laws

to be smaller than ¢ ~ N¥(®=2) For a € (1,2), this condition is guaranteed. For o < 1, this

1

52> Which is the remaining condition in (2.2.1).

requires v <

2.3.3 Improving the scale

In this section we establish Proposition 2.2.17, assuming Theorem 2.2.15 holds, using an
induction on the scale 7.

To that end, recall the definitions of the matrices G7(z) for any v € [0, 1], and define

_ : 4
BO,n) =P| max |GL(E +in)| > N°|, (2.3.5)
0<A<1

for any E € R, n > N<7! and § > 0. Moreover, fix ¢ and w as in Theorem 2.2.15, choosing

k = 1 in that theorem, and let o = 7. We omit the dependence of a,b,p,v,&,w, and k
in the notation for the constants appearing in the following lemma and view them as fixed
parameters.

We begin with the following lemma.
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Lemma 2.3.3. Adopt the notation and assumptions of Proposition 2.2.17. For any § >
0 and integer D > 0, there exists a large constant C = C(3,D) such that PB(5,n) <
CNYB(5,N7n) + CN~P for ally > N1

Proof. Let p = {w], and define F,(z) = |2/ + 1. Observe that there exists a constant

C,, only dependent on p (and therefore only dependent on § and D) such that
‘FZS“) (z)| < CpFy(x), forallz € R and a € Zso. (2.3.6)

Now we apply Theorem 2.2.15 with F(x) = F,(x). Observe that the Cj from that
theorem can be taken to be 4p and that d can also be taken to be bounded by constant
multiple of p (where the implicit constants depend v, p, and ¢, although in the future we
will not mention the dependence on these parameters, since they are already fixed). In view

of (2.2.17) and (2.3.6), there exists a large constant B, (only dependent p) such that
Ey [Fp(hn ng(z))} < Ey [Fp(ImTab(z))} + B, (N“3,(0) + Qole, W)NP +1), (23.7)
for any 0 — 1 symmetric N x N matrix U with at most N'*%*¢ entries equal to 1, where

Jp(¥) = ISSZ%};NE\IJ [F,(ImG))], Qo(e,2,0) =Py LQ?E‘N G7.(2)| > N7 |.
0<y<1 0<y<1

Now observe that taking the supremum over all 1 < a,b < N and 0 <~ < 1 on the left

side of (2.3.7) yields J,(¥). Therefore,

(1= B,N")3,(¥) < max Ey|F(ImTu(2))| + B, (Qo(e, 2 )N +1). (23.8)

 1<a,b<N

We now take the expectation of (2.3.8) over U. On the event when there are at most
N1Ferte entries equal to C' in U, we apply (2.3.8). The complementary event has probability

bounded by ¢ te=¢¥| for some constant ¢ > 0, due to (2.2.21); on this event, we apply the
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deterministic bounds Fp( Im G’Zb) < N*? and F,(ImT,;) < N°°. Combining these estimates

and fact that B,N™* < % for sufficiently large N yields that

3 < N max E|F,(ImTu(2)) | + By (NFP(e,n) +1) + BN e, (2.3.9)

1<a,b<N

where

Jp = max E[F,(ImGj))].

1<ij<N
0<~v<1
Here we increased B, and used
~ ~ ] 2
J<E[F,(¥)]; E |:1<1'5%§NE\1; [Fp( Im Tab(z))H <N 133%%(]\[1[3 [Fp(ImTab(z))} )

After increasing B, again if necessary, we find from (2.2.19) and the trivial bound (2.3.2)
that ]E[Fp(hn Tab(z))] < B,N for any 1 < a,b < N. Inserting this into (2.3.9) yields

Jp < ByN® + B,N" (e, ) < B,N® + B,N"Q(e — 0, N7), (2.3.10)

where in the second estimate above we have used the fact that B(e,n) < P(e — 0, Nn),

which follows from the bound

max { max |GJ(E +in)

1<i,j<N

,1} SRmax{ max ‘G%(E—HRU)LI}, for any R > 0,

1<i,j<N

(2.3.11)

given as Lemma 2.1 of [23]. Applying (2.3.10), a Markov estimate, the fact that o = £, and
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the fact that pd > D + 30, we see for any ¢, j that

sup P | max [ImG};(z)| > N°?| < N? max P[|ImG};(z)| > N°/?
seloy]  [1siasN o=

E[F, (ImG},)]
2 p ()
<N 12?%(1\7 F,(N9/?)

0<~<1

~

b £ .
< Np§—2 < B,N""7® + B,N"Q <§’N 77)-

(2.3.12)

Applying a union bound over the 4, j and the same reasoning with Im G}, replaced by

Re G,, we deduce the estimate

sup P | max ‘GZJ(Z)} > N‘S/z} < B,N P2 4+ B NP2 (g, N”n) . (2.3.13)

76[071] 1sijsN

Now the proposition follows from applying a union bound in (2.3.13) over all v € [0,1] N

N~2°Z then extending these range of 7 to all of [0, 1] through the deterministic estimate
1 (2) — GV (2)] < 2|y — ~/|Y/2NS g
|G35(2) = G ()| < 2ly =+'[72N (1 +1g§\§N\wm\) ,

due to (2.3.1), (2.3.2), the fact that n > N~2, and the bound P[|w;;| > 2] < e V. O
We can now establish Proposition 2.2.17.

Proof of Proposition 2.2.17. Set k = (%W We first claim that, for any integers D > 0 and
k € [~1, k], there exists a constant C' = C(D, k) > 0 such that P (5, N*) < ON~P.

To establish this, we proceed by induction on k. Because « is constant, only finitely many
inductive steps are required. Therefore, we may permit the constants C(D, k) to increase at
each step.

The base case k = —1 is trivial, because (2.3.2) implies that ‘B(%,n) = 0 for any n €

(1, N°]. For the induction step, suppose the claim holds for & = m € [—1,xk — 1], and fix
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some integer D > 0. We must show that there exists a constant C'= C(D, m + 1) > 0 such
that P(5, N~mD7) < ON-P.

To that end, applying Lemma 2.3.3 yields an integer C; = C1(D,m) > 0 such that

B (% N‘(m“)") < CINOB (% N‘"”) +C\N7P. (2.3.14)

Next, recall by the induction hypothesis for £k = m that, for any integer D’ > 0, there
exists a constant C' = C'(D’,m) > 0 such that ‘,]3(3, N*m") < CN~P'. In particular, taking
D' = C + D, there exists a constant Cy = Cy(D, m) > 0, given by the C(Cy + D, m)
from the induction hypothesis, such that B(5, N-™7) < CoN~“~P. Inserting this into
(2.3.14) yields B (5, N~(mT7) < (C1Cy + C1)N~P, which completes the induction after
setting C'(D,m + 1) = C1Cy + C}.

Now fix §, D > 0. For any > N7, applying Lemma 2.3.3 shows there exist constants

B = B(0,D) > 0 and C' = C(d, D) > 0 such that
P (6,1) < ONOF (5, N7) + CNP < BN P, (2.3.15)

where we used the fact that N°n > N~ the bound %(%,N"“) < CN=9=P and the
monotonicity of B (d,n) in n (which follows from (2.3.11)).

Now let D denote the set of z € H of the form E + in, where £ € K and N*"! <pn <1
are both of the form &5 for some integer k. Then a union bound applied to (2.3.15) shows

that

B
7' > %) < 5,D+25 ) 3.
P ilelg 7sel[,g,)l]  Jax !sz(z)’ > N°| < ND (2.3.16)

Now from (2.3.16) and the deterministic estimate |Gy;(z) — Gy;(2')| < N|z — 2/| we deduce
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that

Bs,py2s

P| sup sup max |G7.(2)] >2N?| <
nZNgwe[OI,)l] ISWSN} bl z - NP

(2.3.17)

Here, we used the fact that bound holds trivially in the region where n > 1 by (2.3.2). Thus

(2.2.20) follows by setting v = 0 in (2.3.17). O

2.3.4 Outline of the proof of Theorem 2.2.15

For the remainder of Section 2.3, we assume that m = 1 in Theorem 2.2.15, and we abbreviate
z1 = z, a1 = a, and by = b. Since the proof of Theorem 2.2.15 for m > 1 is entirely analogous,
it is omitted. However, in Section 2.3.8 we briefly outline how to modify the proof in this
case.

Observe that

%EQ[F(ImGZb)}: Y Ey

1<p,g<N

7t1/2wpq

Im(G7 G7,) (qu — m) F'(ImG},) |, (2.3.18)

ap™~qb

and so it suffices to establish the following proposition. We recall that J = J,(V) and Q)

were defined in Theorem 2.2.15.

Proposition 2.3.4. Adopt the notation of Theorem 2.2.15. Then there exists a large con-

stant C' = C(a, v, p) > 0 such that, for sufficiently large N,

>

1<p,g<N

ap™~"gb 1 — 72)1/2

< C
Rl

Ey {Im(GW G )(qu - M)F’(Im sz)} ‘
(2.3.19)
(N[ +1) + QoN+).

To establish Proposition 2.3.4, we estimate each summand on the right side of (2.3.18).
Thus, in what follows, let us fix some integer pair (p,q) € [1, N] x [1, N].

If G” were independent from A, and w,,, then each expectation on the left side of (2.3.19)
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would be equal to zero, from which the proposition would follow. Since this independence
does not hold, we will approximate G” with a matrix that is independent from A,, and
wy, (after conditioning on ¥, as we will do throughout the proof of Proposition 2.3.4) and
estimate the error incurred by this replacement.

In fact, it will be useful to introduce two matrices. The first will be independent from
wyy but not quite independent from A,, (although it will be independent from A,, after
additionally conditioning on X,,); the second will be independent from both w,, and A,,

More specifically, we define the N x N matrices D = D" = {D;;} = {D]"?} and

v

E=E""={E;} = {E}"} by setting D;; = H; = Ey; i (,j) ¢ {(p,q).(¢,p)} and

1) )
qu = qu = qu = qu + Cpq: qu = Eqp = CPQ'

We also define the N x N matrices I' = T7?4 = {[';} = {I'}""} = H' — D and
A= AP0 = {A;} = {A]7"} = D —E, so that

Ly =70y + (1 =720y, Nij = Bpgl(ij)e{ma)(a0)}> (2.3.20)

where

0i; = Aijlipeipar@ry P = Wil hema.an)- (2.3.21)

In addition, we define the resolvent matrices

R=R" = (Ry} = (R} =(D—2)",  U=U™I= (U} = (U7} = (B—2) "

(2.3.22)

Remark 2.3.5. Observe that, after conditioning on ¥, the matrices I' and A are both
independent from U. After further conditioning on y,,, the matrices © = {0;,}, & = {®;;},

and R become mutually independent.
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We would first like to replace the entries G;’j in the (p,q) summand on the left side of
(2.3.19) with the entries R;; = R/;”?. To that end, we set

& =&;(1) = (G"~R), = (- RIR+ (R[)’R — (R[)’G") ¢ =1Imé&;, (23.23)

i’
for any 1 <i,7 < N, where the third equality in (2.3.23) follows from the resolvent identity
(2.3.1). We abbreviate { = (g.

By a Taylor expansion, there exists some (y € [Im G, Im R,] such that

ab’

2 3
F'(ImGY,) = F'(Im Ry, + ¢) = FY(Im Ry) 4+ CFP(Im Ryy) + %F<3>(Im Ry) + %F(4)(Co),

(2.3.24)

where FO(z) = 2L () for any i € Zso and = € R.

Using (2.3.21), (2.3.23) and (2.3.24), we deduce that the (p, ¢)-summand on the left side
of (2.3.19) can be expanded as a finite sum of (consisting of less than 2??) monomials in ©,,
and ®,,, whose coefficients depend on the entries of G” and R. We call such a monomial
of degree k (or a k-th order term) if it is of total degree k in ©,, and ®,,. We will estimate
the (p,q)-summand on the left side of (2.3.19) by bounding the expectation of each such
monomial, which will be done in the following sections.

Before proceeding, let us fix an integer pair (p,q) € [1, N] x [1, N| throughout this the
remainder of section. It will also be useful for us to define some additional parameters that
will be fixed throughout this section. In what follows, we define the positive real numbers
w > € > 0 through

82%min{(ll—a)l/—17(2_04)’/_@/)7”_/)7%71}7

w =min {(a — 2¢)p — 15¢, (2 — a)v — ap — 15¢, (4 — a)v — 1 — 10¢, (4 — 2a)v — 15¢}.

(2.3.25)
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Moreover, let us fix integers 9, d > 0 such that
V(p — 2¢) > Coe + 3, d > 39+ 5. (2.3.26)

The remainder of this section is organized as follows. We will estimate the contribution to
the left side of (2.3.19) resulting from the first, third, and higher degree terms in Section 2.3.6,
and we will estimate the contribution from the second degree terms in Section 2.3.7. However,
we first require estimates on the entries of R and U (from (2.3.22)), which will be provided
in Section 2.3.5. We then outline the modifications necessary in the proof of Theorem 2.2.15

in Section 2.3.8.

2.3.5 Estimating the entries of R and U

Recall that the event € from (2.2.16) bounds the entries of G”. In this section we will
provide similar estimates on the entries of R and U on an event slightly smaller than €.

More specifically, define

leﬂl(p):{ max ]wijlgN”}, Q=Q(p,e,z) =Q N,

1<ij<N

QR=1-Py [Q(p, g, z)} = Py [Q°],

where €2¢ denotes the complement of €. Since p < % and w;; is a Gaussian random variable

with variance at most <, there exists small constant ¢ = ¢(p) > 0 such that

2
N

1—P[] <e . (2.3.27)

Thus, it suffices to establish (2.3.19) with @)y there replaced by @. The following lemma

estimates |R;;| and |U;;| on the event .
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Lemma 2.3.6. For N sufficiently large, we have that

lo sup |Ry| <2N°, 1o sup |Uy(z)| < 2N°. (2.3.28)

I<i,j<N 1<i,j<N

Proof. We only establish the second estimate (on |U;;|) in (2.3.28), since the proof of the
first is entirely analogous. Let us also restrict to the event €2, since the lemma holds off of
Q.

Recall from the resolvent identity (2.3.1) and the definitions (2.3.20), (2.3.21), and
(2.3.22) that

U-G'=) (G +4)'G"+ (G + 1)U, (2.3.29)
=1
for any integer s > 0.
Now, set s = [ﬁw , which is positive by (2.3.25). Observe that 1o maxi<; j<n |G| < N°

and that the only nonzero entries of 1o(I'+A) are 1o(I'+A),, and 1o(I'+A),,, which satisfy
1o(T +A)yy = 10T+ A)yy < N2 4+ 112wy, |1q, < 2N7F. (2.3.30)

Thus, (2.3.29) yields

s

Lo|Usj = G| < 3 _(AN®70) + (ANT)D max (Usy| <1, (2.3.31)
=1 -

<n <

if N is sufficiently large, where we have also used the deterministic estimate ‘Ui/j/
NZ2. Now the estimate (2.3.28) on |U;;| follows from (2.3.31), the choice of s, and the fact
that 1o|G7;| < N=. O

We also require the following lemma, which states that we can approximate quantities

near |F®)(Im R,)| and |F®(Im Uy)| in terms of derivatives of F® (ImGY,).
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Lemma 2.3.7. Let p € R be either such that ¢ € [Im G, Im Uab} orp € [ImG Im Rab}.

ab’

Then there exists a large constant C' = C(¥) > 0 such that, for any integer k > 0, we have

that

J
. . C
1o|F®(p)] < C1o Y NV FEH)(Im G7,)| + 5 (2.3.32)
=0

Moreover, if p € [Im G, Im Ry], then

ab’

9
1Q|F(k)(g0)‘ < Clg Z N(%—p)j‘p(k—&-j)am Rab)‘ + % (2.3.33)

j=0
Proof. The proof of this lemma will be similar to that of Lemma 2.3.6. We only establish
(2.3.32) when ¢ € [ImG),,Im Uy, since the proofs of (2.3.33) and of (2.3.32) when ¢ €

[Im G7.,Im Rab] are entirely analogous.

ab’

Through a Taylor expansion, we have that

Tﬂ—i—l

WF(’”’“)(TQ, (2.3.34)

0
F®(p) — F® (Im GY,) Z T— U (Im G,) +
where Ty € [ImG},, ], and T = ¢ — Im G}, which satisfies
Y| < [ImUy, — In G| = ’ Im (U(T + A)G”)ab‘, (2.3.35)

where in (2.3.35) we used the resolvent identity (2.3.1) and the definition (2.3.20) of I" and
A.

Recalling that I' + A has only two nonzero entries, both of which are at most 2N~ on
Q (due to (2.3.30)), and further recalling that the entries of G” and U are bounded by 2/N¢
on  (due to Lemma 2.3.6), we deduce that 1Q|T‘ < 16N?~P1q. Inserting this and the first

estimate of (2.2.14) into (2.3.34), we deduce the existence of a constant C' = C(J) > 0 such
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that

9
1q ‘F(’“) (ImUy) — F® (Im G7,) ( < Clg Y NI FUH(Im G, )| + CNEHD @+ Cos,

i=1

(2.3.36)

Now the second estimate in (2.3.32) follows from (2.3.36) and the fact (2.3.26) that (p —

26)19 > Cpe + 3. ]

2.3.6 The first, third, and higher order terms

In this section we show that the expectations of the first and third order terms in the
expansion of (2.3.19) are equal to 0 through Lemma 2.3.8, and we also estimate the higher
order terms through Lemma 2.3.9 and Lemma 2.3.10.

Observe that any degree one or degree three term appearing in the expansion of the
(p, q)-summand on the left side of (2.3.19) (using (2.3.23) and (2.3.24)) contains either zero
or two factors of I'. The following lemma indicates that the expectation of any such term is

equal to 0.

Lemma 2.3.8. For any integers 1 <i,5 < N and k € {0, 1,2}, define fi(f) = ((—RF)’“R)

v

Let M be a (possibly empty) product of s > 0 of the fi(f), so that M =[] _, fffj?r) for some

1 <ip,j. <N and k, € {0,1,2}. If Y °_, k, is even (in particular, if it is either 0 or 2) and

m € {1,2,3}, then

Ey

. ,ytl/Qw
F( )(Im Rab) (qu - W M - O (2337)

The same estimate (2.3.37) holds if some of the éz(f;,) are replaced by Re £ff;3 or Im fz(f;) mn
the definition of M.

Proof. First observe from the symmetry of the random variables H;; that Ey [A;Z‘qu] =

0=Eyg [w%!xm} for any odd integer m > 0. Now, recall from Remark 2.3.5 that A,,, wy,,
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and R are mutually independent after conditioning on x,, and W. Therefore,

. ’yt1/210
E\Il F( )(Il’n Rab) (qu — W M
(2.3.38)
— EX|Eg | F®(Im Ry) ( A Py M —0
\\4 ab Pq (1 . 72)1/2 qu Y

where we have used the fact that the term inside the first expectation in the middle of
(2.3.38) is a linear combination of products of expressions that each either contain a term
of the form E[Azuqu} or E[w%!qu] for some odd integer m > 0 (by (2.3.20), (2.3.21), and

the fact that ) °_, k. is even), and each of these expectations is equal to 0. This establishes
(2.3.37). O

Now let us consider the fourth and higher order terms that can occur in (2.3.19) through
the expansions (2.3.23) and (2.3.24). Two types of such terms can appear. The first is when
the final term in (2.3.24) appears, giving rise to a factor of (*F*)((y). The second is when
C3F®W(¢) does not appear and instead the term is a product of F(™(Im R,) (for some
1 < m < 3) with at most four expressions of the form (—RI')*R or (—RI')*G” (and their
real or imaginary parts).

The following lemma addresses terms of the first type.

Lemma 2.3.9. There exists a large constant C = C(«, v, p,¥) > 0 such that

t1/2

Ey

~
Im(GZpG;/l) (qu - (

Ao @

] (2.3.39)

<N(a4)1/13+t2_3+QNCO+IO+L>
N?2 N3 )~

ONlOs
RICRERRE

Proof. We first establish an estimate that holds off of the event 2. In this case, to bound
the left side of (2.3.39), we use the deterministic facts that |G7;|,|R;;|,{ < n~' < N? and

|Aj;| < 1, which implies from (2.2.14) that |F(Im R;;)| < N. This yields for sufficiently
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large N

’Ytl/QU)
Ey Im(Gnggb)<A ﬁ)cs () e
] a4 (2.3.40)
Co+10 VE[[wpq| 1o ANCHOQ
<3 [+ R <

Next we first work on the event 2. To that end, observe from (2.3.1), (2.3.23), and

Lemma 2.3.6 that
Co < [(G'TR) |10 = (/G2 D] + |G Lup Fopn| ) 1o < SN[ L1

Furthermore, since ¢y € [Im G, Im Rab], (2.3.33) yields that

Wiy
Ey || Im(G,G7,) <qu — mﬁsp(@ ()10 ]
512N10
< (1— 72)1/2E‘1’ {|qu|3(|qu’ + t1/2|wz’j|) ‘F(4)(C0)}1Q} (2.3.41)
CNIOs 29 o C
_—(1_7 1/22]\[(2 P]E ‘F(]+4 ImRab)’(lA q|+t1 2|7~qu|) _}_m

for some constant C' = C(¥) > 0. To estimate the right side of (2.3.41), we condition on

Xpq> and apply Remark 2.3.5 to deduce that

Eu | [FU9 (Tm Rus) | (| Agal + /2]10y])*

< 8EX | Ey UFUH)(IHI Ra) ’ (‘qu‘4 + 1wy |)

5

qu] Ey {(lqu’4 + t2’wpq‘4)

— 8EX |Ey UF<J’+4>(Im Ra)|

o]

Then Lemma 2.3.1 (with p = 4) and the fact that Ef|w,|*] < £5 yields after enlarging
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C =C(a,v,p,v) that

Ey

600 (1 )+ )

2
<C (N(a—4)v—1 + t_> EX

N2

Ey UFU+4) (1m Ray)|

qu}

t° C
(a—4)r—1 A e S
gc*(N +N2)4+N3,

(2.3.42)

where we used (2.3.32) to deduce the last estimate.

Now (2.3.39) follows from applying (2.3.40) off of Q and (2.3.41) and (2.3.42) on Q. O

The following lemma addresses the higher order terms of the second type. Its proof is

very similar to that of Lemma 2.3.9 and is therefore omitted.

Lemma 2.3.10. Recall the definitions of the fz-(f) for k € {0,1,2} from Lemma 2.5.8, and
further define 55’) = ((—RF)3G”)U, for each 1 <i,5 < N.
There exists a large constant C' = C(a, v, p, ) > 0 such that the following holds. Let M

be a product of s € {1,2,3,4} of the 52-(]]-6), so that M = [[)_, l(f;r) for some 1 < i,,j, < N

and k, € {1,2,3}. If > °°_ k. > 3 and m € {1,2,3}, then

7751/2“)17!1

. =727

)JFU (I Ryy)

’M" (qu -

CNlGe o t23 1
< o (VO )

The same estimate holds if some of the fi(f)j)r are replaced by G;YJ

2.3.7 Terms of degree 2

In this section we estimate the contribution of terms of degree two to the (p,¢)-summand
of the left side of (2.3.19). In Section 2.3.7 we will state this bound use it to establish

Proposition 2.3.4; we will then establish this estimate in Section 2.3.7.
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Estimates on the degree two terms

In this section we bound the contribution of the second order terms to the (p, ¢)-summand
left side of (2.3.19). There are two types of terms to consider. The first corresponds to when
the factor of (F"(Im R,,) appears in the expansion (2.3.24) for F'(ImG},), and the second
corresponds to when either Im(—RI'R),, or Im(—RI'R),, appears in the expansion (2.3.23)

for Im GZJ Both such terms are estimated through the following proposition.

Proposition 2.3.11. Define

t
¢ = N45+(a72)p72t3_|_ NCO+6tQ + m, ¢y = Nap+3571t3.

Then, there ezists a large constant C' = C(a, v, p,9) > 0 such that

t1/2

w
Ey | Tm ((RTR) 4 Rys) (qu - ﬁ) F'(Im Rp) | < C(&1 + €5(thpg + 1pmy)),

(2.3.44)

and similarly if (RI'R)q, Ry is replaced by (RI'R) Ry, Moreover,

t1/2

E\II S C(Qfl + @2(%(; + 1p=q))

vt 2w
Im(Raqub) (qu - ( <

m) Im(RTR) " (Im Roy)

(2.3.45)

We can now establish Theorem 2.2.15 assuming Proposition 2.3.11.

Proof of Proposition 2.3.4 assuming Proposition 2.3.11. As mentioned previously, through
(2.3.23) and (2.3.24), the right side of (2.3.19) expands into a sum of expectations of degrees
one, two, three, four, and higher. By Lemma 2.3.8, we deduce that the expectation of
each term of degree one or three in this expansion is equal to 0. Furthermore, summing
Lemma 2.3.9 and Lemma 2.3.10 over all N? possibilities for (p,q) yields the existence of

a constant C' = C'(a, v, p) > 0 such that the sum of the fourth and higher order terms is
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bounded by

C N165 (Nu(a—4)+1‘~j+t23+QNCo+10+ i) <

C
~ 1 NC()+11
(1_72)1/2 N J+ +Q )7

@ —yen=
(2.3.46)

here, we used the definition (2.3.25) of w and recalled that ¢t ~ N(@=2" from Lemma 3.2.6.
Next, summing Proposition 2.3.11 over all N? possibilities for (p,q) and using the fact that

U has at most N1+2+¢ entries equal to 1, we estimate the second order terms by

1
CN* (N<a—2>ﬂt3 + NYPtJ +t + NH6¢Q + N) <CN“(J+1+NOTQ), (2.347)

after increasing C' if necessary. We have again used the definition (2.3.25) of w and recalled
that ¢ ~ N2,

Now the proposition follows from summing the contributions from (2.3.46) and (2.3.47)
and using (2.3.27) to replace @ with @y (up to an additive error that decays exponentially
in N). O

Proof of Proposition 2.3.11

In this section we establish Proposition 2.3.11. In fact, we will only establish the first
estimate (2.3.44) of that proposition, since the proof of the second estimate (2.3.45) is entirely
analogous.

To that end, we will first through Lemma 2.3.12 estimate the error incurred be replacing
all entries of R on the left side of (2.3.44) with those of U. Then, using the mutual indepen-
dence of U, A,,, and w,, conditional on ¥ (recall Remark 2.3.5) and the definition (3.2.10)
of t, we will deduce Proposition 2.3.11.

In order to implement the replacement, first observe that, since A,,(R —U) = 0 by
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(2.3.22),

I ((RIR),, Ryp) Apg F' (1 Rop) = T ((UT'0), Uy ) Ay F' (T U,

ap ap

Now write

”Ytl/prq

Im((RTR),,Ryp) (m) F'(Im Ryp)

'Ytl/prq

=Im ((UT'U),Up) (m) F'(Im Uy

7t1/2wpq m (T m (T
+(m)<1 (RIR)apRe) F'(Im Ryp) — Im ((UT'U) Uy F' (1 Uab)>.

(2.3.48)

Using Ty; = 70;; + (1 — 4?)/2®;; and A, (R — U) = 0 again, and recalling from (2.3.20)
and (2.3.21) that

0i = Ailipetoa.@ry Qi =t Wil e(ma @)}

we can compute the last line in (2.3.48) to find the terms with ©;; factors vanish, leaving

7t g / / 2
(m) (1m0 (RTR)qp Ryp) F' (T Roy) — T (UTU)oyUgs) F'(Im Uy ) = ~ 02, D),

where

Y = Im (UapUppUpp + UngUppUsg) F' (I Uy) — Tmt (Rap Ry Ry + RagRypRp) F' (Tm Ry).
(2.3.49)
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In total,

/2w
Im ((RIR), Ry (qu - ﬁ) F'(Im Ra) -
2.3.50
t1/2
= ((UrV), ) (A = 2 ) P (1 0a) + 2002,

and so we would like to estimate |Eq, [Vtwgq@H. This will be done through the following

lemma.

Lemma 2.3.12. There exists a large constant C' = C(«, p,e,9) > 0 such that
Eg [ytw? < onteremne2gy O L oo, (2.3.51)

Proof. Since wy, is independent from R and U, and since E[w’ ] = we have that

1
N

Ey [ytw2,9] = vtN'Ey (2], and so it suffices to show that

Ey [Im (UapUgpUgp) F' (Im Uyp) — Im (RepRypRep) F' (Im Rab)] ‘
(2.3.52)
< CN4E+(a72)p713 + % + ONCO+6Q,

and the same estimate if Im(U,,U,,Ugp) and Im(R,pRypRe) are replaced by Im(Ua,UppUgp)
and Im(R,,R,,Ry), respectively. We will only show (2.3.52), since the proof of the second

statement is entirely analogous.

To that end, recall that (2.3.1) and the definitions (2.3.20) and (2.3.22) yield
R = U — UAU + UAUAR. (2.3.53)

Furthermore, we find from a Taylor expansion

s

1 . 1
F®(Im Ry) = F®(ImUy) = Y - =#/FIUM (Im Uy) +

I mlﬁﬁ—HF(ﬂ—i_l)(/{ll), (2354)
Vi :

=1

58



where

k = Im(Rap — Unp) = — Im(UAR ), (2.3.55)

by (2.3.1) and (2.3.22), and k1 € (Im Rap, Im Uyp).
Applying (2.3.53) and (2.3.54), we find that

o O+1
Im (RypRepRep) F'(Im Ryp) = ( 2 PG (ImU,,) + F<’9+1>(m))

x Im (U — UAU + UAUAR),,(U — UAU + UAUAR),,
x (U — UAU + UAUAR),,).

(2.3.56)

Using (2.3.55) to express k in terms of A and expanding the right side of (2.3.56) yields
a sum of monomials, each of which contains a product of A factors. Any such monomial
with u factors of A will be called an order u monomial. Observe that there is only one order
0 monomial on the right side of (2.3.56), which is F'(Im U)U,pUypUg. We would like to
estimate the other, higher order, monomials on the right side of (2.3.56).

We first consider the monomials of order 1. Observe that any such monomial is a product
of A, with terms of the form FU*Y(Im U,;) and U;;. Furthermore, recall from Remark 2.3.5
that A is independent from U (conditional on W). Thus, the symmetry of the entries of H

(and therefore the entries of A) implies that
Ey[M] =0, for any monomial M of order 1. (2.3.57)

Next let us estimate monomials of order u with 2 < u < 19 on the event ). Any such

monomial is a product of AY with a term of the form F®*)(ImU,,) and at most 2u entries

of U or R; Lemma 2.3.6 implies that the latter terms are all bounded by 2N¢ on the event
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Q). Thus, if M is a monomial of order 2 < u < ¢, we have for some 1 < k < ¢ that

Eq [10|M]] < 4"N*"Eq []F(k)(lm Uab)\|qu|“}
(2.3.58)
— JUNZUE, [\F(’“) (Im Uy \] o [|Apgl"],

for some j < 9, where we have used the fact from Remark 2.3.5 that U and A are independent
(after conditioning on ).

Now, recalling from (2.3.20) that |Auy| = Bpy < |Hpg|1m,,1<n—», and applying Lemma
2.3.2, the first estimate in (2.3.32), (2.3.58), and the definition (2.2.15) of J yields the

existence of a constant C' = C(p, ) > 0

Ey[10|M]|] < CNAt+Ze=p)u=2)+(@=2)p=15 61 any monomial M of order 2 < u < ¥.

(2.3.59)

The final monomials to estimate on €2 are those of order w, with u > ¥ + 1. Since
Lemma 2.3.6 implies that 19‘/11| < 2N°¢, we find from the first estimate of (2.2.14) that
1Q‘F(k+1)(ff1)| < N¢= for 0 < k < 9. Moreover, Lemma 2.3.6 and the first estimate
of (2.2.14) imply that 1o|F*™(ImUy)| < N%F for any 0 < k < ¢. Combining these
estimates, the fact that any monomial of order u is a product of A} with one term of the
form F)(ImU,) or F* (k1) and at most 2u entries of U and R, and the fact that

(p — 2¢)0 > Cye + 3 implies the existence of a constant C' = C'(a, p,e,9) > 0 such that

Ey[1o|M| for any monomial M of order u > 9 + 1. (2.3.60)

]sg,
N3

Off of the event €2, we apply the estimate

Ey [Im (UapUgpUqp) F' (Im Uyp) — Im (R RypRyp) F' (Im Rab)} ‘
(2.3.61)
< 2NDHOE [@2 ] < 2NCOFE,
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where we have used the fact that the entries of R and U are bounded by n~! < N2, and
also the second estimate in (2.2.14).

Now the lemma follows from applying (2.3.57), (2.3.59), and (2.3.60) on €2, and applying
(2.3.61) off of 2. O

We can now establish Proposition (2.3.11).

Proof of Proposition 2.3.11. Let us only establish (2.3.44), since the proof of (2.3.45) is
entirely analogous.
To that end, observe from (2.3.50) and Lemma 2.3.12 that for some C' = C(a, v, p,v) > 0

we have that

VW \
Ey [Im <(RFR)aqub) (qu . W)F (I Ryp)
(2.3.62)
th/zwpq /
< [Ey | Im ((UFU)apUqb) (qu - m)p (ImUy) || + Cé,.

Now, since A,,, w,q, and U are mutually independent conditional on v, and since A,, and
wy, are symmetric we have from the definition (2.3.20) of I' that

th/zwpq

Eg {Im <(UFU)apUqb) (qu — m)F’(Im Uab)]

= By (A2, — tw? By [ Im(UapUgpUgp + UagUppUg) F'(Im Uy )| -

(2.3.63)

Now there are three cases to consider. If ¢,, = 0 and p # ¢, then E[wzq] = %, so by the
definition (3.2.10) of ¢t we have that

Ey[A2 2 =E[H}1 Hyl < N7 — L9 2.3.64

‘I/[ pq_twpq] - [ ij T|Hij|[<N—V | ij| < } - N =Y ( e )

in which case the left side of (2.3.63) is zero.
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If ¢, = 1, then A, = 0 and E[w? ] < £, so

‘Eq, A2, — tw? By [ I (U Uy Uy + UsgUppUy) F' (T U] ‘

ot at
gNIE\I,[OUapquUqb\+|anUppUqb|)\F’(ImUab)\] N(8N3€ + N°Q),

(2.3.65)

where we have used Lemma 2.3.6 to bound maxi<; j<n |U;;| by 2N¢ on © and (2.3.2) and
the fact that n > N~2 to bound it off of €.

Similarly, if ¢,, = 0 and p = ¢, then E[w]%q] = % and so similar reasoning as applied in
(2.3.64) yields Ey[A2, — tw? | = —%, and so we again deduce that (2.3.65) holds.

Now the proposition follows from summing (2.3.62), (2.3.63), and either (2.3.64) if ¢,, = 0
and p # g or (2.3.65) if ¢, =0 or p = q. O

2.3.8 Outline of the proof of Theorem 2.2.15 for m > 1

Let us briefly outline the modifications required in the above proof of Theorem 2.2.15 in the
case m > 1. Then, the analog of (2.3.18) becomes

)
a—E\p[ (ImG7, ...

Y m

k=1 1<p,q<N

,Im szbm)]

Yt Pwp, g
Im( akqubk) Ay — 1= 7)1/ oL F (ImGa by 1M G bk)

and so we must show for each integer k € [1,m] that

7t 1w, el e
> e | (6,60, (A - = 72)1/2>a,€ (ImG,.,....mG )
1<p,q<N
C s
< GgE (V@D + Q).
(2.3.66)
for some constants w = w(a, v, p,m) >0 and C = C(a, v, p,m) > 0.
Following (2.3.24), for fixed k& € [1,m] we then expand OpF(ImG), , ..., ImG] , )
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as a degree three polynomial in the (; = Im§&,;,, whose lower (at most second) degree
coefficients are derivatives of F'(Im Ry,p,,...,Im R, 5, ). The degree three coefficients of this
polynomial are fourth order derivatives of F', evaluated at some (Co;b e 7C0;m) with (p,; €

ImG)

a;b;» 1M Ry, ]. Inserting this expansion into (2.3.66), one can show using Lemma 2.3.8

that the resulting first and third order terms in (2.3.66) will have expectation equal to 0.
Following the proofs of Lemma 2.3.9 and Lemma 2.3.10, the fourth and higher order terms
in this expansion can further be estimated by C(1 —~2?)"V2(N"%(J + 1) + QoN+), for
some w = w(a, v, p,m) >0 and C = C(a, v, p,m) > 0.

Let us make analogous estimates on the second order terms by following the content in

Section 2.3.7. In particular, the analog of (2.3.50) becomes

/2w
Im ((RFR)akqubk> (qu - (Y_Tpfm) O F(Im Rayp,s - -, Im Ry p. )
/2w
- Im ((UFU)akpUqbk> (qu - ﬁ) akF(Im Ua1l717 s 7Im Uambm) + ’ythqkaﬂ

(2.3.67)

where

) =Im (UakpquUqbk + UaquppUqbk)akF(Im Uarbrs -+ s Uapbin)

— T (Rayp Rop Ropy + Rapg RopRap, ) Ok F (Im Ry, .., Tm Ry ).

As in Lemma 2.3.12, |Eg[ytw2 Q]| can be bounded by CN~“(J+1)+CQuN+. Following
(2.3.63), the expectation of the first term on the right side of (2.3.67) is equal to 0 if ¢,, = 0
and p # g (by (2.3.64)), and so the using the proof of (2.3.65) the total of this expectation
over all (p,q) € [1, N]? can be bounded by CN=“(J + 1) + CQuN+C.

Thus, the second order terms in the expansion of the left side (2.3.66) can also be
bounded by C(N™“(J 4+ 1) + QoN+), which verifies (2.3.66) and therefore establishes
Theorem 2.2.15.
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2.4 Intermediate local law for « € (1,2)

In this section we establish Theorem 2.2.4, which provides a local law for X (recall Defini-
tion 3.2.3) at almost all energies E for a € (1,2). We begin by formulating an alternative
version of this local law in Section 2.4.1 and showing that it implies Theorem 2.2.4. Its proof
is deferred until Section 2.5; the remainder of this section consists of preparatory material. In
Section 2.4.2 we recall some preliminary identities and estimates. In Section 2.4.3 we provide
an outline of the previous work and of our proof. Finally, we conclude in Section 2.4.4 with
a statement for an approximate fixed point equation (given by Proposition 2.4.11), which
will be established in Section 2.5.2.

In what follows we fix parameters a, b, v > 0 satisfying (2.2.1) and « € (1,2). We recall
the functions ¢, 2, Va2, Y(2), and m,(2) from (3.1.5) and (2.1.5); the removal matrix X and
its resolvent R from Definition 3.2.3; that my(z) = N~' TrR; and the domain Dk , ¢ from
(2.2.2). Furthermore, for each s > 0 we denote by K, C C the set of z € C of the form rel?,

with r € Ryp and =5 <60 < %

2.4.1 An alternative intermediate local law

Through an inductive procedure that has been applied several times for Wigner matrices (see

the book [52] and references therein), Theorem 2.2.4 will follow from the following result.

Theorem 2.4.1. Adopt the notation and hypotheses of Theorem 2.2.4. For each z € H,

define the event

() = {\mw) —ma(2)| < i} N {&% |Rj;(2)| < (log N)30/<a—1>}
B(-imu(0)] —o)| < .

Then, for sufficiently large N, there exist large constants C = C(a,b,v,w, K) > 0 and

(2.4.1)

M < max
1<j<N
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B =B(a) >0 such

(log N)?

P[Q(2)] < Cexp (— C

) if Im 2z = B. (2.4.2)

Further, suppose that zy, 2 € Dk » » satisfy Rez = Re zy and Im 2y — % <Imz <Imzy. If

P[Q(20)°] < 5. then

log N)?
P[lae) < lagg)) < Cexp (—%) : (2.4.3)

for large enough N.

Proof of Theorem 2.2.4 assuming Theorem 2.4.1. Let 28 be as in Theorem 2.4.1, and let
K = [u,v]. Now let A = [N°(v — u)] and let B = |[N*(B — N~¥)|. For each integer
j€[0,A] and k € [0,B], let 25 = u+ <& +i(B — ).

Then, by induction on M € [0, B], there exists a large constant C' = C'(a, b, v,w, K) > 0

such that

C

A M
P [U U Q(Zj,k)c

j=0 k=0

< C(M +1)exp (—M) : (2.4.4)

Now, the theorem follows from (2.4.4); the deterministic estimate |R;;(z) — Ryj(z0)| <
and |my(2) — my(20)| < & for 2,2 € Dpyu)sm With [z — 2] < 75 (due to (2.3.1), (2.3.2),
and the fact that n > 4); and the deterministic estimate |mq(2) — mq(20)| < & for zo

and z subject to the same conditions (which holds since m,, is the Stieltjes transform of the

probability measure ). O

2.4.2 Identities and estimates

In this section we recall several facts that will be used throughout the proof of Theorem 2.4.1.
In particular, we recall several resolvent identities and related bounds in Section 2.4.2, and

we recall several additional estimates in Section 2.4.2.
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Resolvent identities and estimates

In this section we collect several resolvent identities and estimates that will be used later.
In what follows, for any index set Z C {1,2,..., N}, let X @ denote the N x N matrix
formed by setting the i-th row and column of X to zero for each ¢ € Z. Further denote
R® = (R} = (XD — 2)"". If T = {i}, we abbreviate X = X@ RUD = RO and
R%}) = R;lk) Observe that E[my| = E[R;;], for any j € [1, N], due to the fact that all

entries of X are identically distributed.

Lemma 2.4.2. Let H = {H;;} be an N x N real symmetric matriz, z € H, and n = Im z.
Denote G = {G,;} = (H—2)"".

1. We have the Schur complement identity, which states for any i € [1, N] that

1 i
o =i~z > H,GY) Hy. (2.4.5)
" 1<j,k<N
J ki

2. Let T C [1,N]. For any j € [1, N]\ Z, we have the Ward identity

Im G%
3 \Gﬁ)f:m—Gﬂ. (2.4.6)

ke[1,N\T U

The estimates (2.4.5) and (2.4.6) can be found as (8.8) and (8.3) in the book [52], re-
spectively.

Observe that (2.3.1), (2.3.2), and the estimate (which holds for any =,y € C and p € R)

|2 — y?| < |pllz —y|(J=[P~" + |y[P), (2.4.7)
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implies that

1 n 1
Imzp)P~t  (Im zq)P~

|RD (z1)P = BRP (z)?| < [pl|RP (21) — RD (2)] :
(i ) s

1 1
< 2’p|’21 - Z2| ((Imzo)p‘H + (Im21>p+1> N

For each subset Z C {1,2,..., N} and ¢ ¢ Z, define

IU IU
Z z] ]j R ) 717,',1- = Xu - Ui,I7 ’LI - Z z] ]j ) ) (249)
J¢Tu{i} JETU{i}

where we recall the entries H;; of H are coupled with the entries X;; of X through the

removal coupling of Definition 3.2.3, which also defined the Z;;, and where

= > xuRPWx (2.4.10)
JkETOL)
J#k

If 7 is empty, we denote S; = S;z, 6, = 6,7, T; = 1,7, and U; = U;z. The Schur

complement identity (2.4.5) can be restated as

1

Ry =775
T,—2-05

(2.4.11)
Observe that since the matrix Im R is positive definite and each Xj; is real, we have that
Im Si,I Z 0, Im 61"1' Z O, Im(Si,I — ﬂj) = Im(Si,I + Ui,Z) Z 0. (2412)

Additional estimates

In this section we collect several estimates that mostly appear as (sometimes special cases of)
results in [33,34]. The first states that Lipschitz functions of the resolvent entries concentrate
around their expectation and appears as Lemma C.3 of [33] (with the f there replaced by

Lf here), which was established through the Azuma-Hoeffding estimate.
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Lemma 2.4.3 ([33, Lemma C.3]). Let N be a positive integer, and let A = {a;;}1<ij<n
be an N x N real symmetric random matriz such that the i-dimensional vectors A; =
(@i1, Ao, . . ., ay;) are mutually independent for 1 < i < N. Let z = E+in € H, and de-

note B = {B;;} = (A —2)~'. Then, for any Lipschitz function f with Lipschitz norm L, we

have that
N N
1 1 Nn?t?
PUN;J"(BM) - N;E[f(Bjj)}’ > t] < 2exp (‘ 312 ) :
By setting f(z) = x or f(x) =Imz, L =1, and t = 4(Nn?)""/2log N in Lemma 2.4.3, we
obtain
4log N
PUMN(Z) - E[mN(z)H > W] S 2€Xp ( — (log N)2),

2.4.1
4log N ( 3)

IP’U Immy(z) — E[ImmN(z)H > W} < 2exp ( — (logN)?).

The next lemma can be deduced from Lemma 2.4.3 by choosing f to be a suitably

truncated variant of /2. It can be found as Lemma C.4 of [33], with their v equal to our

n[e

Lemma 2.4.4 ([33, Lemma C.4]). Adopt the notation of Lemma 2.4.3, and fix a € (0,2).

Then there ezists a large constant C = C(«) > 0 such that, for any t > 0,

N a/2t 4/a
> t] < 2exp (—M) )

1 & 1 &
P UN > (=iBj)** - N > E[(-iB;;)*?] 8
p j=1

The following, which is a concentration result for linear combinations of Gaussian random

variables, follows from Bernstein’s inequality and (2.3.2).

Lemma 2.4.5. Let (y1,%2,...,yn) be a Gaussian random vector whose covariance matriz
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1s given by Id, and for each 1 < j < N let
a/2 «a o/2 «a
fi=(ImRy) lysl* g5 = (TmRy;)*E[[y;°].

Then, there exists a large constant C' > 0 such that

C(log N)*

(log N)?
> N1/2pa/2 )

< Cexp (— c

P U% Zi;(fj = 9j)

where the probability is with respect to (y1,Yya, ..., yn) and conditional on X,

The following two results state that the diagonal resolvent entries of R are close to those
of R¥ on average. The first appears as Lemma 5.5 of [34] and was established by inspecting
the singular value decomposition of R — R® (one could alternatively use the interlacing of
eigenvalues between R and R) and then applying Holder’s inequality. Estimates of this

type for r = 1 have appeared previously, for example as (2.7) of [59].

Lemma 2.4.6 ([34, Lemma 5.5]). For any r € (0,1], we have the deterministic estimate

1 & 4
Nz:: R < W (2.4.14)

Corollary 2.4.7. For any r € [1,2], we have the deterministic estimate

1 & 8
— ~RI|"< . (2.4.15)
N Z:: =N

Proof. The estimate (2.3.2) together with the bound |a — b|"™' < |a|"™! 4 |b]""! for any

a,b € C yields
|R;; — RY)|" < |R;; — RY)| <|Rjj|r—1 +| R \’”’1) < 27""|R;; — RY)|. (2.4.16)

Now combining (2.4.16) with the » = 1 case of Lemma 2.4.6 yields (2.4.15). O
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We also recall the following Lipschitz estimate for the functions ¢, , and 9, . (see (3.1.5)),

which appears as Lemma 3.6 in [24].

Lemma 2.4.8 ([33, Lemma 3.4]). There exists a large constant ¢ = c(a) such that the
following holds. For any z € H, the functions yp, . and v, . (see (3.1.5)) are Lipschitz with

constants ¢, = c(a)]z|™* and ¢y = c(@)|z|~*? on Ku o and Ky, respectively.

We conclude this section with the following proposition (which is reminiscent of Lemma

3.2 of [33]) that bounds the quantity 7; from (2.4.9).

Proposition 2.4.9. Let z € H satisfy Im z < N'Y*~Y2 and recall the definition of Ty = T;(2)

from (2.4.9). There exists a large constant C = C(a) > 0 such that for any t > 1 we have

that
Ct C
P||T;| > N < Tl (2.4.17)
Proof. First, (2.3.3) yields the existence of a large constant C'(«) > 0 such that
t C(Nn?)*/?2 _C
Pl|X,| > < <= 2.4.18
> ] < e < 2419

Now, from a Markov estimate, we have for any s > 0 that

N

+) P[IX;| < 5]

J=1

> X;RYX,

L 1<jzh<N

t Nn?
P |11 < trpm| < B

2 N
H Lix;1<s
i=1

Nn? i (1) a ¢
< t_QE Z XijXj/Xk/Rg'k)Rj’k/\ H ]-|Xj|§s + S_a (2419)
L 1<j#k<N j=1
1<j'#k'<N
2Nn? (1) 12 9 2 C
< 2 Z |Rjkz‘ ]E[|Xj| 1|Xj|§s} +S_a7
1<j#k<N

after increasing C' if necessary, where we abbreviated X; = X;; for each j € [1, N], used

(2.3.3), and recalled the independence and symmetry of the {X,}. Then (2.4.19) implies

70



t 82 st~ 2ap? we  C (B2 (O
D | - (Nn2)1/2} B (2 — (Jé)2t2N 1<§;<N| ]k‘ + o = 2 + e (2'4‘20)

where we used used (2.3.2), (2.4.6), and

E[1X*11x1<:] = 2/08 uP[| X > ujdu < % /08 u'=du = é(i;;jv
Setting s = /2 in (2.4.20) yields
P {\Ui\ < L} A (2.4.21)
(N72)1/2 fa " jaj2
Now the lemma follows from the second identity in (2.4.9), (2.4.18), and (2.4.21). O

Remark 2.4.10. The proof of Proposition 2.4.9 does not require that a € (1,2) or that
E = Rez is bounded away from 0. Instead, it only uses that the entries of N'/*X are
symmetric random variables satisfying (3.1.3) and that Im z = 7. Thus, we will also use
Proposition 2.4.9 in the proof of the local law in the case a € (0,2) \ A, which appears in

Section 2.6.

2.4.3 Outline of proof

In preparation for the next section, we briefly outline the method used in [33] to prove a local
law on intermediate scales, and also the way in which we improve on this method. Recalling
the notation of Section 2.4.2, we begin with the identity (2.4.11).

Approximating 7; ~ E[T;] = 0 and replacing each X;; with h;;, we find that R; ~

(—iz —i6;)~". The identity 2=* = T(s)™* [ t* te~*" dt then yields for any s > 0

1 /oo .
t*E
F(5> 0
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exp (itz +it Y R§§)h§j)] dt. (2.4.22)
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To linearize the exponential appearing in the integrand on the right side of (2.4.22), we

use the fact that, for a standard Gaussian random variable g, E[exp(izg)} = exp ( — %)

Together with the mutual independence of the {h;;}, this yields

E[(—iRii)s] s ﬁ /OO 5 1eitz H]E

0 j#i

N
1 > s—1 itz Ua(Qt)a/2 . a/2 «

m/o t*e”E eXP(— T;(_lej> lg;1* | | dt,

where we used the explicit formula (3.1.1) for the characteristic function of an a-stable

exp (1( — 2tiR§?)1/2hijg~)] dt
(2.4.23)

Q

random variable and the g = (g1, 92, . .., gn) is an N-dimensional Gaussian random variable
with covariance given by Id.

Approximating |g;|* ~ E[|g;|*], using the identities

IN()) a a s
Eflg;|*] = ——~__ and r(-)r(1——>: , 9.4.24
recalling the definition of ¢, . and ¥, . from (3.1.5), and applying (2.4.23) first with s = §

and then with s = 1, we deduce

Y(2) & ¢a.(Y(2)), X(2) ~ o (Y(2)),

where X (2) = E[ —iRj;(2)] and Y (2) = E [(—iR;;(2))*/?].

Since the equation Y'(z) = ¢,..(Y(2)) is known [18] to have a unique fixed point y(z),
we expect from the previous two approximations that there is a global limiting measure
Mo = 1ty - (y(2)); this matches with (2.1.5).

To obtain an intermediate local law for this measure, one must additionally quantify the
error incurred from the above approximations. Among the primary sources of error here is
the approximation R;; ~ ( —iz — i6z~)71. This not only requires that |7;| be small, but also

that }Gi + z‘ and }Si —T; + z‘ (which is the denominator of R;;) be bounded below. By
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analyzing certain Laplace transforms for quadratic forms in heavy-tailed random variables,

2/a=1 " This bound does not account for the

the work [33] bounded these denominators by 7
true behavior of these resolvent entries (which should be bounded by N° for any § > 0),
which causes the loss in scale of the intermediate local law established in [33] for « closer to
one.

Thus, the improvement we seek will be to lower bound these denominators by (log N )_%;
see Proposition 2.5.1 below. This will both yield nearly optimal bounds on the diagonal re-
solvent entries R;; and also allow us to establish an intermediate local law on the smaller
scale n = N~7. Let us mention that the latter improvement (on the scale) is in fact nec-
essary for us to implement our method. Indeed, if for instance « is near one, the results of
[33] establish an intermediate local law for H on scale approximately 1 > N~/°. However,
in order for us to apply the flow results of [42,63,77,78] we require n < t, and to apply our
comparison result given by Theorem 2.2.15, we require ¢t < N/(@=4 ~ N~1/3_ Hence in this

/3 and this is the scale accessed by

case we require a local law for X on a scale n < N~
Theorem 2.2.4.

We do not know of a direct way to improve such a local law to the nearly optimal scale
n = N° ! which is necessary to establish complete eigenvector delocalization and bulk
universality. However, one can instead access such estimates for H by combining our current

w

local law for X on scale =% with the comparison result given by Theorem 2.2.15 applied

to V, for which the estimates hold on the optimal scale by the regularizing effect of Dyson

Brownian motion.

2.4.4 Approximate fixed point equations

In light of the outline from Section 2.4.3, let us define the quantities

X(2) =E[—iRj(2)],  Y(z)=E[(-iR;;(z))*?], (2.4.25)
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which are independent of the index j, since the entries of X are identically distributed.
Throughout this section and the next, we use the notation of Theorem 2.2.4 and set the

parameters 6 = 0(«,b,v) > 0 and 6 = 0(a, b, v, @) > 0 by

2 1 1
0= 500‘, (5:Emin{@,u—w,w—(?—a)l/,§—w}. (2.4.26)

As mentioned in Section 2.4.3, let us now define an event on which the denominators of

R;i(z) and (— 2z — Sj(z))_l are bounded below. To that end, for any z € H, we define

= i ) > —30/(a—1) ; , > —30/(a—1)
A(2) {lglgnN Im (SJ + z) > (log N) } N {1rgl}lgnN Im (GJ + Z) > (log N) }
; 7. —30/(a—1)
N {lglgnN Im (S; — T; + 2) > (log N) } .

(2.4.27)

Assuming that P [A(z)c} has very small probability, the following proposition provides an
approximate fixed point equation for Y(z), as explained in Section 2.4.3. Its proof will be

provided in Section 2.5.2.

Proposition 2.4.11. Adopt the notation and hypotheses of Theorem 2.2.4 and recall the
parameters § and 0 defined in (2.4.26). Let z € Dy o for some compact interval K C R\{0}
and some B > 0. If P[A(2)°] < <o, then there exists a large constant C = C(a,b,6,€) >0

such that

V() = eV ()] < ey Ollor M (i b ).
(2.4.28)

‘X(z) s (Y(z))‘ < Oley + C)(log N1/ @-D) ((ang)a/g N nga) 7

where ¢, = c,(a, 2) and ¢y = cy(a, z) are given by Lemma 2.4.8.
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2.5 Proof of Theorem 2.4.1

In this section we establish Theorem 2.4.1 in Section 2.5.2 after bounding the probability
P[A(2)] in Section 2.5.1.

2.5.1 Estimating P[A(z)]

In this section, we provide a estimate for IF’[A(Z)C], given by Proposition 2.5.1. Due to the
Schur complement formula, this proposition implies optimal bounds on the resolvent entries
that were not present in the previous work [33]. These bounds will in turn allow us to
establish the local law on an improved scale.

In Section 2.5.1 we prove Proposition 2.5.1, assuming Proposition 2.5.2 and Proposi-
tion 2.5.3 below. These propositions are then established in Section 2.5.1 and Section 2.5.1,

respectively.
Proposition 2.5.1. Assume that z € Dk o o for some B > 0 and that ¢ < ]E[Im mN(z)] <
%, for some ¢ > 0. Then, there exists a large constant C' = C(a, b,0,¢) > 0 such that

P[A(2)7] < Cexp (—(bg—CN)Q> .

A heuristic for the proof

We now briefly outline our argument for the lower bound on Im(S; + z). The Schur com-
plement formula reads R;; = (T; — z — S;)~!. For the purposes of this outline, let us assume
that R;; ~ (—z — S;)™', so that a lower bound on Im S; implies an upper bound on |R;;|.
Letting A denote the diagonal (N — 1) x (N — 1) matrix whose entries are given by
Im R;? with j # i, we find that Im S; = (X, AX), where we defined the (N — 1)-dimensional
vector X = (Xj;) . Thus we obtain from (3.1.1) that, if Y = (y1,v2,...,yn~—1) denotes an

(N —1)-dimensional Gaussian random variable whose covariance is given by Id, then for any

5



t>0

E

I

2 «a A1/2Y «a
eXp( ! (AX,X>) exp (— clil} ~ ““)

) = E[exp (it(Al/QX, Y))} ~E

for some constant ¢ > 0. Assuming that |A'?Y || concentrates around its expectation, we

obtain after replacing ¢ by tv/2 and altering ¢ that

Elexp(—t*Im ;)] = E

t|“ ;
eXP(—t2<AX,X>>] <exp<—ﬁ ’Iij(.?

a/2> (2.5.1)
N J#i

If ¢ is chosen such that

tle i /2
B [ )™ = g 7,
J

then the right side of (2.5.1) is very small. Hence (2.5.1) implies, using Markov’s inequality,

that

P[ImS;, <t?] =P[’ImS; <1] =P {exp(—ﬁ Im S;) > %

} < Cexp (—c(logN)?).

Therefore, using the definition of ¢ and ignoring logarithmic factors, we have with high

probability that

2/
1 ()2
Im 5, > (NZ T R, ) .
J#i
Since § < 1, we have

N Z )Im R§.j) > Im mgv) (I?;ZX | Im R§‘j) ‘) : (2.5.2)
JFi
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where m%) = N 'TrRY. Proceeding using (2.5.2) yields

aj2-1\ 2/« 2 1-2/a
> ) ~ [Immy| (lgagmjjy) . (25.3)

Since |Ry;| < (ImS;)™!, this suggests that

(@)
Im Rjj

JF#i

ImS; > <Im mg\? (max

—2/a 2/a—1
|R”| < |ImmN| 1%2%}]{\[|Rj]| g 7

with high probability. Assuming that Immy is bounded below and taking maximum over

i € [1, N], this yields

2/a—1
max _|Rj;| < C’< max |Rjj|) ,

1<j<N 1<j<N

for some constant C' > 0. Thus, since % — 1 < 1 (this is where we use @ > 1), this implies

an upper bound on each |R;;| with high probability.

Proof of Proposition 2.5.1

An issue with the outline from Section 2.5.1 is in (2.5.3), where we claimed that max,; ‘Rg?!
is approximately max; |R;;|. So, to implement this outline more carefully, we will instead
proceed by showing that if one can bound the entries of R® for each |Z| = k (recall
Section 2.4.2) by some large ¥ > 0, then we can bound the entries of R for each |JT| =k—1
by ¥?/~1(log N)?°. In particular, if a > 1, then % — 1 < 1, so we can repeat this procedure
approximately (loglog N)? times to obtain nearly optimal estimates on the entries of R.
To that end, we will define generalized versions of the event A. Fix the integer M =

[(log log N)z], and for each 0 < k < M, define the positive real numbers <y, <1, ..., by

v =mn, and ¢ = g,i/ﬁ_l(log N)™ foreach0<k<M-—1. (2.5.4)

7



Since a € (1,2), we have that k = 2 —1 € (0,1), and so
&M —20/(1—k) —kM —10a/(a—1)
% = <py (log N) > N (log N) ,

where we have used the fact that ¢,y = n > N1, Tt therefore follows that ¢y > (log N)*25/(°‘*1)
for sufficiently large N, since o € (1,2) and M = |(loglog N)?|.

Now, for each subset Z C {1,2,..., N} with |Z| = k < M, define the three events

As;iz(z) = {Im (S;z(z) + 2) > &}, Ae,iz(z) = {Im (&;7(2) + 2) > s},

AT,i,I(Z) = {Im (S%I(Z) — T‘i,;[(Z) + Z) Z §k} .

(2.5.5)

Furthermore, for each 0 < u < M, define the event

A= () ) (Asiz(2) N Asiz(z) N Aziz(2)).

k=uTc{12,.,N}i¢T
|T|=k

The following propositions estimate the probabilities of the events Ag; 7, Ag,iz, and Ap; 7.

We will establish Proposition 2.5.2 in Section 2.5.1 and Proposition 2.5.3 in Section 2.5.1.

Proposition 2.5.2. Assume that z € Dg s, for someB > 0, and thate < E[Im mN(z)} <
%, for some € > 0. Then, there exists a large constant C = C(«,b,0,¢) > 1 such that the
following holds. For any integer v € [0, M — 1], any subset T C {1,2,..., N} with |Z| = u,
and any i ¢ T, we have that
log N)?
P[Asiz(2)] < P[ACD ()] + Cexp (_M) ,

¢ (2.5.6)

P[Aeiz(2)] < P[A(2)] + Cexp (_ (1ogCN)2) |

Proposition 2.5.3. Adopt the notation and hypotheses of Proposition 2.5.2. Then, there

exists a large constant C' = C(«,b,0,¢) > 1 such that the following holds. For any integer
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u € [0, M — 1], any subset T C {1,2,..., N} with |Z| = u, and any i ¢ T, we have that

P[Ar;z(2)°] <P[A(2)] + Cexp (—%) : (2.5.7)

Assuming Proposition 2.5.2 and Proposition 2.5.3, we can establish Proposition 2.5.1.

Proof of Proposition 2.5.1 assuming Proposition 2.5.2 and Proposition 2.5.3. A union bound
over all Z C {1,2,...,n} with |Z| = u and ¢ ¢ Z in (2.5.6) and (2.5.7) yields (with C as in
those estimates)

P[A(u)(z)c] < 3Nu+1]p[A(U+1)(Z)C] +3CN" M exp (_@> ) (2.5.8)

The estimate (2.3.2) implies that A (z) holds deterministically, so (2.5.8) and induction
on u yields

P[A(u)<2)c} < (BCN)(M+2)(M_U+1) exp (_W) , (259)

for each 0 < u < M. Since M = |(loglog N)?|, it follows from (2.5.9) (after increasing C
if necessary) that P[A®(2)°] < Cexp (— C~'(log N)?), from which the proposition follows

since A (2) C A(z). O

Proof of Proposition 2.5.2

In this section we establish Proposition 2.5.2. Before doing so, we require the following
estimate on the Laplace transform for quadratic forms of removals of stable laws, which is
an extension of Lemma B.1 of [33] to removals of stable laws; this lemma will be established

in Section 2.9.

Lemma 2.5.4. Let o € (0,2), 0 > 0 be real, 0 < b < i be reals, and N be a positive
integer. Let X be a b-removal of a deformed (0,0) a-stable law (recall Definition 2.2.2),

and let X = (X1, Xs, ..., Xyn) be mutually independent random variables, each having the
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same law as N~V X. Let A = {ai;} be an N x N nonnegative definite, symmetric matriz;
B={B;} =AY andY = (y1,%, - ..,yn) be an N-dimensional centered Gaussian random

variable (independent from X ) with covariance matriz given by Id. Then,

2

E[exp ( - %(AX, X))}

ox - ZHLIBYLE)
p

=K
N

exp (O <t2N(2*O‘)(b*1/°‘)*1(log N)Tr A)) + Ne*(logN)Qﬂ,

where, for any vector w = (wy, wy, . .., wy) € C¥ andr > 0, we define ||w||, = (Zjvzl ]wj]’“)l/T.

Now we can prove Proposition 2.5.2.

Proof of Proposition 2.5.2. Since the proofs of the two estimates in (2.5.6) are very similar,
we only establish the first one (on Im S; 7). For notational convenience we assume that i = N

and Z ={N —u,N —u+1,...,N —1}. Denote 7 =Z U {N}, and set

A7(z) = () (Asjr(2) N Ae 7 (2) N Az 5(2)) € ATD(2). (2.5.10)
%

In what follows, let G denote the event on which

N—-u—1

1 4(u+1 4log N
N Z Im Rg;ﬂ(z) —E[Immy(z)]| > (ut1) 4y 208
j=1

(N—u—=1)p  Nn?

(2.5.11)

Observe that (2.4.14) (applied with » = 1) and the second estimate in (2.4.13) imply that
P[G] < 2exp ( — (log N)?). Now let us apply Lemma 2.5.4 with X = (Xy;)1<j<n—u—1 and
A = {A;;} given by the (N —u—1) x (N —u— 1) diagonal matrix whose (7, j)-entry is equal

to A;; = Im Rg). Then Im Sy 7 = (X, AX), so taking ¢t = (2log 2)1/29:1/2 in Lemma 2.5.4
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yields from a Markov estimate that for sufficiently large IV,

P[Im Syz < culpwsny]

_ P
< 2E | exp ( — §<AX, X)) 1a,0:)1g| + 2P[G]
- P
—9E|E {exp ( - §<AX,X>) '{Xjk}m jl 1s,(51g| + 2P[G]
[ Ua“Al/ZY”a > —1 A7(2—a)(b—1/a)—1
< 2E exp(— - exp(O S, N —1/a)=1 . A )1 1
2
4
(2.5.12)
where Y = (y1,¥2, .-, Ynv—u_1) 18 an (N — u — 1)-dimensional Gaussian vector whose covari-

ance is given by Id. On the right side of the equality in (2.5.12), the inner expectation is
over the {X,} with either i € J or j € J, conditional on the remaining {Xj;}; the outer
expectation is over these remaining {X;;} (with j,k ¢ J).

To estimate the terms on the right side of (2.5.12), first observe from the definition
(2.5.11) of the event G that 1gN ' Tr A < E[Immy(z)] + N~ for sufficiently large N. Ap-
plying this, our assumption E[ Immy(z)] < 1, and the fact that ¢, > -1 > 7%/*"!(log N) =%

yields for sufficiently large N

Lge, \NCO0-Y@=1 Ty A < 9= lpl=2/a N E-a)b-1/0) (jgg )20
(2.5.13)
< 2e L N@-)(-1/atm/a) (50 NV < NBOO-D) <

where we have recalled that n > N~% and used (2.2.1) and (2.4.26). Inserting (2.5.13) into

(2.5.12) yields the existence of a large constant C' = C'(«, b, d,¢) > 0 such that

IA2Y 8
exp — —a/2 1AJ(Z)

Pl ImSyz < cula, | <CE
[Im Sy z Ar() oN

C

+Coxp (_M>

(2.5.14)
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Therefore it suffices to lower bound N~1|AY2Y||2. To that end, we apply Lemma 2.4.5 to

deduce (after increasing C' if necessary) that

—u— N—u—1
1 (J a/2, o 1 a/2 a C(log N)*
”N Z ImR |l N ImR ]E“yj\ } N1/2pa/2
j=1 Jj=1
(log N)?
<C -
=~ eXp ( C ?

from which we find (again, after increasing C' if necessary) that

|AYle 1 S (g penyerz  Cllog N (log N)?
P[ N <CN Z (ImR]]> —W SCQXP — O . (2515)

Jj=1

Now, observe that by (2.4.5) and the definition (2.5.10) of the event Ag y 7(z) that
1o, |RY(2)] = 1a,09[S50(2) = T g
xo) B ()| = 1a,00[855(2) = Tig(2) + 2| <oy

for each j ¢ J. Therefore,

N—u—1

a/2
a/2 u 15 z
§ (ImRYY ZHTJ(§ Tm R (2.5.16)

7j=1 7j=1

Furthermore we have by (2.4.14) (applied with r» = 1) that

N—u—1

].AJ(Z) ; ImR ( ) > 1a,0) (mN(z) — %) . (2.5.17)

It then follows from the second estimate in (2.4.13), the assumption E|Immy(z)] > e, and

0 <u< M =|(loglog N)?| that

Nul

1 1
AJ Z m R (2) < = A;( )] < 2exp (- (log N)?), (2.5.18)

for sufficiently large N. Inserting (2.5.16) and (2.5.18) into (2.5.15) (upon observing that
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1—a/2 1—a/2 1 .
§u+1/ > ploe/2 > W) yields

AI/QY a 1—a/21 .
P[H Is _ et 1ase (2.5.19)

N C

< Cexp (_M)

C

for sufficiently large N, again after increasing C' if necessary. Therefore, inserting (2.5.19)

into (2.5.14) yields

1—a/2
£G,
IP’[Irn Snz < gu]-Aj(z):I < CE| exp ( - 021/2 )
Su

from which the proposition follows since ¢o/* = ¢} %/*(log N)=1% (due to (2.5.4)), and we

log N )2

C

may increase C' so that the bound holds for all V. O

Proof of Proposition 2.5.3

In this section we establish Proposition 2.5.3. We first require the following lemma that will

be established in Section 2.5.1.

Lemma 2.5.5. Let N be a positive integer and 0 < r < 2 < a < 4 be positive real numbers.
Denote by w = (wq,ws, ..., wy) a centered N-dimensional Gaussian random variable with
covariance U;; = E[w;w,| for each 1 <i,j < N. Define V; = E[wﬂ for each 1 < 7 < N, and

define

1 E[lwl3] 1 & 1 o a2
U=y 2 Uy Ve—Fo=gl Vi X=52V"

1<i,j<N j=1 j=1

If V> 100(log N)'°U'2, then there exists a large constant C' = C(a,r) > 0 such that

p | IWIE v
- /q
N7 o(x(log N)8)”

< Cexp (_M)

2
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Observe that Lemma 2.5.5 is a certain type of Holder estimate for correlated Gaussian
random variables. The exponents p and ¢ in that lemma come from such a bound (see

(2.5.29)). With this lemma, we can now establish Proposition 2.5.3.

Proof of Proposition 2.5.3. For notational convenience we assume that i = N and « = 0 (in

which case 7 is empty); in what follows, we abbreviate the event
N-1
AN(Z) == m (A57j7{N}(Z) N AG,j,{N}<Z) N AT,]‘,{N}(Z)>. (2520)
j=1

Now let us apply Lemma 2.5.4 with X = (Xy;)1<j<ny—1 and the (N — 1) x (N — 1)
matrix A = {A;;}, where we define 4;; = Im Rgv) for 1 < 4,5 < N — 1 (the superscript
refers to the removal of the Nth row.) Then Im(Syz — T;7) = (X, AX). Therefore, tak-
ing t = (2log2)/2¢;"/* in Lemma 2.5.4 yields by following the beginning of the proof of

Proposition 2.5.2 until (2.5.14) the existence of a large constant C' = C'(a, b, d,e) > 0 such

that
AVl (log N)?
Pl Im(Sy — Tn) < solpayn| < CE exp(——o‘ Iy | +Cexp | ———~ ],
[ A(z)] ong? )t c
(2.5.21)
where Y = (y1,¥2,...,ynv—1) is an (N — 1)-dimensional centered Gaussian random variable

whose covariance is given by Id.

Now let us apply Lemma 2.5.5 with w; = (Al/QY)i, r =, and a = 4 — «. Then we find
that p=2=g¢, V; =Im R%-V)(z), and Uj; = Im Rég)(z) for each 1 < j, k < N —1. We must
next estimate the quantities V', X', and U from that lemma.

To that end, observe from (2.4.6) and (2.3.2) that

4 4
U<— Y, |mRIE)| <> mRY () < —. (2.5.22)



Furthermore, since (2.4.14) (with » = 1) and (2.3.2) together imply (2.5.17), we obtain

from the second estimate in (2.4.13), the assumption E[Immy(z)] > €, and the fact that
_ - N

V>N Zﬁ.vzll Im jo )(2) that

€
P [V < §1AN(Z>} < 2exp (- (log N)?), (2.5.23)
for sufficiently large N (depending on ¢), which in particular by (2.5.22) implies that
P[V < 100(log N)'°U"?] < 2exp ( — (log N)?). (2.5.24)

To upper bound X, first observe from (2.4.5) and the definition (2.5.20) of the event Ay(z)

that ‘va)(Z)‘l An(z) <61 !, Therefore, for sufficiently large N,

=

-1

Ly N) ()22 < 215 (
Xlane) = NN_ 1 (Tm RJ(] )(Z)) 1Na/2 ZI RJJ : (2.5.25)
1

<.
I

Therefore, (2.5.25), (2.4.14) (applied with r = 1), the second estimate in (2.4.13), and the

assumption that E[Immy(z)] < £ imply that for sufficiently large N

< 2exp (— (log N)?). (2.5.26)

4
P [XlAN(z) T/Q
€6

Now (2.5.23), (2.5.24), (2.5.26), and Lemma 2.5.5 yield (after increasing C' if necessary) that

< Cexp (-@) . (2.5.27)

@ 1 a/2
b [IAPY ] _ &% “lay
N - C’(logN)8

Inserting (2.5.27) into (2.5.21), we obtain (again after increasing C' if necessary) that

P[Im(SN - TN) < §01AN(Z)}

3 1-a/2 log N )2 loo N )2
Cga (log N)8 C
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from which we deduce the proposition since /% = i */*(log N)~1% (due to (2.5.4)) (after

increasing C' so the bound holds for all N). O

Proof of Lemma 2.5.5

In this section we establish Lemma 2.5.5. Before doing so, however, we require the following

(likely known) estimate for sums of squares of correlated Gaussian random variables.

Lemma 2.5.6. Let N be a positive integer, and let g = (g1,92,-..,9n) denote an N-
dimensional centered Gaussian random variable with covariance matriz C = {c¢;;}. Define

a=(a1,ay,...,ay) € Rxg by a = ¢j; for each j € [1,N]. Then, for sufficiently large N,

< exp (— (log N)?).

1/2
P [llglz — llall3] = 5o<logN>1°( 2 )

1<j,k<N

Proof. Let w = (wq,ws,...,wy) be an N-dimensional centered Gaussian random variable
with covariance matrix given by Id. Let D and U be diagonal and orthogonal matrices,
respectively, such that C = UDU™!. Then g has the same law as UD'?w, which implies

that ||g||? has the same law as Zjvzl d;w3. Moreover,

N

N N
Za?:TrC:TrD:Zdj, Z c?k:TrC2:TrD2:Zd§
j=1

j=1 j=1 1<), k<N

so that

1/2
IP’[{Hglli—llallil250(10gN)10( > C?k) ]

1<jk<N

(2.5.28)

N

> dj(w] - 1)‘ > 50(log N)* (Zd2> ]

J=1

=P

Now, since the {w? —1} are mutually independent, the fact that the right side of (2.5.28)
is bounded by exp ( — (log N )2) is standard. For instance, it can be deduced by truncating

each d;(w} — 1) at 4d;log N and then applying the Azuma-Hoeffding inequality. O
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Proof of Lemma 2.5.5. First observe that

1 N 1/p 1 N 1/q 1 N
(NZMV) (NZMW) > NZ Jw;|?. (2.5.29)
j=1 j=1

We must therefore provide an upper bound on the a-th moments of the w; and a lower
bound on the second moments. To that end, observe that since each w; is a Gaussian random

variable of variance V;, we have that

N
[ Z|w]]“>16?( (log N) ] Z [|w;] > 2(log N) VI/Q] < CNexp (— (logN)?).

(2.5.30)
Furthermore, by Lemma 2.5.6, we have that
| N
P Uﬁ > fuwyl? - V‘ > 50(log N)°UY?| < exp (— (log N)?). (2.5.31)
=1

Now the lemma follows from combining (2.5.29), (2.5.30), (2.5.31), and the assumption
that V > 100(log N)*U /2. O

2.5.2 Establishing Theorem 2.4.1

In this section we prove Theorem 2.4.1. We first establish Proposition 2.4.11 in Section 2.5.2.
Then, we will show that Theorem 2.4.1 holds when |z| is sufficiently large in Section 2.5.2;

we will establish Theorem 2.4.1 for more general z in Section 2.5.2.

Proof of Proposition 2.4.11

In this section we establish Proposition 2.4.11. To that end, denote
J(z) = E[( i iSj(z))_l], I(z) = E[( iz isj(z))‘aﬂ .
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We begin by showing that Y'(z) is approximately equal to I(z) and that X(z) is approxi-

mately equal to J(z) (recall (2.4.25)), assuming that P[A(2)¢] is small.

Lemma 2.5.7. Let 2 € Dk o9 for some compact interval K C R and some B > 0. If

]P’[A(z)c} < ﬁ, then there exists a large constant C' = C(«,b,0) > 0 such that

C(log N)70/(a=1)

o N)70/(a=1)
V(2) = I(2)] < (N X(2) - J(2)| < C(log N)

(Nn?)e/s

(2.5.32)

Proof. In this proof, we will abbreviate S; = S;(z), T1 = T1(2), and Ry; = Ry1(2). To bound
Y(2) — I(z)|, we apply (2.4.11), (2.4.7) (with v = 2 + S1, y = 2+ 51 — Ty, and p = —%),

and (2.3.2) to obtain for any v > 0 that

(= iz —i80) ™" = (= iRu)™"

a/2+1

o 1 1 a/2+1
< —|1] Py Ml Py L <olace)
1 /2 1 a/2 /2 /2
+ + | 1 o1z + + | Tax)e
Z+Sl Z—f—Sl—Tl [Ty |>v L A(2) Z+Sl Z+51—T1 A(z)

2
< av(log N)GO/(Q_l)lA(Z) + Q(IOg N)SO/(a—1)1|T1|>v1A(Z) + —]_A(Z)c.
n

(2.5.33)

Setting v = (Nn?)~'/* in (2.5.33), taking expectations, using Proposition 2.4.9 to bound

IP’[|T 1| > v}, and applying our assumed estimate P[A(z)c} < ﬁ yields

6(10g N)?O/(cx—l)
(N

—a/2

EU( —ir—i8y) - (- iRH)“/Q‘lA@} <

from which we deduce the first estimate in (2.5.32). The proof of the second estimate in

(2.5.32) is entirely analogous and therefore omitted. O

We now estimate the error resulting in replacing the entries of X with those of H.
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Lemma 2.5.8. There exists a large constant C' = C(a) > 0 such that
PUSi -G, > N_46] < (CON—% <1 + EURHH).

Proof. Let ¢ > 0 be a real parameter, which will be chosen later. Fix ¢, and let B denote the
event that for every 1 < j < N with j # 4, |[H;;| < N? and |Z;;| < N? By the hypotheses

on the tail behavior of the H;; stated in Definition 3.1.1 and a union bound,
P[B]>1—CN %, (2.5.34)

for some constant C' = C'(a) > 0. We now work on the set B. Due to the coupling between

X and H (of Definition 3.2.3),

E[15]S; — &,|] <E |15 |72 — X2||R)|
J#
<Y E[1523 - B2+ 1slHE - X2 B[R], (25.35)
i

In this calculation, we used the independence of H;;, Z;;, and X;; from Rg»?. To estimate

the right side of (2.5.35), we take expectations in (2.4.14) applied with » = 1 to obtain

where we used the exchangeability of the R;; and (2.3.2). Also, from (3.1.3) and Defini-

tion 3.2.3 we compute (after increasing C' if necessary)

E (|7} — X2) = E [ Ly cyoosse] < O,
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Similarly, we compute (again after increasing C' if necessary)

E [15]2] — H|] < E[13(2|Zij||Jij| + |Jij|2)] < O (Nimaepmtzmte g N

< 2O N(-e/2)(a-1/a)-1

where in the second inequality we used E [15|Z||J|] < /E [15]Z]?] E [15]J]?]. We therefore
deduce from (2.4.26) and (2.5.35) that, after gaining a factor of N due to the sum over j

and choosing ¢ = %,
—100 {10
]E[13|Si—6i|] < CN —+E[|R11H )
Nn
We conclude from a Markov estimate that
P[14]S; — &, > N~ < CN—49<1 + E[|RH|}), (2.5.36)

for sufficiently large N. The claim now follows from (2.5.34) and (2.5.36). O

Given Lemma 2.5.8, the proof of the following corollary is very similar to that of Lemma

2.5.7 given Proposition 2.4.9. Therefore, we omit its proof.

Corollary 2.5.9. Let p € (0,1] and z € Dk » s for some compact interval K C R and some
B > 0. IfIP’[A(z)C] < ﬁ, then there ezists a large constant C = C(a,b,d,e,p) > 0 such
that

B loe N 100/(a—1)

EU( — iz —i8(2)) N

We can now establish Proposition 2.4.11.

Proof of Proposition 2.4.11. Given what we have done, the proof of this proposition will be

90



where g = (927.937 s

v(2)

1(z) =El¢ (

=(2) =E|¢ (

,gn) denotes an (N —

= E[(—iz —i&,)"%/?],

£

j=2

<.

similar to that of Proposition 3.1 in [33]. Specifically, defining

Z(2) = E[(—iz — &)Y,

a/2

—iR)

) /2

;1
[|9J| ]
951

E[lg;]°]

Eli]).

)

1)-dimensional centered Gaussian random vari-

we have from Corollary B.2 of (see in particular equation (31) of) [33] that

(2.5.37)

able with covariance matrix given by Id that is independent from H, and E denotes the
expectation with respect to both H and g.

We will only establish the first estimate in (2.4.28) (on |Y(2) —¢a,: (Y (2))[). The proof of
the second is entirely analogous and is therefore omitted. To that end, set p; = (—iRj(;) (z))a/ 2
for each 2 < j < N.

We will show that v(2) & ¢a,.(E[p2]) and E[ps] ~ Y, and then use Corollary 2.5.9 and

Lemma 2.5.7 to deduce that I(z) ~ v(z) and Y (2) =~ I(z), respectively. To implement the
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first task, observe from (2.5.37) that

’7() Pa,z(E [Pz])’

“[el Z<1J§: A |Ugg|l])] ~ e Ele2)
<ol B e e
- [\ng E‘N—lipﬂ'gﬂ'a [Zpglgj} M
< s (2] e - S etir] elarte]| 3 - 2] ) + 5

(2.5.38)

where to deduce the first estimate we used the fact (from Lemma 2.4.8) that ¢, . is Lipschitz
with constant ¢, and the fact that E[p;] is independent of j € [2, N], and to deduce the third
estimate we used (2.3.2).

Now recall that by the Cauchy-Schwarz inequality, E[|X|] < E[X?]'/? for a centered

)<

Furthermore, Lemma 2.4.4 with ¢ replaced by (Nn?)~*/*t(log N)? yields the existence of a

random variable X, so

N N 1/2
104 (0% 2
S PEll0 ] — 5 InsPE [l \) |

j=2 Jj=2

(“ijlg] ij [g;1°

(2.5.39)

large constant C' = C'(«) > 0 such that

1 & (logN)
[N 2 (b (Nt

Jj=2

2 2
< Cexp (—M) , (2.5.40)
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for each t > 1. Integrating (2.5.40) yields

N

(pj — Elpj]) Cllog N)°

E 2 7
=

1
— 2.5.41
< (2:5.41)

J
after increasing C' if necessary. Combining (2.5.38), (2.5.39), and (2.5.41) yields (again upon

increasing C' if necessary)

Cc E[|pa)?] 12 Cey(log N)? Lo o 2Cc,(log N)?

N1/2 (Nn2)a/4 ]\[77 - (NU2)“/4 ’

‘7(2) = (Pa,z(]E[pZ])‘ < (2.5.42)

where in the second estimate we used the fact that ‘p2|2 < <y 2 (due to (2.3.2)).
To show that E[py] ~ Y (2), we apply (2.3.2), (2.4.14) with » = §, and the exchangeability

of the entries of X, and then take expectations to find

|Elps] — Y (2)| < % (2.5.43)
(Nm)/

From (2.5.42), (2.5.43), and the fact that ¢, , is Lipschitz with constant c,, we deduce that

1) = s (v (2) | < 22T (2.5.44)

upon increasing C' if necessary.
Now, by Corollary 2.5.9 (with p = §) and Lemma 2.5.7 we have (again after increasing

C' if necessary) that

C IOgN 100/(a—1) C IOgN 70/(a—1)
1(2) = (2| < &L ]\/)49 L e -1 < & (Nn2)>a/4 L (2.5.45)

Now the first estimate in (2.4.28) follows from (2.5.44) and (2.5.45). O
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Proof of Theorem 2.4.1 for large |z|

In this section we establish Theorem 2.4.1 if |z| is sufficiently large. We begin by addressing

the case of large n, given by the following lemma.

Lemma 2.5.10. Adopt the notation of Theorem 2.2.4. There exist constants C' = C(a, b) >

0 and B = B(a) > 0 such that (2.4.2) holds for some » > 0.

Proof. From the definition (2.1.5) of m,(z), we deduce that

‘E[mN(z)] — ma(z)‘ < ‘X(Z) — wa,z(Y(Z))’ +

wa,z (Y(Z)) - Qpa,z (y(z)) ) (2546)

In view of Lemma 2.4.8, there exists a large constant 8 = B(«) > 1 such that for any
z € H with |z| > B we have that max{c,,cy} < 2. Thus, let E € R and let z = F + i%B.

Then,

Y (2) —y(2)| < Y (2) = 0a:(Y(2))] + |0a:(Y(2)) — a:(y(2)))

Y(2) —y(2)]

< ‘Y(Z> - SOa,Z(Y(Z)” + 9 )

which implies that
Y(2) = y(2)| <2|Y(2) = @a,- (Y (2))]- (2.5.47)

By (2.4.12), A(z) holds deterministically. Thus we can apply Proposition 2.4.11 (and
(2.5.47)) to bound the right side of (2.5.46). This yields the existence of a large constant
C = C(a,b, ) > 0 such that

- 1 1 20 (log N)100/(e=1)
y N < loo N 100/(a—1) <
} (2) y(’Z)‘ = C( 0g ) (an)a/g + N26 | = N !
_ 1 1 2C (log N)'00/(e=1)
100/(a—1
[Elma(a)] = ma(e)| < Cllog N2 (o ) < 2ERBTE

(2.5.48)
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Now the lemma follows from (2.5.48), the first estimate in (2.4.13), and the deterministic

estimate |R;;(z)| < % < 1. O
The following proposition analyzes the case when Re FE is large.

Proposition 2.5.11. Let B be as in Lemma 2.5.10. There exists a large constant Ey =
Eo(a) > 0 such that, for any compact interval K = [u,v] disjoint from [—Ey, Ey], there
exists a large constant C' = C(a,b,u,v,0) > 0 and absolute constant ¢ > 0 such that the
following holds. Suppose E € [u,v] and zy,2 € Dy wms satisfy Rezg = E = Rez and

Im zg — # <Imz <Imzy, and » < c. [fIP’[Q(zO)C} < ﬁ, then

log N)?
]P’[]_Q(z) < ]_Q(ZO)} < Cexp (—%) (2549)

for large enough N.

Proof. First, recall that, since m,(z) is the Stieltjes transform of a probability measure
whose density is bounded and whose support is R (see Proposition 1.1 of [24]), for any B > 0

there exists a small constant ¢ = £(u, v,B) > 0 such that

e< sup  Imm,(w) <= (2.5.50)
wE’D[u,v],w,% €
Now, we claim that
2 2
P| 1oy | Immy(2) — Immea(2)| > N < 2exp ( — (log N)?). (2.5.51)

Indeed, (2.5.51) follows from the fact that L) |my(z0) — Immq(20)| < N%, the fact that
|mn(2) —mn(20)| < & since |z — 20| < 55 (from (2.4.8)), the fact that |ma(z) —ma(20)| <
(since m,, is the Stieltjes transform of the probability measure p, ), and the second estimate

in (2.4.13).
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In particular, (2.5.50) and (2.5.51) imply that

1
P |2e10(:0) < 1o Immy(2) < 50| =1 2exp (— (log N)?) (2.5.52)

Next, as in the proof of Lemma 2.5.10, Lemma 2.4.8 implies the existence of a large
constant Ey = Eo(e) > 0 such that if z € H satisfies |z| > Ey then max{c,, ¢y} < 3.
Recalling X (2) and Y(z) from (2.4.25) and following the proof of Lemma 2.5.10, we deduce

that

Efma(2)] = ma(2)] < [X(2) = v (V)| +

Y(2) —y(2)| <2V (2) — pa:(Y(2))].

wa,z (Y(Z)) - ¢a,z (y(Z)) )’ (2 5 53)

Observe that the hypotheses of Proposition 2.4.11 are satisfied for z; this is because
(2.5.52) and Proposition 2.5.1, together with the trivial bound |my(2)] < 77! on the set
Q(20)¢, imply that P[A(2)] < P[Q(20)] + 7% < 7w for large enough N. Then we can

use Proposition 2.4.11 to estimate the terms appearing on the right side of (2.5.53). Since

cy < %, this yields the existence of a large constant C' = C(«, b, u, v, 5¢) > 0 such that

_ 1 1 2C (log N)100/(e=1)
100/(a—1
Loy |V (2) — 4(2)| < C(log N0/ ((W)a/s n Nw) < 2Clos M
o 1 1 20(10g N)loo/(a—l)
Logo) |E[mn(2)] — ma(z)‘ < C(log N)100/(e=1) ((NT)?)C“/S + N29) < e .
(2.5.54)

Therefore, the first estimate in (2.4.13) and the second estimate in (2.5.54) together imply
that

ma(z) — ma(z)’ > L] < 2exp (—M) . (2.5.55)
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Furthermore, observe that (2.4.11), (2.5.52), and Proposition 2.5.1 together yield

30/(a—1 (log N)?
P | Log) max [Ry;(z)] > (log V)™ )} < Cexp <_T . (2.5.56)
Now (2.5.49) follows from the first estimate in (2.5.54), (2.5.55), and (2.5.56). O

Bootstrap for small energies

Let Fy and B be as in Proposition 2.5.11; in this section we establish the analog of that
proposition when |E| < Ey + 1. To that end, let S = S, denote the set of z € C with
Rer € K and Imx € [0,B] such that ¢, (r) — 1 = 0. Recall from either Lemma 6.2 of [18]
or equation (3.17) of [24] that if z # 0 there exists an entire function g(x) = g.(z) such that
Yax(x) = Cz=%g(x). Therefore, since K is a compact interval that does not contain 0, S, is
finite.

Thus the implicit function theorem yields the existence of some integer M = M (o, K) > 0
(corresponding to the order of the largest zero of ¢, . — 1 in S,), a small constant ¢ =
c(a, K,%8) > 0, and a large constant C' = C(«, K,8) > 0 such that the following holds. If

z € H satisfies Rez € K and Im z < B, then for any ¢t > 0 and w € C,
lw—y(z)] <c and |w—ga.(w)| <t together imply |w —y(z)| < Ct'/M - (2.5.57)
Now we can establish the following proposition that establishes (2.4.3) when |Rez| <

Ey+ 1.

Proposition 2.5.12. Let 3 = »(«,0, K) = ﬁ. For any compact interval K = [u,v] C R
that does not contain 0, there exists a large constant C' = C(«a, b, u, v, 32) > 0 such that the

following holds. Suppose E € [u,v] and 2,z € Dpy)w» satisfy Rezg = E = Rez and
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Im 2 — x5 <Tmz <Tmzo. IfP[Q(2)] < wm, then

ha)

P[]_Q(Z) < ]_Q(ZO)] < Cexp (— C

Proof. Since Rez = Re zg, Im 2y — % < Imz < Imzp, continuity estimates for Y'(z) and
y(z) (see, for instance, equation (39) of [33]) imply that |Y(2) — Y (z0)| + |y(2) — y(20)| < -
Therefore, since !Y(zo) - y(zo)}lg(m) < N7, it follows that |Y(z) — y(z)‘lg(z()) < 2N~* for
N sufficiently large.

Thus (2.5.57) implies the existence of a large constant C' = C(a, u,v) > 0 such that

Lo |V (2) = 9(2)] < OV (2) = 60 (V(2)| " Lo, (2.5.59)

Following the reasoning used to establish (2.5.53) in the proof of Proposition 2.5.11, we

obtain

]-Q(zo) ¢a,z (Y(z)> - wa,z (y(z)) ’) 1Q(zo)

Elmx(2)] = ma(a)| < (| X() = (Y ()] 4

< (‘X(z) — Yz (Y(z))‘ +ey|V(z) — y(Z)}) 1o(z)-

(2.5.59)

Having established the estimates (2.5.58) and (2.5.59), the remainder of the proof of
this proposition is very similar to that of Proposition 2.5.11 after (2.5.53) and is therefore

omitted. [
Using the results above, we can now establish Theorem 2.4.1.

Proof of Theorem 2.4.1. The estimate (2.4.2) follows from Lemma 2.5.10. Furthermore,
Proposition 2.5.11 establishes the existence of a large constant Ey = Ey(«) such that (2.4.3)
holds when | Im z| = |Im zy| > Ey and s < ¢. Then Proposition 2.5.12 implies (2.4.3) when

|Rez| = |Rezp| < Ep+ 1 and 5 = 32-. Together these yield Theorem 2.4.1. O
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2.6 Intermediate local law for almost all o € (0,2) at
small energies

In this section and in Section 2.7 we establish Theorem 2.2.5 (in fact the slightly more
general Theorem 2.6.6 below), which provides a local law at sufficiently small energies for
the removal matrix X for almost all a € (0,2). In Section 2.6.1 we state the local law (given
by Theorem 2.6.6 below) and an estimate (Theorem 2.6.8) that implies the local law. We
will then establish Theorem 2.6.8 in Section 2.6.2.

However, before doing this, let us recall some notation. In what follows we fix parameters
a € (1,2) and 0 < b < é; we recall the removal matrix X and its resolvent R from
Definition 3.2.3; we recall my(z) = N~'TrR; and we recall the domain D¢ s from (2.2.4).
Furthermore, we denote by K the set of z € C with Re z > 0, and we set Kt = KN H to be
the closure of the positive quadrant of the complex plane. We also let S! be the unit circle,

consisting of all z € C with |z| = 1, and we define the closure ST = K+ NS.

2.6.1 An estimate for the intermediate local law

In this section we state the local law for X on scales N°~%/2 (Theorem 2.6.6 below) and an
estimate (Theorem 2.6.8) that implies it; this will be done in Section 2.6.1. However, we
will first define a certain inner product and metric in Section 2.6.1 that will be required to

define a family of fixed point equations in Section 2.6.1.

Inner Product and Metric

In order to establish a convergence result for my(z) (which is approximately equal to E[R;]),
we in fact must understand the convergence of more general expectations, including the frac-

tional moments E[(—iR;;)?], the absolute moments E[|R;;P], and the imaginary moments
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EU Im Rjj|p]. To facilitate this, we define for any u,v € C, the inner product
(u|v) =uRev+ulmv =Reu(Rev +Imv) +ilmu(Rev — Imwv).
In particular, for any u,v € C, we have that
W) =u,  (—iu|e) = Imuv?, ‘(u | v)( < 2lullv). (2.6.1)

We will attempt to simultaneously understand the quantities A,(u) = E [((—iRu’)a/ 2] u)]
for all w € K*. Our reason for this (as opposed to only considering the cases u = 1 and
u = e™/*) is that the absolute moments []Rj j \p} will be expressed as an integral of a function
of A,(u) over u (see the definitions (2.6.7) of J, and r,, and also the second estimate in
(2.6.16) below); this was implemented in [34].

To explain this fixed point equation further, we require a metric space of functions. To
that end, for any w € C, we let H,, denote the space of C' functions g : K* — C such
that g(Au) = A\g(u) for each A € Rs(. Following equation (10) of [34], we define for any

r €[0,1) a norm on H, by

2

bl

19/l = sup |g(u)

1
u€S

. 2 .
o Mgl = Nlullee + Sup \/|(1 | w)Ohg(w)|” + | (i w)rd2g(u)
ue #
where 01g(x +1iy) = 0,9(z + iy) and drg(x +iy) = 0,9(x + iy). Observe in particular that

sup |g(u)| < ||gllr, for any r > 0. (2.6.2)

1
ueSY

We let H,,, be the completion of #,, with respect to the ||g||, norm. Further define for
any 0 > 0 the subset 73, C Hy, consisting of all g € H,, such that Reg(u) > ¢ for all
u € S, and define M, = ;. M- Further abbreviate H, = HJ, ;.

The following stability lemma, which appears as Lemma 5.2 of [34], will be useful to us.
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Lemma 2.6.1 ([34, Lemma 5.2]). Assume that r € (0,1) and w € S}. Let x1,z, € K¥,
and let a € (0,1) be such that |z1],|zs| < a™'. Set Fy(u) = (z)|u)" for each k € {1,2}.

Then, there exists a constant C' = C(r) > 0 such that for any s € (0,7), we have that for
any k € {1,2},

[ Felli-rss < Clag]", [ £y = Follirys < CCL_T(|$1 — o|" + a’|zy — $2|8)' (2.6.3)

If we further assume that Rexy,Rexy >t for some t > 0, and we set Gy(u) = (x,;l |u)r for

each k € {1,2}, then there exists a constant C = C(r) > 0 such that

HGI - G2H177~+S S Ctr72a2ril|$1 — LL’Q‘. (264)

Equations for m

Following Section 3.2 of [34] (or Section 5.1 of [33]), define for any complex numbers u € S}

and h € K, and any function g € H, /2, the function

/2 00 00 . . . .
Fhg(u) = / ( / ( / (e 2ate)=onie) _e—Ta/zg(eleJruy)—(yrhlu)—(rhIe‘e))raﬂ—ldr)
0 0 0

X y_a/Q_ldy> (sin 20)*/2~1dg.

It was shown as Lemma 4.1 of [34] that F},, € Hajo, if g € Hg/w, and also that it is

in the closure FZ J2, for any g € ﬂg jo if Reh > 0. As in equation (13) of [34], define the
function

_ a ~
Ti(u) =71, (u) =coF i, (1), wherec=c,= 57T (0 J2) and u = iu. (2.6.5)

101



Observe that (ﬂ, v) =uRev+ulmov = (u, '17). Now, for any u € C, define

9,(u) =T (1 - %) (—iRj; w2, y.(u) =E[.(u)] =T (1 - %) E[(—iR;; | u)*/2],

(2.6.6)

for any j € [1, N]; observe that v,(u) does not depend on j due to the fact that the entries
of X are identically distributed.

Furthermore, for any p > 0 and f € H, /2, define I, J,, 7, .(f) € C and s,,. : K — C by

. 1 & _ s _ a/2
I, =1,(2) = E|(—-iR;;)"|, szx:—/ prlemwEm Tyt gy,
P p( ) [( ]J)} P, ( ) F(p) . Yy Y
21_17/2 7'('/2 i6 cx/2 10
Ty = () = BIRRP]. re(f) = s [ [ e i gy,
(2.6.7)

for any x € K. The convergence of these integrals can quickly be deduced from the fact that
Re(iz) < 0.

We now state four lemmas that can be found in [34]. The first two provide existence,
stability, and estimates for the solution to a certain fixed point equation, while the latter

two provide bounds and stability estimates for the functions F, s, ., 7., and T.

Lemma 2.6.2 ([34, Proposition 3.3], [32, Lemma 4.3]). There exists a countable subset A C
(0,2) with no accumulation points on (0,2) such that, for any r € (0,1] and a € (0,2) \ A,
there exists a constant ¢ = c(a,r) > 0 with the following property.

There exists a unique function Qg € Hejo such that Qg = Yo q,. Additionally, if Imz > 0
and |z| < ¢, then there is a unique function f = Q. € Hqajo, that solves f = Y. with
|f — Qoll, < c. Moreover, this function satisfies Q.(e™*) > ¢ and, for any p > 0, there

ezists a constant C = C(a,p) > 0 such that r, .(Q2,) < C.

Lemma 2.6.3 ([34, Proposition 3.4]). Adopt the notation of Lemma 2.6.2. After decreasing

c if necessary, there exists a constant C' > 0 such that the following holds. If Imz > 0,
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|z| <e¢, and ||f — Q.|| < c, then

1=l < | F = Tl

The following stability properties of F} and T will be useful to us later.
Lemma 2.6.4 ([34, Lemma 4.1]). Let r € (0,1) and p > 0. There exists a constant C' =

C(a,p,r) > 0 such that, for any g € ﬂg/w and h € K, we have that

1F(9)ll- < C(Reh)™"2 4 C|gll,(Re h) /2,
(2.6.8)

|Tp,ih(g)‘ < C(Reh)™, ‘Sp,ih(g<]-)’ < C(Reh)™.

Lemma 2.6.5 ([34, Lemma 4.3]). For any fized a,r > 0, there exists a constant C =

C(a,a,r) such that for any f,g € HG o, and z € C, we have that

1T =Tyl < CIf = gllr + 1f = glloo (I £l + llgll-)- (2.6.9)

Furthermore, for any p > 0 there ezists a constant C' = C'(a,a,r,p) such that for any

f.g € Hg/lr and any z € C and x,y € K with Rex, Rey > a, we have that

‘rp,z(f) - Tp,z(g)‘ S C/Hf - 9”007 ‘Sp,z(x) - Sp,z(y)l S C,|l‘ - y| (2610)

An intermediate local law for X

The following theorem provides a local law for X.

Theorem 2.6.6. There exists a countable set A C (0,2), with no accumulation points in
' ' — (b=1/0)(2=qa)
(0,2), such that the following holds. Fiz o € (0,2)\ A and 0 < b < . Denote § = “—3=—=

and fiz some 6 € (0,6) with 6 < 5. Then, there exists a constant C = C(a,b,d,p) > 0 such
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that

P my(z) — iSl,z(QZ(l))) > ﬁ

sup
ZEDC’L;

C

< Cexp (—M) : (2.6.11)

where we recall the definition of 2, from Lemma 2.6.2. Furthermore, we have that

C C
sup |7:(u) — :(u)| < =575, Jr = 12:(Q2)| < 57 2.6.12
uGSi_’ ) ( >‘ Nad/8 | 2 2 ( )‘ Nad/8 ( )
and
c (log N)?
P Z:ggé max |Rj;(2)| > (log N)“| < Cexp (—T : (2.6.13)

Remark 2.6.7. One can show that the fixed point equations (2.1.5) and Lemma 2.6.2 defin-
ing m,(z) and (2,, respectively, are equivalent when u = 1; this implies that is; , (Qz(l)) =
mea(2).

Theorem 2.6.6 is a consequence of the following theorem (whose proof will be given in
Section 2.6.2 below), which is similar to Proposition 3.2 of [34] but with two main differences.
The first is that Theorem 2.6.8 below establishes estimates on the scale 1 > N~/2, while the

corresponding estimate in [34] was shown with 7 > N~/(2¥®) The second is that we also

establish estimates on each ‘Rjj , which was not pursued in [34]. In fact, these bounds on the
resolvent entries (which follow as consequences of Proposition 2.6.9 and Proposition 2.6.10
below) are partially what allow us to improve the scale from n > N~/ in [34] to

n>> N~'/2 here.
Theorem 2.6.8. Fiz a € (0,2), 0 <b< 1 s€(0,2),p>0,¢e€(0,1], and a positive

integer N. Define 0 = W, and suppose that z = E +in € H with E,n € R. Assume

that

1
n> N 2] < - E[(Im Ry1)*?] > ¢, E[|Ru]?] <en (2.6.14)
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Then, there ezists a constant C' = C(a,e,b,s,p) > 0 such that

e = Yo licaaen < OO0 N (s + 3 + o) (26.15)
and
1= 50 0:0)| < 08N (i + 73 + 77 )
(Nop)e/s NO - N2 (2.6.16)
| Ty = 7p2(72)] < Clog N)© (W + % + W) :
Furthermore,
inf Tm~y,(u) > l, (2.6.17)
uesy C
and
P max, |Rj;| > C(log N)“| < Cexp (—%) . (2.6.18)

Given Lemma 2.6.2, Lemma 2.6.3, and Theorem 2.6.8, the proof of Theorem 2.6.6 is very
similar to the proof of Theorem 5.11 in Section 5.4 of [34] and is therefore omitted. However,
let us briefly explain the idea of the proof, referring to [34] for the remaining details.

To that end, after proving Theorem 2.6.6 in the case when n = % is of order 1, one
first observes by (2.4.8) that it suffices to establish Theorem 2.6.6 for any individual z
on a certain lattice. In particular, for a constant C' > 0, let A = A(C) = L%j and
B=DB(C)= LWJ, and define 2, = zj, = = — 2 +i($ — &) foreach 0 < j < A
and 0 < k < B.

If C is sufficiently large, it suffices to verify (2.6.11) and (3.3.12) for each zj,. We will
induct on k; the initial estimate states that they are true for k = 0. So let M € [1, B] be an

integer, assume that the theorem holds for £ < M — 1, and let us establish it for kK = M. To
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that end, we will apply Theorem 2.6.8 with s = O‘_2°“5 and ¢ <

N

To apply this theorem, we must verify (2.6.14). The first estimate there holds since
n > N°~1/2_ and the second holds for sufficiently small ¢ if z € D¢ 5. The third follows from
(2.4.8), the second statement of (2.6.1), the first estimate in (2.6.12) (applied with z = z; p—4
on the previous scale), and the lower bound on Q.(e™4) provided by Lemma 2.6.2. The
fourth estimate in (2.6.14) similarly follows from (2.4.8), the second estimate in (2.6.12)
(applied with z = z; ,—1 on the previous scale), and the upper bound on 73 ,(2,) given by
Lemma 2.6.2.

Thus, applying Theorem 2.6.8 yields that (2.6.15), (2.6.16), (2.6.17), and (2.6.18) all hold
for z = zju; the last estimate implies (3.3.12). Furthermore, (2.6.15), (2.6.2), (2.4.8), the
estimate (2.6.11) (applied with z = z; ;_; on the previous scale), and Lemma 2.6.3 together
imply the first estimate in (2.6.12) for z = z;);. Now (2.6.11) for z = z; follows from the
first estimate in (2.6.16) (applied with p = 1), the first estimate in (2.6.12), the first identity
in (2.6.1), (2.6.17), the second estimate in (2.6.10), and the first estimate in (2.4.13). The
second estimate in (2.6.12) for z = z;); follows from the second estimate in (2.6.16) (applied

with p = 2), the first estimate in (2.6.12), (2.6.17), and the first estimate in (2.6.10).

2.6.2 Establishing Theorem 2.6.8

In this section we establish Theorem 2.6.8 assuming Proposition 2.6.9, Proposition 2.6.10,

and Proposition 2.6.17; the latter results will be proven later, in Section 2.7.

Define

(VRS
J#i Jk#i
J#k
and observe that R;; can be expressed in terms of T;, z, and S; through (2.4.11).
We begin in Section 2.6.2 by “removing T;” from the equations defining R;; by approxi-

mating functions of the R;; by analogous functions of ( —z— Si)fl. Next, in Section 2.6.2

106



we analyze the error in replacing all of the removal entries X;; in the expression defining 5;
with the original a-stable entries Z;; (recall Definition 3.2.3). This will be useful for deriving
approximate fixed point equations in Section 2.6.2, which we will use to conclude the proof

of Theorem 2.6.8 in Section 2.6.2.

Removing T;

Denoting
wo(u) = ((—iz —iS) " u)*?,  @(u) = E[((—iz AN u)“/2], (2.6.20)

we would like to show that v, =~ w, and that other similar approximations hold; see Propo-
sition 2.6.11 below. Such estimate which would follow from Proposition 2.4.9 if one could
show that Im(S; — 7T;) and Im S; could be bounded from below with overwhelming probabil-
ity. The following two propositions, which will be proven in Section 2.7.2 and Section 2.7.3,

establish the latter statement.

Proposition 2.6.9. Adopt the notation of Theorem 2.6.8. There exists a large constant
C =C(a,e,b) > 1 such that

CAIaY

1
Pl < = — 2.6.21
{mSZ<C(logN)C} <Cexp< c (2.6.21)

Proposition 2.6.10. Adopt the notation of Theorem 2.6.8. There exists a large constant
C =C(a,e,b) > 1 such that

1 (log N)?
PII , — T —_— —_——]. 2.6.22
{m(Sz Z)<C(logN)C} <C’exp( c (2.6.22)
In particular, we have that
) c _(log N)?
P Lrgr%}](v |R;;| < C(logN) } < Cexp ( 50 . (2.6.23)
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The following proposition is a consequence of Proposition 2.4.9, Proposition 2.6.9, and

Proposition 2.6.10; its proof will be similar to that of Lemma 2.5.7.

Proposition 2.6.11. Adopt the notation of Theorem 2.6.8. Then, there exists a large con-

stant C' = C(a, e,b,s,p) > 0 such that

B C(log N)¢ ) . e C(log N)¢
P~y — §)LP B St =B iRV _ (—iy —3iGQ.\"P B St =R
E[‘|Rzz| ’( z SZ) ‘ :| S (an)aﬂg? E |( lR’L’L) ( 1z ISZ) ‘ S (NTIQ)Q/S ’
(2.6.24)
and
C(log N)¢
H'VZ B wzul—a/ers < (NnQ)a/g ) (2-6-25)

where 7, and w, are defined in (2.6.6) and (2.6.20), respectively.

Proof. Let us first establish the first estimate in (2.6.24). The proof of the second is entirely

analogous and is therefore omitted. To that end, observe from (2.4.5) and (2.4.7) that, for

pt+1
l‘Ti|<U
p
1\Tz|ZU'

We will use Proposition 2.4.9, Proposition 2.6.9, and Proposition 2.6.10 to bound the

any v > 0, we have that

<(p- 1>U(‘1m(si —1T +2)

p

1Rl = (== = S

p+1 1
N ‘Im(z +5;)

* (‘Im(Si T+ 2) * ‘Im(z+5i)

(2.6.26)

expectation of the right side of (2.6.26). Let Cy, Cs, and C3 denote the constants C' from
Proposition 2.4.9, Proposition 2.6.9, and Proposition 2.6.10 respectively. Also let E; de-
note the event on which inf;<;«yIm S; < Cy 1(log N)~¢ let E, denote the event on which
infi<icn Im(S; — T3) < C3'(log N)=¢%, and let E = E; U E,.

Now, using the deterministic estimate (2.4.12) and the fact that Imz = n < N~'/2 to

estimate the expectation of the right side of (2.6.26) on E, and using Proposition 2.6.9 and
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Proposition 2.6.10 to estimate it off of E| yields

|

< (p— Du(CY ! (log N)PHDC2 1 CFF (log N)P+1Cs)

E[’]Rii]p T

(2.6.27)
+ (p — Do (C5 (log NPT 4 CPH (1og N)PHIE)P[|T;| > o]

+ (NP2 4 (p — 1)uNPTD/2) <exp ( — O%T) + exp < - %))

Setting v = (Nn?)~'/* in (2.6.27) together with the estimate on P[|T;| > s] given by
(2.4.17) (applied with t = (Nn?)/4) yields (2.6.24).

The proof of (2.6.25) is similar, except we now use Lemma 2.6.1. Recall the functions 9,
and w, from (2.6.6) and (2.6.20), respectively. Furthermore, recall the event E from above,
and let F' denote the complement of E. On F, we apply (2.6.4) with z; = iT; — iz — i5;
Ty = —iz —iS;, r = /2, and t = a = (Cy + C3) " 1(log N)~¢2~% to obtain that

1 1

[ 1517 <0 < O(Cy + C3)~30/%(log N)(3-30/2)(CatCh) .

- wzHl—a/Z—i-s
< 0(02 + 03)5_30‘/2(10g N)(5_3°‘/2)(02+C3)vlp.

(2.6.28)

Similarly, applying the first estimate in (2.6.3) with 1 = (iT; —iz—iS;) ™}, 1y = (=12 —iS;) 7,
r=a/2,and a = (Cy+C3)"(log N)~2~% yields the existence of a constant C'= C(a) > 0

such that

H19z - wz”l—a/2+51F1|Ti\>v
<C(|s+ 8 =T+ |2+ ST ) Lplmpse < 20(Co + C3)*2(log )1 p1 s,

(2.6.29)

Moreover, again using the first estimate in (2.6.3) with the same 1, x5, and r as above, but
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1/2

now with a =n > N~"/° we obtain that

9. 15 < 20N**1. (2.6.30)

B wz||1fa/2+s

Now (2.6.25) follows similarly to (2.6.24) as explained above. Set v = (N%?)~"/* and sum
(2.6.28), (2.6.29), and (2.6.30). Then apply (2.4.17) (with t = (Nn?)'/*), Proposition 2.6.9,

and Proposition 2.6.10. Finally, use the facts that w, = E[wz(u)] and v, (u) = E [ﬁz(u)} O

Replacing X

To facilitate the proof of Theorem 2.6.8, it will be useful to replace all of the X;; with Z;

(which we recall are coupled from Definition 3.2.3). To that end, we define

S =3 2, Wi =T (1-3) (187w
i (2.6.31)

Uolu) = E[] =T (1= 5) E[((—iz = i6)7 [u)™"].

We now have the following lemma that compares S; and &;. It is a quick consequence of

Lemma 2.5.8 in Section 2.5.2 and our assumption that E[|R;|| < E[|R;;|?] V2

Lemma 2.6.12. Adopt the notation of Theorem 2.6.8. There exists a large constant C' =
C(a,b,e) > 0 such that

P[|&; — Si| > N™*] < CN™. (2.6.32)

The proof of the following proposition, which lower bounds Im &;, is very similar to that

of Proposition 2.6.9 and is therefore omitted.

Proposition 2.6.13. Adopt the notation of Theorem 2.6.8. There exists a large constant
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C = (a,e) > 0 such that

1 (log N)?
i < == < - . .6.
P Im61<0(logN)C] _C’exp( C (2.6.33)

Given Proposition 2.6.9, Lemma 2.6.12, and Proposition 2.6.13, the proof of the following

proposition is similar to that of Proposition 2.6.11 and is therefore omitted.

Proposition 2.6.14. Adopt the notation of Theorem 2.6.8. Then, there exists a constant
C =C(a,e,b,8,p) >0 such that

E “\(—z —&) (2 Ss)

(2.6.34)
E {](—iz —i8;) 7P — (—iz — iSi)‘p|] < C(log N)YY N~

and
[: = @],y < Cllog N)INTY, (2.6.35)
where w, and 1, are defined in (2.6.20) and (2.6.31), respectively.

Approximate fixed point equations

In this section we establish several approximate fixed point equations for .. To that end,

we begin with the following lemma, which appears as Corollary 5.8 of [34].

Lemma 2.6.15 ([34, Corollary 5.8]). Fiz o > 0, a € (0,2), p > 0, and a positive integer
N. Let Z be a (0,0) a-stable law, and let hy, ha, ..., hx be mutually independent, identically

distributed random variables with laws given by N=Y/*Z. Suppose that Ay, Ay, ..., Ay € C
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are complex numbers with nonnegative real part. Then, denoting

T

we have that F(u) = E[T3], S, = E[s,.(2)], and R, = E[r,.(3)], where T is given by

(2.6.5) and
2a/2 a N a/2 N 2a/2 a N a 9 N
3=3 > (A1) Pyl 2=3 2 A7l
Jj=1 Jj=1
where (y1,Ys, .. .,yn) is an N-dimensional centered Gaussian random variable whose covari-

ance matriz is 1d.

Using Lemma 2.6.15, we can express a number of quantities of interest in terms of the

function 3 above.

Corollary 2.6.16. Recalling the definition of T from (2.6.5) and ¥, from (2.6.31), we have

that
U, (u) = Ey [Tﬂ, (2.6.36)
where
r(1-29) @)y over2 Y5
3=30Ww)=——2/ —iRY | u)™ (2.6.37)
N-1 ;( i ) Ely;]°]

where P = (y;);2i s an (N — 1)-dimensional centered real Gaussian random variable with

covariance matriz given by Id. In (2.6.36), the expectation is with respect to ).

112



Moreover, denoting Z = 3(1), we have that
E|(-iz—i6) 7| =Epl5-(2)],  E||—2-6&|"| =Ey[n-(3)].  (26.39)

Proof. The identity (2.6.36) follows from the first statement of Lemma 2.6.15, applied with

h; = X, and A; = —iRY and also the fact that

330

20/ ™ I'(1-9)

a/2 _a _ — =
2 sin (Z2)T(a)  sin (Z)C(2)E[lyl)] — Eflyle]

(2.6.39)

To establish the first identity in (2.6.39) we used the definition (3.1.2) of o, and to establish
the second and third we used (2.4.24). The proof of (2.6.38) is entirely analogous, as a

consequence of the second and third statements of Lemma 2.6.15, as well as (2.6.39). O]

The following proposition, which will be proven in Section 2.7.4, states that 3 is approx-
imately equal to 7,. Thus, taking the expectation of both sides of (2.6.36), using the facts
that ¢, = E[U.] (recall (2.6.31)) and that v, is approximately equal to . (recall (2.6.25)

and (2.6.35)), (2.6.36) yields an approximate fixed point equation for v, .

Proposition 2.6.17. Adopt the notation of Theorem 2.6.8. There exists a constant C' =

C(a,e,s) > 1 such that

C(log N)¢ log N)?
P H3 — ’Yz||1—a/2+s > ]\(75/2—7705/)2:| < C'exp <—% . (2640)

Convergence to fixed points

In this section we establish Theorem 2.6.8. To that end, recall that (2.6.36) can be viewed
as a fixed point equation for ,. In order to analyze this fixed point equation, we require

the following lemma.

Lemma 2.6.18. Adopt the notation and assumptions of Theorem 2.6.8. There exists a
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constant C = C(a,e,s) > 1 such that

1 1 loe N 2
172 ll1—a/2+s < C, inf Re~,(u) > o P| inf Re3(u) < 5} < Cexp (_(Og ) ) ‘

uESiL ueS}r C

(2.6.41)

Proof. In view of (2.6.2) and Proposition 2.6.17, it suffices to only establish the first two
estimates in (2.6.41) on 7,. Let us first establish the upper bound. To that end, observe

that the first statement of (2.6.3) implies the existence of a constant C' = C(s) such that

H ( — IR“ | u)a/Z S C‘Rm|a/2 (2642)

1—a/2+s

Taking expectations in (2.6.42), using the definition (2.6.6) of v,, and using the fact that

E[|R;|*] <&, we deduce that

||72||17a/2+s <T (1 - %) E|:H ( - lez | U)Q/Q}ll—a/Q—&-s]

<cr (1 - %) E[|Ry|*/?] < CT (1 . %) E[|R:#]"* < CT (1 - %) gm0/,

from which we deduce the first estimate in (2.6.41).
Now let us verify the lower bound on Re~,. In that direction, observe that for any
u € S%, we have that
Re~.(u) =T (1 — %) E[Re ( — iRy | u)a/2]

>T (1= 5) E[(Re(=iRy; | w) ™) =T (1= $)E[m Ry =T (1-5) ¢

The first identity above follows from the definition (2.6.6) of 7,; the second follows from the
fact that Rea” > (Rea)” for any a € K and r € (0,1) (see Lemma 5.10 of [34]); the third
follows from the fact that Re (a|u) > Rea for any u € S} and a € K*; and the fourth

follows from our assumed lower bound on E [(Im R;;)*/?]. O
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Now we can deduce the following consequence of (2.6.36).

Corollary 2.6.19. Adopt the notation of Theorem 2.6.8. There exists a constant C =

C(a,e,s8) > 0 such that

C(log N)¢

Pil[v. =Ty hi-a2+s < N2palt (2.6.43)

< Cexp (—M> )

C

Proof. Let us first show that T, is approximately equal to T3 using Lemma 2.6.5. To verify
the conditions of that lemma, first observe that +.,3 € H, 2 since the inner product (z |y)
is bilinear. Furthermore, let C; denote the constant C' from Proposition 2.6.17, and let C
denote the constant C' from Lemma 2.6.18. Define the events

C(log N)“ }

El = {HB - /72||1—a/2+s Z NS/Qna/Q

(2.6.44)

uesy 2 uesy

1 1
E, = { inf Re3(u) < 5} U { inf Re~,(u) < F} U {H’Yz”1—a/2+s > Cg}.
2

Denoting ' = E; U Es, Proposition 2.6.17 and Lemma 2.6.18 together imply that

PE] < (Cy 4+ Cy) exp (—gjg—_:\gz> . (2.6.45)

Therefore, denoting the complement of E by F' and applying (2.6.9) and (2.6.2) yields a

constant C' > 1 (only dependent on Cy and s) such that

1F||T3 - T'Yz 1—a/2+4s < C’]'F”S - 72H1—Oé/2+8 + 1F”3 - Vz”oo(HS“l—a/Q—i-s + H%||1—a/2+s)
CCy(log N) C,Cy(log N )1
og N)TH (1 G1Callog N) |
Ns/27]oc/2 Ns/2no¢/2
(2.6.46)
1/C2

where we have used the fact that 3 and v, are in H on the event F.

a/2,1—a/2+s

The estimate (2.6.46) bounds |3 — 1.,

1—a/24+s away from the event E; now let us

bound it on F through a deterministic estimate. Using the first bound in Lemma 2.6.4 and
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the definition (2.6.5) of T in terms of F', we deduce that

||T7z||l—a/2+s < Cﬂ_a/2(1 + ||7z||1—a/2+5)a (2-6-47)

after enlarging C' if necessary. Now, applying the first statement of (2.6.3) (with z; = Ry,

r = a/2, and a = n) and (2.3.2), we have that

o o « —
17zlhi—a/21s < CT (1 - 5) |R,|** <cr (1 _ 5) o/, (2.6.48)
Inserting (2.6.48) into (2.6.47) yields

o Q@
IT-. l1-a24s < 2C%7°T (1 - 5) : (2.6.49)

Furthermore, applying the definition (2.6.31) of ¥, (2.3.2), and the first statement of (2.6.3)

(now with x; = —iz — i6, r = /2, and a = n) yields that
o —a/2
0. [l1—ajars < CT (1 - 5) 7o/, (2.6.50)
Combining (2.6.31), (2.6.46), (2.6.49), and (2.6.50) yields

s = Toullizazes < E[IW: = Tolliayzss]

< E[lFH\pz - Tvzul—a/2+s} + E[lEH\I’»ZHI—a/2+S} + E[lEH’VZHl—aﬂ—&-S}

- CC}(Cy + 2)(log N)©
- Ns/2na/2

ieis (1 - %) n*(2C + 1)P[E).

(2.6.51)

For the first inequality, we used Jensen’s inequality and the fact that all norms, in particular

| - [[1—a/2+s, are convex. Now (2.6.43) follows from (2.6.45) and (2.6.51). O

Now we can establish Theorem 2.6.8.
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Proof of Theorem 2.6.8. The first estimate (2.6.15) follows from (2.6.25), (2.6.35), and (2.6.43).
Furthermore, the fourth estimate (2.6.17) follows from the second estimate in (2.6.41); the
fifth estimate (2.6.18) follows from (2.6.23).

The proofs of the two estimates given in (2.6.16) are similar, so let us only establish the
latter. To that end, recall the notation from the proof of Corollary 2.6.19, and define the
events ) and Fj as in (2.6.44). As in the proof of Corollary 2.6.19, we let £ = F; U Ey and
F' be the complement of E.

Then, 7, and 173 are both in 7—[;//%17&/2%, so applying the first estimate in (2.6.10) and

(2.6.2) yields a constant C” (only dependent on Cs, s, and p) such that

C'C(log N)“1
ueSy

(2.6.52)

The estimate (2.6.52) bounds |r,.(7.) — Tp,z(3)| off of E. To bound it on E, we use the
deterministic estimate given by the second inequality in (2.6.8). This yields the existence of

a constant C' = C(«, p, s) such that

1p|rp:(7:) = 1p:2(3)| < Lp|rp-(3:)| + |rp-(3)] < 207 P1p. (2.6.53)

Combining the second equality in (2.6.38), (2.6.52), and (2.6.53) yields

rp:(1:) — B[l — 2 — &if7]

< By |1y (12) — 1:3)]]

= Eg[1e]ra(12) = 1023)]] + B [L]r.(02) = 1 3)]

C'Cy(log N)“
Ns/277a/2

+ 20y PP[E].

(2.6.54)

The second statement of (2.6.16) now follows from the first statement of (2.6.24), the

first statement of (2.6.34), (2.6.45), and (2.6.54). O
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2.7 Estimates for the fixed point quantities

In this section we establish the estimates stated in the proof of Theorem 2.6.8 in Sec-
tion 2.6.2. To that end, we first require some concentration estimates, which will be given
in Section 2.7.1. We will then establish Proposition 2.6.9, Proposition 2.6.10, and Proposi-

tion 2.6.17 in Section 2.7.2, Section 2.7.3, and Section 2.7.4, respectively.

2.7.1 Concentration results

In this section, we collect concentration statements that will be used in the proofs of the
estimates stated in Section 2.6.2. The first (which is an analog of Lemma 2.4.4) is Lemma

5.3 of [34], applied with their 8 equal to our § and their § equal to our s.

Lemma 2.7.1 ([34, Lemma 5.3]). Let N be a positive integer, let r and s be positive real
numbers, and let A = {a;j}1<ij<n be an N x N symmetric random matriz such that the
i-dimensional vectors A; = (a1, @, ..., a;;) are mutually independent for 1 < i < N. Let
z=FE+in€H, and denote B={B;;} = (A—z)"'. FizueSl, a€(0,2), ands € (0,%).

Then, if we denote f = f, : C — C by fu(2) = (iz|u)*?, there exists a constant

C = C(a) > 0 such that

N
>t

1—a/2+s

a/24\2/s
< C(n*?t)~ Vs exp (—w) .

The following (which is analog of Lemma 2.4.5) is a special case of Lemma 5.4 of [34],
applied with their {g;} equal to our {y;}; their {h;} equal to our —iR;;; their 5 equal to our

2 their § equal to our s; and their ¢ equal to CN~*/2p=*/2(log N)*.

Lemma 2.7.2 ([34, Lemma 5.4]). Let (y1,Y2,...,yn) be a Gaussian random vector whose

covariance matriz is given by Id, let s € (0, %), and for each 1 < j < N let

fi(w) = (= iR |u)* Py, gi(u) = (= 1R [w)*E[|y;]]-
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Then, there ezists a constant C' = C'(«) > 0 that

N
1 C(log N)* CN*'/?2 (log N)?
P H— (fi —gi) exp | — , (2.7.1)
[ N ; J J | a/24s Ns/?noz/2 log N C
where the expectation is with respect to (y1,ye, . ..,yn) and conditional on X,

2.7.2 Proof of Proposition 2.6.9

In this section we establish Proposition 2.6.9. Its proof will be similar to that of Proposi-

tion 2.5.2 in Section 2.5.1.

Proof of Proposition 2.6.9. Since all entries of R are identically distributed, we may assume

that © = N. In what follows, let £ denote the event on which

LlogN 8
| TrIm R™) — Elm Ryy]| < o+

S e (2.7.2)

In view of Lemma 2.4.6 (applied with = 1) and the second estimate in (2.4.13), we deduce
that IP’[EC} < 2exp ( — (log N )2), where £¢ denotes the complement of £.

We now apply Lemma 2.5.4 with X = (XN]-)#N and A = {A;;} equal to the (N —
1) x (N — 1) diagonal matrix with A;; = Im R%-V). Then, ImSy = (AX, X). Inserting

t = (log N)?/%(21og 2)'/? into Lemma 2.5.4, we find from a Markov estimate that
P[Im Sy < 1¢(log N)~*/]

[ 2
< 2E|1¢ exp <— %(AX,X>)]

(9] 2a/21 N2 A1/2ya
< 9E | 1¢ exp <_ c”(2log2) ]5[05% : )l “a) exp <O<(10g N)4/a+1N—109—1 Tr A>>

) 2
+ 2N exp (—@) + QP[ECL

(2.7.3)
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where Y = (y1,v2,...,yn—_1) is a Gaussian random variable whose covariance matrix is given
by Id, and we recall the definition # = (b — 1/a)(2 — «)/10 from Theorem 2.6.8.

Now, in view of the definition (2.7.2) of the event £ and our assumption that E[Im Ry;] <
E[|R11|2]_1/2 < &7Y2, we have that 1¢| Tr A| < 2e7/2 for sufficiently large N. This (and
our previous estimate IP’[EC] < 2exp ( — (log N )2)) guarantees the existence of a constant

C = C(a,b,e) > 0 such that

- log N)*||A?Y||g (log N')?
P[Im S; < (log N)™**] < CE ! @ C —— ).
[rn (log N) }_ exp( N + Cexp c
(2.7.4)
Thus, to provide a lower bound on Im Sy, it suffices to establish a lower bound on
N—
IAY?Y e 1 a/2| o
~ _NZ RV |y, (2.7.5)

To that end, we apply Lemma 2.4.5 (with A = H®) and ¢ = (log N)*/2(N7?)*/*) to obtain

that
P 1 B2y, o RS i RV 2R 1y 10| < CUog N)*
_Z‘ m £ 3] _NZ| m Lt ij’ } Ne/apa/2
=1 (2.7.6)
(log N)?
C _\e )
< o exp ( C ,

after increasing C' if necessary. Next, applying Lemma 2.4.6 with r = ¢ yields the determin-

istic estimate

4
(Nm)e/2”

N
%Z‘ (Tm Ry;)** = (Tm RY)*?| < (2.7.7)

77
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The estimate (2.6.2) and Lemma 2.7.1 yield, after increasing C' if necessary, that

(log N)*/2

> Noz/4no¢/2

< Cexp (—(log N)Q) )

P lNi:1|1mR~|‘“/2 - iNz_:l]E[|ImR~|O‘/2}
N s 7] N s 77 C

(2.7.8)

Combining the lower bound E[|Im R;;|*/?] > & (see the second estimate in (2.6.14)),
(2.3.2), (2.7.5), (2.7.6), (2.7.7), (2.7.8), and the fact that all entries of R are identically

distributed yields (again, after increasing C' if necessary)

< Cexp <_(logN)2) |

Oé<_
- C

N C

b [nAmyua e

from which we deduce the lemma upon insertion into (2.6.32). O]

2.7.3 Proof of Proposition 2.6.10

In this section we establish Proposition 2.6.10. Its proof will be similar to that of Proposi-

tion 2.5.3 in Section 2.5.1.

Proof of Proposition 2.6.10. Since all entries of R are identically distributed, we may assume
that i = N.
As in the proof of Proposition 2.6.9, we begin by applying Lemma 2.5.4, now with A =

ImR™, X = (Xy;) and t = (log N)¥*(2log2)"/?. Then, Im(Sy—Ty) = (AX, X).

1<jSN-17

Following the proof of Proposition 2.6.9 yields a constant C' = C(«, b,¢) > 0 such that

P[Im(Sy — T) < (log N)~*/*]

log N)?||AY2Y |2 log N)?
< CE| exp ( _ Cllog N | “a)  Cexp (_@> C(@279)
N C
where Y = (y1,¥2,...,yn_1) is a Gaussian random variable whose covariance is given by Id.

Thus, it again suffices to establish a lower bound on N~||AY||2.
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To that end, we apply Lemma 2.5.5 with w; = (AY?Y);, r = a, and a = 2+ ¢. Then
we find that V; = ImR%-V)(z), and Uy, = ImRéJkV)(z) for each 1 < jk < N —1. We
must next estimate the quantities V, X', and U from that lemma. These are given by
V=WN-1)" 2211—11 Vi, X = (N — ! Zz 1 Vja/Q and U = (N —1)72 Z1§j,k§N—1 Cjk-

To do this, observe from (2.4.6) and (2.3.2) that

4 s _ 4 e 4 v _ 4
U<+ G = 7 |Im R, | < N Im R, < NP (2.7.10)
j=1 k=1 j=1 k=1 j=1
To bound V', we apply the first estimate in (2.4.13) to deduce that
1 & 4log N (log N)?
j=1

Therefore, Lemma 2.4.6 (applied with » = 1), (2.7.11), and the assumption (2.6.14) that
E[Im Rjj} > E[(Im Rjj)a/Z]Q/a > g2/ together imply that

P {|V| < é} < Cexp (—@) , (2.7.12)

after increasing C' if necessary. In particular, P[|V| < 100(log N)'*°UY?] < 2Cexp ( —
C~'(log N)?) for sufficiently large N.
Now let us estimate X = (N — 1)~ Zj ) Va/ ?. To that end, observe by (2.3.2) and

Corollary 2.4.7 (applied with r» = § < 2), we find that

a2 (N-1)X af 9|/ 4
]ﬁ [t [ THN I R, 2——Z|1 |+ o
J=
12
< —.
—Nna/2
(2.7.13)

Now let f(y) = 1jmyj<n-1| Iy + 1)1 y150-1(27)~%/2, and observe that f is Lipschitz
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1—a/2

with constant L = an . Applying Lemma 2.4.3 with t = N~'/2p=%21og N and using

(2.3.2) yields

1 a a
4 E AL TS
j=1

log N (log N)?
Z W] S 2€Xp <— 8(1,2 . (2714)

Combining (2.7.13), (2.7.14), the fact that > N~/ > N°=1/2 and the fact (due to

(2.6.14)) that E[|R;;|*/?] < E[|R;2]"* < =/* yields that

PUX|>Cﬂ<iCem3(—O%gVV>, (2.7.15)

after increasing C' if necessary. Now Lemma 2.5.5 with (2.7.10), (2.7.12), and (2.7.15) to-

gether yield that

A2y |« log N)?
P w < (logN)C] < Cexp (—( OgC ) > : (2.7.16)

after increasing C' if necessary. Now the lemma follows from combining (2.7.9) and (2.7.16).

]

2.7.4 Proof of Proposition 2.6.17

In this section we establish Proposition 2.6.17.

Proof of Proposition 2.6.17. Let us define

Z-Zu)=E[3] - F(1]; 2 S (R0 )
J#
b, = CI)Z(u) = F(lT_%)ZE[< _ IR( ) | )06/2}7
J#
&—&Mzrngzﬁﬂ—mwwwﬂ
J#
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To establish this proposition, we will first show that 3, Z, &,, and -, are all approximately
equal. To that end, first observe that Lemma 2.7.2 implies the existence of a constant

C = C(a) > 0 such that

(log N)* (log N)?
P |:||Z - 3Hl—a/2+s Z ]\/,5/2—770{/2 S Cexp —T . (2717)

Next, applying Lemma 2.7.1 with A = X and ¢ = N—5/2p=/2(log N)* yields (after in-

creasing C' if necessary)

(log N)* (log N')?
P |:HZ — (I)Z||1—o</2+s Z ]VS/2—770‘/2 S C’eXp —T . (2718)

Now we apply the second estimate in (2.6.3) with 21 = Rj;, 25 = R;?, r=7g,and a =7 to

obtain (again, after increasing C' if necessary)

H (Rjj | w)™ = (RS |u)™

< O 2[Ry, — B o Ry, — BOL). (2:7.20)

1—a/2+4s 3]
To estimate the right side of (2.7.19) we apply apply Lemma 2.4.6 to deduce that

4

= (Nn)s

1 N (i) /2 4 1 N ()
N > |r; - R < Np)2 N > |Rij— R (2.7.20)
=1 j=1

Summing (2.7.19) over all j # i, taking expectations, applying (2.7.20), and (2.3.2) yields

(after increasing C' if necessary) that

1 1
12 = & lli—aj2es < C (Na/2na + NST]O‘/2) . (2.7.21)

Furthermore, since the entries of R are identically distributed, we have (after increasing C'
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if necessary) that

C

I'(1-9) SW,
/r,a

2

ng - 72”1—@/2-{-8 = T (2722)

'E[( — iR | U)W]

1—a/2+s

where we have used (2.3.2) and the first estimate in (2.6.3).
Now the proposition follows from (2.7.17), (2.7.18), (2.7.21), (2.7.22), and the fact that
N >n72, [

2.8 Estimating the entries of G;

In this section we establish Proposition 2.2.9. To that end, we first require some additional
notation. Recalling the definitions of Hy and G, from the beginning of Section 2.2.2, let
{)\j(s)}je[LN] denote the N eigenvalues of Hy, and define m, = my(z) = N"'TrG, =
Nt Zjvzl (Aj(s) — z)fl.

Further let my. s(2) € H denote the unique solution in the upper half plane to the equation

1
=z —tmges(2)

N
1
Me,s(2) = Mo (2 + tmges(2)) = N Zgj(s, z), where g;(s,z) = 3
j=1

(2.8.1)

The quantity my. s denotes the Stieltjes transform of the free convolution (see directly
before Proposition 2.2.11) of the empirical spectral distribution of Hy with a suitable multiple
of the semicircle law [29].

We require the following two results, which appear as Theorem 2.1 and Theorem 2.2 of

[42].

Proposition 2.8.1 ([42, Theorem 2.1]). Adopt the notation of Definition 2.2.8, and further
assume that Hy is (1o, v, r)-regular with respect to Ey. Let U = {w;;} and D = {d;; = d,}

denote orthogonal and diagonal matrices, respectively, so that Hy = UDU ™%
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Fiz s € [0,1] satisfying N°n < s < N~°y. Then, for any D > 1 and x € (0,1), there

exists a constant C = C(9, k, D, A) > 0 such that

N N20

N
]P’[sup <‘<qG (2) (u;,q)%g;(s,2)| — ) 1/2 (Z u;,q)%g;(s, 2 >) > 0
7=1

z€D =1

<CN7P,

(2.8.2)

for any vector q € RN such that ||q||z = 1. In (2.8.2), we have abbreviated D = D(Ey,r, N¥~1 1—
kry k) (recall (2.2.9)).

Proposition 2.8.2 ([42, Proposition 2.2]). Adopt the notation and assumptions of Proposi-

tion 2.8.1. Then, there exists a constant C = C(d, k, D, A) > 0 such that

N
1
|mfc,s Z < C'log N, c < Immg s(2) < C, (2.8.3)

for any z € D.

Now we can establish Proposition 2.2.9.

Proof of Proposition 2.2.9. Recall that uj, denotes the j-th entry of the eigenvector corre-
sponding to A;. Applying (2.8.2) with q = (¢1,¢o, ..., qn) satisfying ¢, = 1,—; for each
k € [1, N] yields the existence of a constant C' = C(d, k, D, A) > 0 such that

N5/2
N77 1/2 (Zujkgksz)) >0

P [sup (‘ Zujkgk s, 2) < CN~19D,

2D

(2.8.4)

Let us estimate the terms gx(s,z) appearing in (2.8.4). To that end, we define Ay =
Ao(Ey) = [Ey — o, Eo + mo) and A, = An(Ey) = [Ey — 2™, By — 2™ o] U [Eo +
2m1pg, By + 2’”7]0], for each integer m > 1. Since (2.8.3) implies the existence a constant

C = C(6,k, Ey, D, A) > 1 such that ‘me’S(Z” < Clog N and % < Immy5(2) < C, the
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definition (2.8.1) of the g, implies that

o 1/2
max |gi(s, Fo +1n) : (2.8.5)
AcEA ’ < ((min{Qm—lno — C2%slog N, O})2 + 32>

for any integer m > 1.
Next let us estimate the entries of U, where we recall from Proposition 2.8.1 that Hy =

UDU ! The assumed bound on the entries of Gy(z) implies

N ug
—% = sup  |Gy(2)| < B, (2.8.6)
zZ — )\k

sup <
ZGD(EO 77"7]07770)

ZED(EO 77"7]07’770)

k=1

where we have denoted \; = \;(0) as the eigenvalues of Hy. Thus, setting z = Ey + i in
(2.8.6) yields

1121]%(\])\ > u, < min {2"nB,1}, for any integer m > 0. (2.8.7)
kEAmM

Now we can bound the terms appearing in (2.8.4). We define

o)

and write

]k,gksz <Z Z ]k‘gksz‘
m=0 A\, EAm (E)
[4log N
<Y Y dlaeals Y Y dlats)
m—OAkeAm(E) m=M+1 \pEAm(E)

+ Z Z ‘gk(s,z)‘.

=[4log N| Ak€Am(E

We bound these three sums by combining (2.8.5), (2.8.7), and the facts that 7y > N~

1< B<N,and s € (770, N“s). For the first sum, we apply (2.8.5) — noting the minimum in
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the denominator of the right side takes the value 0 — and the first argument of the minimum
in the left side of (2.8.7). For the second sum, we apply (2.8.5), with the minimum on the
right side taking the nonzero value, and (2.8.7). The third sum is bounded using (2.8.5)
only.

We deduce for sufficiently large N that

< Cs'2MnyB + CBlog N + % < CB(log N)?, (2.8.8)

N
Z u?kgk(sa Z)
k=1

after increasing C' (in a way that only depends on §, k, D, and A) if necessary.
Therefore, combining (2.8.4), (2.8.8), the fact that Nn > N° and a union bound over
j € [1, N] yields (again after increasing C' if necessary, in a way that only depends on J, &,

D, and A)

P|sup max |Gj;(s, z)| > CB(logN)*| < CN~°P. (2.8.9)

2ep 1SN

To estimate the remaining entries of Gy, we apply (2.8.2) with q = (q1, @2, - - ., qv) satisfying
qr = 2712 (1= + 14—;) for some fixed i, j € [1, N]. Using (2.8.8), this yields (after increasing

C' if necessary, in a way that only depends on §, k, D, and A)

P [sup Gjj(s,2) + Giils, z) + 2Gy5(s, z)| > CB(log N)3] <CN—P. (2.8.10)

z€D

Now the corollary follows from combining (2.8.9), (2.8.10), and a union bound over all

i,j €[1,N]. O

2.9 Comparing deformed stable laws to their removals

In this section we establish Lemma 2.5.4. However, we first require the following lemma that

estimates the characteristic functions of removals of stable laws.
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Lemma 2.9.1. Fizx 0 > 0, a € (0,2), a positive integer N, and 0 < b < é Let X

denote the random variable given by the b-removal of a deformed (0,0) a-stable law, as in
Definition 2.2.2. Let X1, Xs, ..., Xy be mutually independent random variables, each with
law N~YV*X, and let ¢1,¢co, ..., cn € R be constants.

Then, for any t € R, we have that

N
o“|t|”
= exp (_ ]|V| Z’Cj’a) eXp< (tQNZ a)(b—1/a)— Z|CJ|2>)
j=1

where the implicit constant on the right side only depends on «.

N
E| exp (it Z chj)
j=1

Proof. Let Z be a (0,0) a-stable law and J be a random variable satisfying Definition 3.1.1.
Let Y = (Z+ J)1jz4 5j<nb, s0 that X = Z =Y. Let Y1,Y5,..., Yy be mutually independent
random variables with law N~Y®Y, let Z;,Z,,...,Zx be mutually independent random
variables with law N~%*Z, and let Ji, .Jo, ..., Jy be mutually independent variables with
law N~1/*J. Then the random variables X ; have laws NV ~1/a X where we assume that the
X;, Y}, Z;, and J; are coupled so that X; = Z; +J; =Y, foreach 1 < j < N.

Observe that, for any ¢ € R, we have that

E[ 1tX} - K 1t(Z+J} + |: it Z+J —1tY . 1)}
= E[¢"“+] — B [¢"“ Y] + O(E[#Y?))
= E[e"ZH] B[ (Z + D)z gem] + O(E[2Y?))
— B[] —E[(Z + Dz pe] + O(E[2Y?]) =E["“H1] + O(E[12Y?]),

(2.9.1)

where the second equality above follows from a Taylor expansion, the third from the definition

of Y, the fourth from another Taylor expansion, and the fifth from the fact that Z + J is
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symmetric. A similar argument shows that
E[¢"“+)] = E[¢"] + O(E[£2/?]). (2.9.2)

Replacing ¢t with ¢; N~1/¢ in (2.9.1) and (2.9.2), we find that

. ) e c2t?
E[e”] = B[] + GO0 (BIZ + TP 1z siem] +ELY)

where in the second estimate above we used (3.1.1) and integrated (3.1.3). Now, let R =

R; = N7!|¢;t|*. Then, we find that
E[e"] < exp(—0®R) + O(N(Q_a)bRQ/O‘) <exp (— 0“R) exp (O(N(2_O‘)bR2/a)). (2.9.3)

Indeed, if R <1 then (2.9.3) follows from the estimate y < e¥ — 1. Otherwise, if R > 1 and
N is sufficiently large, we have that N?=®?R?/ > 259R (since o < 2), from which we again
deduce (2.9.3) from the estimate y < e¥ — 1. Inserting the definition of R = N~!|¢;t|* into

(2.9.3) yields

) et
E[e"%] < exp <—%) exp (O(N(2_O‘)(b_1/a)_l|cjt|2)>. (2.9.4)
Now the lemma follows from taking the product of (2.9.4) over all j € [1, N]. O

Now we can establish Lemma 2.5.4.

Proof of Lemma 2.5.4. The proof of this lemma will follow a similar method as the one used
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to establish Lemma B.1 of [33]. To that end, observe that

2

E[exp ( - %(AX, X))} — ]E{exp ( - §<BX, BX>>]

E[exp ( —it(BX, Y))}
E{exp ( (X, BY))}

Denote W = BY = (wy,ws,,...,wy). In view of Lemma 2.9.1, we have the conditional

expectation estimate

alsla N N
E {exp ( —it(X, W>> ‘W} = exp ( 7 ]’\;‘ Z |wj|°‘> exp (O <t2N(2—a)(b—1/a)—1 Z |w]~|2)
j=1

Jj=1

(2.9.5)

Now, observe that since each w; is a Gaussian random variable with variance Z we

'Lllj’

have from a union bound that

N
Zw > (log N) Tr A

7=1

N N
Z [w?><1ogN>Zb?j] < Ne (s (2.9.6)

i=1

where in the first estimate we used the fact that TrA = TrB* =Y, <ij<n b5
Taking the expectation on both sides of (2.9.5) over the events where Zjvzl |w;|? is at
most or at least (log N)Tr A and further using the fact that the exponential inside the

expectation on the left side of (2.9.5) is bounded by 1, we deduce that

E |:exp ( — ilf<X, W))} =
« « N
exp ( T ]|\175| Z ’wj’a)] exp (O (tQN(Q*a)(bfl/a)*l(log N)Tr A))
j=1

+ Ne e N?2/2 - (297)

E

from which we deduce the lemma. O
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Chapter 3

Eigenvector Statistics of Lévy

Matrices

3.1 Results

3.1.1 Definitions

Denote the upper half plane by H = {z € C:Imz > 0}. Set R, =[0,00),set K={z € C:
Rez > 0}, and set KT = K N H to be the closure of the positive quadrant of the complex
plane. We also let S! = {z € C: |z| = 1} be the unit circle and define S =K+ NS.

Fix a parameter a € (0,2), and let ¢ > 0 and 8 € [—1, 1] be real numbers. A random

variable Z is a (8, 0) a-stable law if it has the characteristic function
E [¢"7] = exp ( —ot]*(1 - i sgn(t)u)), for all t € R, (3.1.1)

where u = u, = tan (%) if @ # 1 and u = u; = —2log [t| if @ = 1. Note # = 0 ensures that
7 is symmetric. The case § = 1 is known as a one-sided a-stable law and is always positive.
We now define the entry distributions we consider in this paper. Our proofs and results

should also apply to wider classes of distributions, but we will not pursue this here (see the
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similar remark in [6, Section 2] for more on this point).

Definition 3.1.1. Let Z be a (0,0) a-stable law with

1/a
o= (QSm (%)P(a) > 0. (3.1.2)

Let J be a symmetric! random variable (not necessarily independent from Z) such that

E[J?] < oo, Z + J is symmetric, and

@
(Jt| +1)"

Cy

<SPIZ+J| >t < 7w
[ } (It} +1)

for each ¢ > 0 and some constants C7, Cy > 0.

(3.1.3)

Denoting 3 = Z + J, the symmetry of J and the condition E[J?] < oo are equivalent to
imposing a coupling between 3 and Z such that § — Z is symmetric and has finite variance,
respectively.

For each positive integer N, let {H;;}1<i<j<n be mutually independent random variables
that each have the same law as N~V/*(Z + J) = N~Y;. Set H;; = Hj; for each i, j, and
define the N x N random matrix H = Hy = {H;;} = {Hi(N)}, which we call an a-Lévy

5]

matriz.

The N~/ scaling of the entries H;; is different from the usual N ~1/2 gcaling for Wigner
matrices. It makes the typical row sum of H of order one. The constant ¢ is chosen so that
our notation is consistent with previous works [18,33,34], but can be altered by rescaling H
without affecting our main results.

By [18, Theorem 1.1], the empirical spectral distribution of H converges to a deterministic
measure that we denote p,, which is absolutely continuous with respect to the Lebesgue

measure and symmetric about 0. We denote its probability density function and Stieltjes

!By symmetric, we mean that J has the same law as —.J.
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transform by o, (z) and

ma(z) = /}RM, (3.1.4)

x—z
defined for z € H, respectively.

The Siteltjes transform m,(z) may be characterized as the solution to a certain self-
consistent equation [33, Section 3.1]. We note it here, although we will not need this rep-

resentation for our work. For any z € H, define the functions ¢ = ¢,,: K — C and

Y =1,y K— C by

1
T(a/2)

Do z(x) _ / toz/Zfleitzeff(lfa/2)t"‘/2:r:dt’ wa z(x) _ / eitzeff(lfa/2)to‘/2a:dt’
’ Ry ’ Ry
(3.1.5)
for any x € K. For each z € H, there exists a unique solution y = y(z) € K to the equation
y ) q y=y q
Y(2) = ¢a,-(y(2)). Then, the Stieltjes transform mu(z) : H — H is defined by setting
ma(z) - iqvba,z (y(Z))

We recall that, like any Stieltjes transform of an absolutely continuous measure, Im m, (z)

extends to the real line with

lim Imm, (E +in) = mo.(E) (3.1.6)

n—0

for £ € R. It is known that g,(7) ~ 5857 as 2 tends to oo [32, Theorem 1.6].

Definition 3.1.2. The classical eigenvalue locations ~; = %(a) for g,(z) are defined by the

quantiles

i = inf {y cR: /y Oalz) dr = %} : (3.1.7)

—o0

Given a random matrix A, it is common to study its resolvent (A — z)~'. Contrary to
those for the Wigner model, the diagonal entries G;;(z) of the resolvent G(z) = (H — 2)~!
of a Lévy matrix do not converge to a constant value but instead converge to a nontrivial
limiting distribution as N tends to infinity and z € H remains fixed. This was shown in [32],

where the limit R,(z) was identified as the resolvent of a random operator defined on a space
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known as the Poisson Weighted Infinite Tree [13,14], which is a weighted and directed rooted
tree, evaluated at its root. We note the basic construction here and refer to [32, Section 2.3]
for details.

Set dv = (1/2) du, where u is the Lebesgue measure on R. The vertex set of the tree
is given by V = J,cn N¥, where the root is N = @, and the children of v € N* are de-
noted (v,1),(v,2),... € N1 To determine the weights, let {Z,}yey be a collection of
independent Poisson point processes with intensity measure v on R. Let 25 = {y1,v2,...}
be ordered so that |y;| < |ya] < ---, and set y; to be the weight of edge connecting @ to
the vertex (7). This process is repeated for all vertices so that, for any v € N¥ the edge
between vertices v and (v, ) is weighted with the value y( ), where Zy = {yv1), Yv2)s - - - }
is labeled so that |y, 1| < [ywa)| < -+ -.

Let F be the (dense) subset of L?(V) of vectors with finite support and, for any v € V,
let 0, € F denote the unit vector supported on v. Then, define the linear operator T: F —

L*(V) by setting

sign (yw)|yw| Y if w = (v, k) for some k,
(6v, Tdw) = ¢ sign(yy)|ys |~ if v = (w, k) for some k, (3.1.8)

0 otherwise.

We identify T with its closure, which is self-adjoint [32, Section 2.3]. It can be considered a

weak limit of the matrix H, as N tends to oco.
Definition 3.1.3. For any z € H, we define R,(z): H — H to be the resolvent entry
(00, (T = 2)7102).

For any z € H, define the N x N matrix G(z) = {Gy;(2)} by G(z) = (H—2)"", which is
the resolvent of H. It is known from [32, Section 2] that any diagonal entry G;;(z) converges
to R,(z) in distribution for fixed z € H, as N tends to oco.

Next, we require the following result and definition concerning the limit of R,(z) as Im z

tends to 0. The following proposition will be proved in Section 3.6 below.
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Proposition 3.1.4. There exists a (deterministic) countable set A C (0,2) with no accumu-
lation points in (0,2) such that the following two statements hold. First, for all a € (0,2)\ A,
there exists a constant ¢ = c(a) > 0 such that, for every real number E € [—c,c]|, the se-

quence of random variables {Im R.(F + in)} s tight as n tends to 0. Second, for any

n>0
fized p € N, all limit points R(E) of this sequence under the weak topology have the same

moment E[R(E)?].

The set A is non-explicit and originally appeared in [34] from an application of the implicit
function theorem for Banach spaces to a certain self-consistent equation. In our context, A

will come from a local law, given by Lemma 3.3.2 below.

Definition 3.1.5. Let R,(F) be an arbitrary limit point (under the weak topology) as

n tends to 0 of the sequence {Im R,(E + in)} By Proposition 2.4 and Prokhorov’s

n>0"

theorem, there exists at least one. Given R,(E), define the random variable U,(E) =

(70a(E)) R (E).

We also need the following definition to state our results.

Definition 3.1.6. Let w = (w;)1<i<n € R™ be a random vector and w) = (U)Z(j))lgign,
defined for j > 1, be a sequence of random vectors in R™. We say that w9 converges in
moments to w if for every polynomial P: R™ — R in n variables, we have

lim E[P(w™)] =E[P(w)]. (3.1.9)

N—oo

3.1.2 Results

In this section, we state our results, which are proved in Section 3.2. Our first, Theo-
rem 3.1.7, identifies the joint moments of different entries of the same eigenvector. Our
second, Theorem 3.1.8, does this for the same entries of different eigenvectors. We let

AMH) < M(H) < - < Ay(H) denote the eigenvalues of H in non-decreasing order and,
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for each k € [1,N], we write uy = (us(1), ug(2),...,ux(N)) for a unit eigenvector of H
corresponding to A, (H).

In the theorem statements, certain index parameters (for instance ¢ and k) may depend
on N. For brevity, we sometimes suppress this dependence in the notation, writing for
example uy instead of ugyy. Throughout, we recall the countable set A C (0,2) from

Proposition 3.1.4.

Theorem 3.1.7. For all a € (0,2) \ A, there ezists a constant ¢ = c(a) > 0 such that the
following holds. Fix an integer n > 0 (independently of N)) and index sequences {i;(N)}, <,
such that for every N, {1;(N)},.,., are distinct integers in [1, N]. Further let k = k(N) €

[1, N] be an index sequence such that limy_,o Y% = E for some E € [—c,c|]. Then the vector
(Nug(i1)®, Nug(iz)?, ..., Nug(in)?) (3.1.10)

converges in. moments to
(N -UNE), NG - Us(E), ... . N2 -Uy(E)), (3.1.11)

where the Nj are are independent, identically distributed (i.i.d.) standard Gaussians and the

U;(E) are i.i.d. random variables with law U, (E) that are independent from the Nj.

Theorem 3.1.8. For all a € (0,2) \ A, there exists a constant ¢ = c(a) > 0 such that the
following holds. Fiz an integer n > 0 (independently of N ) and index sequences {k;(N)}1<j<n
such that for every N, {k;j(N)}1<j<n are distinct integers in [1, N| and |ky — k;| < N2 for
each j € [2,n]. Suppose that limy_,oo Yk, = E for some E € [—c,c|. Further let i = i(N) €

[1, N] be an index sequence. Then the vector

(Nuy, ()%, Nuy, (i)?, ..., Nug, (i)?) (3.1.12)
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converges in moments to
(N - U(E), NG - U(E), ..., N2 U(E)), (3.1.13)

where the N are i.i.d. standard Gaussians that are independent from Uy (E).

Theorem 3.1.7 shows that entries of the same eigenvector are asymptotically independent,
as in the Wigner case [44, Corollary 1.3]. However, unlike in the Wigner case [44, Theorem
1.2], Theorem 3.1.8 indicates that entries of different eigenvectors with the same index can
be asymptotically correlated. This can be seen by taking n = 2 and ks = k;+1 in that result,
in which case Nug, (m)? and Nug,(m)? are correlated through U, (E).

For almost all £ € [—¢,¢|, the random variable U, (E) is not explicit. However, as a
consequence of [32, Theorem 4.3], an exception occurs at E = 0, where U, (0) is given by the
inverse of a stable law. In this case, the n = 1 cases of Theorem 3.1.7 and Theorem 3.1.8

reduce to the following corollary.

Corollary 3.1.9. Retain the notation of Theorem 3.1.7. Choose k so that E = 0, and set

n=1 and m =1i;. Then Nug(m)? converges in moments to

1

_— . 2.
Tl 2) NZ. 9, (3.1.14)

where N is a standard Gaussian and U is independent with law S™', where S is a (1,1)

%—stable law.

The non-triviality of the random variable 9 shows that the entries of u, are asymptotically
non-Gaussian; this is again different from the eigenvector behavior in the Wigner case. It is
natural to wonder whether R,(FE) is non-constant for £ # 0. As a consequence of the last
statement of Lemma 3.6.8 below, for all p € N, the moments E[(R*(E))p } are continuous
in F, for |E| sufficiently small. This implies that moments of U,(F) are non-constant for

all £/ in a neighborhood of 0, so the eigenvectors of H corresponding to sufficiently small
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eigenvalues are also non-Gaussian.

It is also natural to ask whether our results hold for convergence in distribution. In the
case a € (1,2) \ A we will address this in Section 3.8 through Proposition 3.8.1 by studying
the rate of growth of the moments of the limiting distribution. If o < 1, then the moments
of U,(E) grow too quickly for this to determine the law of N2 - U, (F).

Finally, we note that we consider the squared eigenvector entries uy(7)? to avoid ambi-
guity in the choice of sign for ug(7), since given an eigenvalue \;, of a real symmetric matrix
and a corresponding eigenvector vi, the vector —vy is also an eigenvector. In the context
of Lévy random matrices, if one chooses this sign independently with probability 1/2 for
each possibility, then our methods show the above results hold with the conclusion of Theo-
rem 3.1.7 replaced by the convergence in moments of (\/Nuk(il), VNuy(is), . . ., \/Nuk(zn))
to (M UP(E), Ny - Uy (E), ... N, -Uﬁm(E)), where the N} remain i.i.d. standard Gaus-

sians, and similarly for Theorem 3.1.8.

3.2 Proofs of main results

Assuming some claims proven in later parts of this paper, we will in this section establish

the results stated in Section 3.1.2. This will proceed through the following steps.

1. We define a matrix X, obtained by setting the small entries of the original Lévy matrix
H to zero, and the Gaussian perturbation X, = X+4/sW, where W is a GOE matrix.
For a specific choice of s = ¢, with N™'/2 <« t < 1, we show as Theorem 3.2.7 that the
eigenvector statistics of H (corresponding to small eigenvalues) are approximated by

those of Xj.

2. We show as Theorem 3.2.8 that moments of the eigenvector entries of X; (corresponding

to small eigenvalues) can be identified through resolvent entries of X,.

3. We compute as Theorem 3.2.9 the limits of these resolvent entries as N and n tend to

oo and 0, respectively.
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In Section 3.2.5, we prove Theorem 3.1.7, Theorem 3.1.8, and Corollary 3.1.9, given that
the results enumerated above and Proposition 3.1.4 hold. The remaining sections of the

paper verify these prerequisite results.

3.2.1 Notation

Throughout, we write C' for a large constant and ¢ for a small constant. These may depend
on other constants and may change line to line, but only finitely many times, so that they
remain finite. We say X < Y if there exists a small constant ¢ > 0 such that N¢|X| < Y.
Constants in this paper may depend on the constant ¢ > 0 implicit in the claim X < Y, but
we suppress this in the notation. We write X < Y if there exists C' > 0 such that | X| < CY;
we also say X <, Y, or equivalently X = O,(Y), if | X| < C,|Y| for some constant C,, > 0
depending on a parameter u.

In what follows, for any function (or vector) f, we let ||f||o denote the L>*-norm of f.
We also denote Mat v by the set of N x N real, symmetric matrices. Given M € Mat y v,
we denote its eigenvalues by A\; (M), A\o(M), ..., Ax(M) in non-decreasing order. We further
let u;(M) denote the unit eigenvector corresponding to the eigenvalue A\;(M) for each i. We

also make the following definition.

Definition 3.2.1. We say a (sequence of) vectors q = q(N) = (q1,¢2,...qy) € RY has
stable support if there exists a constant C' > 0 such that the set {(i,¢;) : ¢; # 0} does not

change for N > C. We let suppq = {i : ¢; # 0} denote the support of q.
We next introduce the notion of overwhelming probability.

Definition 3.2.2. We say that a family of events {F(u)} indexed by some parameter(s)
uwe UM where UM is a parameter set which may depend on N, holds with overwhelming

probability if, for any D > 0, there exists N(D, U(N)) > 0 such that for N > N(D, U(N)),

inf P(F(u))>1-N"". (3.2.1)

ueU W)
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Next, given a € (0,2) we may select positive real numbers b = b(a) > 0; v = v(«a) > 0;

a=a(a) > 0; and p = p(a) > 0 such that

1 1
2—a)y<a< 5 O<p<v< 5 ap< (2—a)v.

(3.2.2)
These parameters will be fixed throughout the paper, and we will let other constants depend

on them (and on «), even when not explicitly noted. We always assume « € (0,2)\ A, where

A is the set from Lemma 3.3.2 below (or, equivalently, the one from Proposition 3.1.4).

3.2.2 Comparison

We first recall the definition of the removed model X from [6, Definition 3.2].

Definition 3.2.3. Recalling the notation of Definition 3.1.1, let X = (Z + J)1 74 s> We
call X the b-removal of Z + J. Further, let {X;;}1<i<j<ny be mutually independent random
variables that each have the same law as N~/*X. Set X;j = Xj;foreach 1 < j <i <N,

and define the N x N symmetric matrix X = {X;;}. We call X a b-removed a-Lévy matrix.

We also recall a resampling and coupling of X and H that was described in [6, Section

3.3.1].

Definition 3.2.4. We define mutually independent random variables {a;;, b;;, ¢ij, Vij, Xij h1<i<j<n

as follows. Let 1;; and x;; denote 0 — 1 Bernoulli random variables with distributions

P Hij Nﬁy,Nip
Plyy = 1] =P[|H;| > N 77|, Plxy=1] = [|P[||I{€ij|[<N_p] )}

(3.2.3)
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Additionally, let a;;, b;;, and ¢;; be random variables such that

P[H, e (-N-",N")n 1]

Pla;; € I] = — P[’Hl’j‘ < Nﬁy)] ’ (3.2.4)
P|H, € (-N~*,—~N~*]U[N~",N~#)) 0 I}

Plb;; € I] = — Pl[Hy € [N, N7)] : (3.2.5)
P|H,; € ((—00,—~N~#]U[N~*,00)) N I}

Ple;; € 1] = — (3.2.6)

P[|Hi;| > N=7]

for any interval I C R. For each 1 < j < i < N, define a;; = aj; by symmetry, and similarly

for each of b;j, ¢;j, 1¥i;, and xi;.

Because a;j, bi;, ¢ij, ¥i;, and x;; are mutually independent, H;; has the same law as

(1 —9ij) (1 = xij)ai + (L — ij)Xijbij + Yijei; (3.2.7)

and X;; has the same law as (1 — 9;;)xi;bi; + 1i;¢ij. Therefore, although the random vari-
ables Hij 1y, |>n-r, Hij1n-v<|m,;|<N-r, and H;;1 g, |<n-» are correlated, this decomposition

expresses their dependence through the Bernoulli random variables 1;; and ;.

Definition 3.2.5. For each 1 <i,j < N, set

Ay = (1= i) (1 — xij)aij,  Bij = (1 — i) xisbiy,  Cij = vijcij, (3.2.8)

and define the four N x N matrices A = {4;;}, B={B;;}, C={C;}, and ¥ = {¢;;}.

For the remainder of the paper we sample H and X by setting H = A + B + C and
X = B + C, inducing a coupling between the two matrices. We commonly refer to ¥ as the
label of H (or of X). Defining H and X in this way ensures that their entries have the same

laws as in Definition 3.1.1 and Definition 3.2.3, respectively.
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For any s € R, we define the matrix X, € Matyyy by setting

X, =X+ W,, (3.2.9)

where W, = (wij(s))l <ij<n € Maty«y and w;; are mutually independent Brownian motions

with symmetry constraint w;; = wj; and variance (1 + 1,-;)N -1
We now make a specific choice of the time ¢ to enable our comparison argument. Define

t by

NE [H1211|H11\<N*V]
P[|H11| < N7]

t = NE|H{\ 1, <N

\Hyy| < N‘p} - (3.2.10)

The following estimate is [6, Lemma 3.5] and can be quickly deduced from (3.1.3) and
(3.2.10).

Lemma 3.2.6 ([6, Lemma 3.5]). Under the choice of (3.2.10), we have that
eN©@=2Y <t < ON(e-2v, (3.2.11)

Observe in particular that (3.2.11) implies that N~'/2 < t < 1, by the third inequality
in (3.2.2). The next theorem is proved in Section 3.4 and completes the first step of the

outline given in the beginning of Section 3.2.

Theorem 3.2.7. There exist constants c1,co > 0 such that the following holds. Let t be as
in (3.2.10), P: R® — R" be a polynomial in n variables, and q € RY be a unit vector with
stable support. Then there exists a constant C = C’(P, | supp q|) > 0 such that, for indices
Q1,09 yin € [(1/2 = 1) N, (1/2 4 ¢1)N],

E

—E < CN™. (3.2.12)

P < (M uq, (X)) 1<k<n>
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3.2.3 Short-time universality

For each integer k € [1,N] and real number s > 0, abbreviate Ai(s) = A\(Xs), and set
A(s) = (Ai(s), Aa(s), ..., An(s)). Further let uy(s) € RY denote the unit eigenvector of X
associated with Ag(s), and set u(s) = (ui(s),...,un(s)).

Next, for any unit vector g € RV and k € [1,n], set z(s) = zi(s,q) = VN(q, u(s)).

For any integer m > 1; indices i1, 4o, . .., i, € [1, N]; and integers ji, jo, . .., jm > 0, define

2odn(s) =[] za()™ [[a(2i) ™", where a(2j) = (2j — 1!, (3.2.13)
=1 =1

The normalization factors a(2j) are chosen because they are the moments of a standard
Gaussian.

To any index set {(i1,71), - -, (%m, jm)} with distinct i; € [1, N] and positive ji, we may
associate the vector € = (&,&,...,&y) € NV with &, = jy for 1 <k < m and &, = 0 for
p ¢ {i1,...,in}. Wethink of £ as a particle configuration on the integers, with j; particles at
site i for all k£ and zero particles on the sites not in {iy, ..., iy, }. We call the set {iy,...,in}
the support of &, denoted supp§. Denote N'(§) = > 7, jk, the total number of particles.
The configuration € is defined as the result of moving one particle in € from ¢ to j, that
is, if 4 # j then & equals & + 1, & — 1, or & for k =4, k =i, and k ¢ {i, j}, respectively.

Under this notation, we define an observable Fy(&) by the expectation

Fy(&) = E[Q]" T (s)]. (3.2.14)

Now fix ¢ € R., later chosen to be sufficiently small. Recalling a from (3.2.2) and ¢ from
(3.2.10), define
=N, n=N"%, sothat N '?<n<t, (3.2.15)

where the last inequality in (3.2.15) follows from the third bound in (3.2.2), (3.2.11), and

the fact that ¢ is small. For each s € R.o we define the resolvent R(s, z), Stieltjes transform
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my (s, z) of X, and the expectation of my(s, z) by

R(s,z) = (X, —2)7}, mn(s,2) = N TTrR(s, 2), mn(s, z) = E[my(s,2)].

(3.2.16)
We also define the (random) empirical spectral measure for X; by
| N
s — nr Oy, s)s 3.2.17
Hs = 5 ; Ais) ( )

where 0, is the discrete probability measure that places all its mass at x. Further, we define
its = E[us] and observe that the Stieltjes transform of fis is my(s, z). The classical eigenvalue

locations for [, are given by

7i(s) = inf {y eR: ﬁs((—oo,y]) > %} . (3.2.18)

Recalling the specific choice of t from (3.2.10), we abbreviate 7; = 7;(t).
The following theorem is proved in Section 3.5 and completes the second step of the

above outline. We recall from (3.1.7) the notation v, = 7,9).

Theorem 3.2.8. Fiz m € N, let ¢ € RN be a unit vector with stable support, and let
t be the time defined in (3.2.10). There exist constants ¢; > 0, ca = co(m) > 0, and

C' = C(m,|suppql|) > 0 such that, if ¢ < co, then

& N(©=m T m (v, + in)
supp £€[(1/2—c1)N,(1/2+c1)N]

N ~ . &k
max Ft<€) _E H (Im <q7 R(t, Y + 177)01>) < CN*CQ’ (3219>
k=1

where & = (£1,&2, ..., EN)-
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3.2.4 Scaling limit

The next theorem will be proven in Section 3.6 and establishes the scaling limit of the
quantity compared to F; on the left side of (3.2.19), completing step 3 of the above outline.
Here, we recall U,(F) from Definition 3.1.5.

Theorem 3.2.9. There exist constants c1,co > 0 such that the following holds. Fix an
integer n > 0 (independently of N) and index sequences {k;(N)}<j<n such that for every
N, {k;j(N)}i<j<n are distinct integers in [1,N] and |k, — k;| < NY2 for each j € [2,n].
Let q = (q1,...,qn) € RN be a unit vector with stable support; let t be as in (3.2.10); and

assume that imy o Yk, = E, for some E € [—cy,¢1], and ¢ < ¢o. Then the vector

(Im {(q, R(t, 9k, + in)q>> (3.2.20)
T (v, + 1) 1<j<n

converges in moments to

(L1,....1)- > qu(E), (3.2.21)

1ESUpPp q

where the random variables U;(E) are independent and identically distributed with law U, (E).

3.2.5 Proofs
In this section we establish Theorem 3.1.8, Theorem 3.1.7, and Corollary 3.1.9.

Proof of Theorem 3.1.8. By symmetry, we may suppose ¢ = 1 in the theorem statement.

Recalling ¢ from (3.2.10) and applying Theorem 3.2.7 with q = e; = (1,0,0,...,0) gives

lim (E —E
N—oo

P<<N<ukj(H), e1>2> 1<j<n) P((N<ukj (X,), e1>2) 1<j<n)] ‘ —0, (3.2.22)
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Next, Theorem 3.2.8 yields

lim |E —E
N—oo

P ( <N<11kj (X4), el>2> 1§jSN)

Im Ry1 (¢, 4%, + 1
P (N}"- o %fm)) —0,
Im meg (yx; + i) \<i<n

(3.2.23)
where the N are ii.d. standard Gaussians that are independent from Im Ry (t,7%, + in).
Here we used (3.2.13) and the fact that a(2j) = E [N?%] for a standard Gaussian N .

Now the theorem follows from (3.2.22), (3.2.23), and Theorem 3.2.9. O

Proof of Theorem 3.1.7. By symmetry, we may suppose that i; = j for each j € [1,n]. Let
v = (U(E),Us(E),...,.Un(F)) (3.2.24)

be a vector of i.i.d. random variables with distribution U, (E), where U,(E) is as in Defini-
tion 3.1.5.

For any vector q with stable support such that ¢; = 0 for i ¢ [1,n], let w € RY denote the
vector w = (¢%,¢3,...,q%). Fix m € N, recall a(2m) = (2m — 1)!! from (3.2.13), abbreviate

u; = u,(H), and consider the polynomial

Qqr,....q) =E [(N<q, uk>2)m} — a(2m)E[(w,v)™]. (3.2.25)

Then together Theorem 3.2.7, Theorem 3.2.8, and (the n = 1 case of) Theorem 3.2.9 imply

for any unit vector q € RY with suppq C {1,2,...,n} that

]\}im Qqr,---,q,) =0. (3.2.26)
—00

Here we recalled (3.2.13) and the fact that a(27) = E [N%/] for a standard Gaussian N/. Now

observe that () is a polynomial of degree 2m in the ¢;, that is, there exists coefficients Bq € R
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such that

Qa1 @21 an) = Y Bqu], (3.2.27)

|[d|=2m Jj=1

where d = (dy,dy, ..., d,) € 72, is summed over all n-tuples of nonnegative integers with
|d| = 2?21 d; = 2m. Thus, since (3.2.26) holds for all (¢1,¢s,. .., ¢,) with 2?21 ¢ =1, we

have

lim max |Bq| =0, (3.2.28)

N—oo |[d|=2m

where again d ranges over all n-tuples of nonnegative integers summing to 2m. In particular,

fixing some n-tuple (mq,ma,...,m,) of nonnegative integers summing to m and taking
d = (2mq,2ma,...,2m,) gives
(2m)! - : m!(2m — 1)!! .
=——— lim E Nuk N =—F7—""EFE v(j)™ |, (3.2.29)
[}, (2m;)! N—oo jl_[l 1, m! 31_[1

which implies that

lim E

N—oo

:::

ﬁ Nllk
J=1

a(2m;)v ] : (3.2.30)

Jj=1

This yields the desired conclusion, since (3.2.30) holds for all (mi,my,...,m,) € Z%; and

E[N?] = a(2j), for any integer j > 0, if N is a standard Gaussian random variable. O

Proof of Corollary 3.1.9. By [32, Theorem 1.6(ii)],

o 1/a
0a(0) = %r (1 + %) (%) . (3.2.31)

By [32, Lemma 4.3(ii)], R.(0) has the same law as T, where T is a one-sided $-stable law

148



with Laplace transform

a)\ 1/2
E[exp(—tT)] = exp <_ /2 (1—_2;) ) for ¢ > 0. (3.2.32)

Since a (1,1) §-stable law S has Laplace transform exp (—t“/Q), T has the same law as

o 1/a
(%) s, (3.2.33)

so the conclusion follows from Theorem 3.1.7, (3.2.31), and the fact (see Definition 3.1.5)

that Uy(E) = (m0a(E))” R.(E). O

3.3 Preliminary results

In this section we collect several miscellaneous known results that will be used throughout the
paper. After recalling general estimates and identities on resolvent matrices in Section 3.3.1,
we state several facts about the density p, in Section 3.3.2. In Section 3.3.3, we recall several
results about the removed model X,. Finally, in Section 3.3.4 we recall properties of a certain

matrix interpolating between X, and H.

3.3.1 Resolvent identities and estimates

For any invertible K, M € Mat yy, we have
K'-M'!'=K'M-K)M. (3.3.1)
Next, assume 2z = E +in € H and K = {K,;} = (M — z)~!. Then, we have the bound

1<ij<N

|-
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and the Ward identity

N
> Ky = —=. (3.3.3)

3.3.2 The density g,

The following properties of the density g, are proved in Section 3.7; here, we recall the ~;

from (3.1.7).

Lemma 3.3.1. There exists a (deterministic) countable set A C (0,2) with no accumulation
points in (0,2) and constants C,c > 0 such that the following statements hold for a €
(0,2) \ A.

1. For real numbers Ey, Ey € [—c, ¢,

0a(E1) — 0a(E2)| < C|Ey — Eo|, ¢ < 0a(Ey) < C. (3.3.4)

2. For real numbers Ey, Ey € [—c, ], and any n > 0, we have

| Imma(Ey +in) — Immg (B2 + in)| < C|Ey — Es| + Cn. (3.3.5)

3. For real numbers |E| < ¢ and n € (0,c], and any integer j € [(1/2—c)N, (1/2+¢)N],

c<|Imma(E+in)| < C, ¢ <|Immg(y; +in)| < C. (3.3.6)

3.3.3 Removed model

In this section we recall several results concerning the resolvent R(s, z) and Stieltjes trans-
form my(s, z) of Xy (recall (3.2.9) and (3.2.16)). In what follows, we recall that the i-th

eigenvalue of X is denoted by \;(s) and its associated unit eigenvector is denoted by u;(s).
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For any constants C,d > 0, we define the two spectral domains

1 1
Dos=<z=FE+in: |B|< =, N <n< =, (3.3.7)
’ C C
~ 1 1
Deys = {z =E+in: |E| < ek N7V < < 5}. (3.3.8)

We also recall the free convolution of X with the semicircle law is defined to be the

probability measure on R whose Stiletjes transform satisfies the equation

N 1

1
mfc,t(saz) - N Z )\(0) -z — Smfc,t(sa Z)

i=1 "

(3.3.9)

Basic facts about the free convolution, including its existence and uniqueness, may be found
in [29]. It has a density, pw(s,z)dz, and its classical eigenvalue locations are defined for
1<i< N by
y .
vi(s) = inf {y eR: / pret(s, ) dx > %} : (3.3.10)
These are random variables which depend on the initial data ()\Z-(O))jil determined by X.

The following intermediate local law for R(s, z) (on scale n 3> N~Y/2+9) was essentially

shown as [6, Theorem 3.5].

Lemma 3.3.2 ([6, Theorem 3.5]). There exists a (deterministic) countable set A C (0,2)
with no accumulation points in (0,2) such that the following holds for o € (0,2)\.A. For any
fized real number 6 > 0 with 6 < max {%, %}, there ezists a constant C'= C'(§) > 0
such that for s € [0, N=%], we have with overwhelming probability that

sup ‘mN(s,z) — ma(z)’ < CON™™/  gup max ’Rjj(s,z)| < (logN)C, (3.3.11)

~ 1<j<N
2€D¢c5 2€Dg s VRS

where we recall 5(;,5 from (3.3.8).

In fact, [6, Theorem 3.5] was only stated in the case s = 0, but it is quickly verified that

the same proof applies for arbitrary s € [0, N7?], especially since H + s'/?W satisfies the
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conditions in Definition 3.1.1 for s € [0, N79] if H does.

From now on, we always assume « € (0,2)\.4, where A is the set from Lemma 3.3.2, even
when this is not noted explicitly. The next lemma provides more local estimates on R(s, z)
and X, (on scales around N71), if N™'/2 <« s < 1; they are consequences of Lemma 3.3.2
using results of [78]. Specifically, the first bound in (3.3.12) follows from [78, Theorem 3.3]
and the second follows from the first and the first estimate in (3.3.11); (3.3.14) follows from
[78, Theorem 3.5]; and (3.3.15) follows from [78, Theorem 3.6]. The hypotheses of these
statements from [78] are all verified by the first bound in (3.3.11). The final estimate is an
immediate consequence of (3.3.12), (3.3.13), and (3.3.5).

In the following, we recall the v;(s) defined in (3.3.10).

Lemma 3.3.3 ([78]). There exists a constant K > 0 such that the following holds for any

real numbers r,0 > 0.

1. Set D = Dxs and D = Dy, where we recall the definitions (3.3.7) and (3.3.8),

respectively. With overwhelming probability, we have that

Né
sup sup ‘mN(s, 2) — Micr(s, z)! < N (3.3.12)
s€[N—1/2+8 N—6] 2€D n
sup sup |ma(2) — mey(s, 2)| < N—9/16, (3.3.13)
SE[N—1/2+3 N=9] eD
2. With overwhelming probability, we have that
sup [Xi(s) —yi(s)| < N7HF2 (3.3.14)

sE[N*1/2+5,N—5]

3. For any ¢ € (0,1) and s € [N~Y?%0 N7 we have for sufficiently large N that

i <‘)\i(s) —Aina(s)] < %) < No>T, (3.3.15)
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4. For BE\,Ey € [-K~', K] and n € [N~Y/?%% N7, we have
| Immy (B +1in) — Immy(E» +in)| < C|Ey — Eo| + Cp+ CN-*/15 (3.3.16)

with overwhelming probability.

The following lemma provides resolvent and delocalization estimates for X,. The first
estimate in (3.3.17) below follows from [6, Proposition 3.9], whose hypotheses are verified
by the second bound in (3.3.11). We omit the proof of the second since, given the first, it

follows by standard arguments (for example, see the proof of [26, Theorem 2.10]).

Lemma 3.3.4 ([6, Proposition 3.9]). There exists a constant K > 0 such that the following
holds. Fix real numbers § > 0 and s € [N~Y/2+¥5. N=%] and a unit vector q € RN with stable
support. For each index i € [1,N] such that |v;(s)| < K~', we have with overwhelming
probability that

; g . 2 —146
sup max [Ri(s,2)| <N°, (uils), @) < N7V (3.3.17)

3.3.4 Interpolating matrix

Recalling ¢ from (3.2.10), define the interpolating matrix
_ _ 2\1/2,1/2
H = {H}} =vA + X + (1 —9*)"?t'°W, (3.3.18)

where W is an independent N x N GOE matrix. Namely, it is an N x N real symmetric
random matrix Wy = {w;;}, whose upper triangular entries w;; are mutually independent
Gaussian random variables with variances (14 1,_;)N~!.

The following lemma estimates the entries of the resolvent matrix G” = {G;yj(z)} =
(H” — 2)~! and provides complete eigenvector delocalization for H”. The first bound in

(3.3.19) below was obtained as [6, Theorem 3.16]; given this, the second bound there follows
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by standard arguments (again, see the proof of [26, Theorem 2.10]).

Lemma 3.3.5 ([6, Theorem 3.16]). There exists a constant K > 0 such that the following
holds. Fix real numbers § > 0 and v € [0,1], and abbreviate D = D s (recall (3.3.7)). Let
u,;(H") be a unit eigenvector of HY such that the corresponding eigenvalue \;(H") satisfies

})\i(H'V)| < K. Then, with overwhelming probability we have the bounds

5. , ~1/2+6
02221 21615  Jax ‘sz(z)} < N°? HuZ(HW)HOO <N : (3.3.19)

In view of the identity
N —1

nY () = B +97) = N I Tr(M - 2) (3.3.20)
j=1

which holds for any N x N matrix M and complex number z = E + in € H, Lemma 3.3.3
and Lemma 3.3.5 together quickly imply the following lemma that bounds the number of

eigenvalues of H” or X, in a given interval.

Lemma 3.3.6. For any real number 6 > 0, there exist constants K > 0 and C' = C(d) > 0
such that the following holds. For any interval I C [—K~', K| of length |I| > N71*° we

have with overwhelming probability that

sup |{i: \(H) € [}‘ < C|I|N'; sup
~€[0,1] SE[N—1/2+8 N9

i M(X,) € 1}‘ < O|I|IN.
(3.3.21)

The following result states that the i-th eigenvalue of H” and X is close to 0 if 7 is close

to % Its proof will be given in Section 3.7.

Lemma 3.3.7. For each real number c; > 0, there exists a constant co > 0 such that the
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eigenvalues \;(H”) of HY and \;(X;) of X, satisfy

sup |N(H)| < ¢y sup |/\,(XS)‘ < ¢y sup |%(s)| < ¢y, (3.3.22)
~€[0,1] s€[0,1] s€[0,1]

for each i € [(1/2 — c2)N, (1/2 + ¢2)N|, with overwhelming probability.

In Section 3.7, we use Lemma 3.3.7 and Lemma 3.3.3 to deduce the following rigidity
statements comparing the classical locations 7;(s) to the 7;, and the 7;(s) to the v;(s) (recall

(3.1.7), (3.3.10), and (3.2.18)).

Lemma 3.3.8. Fix § > 0. There exist constants C,c; > 0 and ¢ = ¢(d) > 0 such that for

each i € [(1/2 — ¢1)N, (1/2 4 ¢1)N], we deterministically have the bound

sup Fi(s) — | < CN, (3.3.23)
]

SE[N—1/2+57N—6

and with overwhelming probability the bound

sup Fi(s) —vi(s)| < CN~Y2Ho, (3.3.24)

SG[N71/2+67N75]

3.4 Comparison

This section establishes Theorem 3.2.7, which compares the eigenvector statistics of X; to
those of H. Section 3.4.1 establishes this result assuming a general comparison estimate,
certain derivative bounds, and a level repulsion estimate for H”. We then prove the com-
parison estimate in Section 3.4.2; the necessary derivative bounds in Section 3.4.3; and the

level repulsion estimate in Section 3.4.4.

3.4.1 Proof of Theorem 3.2.7

In this section we establish Theorem 3.2.7 assuming Lemma 3.4.1, Lemma 3.4.3, Lemma 3.4.4,

and Lemma 3.4.5 below. In what follows, for any x € [0,1], M = {m;;} € Matyxn,
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and a,b € [1, N], we define 0“IM ¢ Matyxn as follows. Recalling p from (3.2.2), if
|map| = |mpe| > N7, then set "M = M. Otherwise, if [map| = |mpa| < N7, set 0" M
to be the N x N matrix whose (4, j) entry is equal to my; if (i,7) ¢ {(a,b),(b,a)} and is
equal to kmg, = kmy, otherwise. Moreover, for any differentiable function F': Matyyxny — C
and indices a,b € [1, N], we define 9., F to be the derivative of F' with respect to mgy.

We first state the following comparison theorem between functions of H® = X, and H”

(recall (3.3.18)), which will be established in Section 3.4.2 below.

Lemma 3.4.1. There exists a constant ¢ > 0 such that the following holds. Let F': Matyxn —

C denote a smooth function, and suppose K, L > 1 are such that

) (a,b) gTY ‘
max sup max sup [0y F(©,"H")| <K 3.4.1
Jnax, sup | wmax sup |0 (O H)| < (3.4.1)
holds with overwhelming probability, and
max Sup max  sup 6(?F(@ff’b)H7)‘ <L (3.4.2)
0<j<4 g<y<1 1a,b<N g<p<y | -

holds deterministically. Then, for any D > 0, there exists a constant C = C(D) > 0 such

that

sup |F(H) — F(H’)| < KN+ CLN~". (3.4.3)

0<~<1

Next we require the following function, originally introduced in [96, Section 3.2], that

measures how close eigenvalues of some matrix A are to a given eigenvalue.

Definition 3.4.2. Let A € Maty.y. If 1 <i < N is such that A\;(A) is an eigenvalue of a

matrix A with multiplicity one, we define

. (3.4.4)

QA =5 30 [M(A) - A(A)
%
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To deal with the case of multiplicity greater than one, we introduce a cutoff. For any M > 0,
we fix a smooth function fy;: Rs¢ — R such that there exists a constant C' > 0 (independent

of M and N) satisfying the following two properties.
1. For any = € Ry, we have that | f},(z)| + |fi;(@)| + | f11(z)] < C.
2. If z € [0, M] then |fy(x) — 2| <1, and if x > M, then fy(z) = M.
The function f (Q;(A)) is then well-defined and smooth on real symmetric matrices.

The following two lemmas control the derivatives of the @Q;(H) and of the eigenvector
entries of H” with respect to the matrix entries of H; the first is an overwhelming probability
bound, and the second is a deterministic bound. They will be established in Section 3.4.3

below.

Lemma 3.4.3. There exists a constant ¢ > 0 such that the following holds. Fix real numbers

v,k € [0,1], a constant w > 0, and integers i,a,b € [1, N]. Set M = N**| and assume that

<c, and Qi(@fﬁ“’b)H'y) <M =N (3.4.5)

)\i (@,ga’b) HW)

both hold with overwhelming probability. Then,

Ou) (Qi(@ﬁf’”H”))' < ONIOHEtD), (34.6)

also holds with overwhelming probability, for any integer 0 < k < 4.

Moreover, for any q € RY, there exists a constant C = C(| supp q|) > 0 such that

< CN—l-‘rlOk(w-‘rﬁ), (347)

o ({awu (o))

also holds with overwhelming probability, for any integer 0 < k < 4.
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Lemma 3.4.4. Fiz real numbers v,k € [0,1], a constant w > 0, and integers i,a,b € [1, N|;
assume that Qi(@,(f’b)HV) < N?*. Then, for any integers k € [0,4] and 1 <i < N, we have

the deterministic bounds

< ONPHI - (3.4.8)

a{EIZ) <Qz (@’({a,b)HW)> ‘ < ONlO-I—Gw;

8 ((aw(orm))’)

Next we state a level repulsion estimate, which will be established in Section 3.4.4 below.

Lemma 3.4.5. There exist constants c,v > 0 such that, for any fixed index 1 € [(1/2 —

¢)N, (1/2+ ¢)N| and real number v € [0, 1], we have that
P(Q;(H”) > NV) < 2N /4, (3.4.9)

Given these statements, we now prove Theorem 3.2.7. The argument follows [42, Theorem

1.1].

Proof of Theorem 3.2.7. For brevity we consider just n = 1; the general case is no harder.

By Lemma 3.4.5, there exists some w > 0 such that, for each v € {0, 1},
P(Q;(H") > N¥) < 2N /4, (3.4.10)

Denote the degree of P by m, so that P(z) < C(2™+1) for x > 0. Delocalization for H?,
(3.3.19), implies that N<q, ui(H7)>2 < N with overwhelming probability for each § > 0

and v € [0,1], if NV is sufficiently large. Therefore,

E[P(Mq, ui(7)>2>2} < ON?, (3.4.11)

Now set M = N?*_ and let g = gj; be a smooth function with uniformly bounded derivatives

such that 0 < g(x) < 1 for each z € Rog; g(x) = 1 for x < M; and g(x) = 0 for x > 2M.
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Then,

[P<N<q, w,(H")) )] —E{P<N<q, ui(H0)>2>H (3.4.12)

<

E|P(N(a,u(H))")g (@(HH)] —E[P(N<q,ui<H“>>2)g(Qi<H°>)] (3.4.13)

1/2 1/2

+E{P<N<q, w (H')) )2} P(Q:i(H') > M) +]E{P(N<q, ui(H0)>2>2} P(Qi(H) > M)

(3.4.14)
< 8| P(¥(a.w )" )o @) | — £ | P((a @) )o@ ||+ ox-re
(3.4.15)
where in the last estimate we applied (3.4.10) and (3.4.11).
Now let us define the function h : Matyxny — R by setting
BA) = hi(A) = P(N(a,ui(4))")9(Qi(A)), (3.4.16)

for any A € Matyxy. By Lemma 3.4.3, Lemma 3.4.4; a union bound over 1 < i,a,b < N
and v and & in an N~30-net of [0, 1]; and the fact that h(A) = 0 if Q;(A) > 2M, we have
that h deterministically satisfies

a(]Z)h (@Iga,b)Hy)

a

sup Ssup max sup
0<k<4 y€[0,1] 1Sab=N (0,1

< CONPHme, (3.4.17)
and with overwhelming probability satisfies

sup sup max sup 8( (@ff’b)HW) < O N20m@+9) (3.4.18)

0<k<4~€[0,1] 1<a,b<N K€E[0,1]

Therefore, upon setting w and § sufficiently small, Lemma 3.4.1 implies |E [2(H")] —E[A(H")]|
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is bounded by C'N~°. Inserting this into (3.4.15) yields

< CN~¢ 4 CN—w/4tme, (3.4.19)

E{P<N<q, ui(1)>2>] —E[P<N<q’ u"(o)>2>]

The lemma follows from further imposing that 5md < w. ]

3.4.2 Proof of Lemma 3.4.1

In this section we establish Lemma 3.4.1.

Proof of Lemma 3.4.1. Observe (by (3.3.1), for instance) that

OE[FH)] = ) E

1<ij<N

’7t1/2

Now, we condition on the label ¥ of H (recall Definition 3.2.5) and denote the associated
conditional expectation by Ey. We first consider the case 1;; = 1. This implies A;; = B;; =

0, and Gaussian integration by parts (see for instance [93, Appendix A.4]) yields

Ey

0% /ytl/2 t,y 2 vy
&JF(H ) mwij = NE\I; [awF(H )] s whenever wij =1. (3421)

Hoeffding’s inequality applied to the Bernoulli random variable 1);;, whose distribution was
defined in (3.2.3), implies that there are likely at most CN'T” pairs (i, j) such that 1;; = 1.

Specifically,
PU{(z‘,j) € [1,N] x [1,N] : ¢y; = 1}( < C’N”"‘p] >1—Cexp(— N*). (3.4.22)

By (3.4.2), the contribution of (3.4.21) over the complement of the event described in
(3.4.1) or (3.4.22) is bounded by CLN P, for some constant C' = C'(D) > 0. This, together
with (3.4.1), (3.4.21), (3.4.22), (3.2.11), and (3.2.2) imply that the sum of (3.4.21) over all
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(i,7) such that ¢;; =1 or ¢ = j is at most
CKtNTINt L OLN"P < CKNo~2~ L OLN"P <« KN+ CLN~P,  (3.4.23)

for some constants ¢ > 0 (only dependent on the fixed parameters «, p, and v) and C' =
C(D) > 0.
We next consider the case when ;; = 0 and ¢ # j. Then, A;; = a;;(1 — x;;) and

Bi; = bijxi;; abbreviate a;; = a, bj; = b, x;; = X, and w;; = w. Set
h=5(1—x)a+ xb+ (1 —~H)Y2Y . (3.4.24)

Fix (i,j) € [1, N]? such that ¢;; = 0, abbreviate F(*) = aff)F, and abbreviate S = @g’j)H.

Then a Taylor expansion yields
F'(HY) = F'(S) + hF"(S) + h*F®)(S) + h*FW (0 HY), (3.4.25)

for some x € [0, 1]. Hence, the (7, ) term in the sum on the right side of (3.4.20) is equal to

,.ytl/Z

Ey ((1 —x)a— mw) (F’(S) +hE"(S)+h2F®(S)+h*FW (@fj?”H”))] . (3.4.26)

Using the mutual independence between S, a, b, x, and w, and the fact that a, b, and w are

all symmetric, we conclude that (3.4.26) is equal to

,ytl/Q

(=00 g cs)

,ytl/Q

a— — L\ RBF@ (G |
((1 X) (ST )hF (e¢ H)]
(3.4.27)

Again using the mutual independence between S, a, b, x, and w; the fact that a, b, and w
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are all symmetric; and (3.4.24), we find that the first term in (3.4.27) is

" 2

=7 =yE[F"(S)|E[a*(1 — x) — tw®] =0, (3.4.28)

where the final equality follows from the choice of ¢ in (3.2.10).

The second term in (3.4.27) is bounded above by
CEy “F(4) (@,(j’j)H7) ‘ (1= x)a* + tPw* + xtw?v?) |. (3.4.29)

On the complement of the event in (3.4.1), this expectation is bounded by CLN~P~2 for
some constant C' = C(D) > 0. On this event, we use (3.2.11); the facts that E[w?] < N~!
and E[w?] < N7%; and the estimates (which can be quickly deduced from Definition 3.2.4;

see [6, Section 3.3.2] for details)
Ey[(1—x)a'] < CNY=D710 By [xb?] < ONPEeD7 (3.4.30)
to bound it by
CK (NVem=t  N2(e=2)=2 4 Netn)(e=2)=2) < O N2, (3.4.31)

for some constant ¢ > 0 (only dependent on the fixed parameters «, v, and p), where we
have used (3.2.2) in the last inequality. So, the sum of (3.4.29) over all (i,75) € [1, N]? such

that @ # j and 9;; = 0 is at most
KN+ CLN™P. (3.4.32)

Now the lemma follows from the fact that the contribution to (3.4.20) from all terms
corresponding to (i,j) with ¢ = j or ¢;; = 1 is bounded by (3.4.23) and the fact that the

contribution of all terms coming from (7, ) with ¢ # j and ¢;; = 0 is bounded by (3.4.32). O
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3.4.3 Proof of Lemma 3.4.3 and Lemma 3.4.4

In this section we prove Lemma 3.4.3 and Lemma 3.4.4. We begin with the following estimate

on the resolvent entries of ©"”H”. In the below, we recall De.s from (3.3.7).

Lemma 3.4.6. There exists a constant K > 0 such that following holds. For any d > 0, the

bound

< N? (3.4.33)

sup max sup max sup

P K
0<r<1 1Sa,bSN 0<y<1 1SGISN 26Dy 5

¥

(oL —2)™)

holds with overwhelming probability. Moreover, for each c; > 0, there exists some co > 0

such that
sup max sup ui(fo’b)H”) ‘ < N571/2;
0<k<1 1<a,b<N g<~<1 o
(3.4.34)
sup max sup |N(O@PYHY)| < ¢,
0921 1<a,b<N 03721 ( K ) 1

both hold for each (1/2—co)N < i < (1/2+4c¢o)N with overwhelming probability. Additionally,

for any interval I C [—cy, ¢1] of length |I| > N=1+°

sup max sup
0<r<11bSN 0<y<1

{i € [1,N]: A (0*PH") € I}’ < C|I|N', (3.4.35)

holds with overwhelming probability.

Proof. The second bound in (3.4.34) follows from Lemma 3.3.7 and the Weyl interlacing
inequality for eigenvalues of symmetric matrices. Furthermore, the proofs of the first bound
in (3.4.34) and (3.4.35) given (3.4.33) follow from standard arguments (see for example the
proofs of [26, Theorem 2.10] and [78, Lemma 7.4]). So, we only establish (3.4.33).

To that end, let K be as in Lemma 3.3.5, and fix indices a,b € [1, N]; real numbers
k,7 € [0,1]; and a complex number z € Dg. Set E = O"HY V=(E-z)!= {Vi; 1},
and A = H” — E. We may assume throughout this proof that |hy| < N~7, for otherwise

E = H”, and the result follows from Lemma 3.3.5.
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For any M € N, the resolvent identity (3.3.1) gives

M
V-G =) (GA)}G + (GTA)MTV. (3.4.36)

k=0
Now select M in (3.4.36) such that Mp > 10. Then (3.3.1); Lemma 3.3.5; the determin-
istic bound (3.3.2); and the fact that A is supported on at most two entries, each of which

is bounded by N7 implies for sufficiently small § > 0 that
M
- ¥ k n7(k+1)6—kp | oM+1 n7(M+1)—p—10, —1 5

(fax Vi < max IGL| + ;2 N 4 M V< N°. o (3.4.37)
for sufficiently large N, with overwhelming probability. Taking a union bound of (3.4.37)
over all a,b € [1,N]; k and v in a N~-net of [0,1]; and z in a N~'%mnet of D, and also

applying (3.3.1), then yields (3.4.33). O

Next we require the following result that essentially provides level repulsion estimates for

X;.

Lemma 3.4.7. For all w > 0, there exist constants ¢ > 0 (independent of w) and C =
C(w) > 0 such that the following holds. Set M = N*%; recall t from (3.2.10); and fiz an
indez i € [(1/2 —¢)N,(1/2+ c)N]. Then,

E[ QX)) | < ontr (3.4.38)

Further fix § > 0 and, for fized real numbers k,~v € [0,1] and indices 1 < a,b < N, abbreviate

JTEDY (@,(f’b)HV) for each j € [1, N]. Then we have with overwhelming probability that

1 1+w+0
1Qi(@,(f’b)HW)<M g |Hj — <N . (3.4.39)
ez
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Proof. Throughout this proof, we may assume that ¢ < 7. Define the sets
Uy = {j € [N\ {i}: |\ () — Nt)] < N—1+5/2}. (3.4.40)

and

Un — {] c []_7 N] 2n71N*1+5/2 < ‘)\j(t) . Az(t” S 2nN71+5/2}' (3441>

for each integer n > 1.

L

Now choose the ¢ > 0 here with respect to the K from Lemma 3.3.6 to satisfy ¢ < 4,

and define L = | log,(2¢N'7%/?)|. Then Lemma 3.3.6 and Lemma 3.3.7 together imply (after

further decreasing c if necessary) that
U,| < C2"N°. (3.4.42)

holds with overwhelming probability, for each n € [0, L]. Next, for any 6 € (0, 1), also define

the event

E®0) = { min {Xi(t) — Aot (£), Aga (1) — Mi(B)} > %} (3.4.43)

and let E(0)¢ denote the complement of E(6). Then (3.4.42) implies with overwhelming

probability that

L
1]6(3) YT INE =M T <Nt (3.4.44)

n=0 jeU,

Further, we deterministically have that

v 3OS 0 - A < on (3.4.45)

n=L+1j€U,
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Then combining (3.4.44) and (3.4.45) bounds
E[Qi((%&“”’)Xt)lE(eﬂ < CN°92, (3.4.46)

On E(), we use the third part of Lemma 3.3.3 and the fact that | fy(z)| < M holds for all

x > 0 to deduce that

E {fM (Qi (@(ﬁa’b)Xt)) 1p@): | < CN*6. (3.4.47)

Then selecting § = N~/ using the fact that § < ¥, and combining (3.4.46) and (3.4.47)
yields (3.4.38). We omit the proof of (3.4.39), as it is entirely analogous, and follows from
replacing the above application of Lemma 3.3.6 and Lemma 3.3.7 (to establish (3.4.42))
with (3.4.35) and the second bound in (3.4.34), respectively, and using the fact that p; —

i1, fiv1 — p; > N7 holds on the event that Qi(@,(f’b)H“’) < M. O
Now we can establish the derivative bounds given by Lemma 3.4.3 and Lemma 3.4.4.

Proof of Lemma 3.4.3 (Outline). In outline, the bound (3.4.6) is proven by expanding GC(L]Z)Q,-(H“')
using contour integration into a sum of terms which are then bounded individually. Since
the proof of (3.4.7) uses a similar expansion, we only discuss that of (3.4.6) here (for the
former, see the proof of [42, Proposition 4.2] for further details).

Our claim (3.4.6) is essentially the same as that of [70, Proposition 4.6], but there are
two differences. First, one of our hypotheses is weaker: we only have complete delocalization
at small energies and not throughout the spectrum. Second, our conclusion is stronger:
[70, Proposition 4.6] bounded derivatives up to third order, but we here we bound fourth
order derivatives. This extension to fourth order derivatives parallels the proof for the third
order derivatives and requires no new ideas. Therefore, let us only show how the proof
in [70, Proposition 4.6] may be modified to accommodate the fact that our delocalization

estimate is weaker than the one used in that reference. In what follows, we also assume
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for notational convenience that k = 1, so that @,(f’b)(H”’) = H"”, as the proof for general
k € [0, 1] is entirely analogous by replacing our use of (3.3.19) below by Lemma 3.4.6.

For any vector v, let v* denote its transpose. Set 0 = u;Vuy, where V = Vb = fy.1
is the N x N matrix whose entries are zero except for V,; = V3, = 1. In the proof of
[70, Proposition 4.6], 05’Z)Qi(HV) was expanded into a sum of certain terms using a contour
integral representation and Green’s function identities. For instance, in the expansion of
aéi)Qi(HV) there are 13 distinct terms, which are listed after line (4.18) in [70, Proposition

4.6]. Setting A\; = \;(H"), one such term is

1 9]1]29]2]39]5]1
= 2 . (3.4.48)
N 1<51,52,J3<N ()\Z o Aj ) ( )\32)()\1 - )‘Js>
]17‘721]3¢Z

The terms produced by expanding Qg?@i(HV) are fractions with a product of k 6,5 terms
in the numerator, where each of «, 8 may be a summation index or ¢, and a product of
k + 2 eigenvalue differences \; — \; in the denominator, where j is a summation index. We
call k the order of such a term. The proof of [70, Proposition 4.6] shows that to prove the
claim (3.4.6), it suffices to bound each of the the order k terms appearing in its expansion
by CN@k+2)5+(k+2)w

For illustrative purposes, we consider just the term (3.4.48) in the k = 3 case here; other

terms of the same order and the cases k € {1,2,4} are analogous. So, let us show that

1 0132052520335 85
. Z 1J2Y72 1 <CN +5w_ (3‘4'49)
N2 en D= 2370 = Ag) (A = Agy)
J1,J2,J371

To prove (3.4.49), we consider various cases depending on the locations of the eigenval-
ues Aj,, Ajp, Aj;. Let K be the constant from Lemma 3.3.5, and set ¢ = (2K)~'. When

Ngs Njas Njs € [—2¢,2¢], (3.3.19) shows the corresponding eigenvectors are completely delo-

calized, and the proof of [70, Proposition 4.6] requires no modification. There are three
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remaining cases: exactly one of the j, is such that |\;,| > 2¢, exactly two are, or all three
are.

In the first case, suppose for example that |A;,| > 2¢. Then, (3.3.19) implies

852320 < ([0 (@) [ )] + |3, 0)] [z (@)]) < N2 (fugy (@)] + Jus, (B)]), (3:4.50)
8121 < (J15 @) s )] + 15, 0)] sy (@)] ) < N7V (fusy (@)] + [ ®)]), (3:451)

1055, ] < <|Uj1(a)HUj3(b)| + ‘ujl(b)Hu]é(a)‘) < N7 (3.4.52)

with overwhelming probability. Inserting these bounds in (3.4.48) decouples the sum into a

product of a sum over j, and a sum over j, J3:

N 2 1
(3.4.48) < clN‘**?";(Z (Jus2(@)] + fus. ()] ) ( > AT |>'
ja=1 1<jijas 170 ST s

(3.4.53)
Here we used |\, — Aj,| > c¢. The first factor is at most a constant, since the matrix of

eigenvectors is orthonormal:

N ) N , ,

> (Ju@)] + [u®)]) <23 (Ju(@)” + u0)[*) = 4. (3.4.54)
Jo=1 Jo=1

For the second factor, the assumption (3.4.5) implies that |[\; — X\ix1| > N717, and so

(3.4.39) yields

D I = AT < ONTRe, (3.4.55)
J#i

Further, for & > 2, the hypothesis (3.4.5) yields
k/2
Si-arts (Sh-a) somwonn sy
J#i j#i

These inequalities imply the second factor of (3.4.53) is at most C N*+4+49 "and so (3.4.48)

is at most C N70+4w,
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In the second case, suppose for example that |\;,| > ¢ and |\;,| > ¢. Since then |\; — A}, |

and |\; — Aj,| are bounded below by ¢, in this case (3.4.48) is bounded above by

1 0j1j20j2j30j3j1
2\ 2 § : 3
2N AN — s
1<j1,j2,js<N (A i)
J1,J2,J371

(3.4.57)

Proceeding as in the previous case, we find that (3.4.48) is bounded above by

s N253< > (@] + s ) (jus )] + s 0] (3.4.58)
% ([t ()] 1z (6)] + [, (8)] | (a )) (ZM —m?’) (3.4.59)

J1#é

By (3.4.56), the sum over j; is at most CN3T3“+3°  Moreover, by the orthogonality of the
eigenvectors of H? (following (3.4.54)), the sum over j, and j3 is bounded by 8. Thus,
(3.4.48) is bounded above by C'N2+3,

Finally, when |);,| > ¢ for all ¢, (3.4.48) is bounded by

Nicg, > |9j1j29j2j39j3j1|§N%C5 > <\Uj1(a)HUj2(b)\+|Uj1(b)HUj2(a)|>

1<j1,52,93<N 1<j1,52,53<N

(3.4.60)
< (Jusa (@) s )] + s, 0] ()] )
(3.4.61)

< (Juss @) gy (0] + s, ()] (@)] ).
(3.4.62)

Again by the orthogonality of the eigenvectors of H” (following (3.4.54)), the latter is
bounded by 8, and so (3.4.48) is bounded above by obtain 8¢° N2,
This completes our demonstration of how to bound the sum (3.4.48) and concludes the

proof. O]
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Proof of Lemma 3.4.4 (Outline). We again only discuss the first bound in (3.4.8), as the
proof of the second is similar. To that end observe, since we have assumed Q;(H?) < N2+,
we must have |\;—\;| > N~17¢ for each j € [1, N]\{i}. Asin the proof of Lemma 3.4.3, the
derivative 8((;;) (Qi(®,§a’b)H7)) for £ < 4 can be expressed as a sum of a uniformly bounded
number of terms similar to (3.4.48), in which at most four indices j;, are being summed over
and in which the denominator is of degree at most six in the gaps A; — A;,. Thus, each such
term is bounded by at most N5 and so their sum is bounded by a multiple of N19+6«
This yields the first estimate in (3.4.8) and, as mentioned previously, the proof of the second

is omitted. O

3.4.4 Proof of Lemma 3.4.5

Now we can establish Lemma 3.4.5.

Proof of Lemma 3.4.5. It suffices to show that there exists some w > 0 such that, if M =
N? then
E[fM(Qi(H’y))} < N2, (3.4.63)

since then a Markov inequality would imply
P(Q:(H") > N*) < IP’(fM (Q:(H")) > N2“> < N*ZWE[ far (Qi(HV))] < 2N"/2 (3.4.64)

and the lemma follows after setting v = 2w. To prove (3.4.63), we apply Lemma 3.4.1 to
interpolate between X; = H? and H”, carrying the level repulsion estimate (3.4.38) from
the former to the latter. To implement this argument, let us take ¢; > 0 sufficiently small
so that ¢ € [(1/2 — ¢1)N, (1/2 4 ¢;)N] implies that |>\i(@,(f’b)H7)| is less than the ¢; from
Lemma 3.4.6 for each v,k € [0,1] and 1 < a,b < N with overwhelming probability; such a
¢1 exists by the second bound of (3.4.34). Further take w,d > 0 sufficiently small so that

100(w + 6) is less than the constant ¢ from Lemma 3.4.1, and set M = N2¥.
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Then, we may apply Lemma 3.4.1, with the F'(A) there equal to fy (QZ(A)) here; the
K there equal to C N*“%9) here; and the L there equal to CN'**™ here. Then (3.4.1) and
(3.4.2) follow from Lemma 3.4.3 and Lemma 3.4.4, respectively, and so Lemma 3.4.1 implies

that
]E[fM(Qi(HV))] < E[fM(Qi(Xt))} + ON~/% < 2N3/2,

where we used (3.4.38) to deduce the second inequality This verifies (3.4.63). O

3.5 Dynamics

This section determines the eigenvector statistics of X;. Our main goal is a proof of The-
orem 3.2.8. In Section 3.5.1 we recall the definition of the eigenvector moment flow from
[44] and some of its properties. Section 3.5.2 contains continuity estimates used in the proof
of Theorem 3.2.8. In Section 3.5.3 we use the eigenvector moment flow to establish Theo-

rem 3.2.8, assuming several results that will be shown in Section 3.5.4 and Section 3.5.5.

3.5.1 Eigenvector moment flow

Recall the matrix X; from (3.2.9) and that its eigenvalues are given by Ai(s) < Ao(s) <
-+ < An(s) with associated unit eigenvectors u;(s), us(s),. .., un(s), respectively. By [44,
Theorem 2.3|, these eigenvalues and eigenvectors are governed by two stochastic differential

equations (SDEs):
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where (b;;(s))

\<i<j<n A€ mutually independent Brownian motions with variance 1 + 1;-;.
The first equation, for the eigenvalues, is called Dyson Brownian motion. The second, for
the eigenvectors, is called the Dyson vector flow. Using these SDESs, we define the stochastic

processes A = (A(s)) and u = (u(s))

0<s<1 0<s<1’

A key tool for analyzing the Dyson vector flow is the eigenvector moment flow, introduced
in [44, Section 3.1], which characterizes the time evolution of the observable f; = fy ¢ defined
by

f+(&) = fxs(€) =E[QF 1 (s) | A], (3.5.3)

.....

77777

Theorem 3.5.1 ([44, Theorem 3.1]). Let q € RY be a unit vector and, for each s € [0,1],

set

cij(s) = N7H(N(s) — Ai(s)) (3.5.4)

Then,
Osfs = B(s)fs, where B(s)fo(€) = Y cij(s)26(1+2) (f,(€7) — f:(€)).  (3.5.5)
i#j

Recall from Section 3.2.3 that we view N-tuples & = (&1,&,...,&y) € NV as particle
configurations, with & particles at location k for each k € [1, N|; the total number of particles
in this configuration is n = N (§) = Zjvzl &;. We label the locations of these particles in

non-decreasing order by

£1(€) < - < 2 (8). (3.5.6)

Given another particle configuration ¢ with the same number n of particles, whose locations

are labeled by (yj(C )) in non-decreasing order, we define the distance

A(€,€) = D _ |7(&) =y (O)]: (3.5.7)
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Next, we recall ¢,n, ¢ from (3.2.15), fix n € N, and define the parameter
{=1{(n) =" NP where 0 =10(n)=>50(n+1)c. (3.5.8)
Recalling ¢ from (3.2.10) (which satisfies (3.2.11)), we also set
T=1(n)=t—N"n, to=1t—1n. (3.5.9)

These are chosen so that for fixed n > 0, recalling the choices from (3.2.15) (after selecting

¢ = ¢(n) > 0 to be sufficiently small),
~1/2 7 l
N <¢W<N¢m<r<m<t<m+ﬁ<ﬂ. (3.5.10)

Recalling the operator B = B(s) from (3.5.5), we decompose it into the sum of a “short
range” and “long range” operator, given explicitly by B = S + £, where S = S,, = S,.(s)
and £ = L, = L,(s) are defined by

(SIE) = D en()26(1 +28) (£:(877) = f.(€)) (3.5.11)
0<|j—k|<t

(LL)E) = Y ciuls)28(1+26) (fo(€7) — £.(€)). (3.5.12)
li—k|>¢

We let Up(sy,s2) be the semigroup associated with B and likewise define Us(si, s2) and
Ur(s1,52).

We also let F, denote the o-algebra generated by {X;}o<s<t,, and define

he(€) = has(€) = E[QIVIm(s) | X, Fip] = E[QIIm(s) | A, Xy, . (3.5.13)

seestm N/ LT TR0 T LV, im

In the last equality, we used the Markov properties for Dyson Brownian motion and the

eigenvector moment flow. Informally, hs(&) corresponds to a solution of the eigenvector
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moment flow dynamics, run for time s — ¢y, with initial data X4,.
For consistency with [42] we introduce the following notation. Let K > 1 be such
that K ! is less than the constant ¢ from Lemma 3.3.1 and K is greater than those from

Lemma 3.3.3, Lemma 3.3.4, Lemma 3.3.5, and Lemma 3.3.6; and define

4
r= o DT:{z:E—l-in: |E|§T7%§7I§T}- (3.5.14)

We define the function d = glvn on n-particle configurations by

d(&,¢) = max

1<B<n

{10 <V o) < min {(9)00(©)} < 4 < max () 1o(©) |
(3.5.15)

The next lemma provides several estimates necessary to analyze the eigenvector moment
flow. Its first and second parts follow from Lemma 3.3.3 and Lemma 3.3.4, respectively,
together with a standard stochastic continuity argument. Its third part constitutes a special
case of [42, Corollary 3.3|, whose assumptions are verified by Lemma 3.3.2. Tts fourth part
is a consequence of [42, (3.48)]. In what follows, we recall mg/(s, z) from (3.3.9), v:(s) from

(3.3.10), and R(s, z) from (3.2.16).

Lemma 3.5.2 ([42]). The initial data Xo and the Dyson Brownian motion {X;s}o<s<t to-
gether induce a measure M on the space of eigenvalue and eigenvector trajectories ()\(s), u(s))0<s<t

on which the following event of trajectories holds with overwhelming probability.

L uniformly for

1. Figenvalue rigidity holds: sup; <. ‘mN(s, 2) — Mie (s, z)| < (Nn)~
z € D, and sup; <. |/\Z-(s) —%(3)’ < YN~ uniformly for indices © such that ‘%(s)‘ <

r.

2. Delocalization holds: Conditional on X, for any q € RY with stable support we have

that

sup sup
2€Dy to<s<t

(a.R(s2)a)| < C@v: s sup N(ui(s),a)’ < Clo)e,  (3.5.16)

2€Dy tp<s<t
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where C'(q) > 0 is a constant depending on |supp q|.

3. Finite speed of propagation holds: Let n > 0 be an integer, and abbreviate { = £(n)
and § = S,,. Conditional on X, we have the following estimate that is uniform in any
function g: {€ € NV : N(€) = n} — R. For a particle configuration & € N with

N(&) = n such that d,,(€,¢) > ¥l for each ¢ in the support of g, we have

sup |U5(t0,s)g(€)‘ < N | 9| oo- (3.5.17)

to<s<t

4. For any interval I C [ —r,r] of length |I| > N, we have

CUIIN < [{it Ai(s) € I}‘ < C|I|N, (3.5.18)

uniformly in s € [to, t].

The next estimate on the short range operator S is a consequence of [42, Lemma 3.5]

(whose conditions are verified by Lemma 3.3.2 and Lemma 3.3.7).

Lemma 3.5.3 (|42, Lemma 3.5]). There exists a constant C' > 0 such that the following
holds with overwhelming probability with respect to Fy,. Fix an integer n > 0, and abbreviate

(= {(n) (recall (3.5.8)) and S = S,,. There exists an event € of trajectories (A(s), u(s))

to<s<t

of overwhelming probability on which we have

sup
s€lto,t]

(Us(to, )hs, — Us(to, $)hsy) (€) ‘ < cw (3.5.19)

for any configuration &€ € NV such that N'(§) = n and supp & C [(1/2 —c)N =2¢0,(1/2 +
)N + 24(].
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3.5.2 Continuity estimates

To prepare for the proof of Theorem 3.2.8, we require the following continuity estimates for
entries of R(¢,z). We recall a from (3.2.2); ¢ty and 7 from (3.5.9); and r from (3.5.14), and
define

ﬁ:{z:E+in: ]E|§£, N*“gngi}. (3.5.20)

Lemma 3.5.4. Fiz an integer n > 0, a real number § > 0, and a unit vector q with stable
support; set ¢ = |suppq|, and abbreviate T = 7(n). Then, there exist constants ¢ > 0
(independent of n, §, and q) and C = C(6,q,n) > 0 such that, uniformly in ti,ty € [to,1]

with t1 < ty, we have

(h 5<t2—t1 _C)
R(t, —{(q,R(ty, <C +CN +N°); 3.5.21
sup [(a.R(t1,2)a) (. Rit 2)a)| < O p— (3.5.21)
¢4

sup ’ qa, R(t1,z1)q) — (q, R(t1, 22)q ‘ < C’——i—C’N(S(N_C—f—
S ( )< ) a

Im z7=Im 29

’Zl — ZQ‘ +ImZ1
t1—7' ’

(3.5.22)
both with overwhelming probability.
Proof of Lemma 3.5.4. For s > 7, define
ri(s,z) = ! (3.5.23)

Ni(T) — 2 — (s — T)Mge (s, 2)

which is similar to the terms appearing in the definition of the free convolution (3.3.9) (but,
in a sense, “started” at A(7) instead of at A(0)).

Now let us apply [42, Theorem 2.1], with the ¢ there equal to s — 7 here and the Hy given
by X here; the assumptions of that theorem are verified by (3.3.12), (3.3.13), and the facts

that 7> N2 and s—7 > to—7 > N~Y2. For any s € [ty, t], this gives with overwhelming
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probability that

N

(a.R(s,2)q) — > (w;(7),q)ri(s, 2)

=1

<

P? - 2
\/N_nlm (Z:: (u;(7),q) ‘ri(s,z)|> . (3.5.24)

=1

Thus, (3.3.1), (3.3.2), and a union bound over s in an N~ *-net of [ty, t] together yield that
(3.5.24) holds with overwhelming probability, uniformly in s € [to, t].
To bound the right side of (3.5.24), observe that (3.3.17), [42, (2.3)], and the exchange-

ability of the eigenvector entries together yield the bound

D (ui(r) a)°|ri(s, 2)| < Cullog N)?, (3.5.25)

uniformly for any standard basis vector q € {ej,es,...,eyx}. Therefore, (3.5.25) also holds
for unit vectors q € RY of stable support (where the C' there now depends on ¢ = | supp ql),
by expanding q in the standard basis and using the inequality (a + b)? < 2(a® + b?) on the
products (u;,e;)(u;,e;) that appear in the corresponding expansion of <u2-(7-),q>2. Thus,

(3.5.24) and (3.5.25) together imply

(a.R(s,2)q) — Z<ui(7),q>2n(s,z) < C% . (3.5.26)

We now establish (3.5.21) by subtracting (3.5.26) evaluated at s = t5 from that equation

evaluated at s = t;. To that end, we have from (3.5.23) that

’(t2 - T>mfc,t(t27 Z) - (tl - T)mfc,t<tla Z)|

‘(/\i(r) — 2= (b — Tty 2) (M) = 2 — (t — T)miges(ta, 2)) ‘ '
(3.5.27)

’ri(tl, z) — r;(ta, z)| =
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The numerator of the right side of (3.5.27) is with overwhelming probability bounded by

|(t1 = T)mges(ts, 2) = (t2 — T)Mgey(t2, 2)|
< |t — tQHme’t(tQ,Z)‘ + |t — T||mfc7t(t1, z) — mfc,t(tQ,Z)} < CO(log N)*(ty —t1) + C(t; — 7)N ™,

(3.5.28)

Here, in the last inequality we used the overwhelming probability bound |mfc7t(t2,2)’ <
C(log N)? (which follows from [42, (2.3)], whose hypotheses are satisfied by (3.3.11) with

s = 0) and also the overwhelming probability estimate

|mfc,t(t172) — Myey(to, Z)| < |mfc,t(t172) - ma(Z)‘ + |mfc,t(t2>z) - ma(Z)‘ <CON™°,

where the last inequality follows from (3.3.13) (with the § there equal to 3 (3 — a) here).
To bound the denominator of the right side of (3.5.27) observe, since Im mg. 4(t1, z) > ¢
for some uniform constant ¢ > 0 (which is a consequence of (3.3.13) and (3.3.6)), we have

with overwhelming probability that

1 < C‘ri(tl,z)‘.

()\z‘(7'> —z— (t1 — T)mueq(ts, z)) (/\i(T) — 2 — (ty — T)Myge4(ta, z)) P (3.5.30)

Altogether, we obtain with overwhelming probability that

‘Ti(tl, Z)|

‘7’@'<t1,2) — Tl'<t2,2)| < C th— 1

((log N)*(ty —t1) + (t, — 7)N~°)
< Clri(ts, 2)] ((1ogN)2’f;t1

2 — T

+ N‘C>, (3.5.31)
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where we used t; — 7 < t5 — 7 in the last inequality. It follows that

S (i) @) it ) = > (wi(r),q) il 2)
- = . (3.5.32)
< C(log N)? <tt22 :1: + NC> Z <ui(7), q>2|ri(t1, z)‘

To bound the right side of (3.5.32), observe that

N
ST (wr), Q) it )| = Y (wlr), @) it )|+ Y (wilr), @)’ |rit, 2))-
i=1 1<i<N 1<i<N

[Ai(T)|<r INi(T)|>r

(3.5.33)

We bound the first term on the right side of (3.5.33) using Lemma 3.3.4, which yields

N
> (w;(7),q)’|ri(t, 2)| < NN " ri(t, 2)| < N°, (3.5.34)
e .
Yi(T)|<r

for any § > 0, with overwhelming probability. Here, in the last bound we used the fact that
Z?Ll }ri(tl, z)‘ < N(log N)? (which is a consequence of [78, Lemma 7.5], whose assumptions
are verified by (3.3.12) and the fact that t; — 7 > N~1/2).

To bound the second term in (3.5.33), observe for }%(T)‘ > r we have })\1(7)‘ > 3 (by

(3.3.14)), so

‘)\i(T) — 2z — (t1 — T)mye(t1, z)‘ > ¢, (3.5.35)

for some constant ¢ > 0, where we used t; — 7 < 1 and |my.4(¢1,2)| < C(log N)? (again by

[42, (2.3)]). We then obtain by (3.5.23) that

Z <ui(7'),q>2|7“i(t1,z)‘ < C’Z <ui(7'),q>2 < C. (3.5.36)
=Ed

Now the first bound (3.5.21) of the lemma follows from (3.5.26), (3.5.32), (3.5.33), (3.5.34),
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and (3.5.36), after absorbing the (log N)? prefactor into N° and adjusting § appropriately.
We omit the proof of the second as it is analogous, but obtained by replacing (3.5.27) with
the bound

(t1 — 7)|miea(ty, 21) — muea(tr, 22)| + |21 — 22

(i(7) = 21 = (b = Pl 20) (A7) = 22 = (0 = T)miealty, 22)) |
(3.5.37)

|ri(ty, z1)—ri(ty, 22)| < ‘

and (3.5.28) with the bound

(tr = ) |meea(tr, 21) = mie(t, 22) (3.5.38)

< (t—7) <|mfc7t(t1, 21) = ma(21)] + [Mies(tr, 22) — Ma(22)] + |malz1) — ma<z2)|)

(3.5.39)
<C(t1 —7) (N~ + |21 — 20| + Im z), (3.5.40)
where (3.5.40) follows from (3.3.13) and (3.3.5). O

3.5.3 Short-time relaxation

The proof of short-time relaxation here is similar to that of [42, Theorem 3.6]. However,
certain changes are necessary, since the diagonal resolvent entries R;;(t, z) for the removed
model X; do not converge to a deterministic quantity, unlike those of the matrix model
considered in [42]. This causes the observable fx(§) from (3.5.3) to now converge to the
random variable A(q, &), which is defined as follows.

Recall t and ¢, from (3.2.10) and (3.5.9), respectively; recall that {)\;} are the eigenvalues
of X, and that {7;(s)} are given by (3.3.10); fix a unit vector q € R" with stable support;

and set ¢ = |suppq|. For any integer k € [1, N|; particle configuration &€ = (&1,&,...,¢éN);

I
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and eigenvalue trajectory A, define A(q, k) = A;a(q, k) and A(q, &) = Aia(q,§) by

Al k)= (9, R(s, 5k +in)q)
< Im m, (7 + 1)

. Aq.&) = [ Ala, k)%, (3.5.41)

where we have recalled v, = ’ylia) from (3.1.7) and 7 from (3.2.18).
The initial data Xy and Dyson Brownian motion X, for 0 < s < t together induce a
measure on the space of eigenvalues and eigenvectors ()\(s), u(s))o <ocyr Which we denote by

M. Let XA = (X(s))

0<s<t be an eigenvalue trajectory with initial data given by a realization
of the spectrum of X, and recall the observable hy(€) from (3.5.13) that is associated to an
eigenvalue trajectory A and “starts” at time .

Before proceeding, we first fix a small constant ¢y = ¢o(«) > 0 such that the conclusions
of Lemma 3.3.1, Lemma 3.3.3, Lemma 3.5.2, Lemma 3.5.3, and Lemma 3.5.4 apply to any
z = E+1in € D, with |E| < 16¢y and any i € [1, N] with |y;(s)| < 16¢y. By Lemma 3.3.7,
we may choose ¢; > 0 such that, for any fixed real number s € [to, t] and index i € [(1/2 —
c1)N,(1/24¢)N ] , we have that ‘%(s)’ < ¢p with overwhelming probability. Hence, we will
fix this choice of ¢; > 0 in what follows and apply the five lemmas listed above without

further comment.

Then, to establish Theorem 3.2.8, it suffices prove the following proposition.

Proposition 3.5.5. For any integer m > 0, there exist constants ca = co(m) > 0 and

C = C(m,q) > 0 such that for ¢ < cy we have

max |hi(&) — A(q, &)| < CN—=, (3.5.42)
EENN: N(&)=m
supp €€[(1/2—c1)N,(1/24c1)N]

with overwhelming probability with respect to M.

Proof of Theorem 3.2.8. Recall from (3.2.14) and (3.5.13) that Fy(€) = E[h.(£)], where the

expectation is over A and X;,. Therefore, the theorem follows from applying (3.5.42) on an
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event of overwhelming probability, and applying the deterministic bounds ’ht(f )‘ < N™ and
|A(q, €)| < C™p~™ (which holds by applying (3.3.2) to bound the numerator of A(q, &) by

n~" and (3.3.6) to bound its denominator by ¢™) off of this event. O

We now introduce some notation. Fix a particle configuration ¢ = (1, (o, ..., () € NV
with m = N(¢) particles such that supp¢ € [(1/2 — ¢1)N, (1/2 + ¢1)N]. We must verify
(3.5.42) for £ = (.

For notational simplicity, we assume that | supp | = 2. The cases where ( is supported on
one site and on more than two sites constitute straightforward modifications of the following
two-site argument and will be briefly outlined in Section 3.5.6. Denote supp ¢ = {41, 42}, with
11 < 19, and let j; and j denote the number of particles in ¢ at sites 7; and 75, respectively.
Thus ¢, = Jji, Gy = J2, and j1 + jo = m.

Recalling 9 = 2(m) = 50(1 + m)c and £ = £(m) = ™ TNy from (3.5.8), we define a

“short-range averaging parameter”
d = [N, (3.5.43)

which by (3.2.15) and (3.5.9) satisfies ¢2¢ < d < Nt (assuming ¢ = ¢(m) > 0 is sufficiently

small). For a € R and b € N, we further define the interval Y = Lgb)(C ) by
(3.5.44)

where the intervals [af)])_ =1 o(lbi(c ) and [, L(lb; =1 éb%(C) are given by

1) = [iy — 10bd — a,iy +10bd +a], 1) = [iy — 10bd — a,i5 + 10bd + a].  (3.5.45)

a,l

We assume the intervals [ (bf and [ ff’; are disjoint for all a € [0,2d] and b € [0,m].2 When

a

2The reason for this assumption will be seen below, in the material immediately following (3.5.79).
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this is not true, the argument below is carried out analogously, but instead using a single

connected interval. We describe the necessary modifications in Section 3.5.6.

Definition 3.5.6. For any particle configuration & € N¥ with supp & C I we further

A+’
set
b b
o= Y & Yo=Y (3.5.46)
1€Ic(ll;)wé 1 ZEI};;)M 2
which denote the number of particles in £ in I(g ) o and 1Y et respectively. For any integers

ki,ke,b0 >0 and n > 1, recall A(q, k) from (3.5.41) and set

OOk, k) = {€ € WY suppg € 10 7€) = ki (€) = ko 5 (3.5.47)
OOn) = | QO(kik); Ak, ko) = A(q, i)™ A(q, i2)*. (3.5.48)
ki+ko=n

We also define the restricted intervals

OO (ky, ky) = {g eNVisuppe 1Y), Y &L=k, Y &= kz} (3.5.49)

(b) (b)
16[711)2’1 16[711)2’2

U @ (ki ko). (3.5.50)

k1+ko=n

The following two definitions provide certain operators on the space of functions on
particle configurations and an auxiliary flow. Similar definitions appeared in [44, Section

7.2].

Definition 3.5.7. Fix integers k1, ko > 0. For integers a, b > 0, we define operators Flatgb) =

J?‘lafc(%h,€2 and Av® = A\/,E;bl)’,€2 on the space of functions f: NV — C as follows. For each
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particle configuration & € NV and function f: NV — C, set

: (b)
(Flatl (f)) (&) = Je) Hsuppe < Lo (3.5.51)
A(ky, ko), otherwise;

d
AVO(f) =d > Flat? (f). (3.5.52)
a=1

Definition 3.5.8. Adopting the notation of Definition 3.5.7, we define the flow ¢5(§) =

9P (€) = gV (&: ki, ky) for s > to by

0s9s = S(s)gs, with initial data g, (&) = (Av® hy,)(€). (3.5.53)

For each s > to, let € = &(s) = &(s; k1, ka) = €O (s;ky, ks) € NV denote a maximizing

particle configuration for ggb):

gP(€) = max g (& k, k). (3.5.54)
§€Q(b) (k‘l,kg)

When there are multiple maximizers, we pick one arbitrarily (in a way such that &€(s) remains

piecewise constant in s).

3.5.4 Proof of Proposition 3.5.5

To establish Proposition 3.5.5, we begin with the following lemma providing bounds on

A(q, &) (recall (3.5.41)).

Lemma 3.5.9. For any integer m > 0, there exists a constant C' = C(m) > 0 such that
the following holds with overwhelming probability with respect to M for sufficiently small

¢ = c(m) > 0. First, for any particle configuration & € NN with m = N (&) particles such
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that supp &€ C [(1/2 — ¢1)N, (1/2 + ¢1)N]|, we have that
|A(q, &)| < Cy™. (3.5.55)
Second, for any integers ki, ko, b > 0 with kv + ko < m and b < m + 1, we have that

el |40~ Al ka)] < OV (3250

Proof. Recalling the definition (3.5.41) of A, the denominator Im m(7;, +in) of each A(q, 7;)

is bounded below by a uniform constant by (3.3.6). Moreover, the numerator of each A(q, ;)

is bounded above by C with overwhelming probability by the second part of Lemma 3.5.2.
Together these estimates yield (3.5.55).

To establish (3.5.56), observe by (3.5.22), (3.2.11) and (3.2.2) that there exists a constant

¢ > 0 such that, for any § > 0; j € {1,2}; and k € 7Y we have with overwhelming

d+t,5’
probability that

v +N5(N_C+ I%—%Hn)
t—T

Vi

‘<q, R(t, 9 +in)a) — (q,R(t, 7, + in)q>‘ S

(3.5.57)

To bound the right side of (3.5.57), we first note that by (3.3.24), there exists a constant

¢ > 0 such that for indices i, j with |[i — N/2| < N and |j — N/2| < N,

Fi =l < [ = %@+ 175 — %O+ 13u) =% < 2+ CNTHi—jl. - (3.5.58)

In the last inequality we used (3.3.24), the fact that N°~1/2 <5 for § < ¢, and the fact that
the density pr. (¢, z) satisfies ¢ < pge(t,2) < C for |z| < C~'. The latter fact is [78, Lemma

3.2], whose hypotheses are satisfied in this case by the first inequality in (3.3.11) and the
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first inequality in (3.3.6). We further observe using (3.5.58) that for k € I C%bjwfj’

195, — | S N7ij — k| + 1 S 2(10bd + 3d)N~™" + 1 < 306dN " + 1 < 31bN*p,  (3.5.59)

where in the last inequality we used the fact that d = [(p>*N?] (recall (3.5.43)), where
(= ™I NH and 0 = 50(m +1)c (recall (3.5.8)). Further using the facts that n > N—1/2
and t — 7 = N™n (recall (3.5.9)), it follows from (3.5.57), after taking ¢ = c¢(m) > 0

sufficiently small, that with overwhelming probability

’<q, R(t, 5k +in)a) — (q, R(t,7; + in)q>’ S N2 (3.5.60)

We now note that by (3.3.4), 0o(x) > ¢ for a constant ¢ > 0 and all z in a neighborhood
of zero that contains all ’y,ga) such that k € [ c'(i?wfj' The definition (3.1.7) then implies that
for 5, k € ]é?wéj’ |7](-a) — ’y,ga)| < ON7Yj —k|. Using this fact along with (3.3.5) implies that

(0)
for k € Ic7+wz,j’

| Immi (3, + in) — Imma (v +in)| < Cli; — k| + Cn < 31bN?n < 1, (3.5.61)

by the same calculation as in (3.5.59).
Thus, the bound (3.5.56) follows from (3.5.60), (3.5.55), and (3.5.61). O

The following lemma, which we will establish in Section 3.5.5 below, essentially states

that the difference g;(€) — A(k1, ko) is either nearly negative or its derivative is bounded by

a negative multiple of itself. Here, we recall the intervals ®® (ky, k) from Definition 3.5.6.

Lemma 3.5.10. Fiz integers b,n, ky, ko > 0 such thatn < m, b < m+1, and ky + ky =
n. If ¢ = ¢(m) > 0 (recall (3.2.15)) is chosen small enough, then there exist constants
C = C(b,n) > 0 and ¢ = c(b,n) > 0 such following holds with overwhelming probability
with respect to M. Fix a realization of Xo and an associated eigenvalue trajectory A =

(’\<S))t0§s§t' There ezists a countable subset C = C(Xo, A) C [to, t] such that, fors € [ty,t]\C,

186



the continuous function ggb) (g(s; ki, ke); k1, kQ) is differentiable and satisfies either

g (&) — Alky, ky) < N7, (3.5.62)

or

Q

(€ - — | ¥ max
95(9.7(8) — Ak, ko)) < p (w ]

() = AL V€ @)+ 3 .
3.5.63

= §<g§b><€> — Ak, b)),

where the mazimum in (3.5.63) is taken over all € € O+ (ky — 1, ko) U @O+ (ky Ky — 1).
Given Lemma 3.5.10, we can now establish Proposition 3.5.5.

Proof of Proposition 3.5.5. First observe that, for any n < m and & € ®™ "+ (n), we have

7€) = ™€) < | Uslto, DV, — Us(to, huo)(€)] + [Us(to, ) (g — AV by ) (€)
(3.5.64)

S WNEH(E—t) + e (3.5.65)

Here, the first term from (3.5.65) follows from Lemma 3.5.3; where the containment supp & C
[(1/2—=¢)N, (1/2+ ¢)N] holds since 41,45 € [(1/2—c1)N, (1/2+c1)N]. The second term in
(3.5.65) follows from (3.5.17), which applies due to the facts that (hy, —Ay(m=ntD) hiy ) (€) =0

whenever supp &' C Iém_nH) and that c?n(f, €') >l for any & € &™) (n) and supp &’ ¢

I(()m—n—l—l) .

We now define a discretization of the interval [to,t] by

tr =to+km Yn, for 0<k<m, (3.5.66)
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and we will show for each integer n € [0, m] that, with overwhelming probability,

ha(€) — AV (€) T (@)] <0 (3.5.67)

sup max Sn N

$E[tn,t] EERMHD (n)

Given the n = m case of (3.5.67) and using the facts that ¢ € &) (m) and ¢, = t, we obtain
with overwhelming probability that

Ll

Vo (3.5.68)

1:(0) = A0V 8(©) | Em

Our conclusion, (3.5.42), then follows from the facts that " (¢) = j1 = ¢;, and Xgl)((j) =
Jo = (iy; and our choices ¥ = N and 9 = 50(m + 1)c.

So, it suffices to prove (3.5.67) and therefore the two estimates

ha(€) — AT (€), x i <, 3.5.69

L L ( (&) — Al (&), x> (S))) Sn 3 (3.5.69)
(m—n+1) (m—n+1) ¢n

sup max <A , — hg ) S 3.5.70

el E€Bm D) (1) (Xl (&) x5 (5)) €3] NG ( )

To do this, we induct on n € [0,m]. The base case n = 0 is trivial, since & € ®™+1)(0)
implies that hy(&) = 1 = A(Xgmﬂ)(é),xgmﬂ)(é)). For the induction step, we assume the
induction hypothesis (3.5.67) holds for n — 1 and prove (3.5.69) and (3.5.70) for n.

We will in fact only establish (3.5.69), as the proof of (3.5.70) is entirely analogous (by
in what follows replacing the maximizer g of g with the minimizer). To that end, for any
two fixed integers kq, ko > 0 with k; + ko = n, it suffices to show that

s, (9 (& hr ka) — Ak, k2)) S % (3.5.71)
holds with overwhelming probability, where we have abbreviated € = §<m—n+1>(s; ki, ks).
Indeed, given (3.5.71), (3.5.69) follows upon letting (k;, ks) range over all pairs of inte-

gers summing to n; the fact that € maximizes g™ "+ over QU=+ (ky ky); the fact that
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Q=+ (k) k) C QU=+ (k) ky); and (3.5.65).

To establish (3.5.71), we first apply the b = m—n+1 case of Lemma 3.5.10. Since (3.5.62)
implies (3.5.71), we may assume that (3.5.63) holds. Then the induction hypothesis (3.5.67)
(whose n is equal to n — 1 here); the fact that & € &™) (ky — 1, ky) U D72 (ky ky — 1)

implies € € QU= (5 — 1) (since 10d > 24¢); and (3.5.63) together yield that the bound

~ ooe(man) ) =
Ds (ggm e (53 ki, ko) — A(/ﬁ,kz)) < C(m,n) ]iéaﬁ - ( 1 ) (gg H)(f% ki, ko) — Ak, kZ))a
(3.5.72)
holds for all s € [t,,—1,t] \ C (for some countable subset C) with overwhelming probability.

In particular, if we define F': [ty,t] — R by
F(s) = Fn k() = 9§m7n+1)(é ki, k) — A(kr, ks), (3.5.73)

then there exist constants ¢ = ¢(m,n) > 0 and C' = C(m,n) > 0 such that

s (F(s) - Cﬁ < o F(s) — NU : for each s € [t,_1,t] \ C. (3.5.74)
Thus, integration and the fact that ¢, —¢,_ %Z together yield for s € [t,,t] that
15 n n 1% n
F(s) §exp<—5(5—tn1)) (F(tnl)—C%) + % <ex p(—%)F( t 1)_1_0@/’
(3.5.75)

To bound |F(t,_1)|, observe that

F(tm)] < 0+ A Ra)| < [l + Clmpum < €72 4 Ol
(3.5.76)

Here, to deduce the first inequality, we used the definition (3.5.73) of F. To deduce the

second, we used the fact that Hggb) HOO < Hgg)) ., Whenever s <'s (since S is the generator of

189



a Markov process) and (3.5.55). To deduce the third inequality, we used (3.5.53) and (3.5.3).
Then (3.5.73), (3.5.75), and (3.5.76) together imply (3.5.71), from which we deduce the

proposition. 0

3.5.5 Proof of Lemma 3.5.10

We first establish Lemma 3.5.10 assuming (3.5.92) below; the latter will be proven as

Lemma 3.5.11. Throughout this section, for s € [to, ] we occasionally abbreviate {\; h1<j<n =
{)‘1(5)}1§j§1\/'

Proof of Lemma 3.5.10. The differentiability of gs(g) = ggb) (5, ki, ko) follows from the gen-
eral fact that the maximum of finitely many differentiable functions on an interval I is itself
differentiable, away from a countable set C. Thus, for any fixed s € [to,t] \ C, it remains to

upper bound g,(&) — A(ky, k2) and its derivative. To that end, we may assume that

9:(€) — A(k1, k) > N7, (3.5.77)

for otherwise (3.5.62) would hold. In this case, we set € = (&1, &, . ..,&x) and use (3.5.11)

to write

05 (9s(8) — Alk1, k2)) = S(9)95(&) = D el0)25(1 +28) (95(€7) — 9:(8)).  (3.5.78)

0<|j—k|<L

Now let suppgz {j1,J2, -, Jn}. We claim that
g5 (€77%) < g4(€), for any integers p € [1,h] and k € [, — ¢, j, + €. (3.5.79)

To see this first observe that, since € maximizes g, over Q(ki, ky) = QO (ky, ks), (3.5.79)
holds if gjpk € Q(ky, ka). So, let us assume instead that gjpk ¢ Q(ky, k2), meaning that there

exists some v € {1,2} such a particle originally at site j, € I gj:w . in E jumped out of the
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interval [ (~b)wv. This implies that k ¢ I (~b) » since the particle can jump at most ¢ sites

by (3.5.79), but the disjoint intervals I( Lrotl and Id e ATC at least d > ¢ sites apart by
hypothesis.

Then, (3.5.51) and (3.5.52) together yield (Av hy, ) (&) — A(k1, ko) = 0 unless supp € C Ig’).
Thus, any particle configuration & € N¥ in the support of Av h;, — A(ky, ks) must satisfy

d,, (£ , gfpk) > 1¢. Hence, the finite speed of propagation estimate (3.5.17) yields
Zink ok vy 1
90(E7%) = Alk1, ka)| = [Us(to, ) (AV huy) = Alk1, k2) (€79)] S exp (=) < 30 (3:5.80)

which contradicts (3.5.77).
We now set z;, = A;, +in and use (3.5.79), the definition (3.5.4) of the ¢;;, and the fact

that %(ng +1) > 1 when g’jpk #* gto bound the sum in (3.5.78) over j by

h ¢ipk) _ h £ipk) _ ¢

;= 2 o 2 2
p=1 0<|k—jp|<L N()\Jp )\k p=1 0<|k—jp|<L (A]p /\k) + n
h ~.
1 gs(£7°F) Ak, k2)
(3.5.82)

1
_Nn( 95(&) — A(ky, k2) Z oI —Ak'

p=1 0<|k—jp|<L

(3.5.83)

Since the first bound in (3.5.18) and the fact that N~/ > n yields

h h
U U
2 2, m —Ak Z 2 (s, — )2 Z '<2—772ch,

p=1 0<|k—jp|<¥ p=1 0<|k—jp|<¥ p=

—_
&
>
>
>
o
<
3

we have that

(3.5.83) < —%(gs(g) — Ak, k). (3.5.85)
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To bound (3.5.82), we fix p € [1, h], recall B from (3.5.5), and employ the decomposition

! Gu(ER) Ak, k)
N I 2 = M _I 2, — e . .
0<|k—jp|<t P »
! (Z’{S(t0> s) Av®) hto)(gjpk) - (Av(b) Us(to, S)hto)(gjpk)
v " Z 2j, — Mg (3.5.87)
0<|k—jp|<e .
1 (A Us(to, 5)hey) (€74) — (Av® Uss(to, 5)luy) (67F)
_I . .
TR Z % — M (3.5.88)
0<|k—jp|<e »
1 (AvO Uss(ty, 5)h) (€7%) | Al k)
N — Im 22222 &
—l—Nm Z ( 2 — Ak mzj _)\k) (3.5.89)
0<|k—jp|<L P )

The terms (3.5.87) and (3.5.88) may be bounded as in the content following [42, (3.64)]:3

n+1 nN _
(35.87) < ¥ . £ (3588) <, LNI=t)

14

. (3.5.90)

For brevity we only prove here the second inequality in (3.5.90) and refer the reader to [42] for
details on the first. Using Lemma 3.5.3 (which applies as supp &% C [(1/2—c)N, (1/2+c)N],
since supp € C [(1/2 = c1)N,(1/2 4 ¢1)N] and |k — j,| < {), we find

(A0 Us (1o, 5)hey) (E75) — (AVO Us(to, $)he,) (€7F),

_ U"N(t—1)

§‘(Z/{S(to,s)hto—L{B(to,s)hto)(gjp’“) <, . (35.91)

which implies the second bound in (3.5.90).

Next, as Lemma 3.5.11 below, we show that, for any fixed p € [1, k] and s € [to,t] \ C,

(3:5.89) S ¥[hs(E\ 3y) = ACCE ) NSV €\ ) [+ N (3.5.92)

Combining these bounds and using the choices of ¢, from (3.5.9); ¢ from (3.5.8); and d from

3When bounding (3.5.87), 1 plays the role of the interval [b1 — a, b2 + a] in [42].
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(3.5.43), we obtain for fixed p € [1,h] and s € [to,t] \ C that (3.5.86) satisfies

1 g (E97F) A(ky, k)
N Im =—=— —Im ———= 3.5.93
N Z ( m zj — )\k m 2z, — )\k ( )
0<|k—jp|<L P p
< ho(€) — A(x "D (£), D ‘ N~ (3.5.94
~n £eq b+1)(k1 1I]grzl?§g(b+1)(kl ka—1) 77Z) (6) (Xl (6)7 X2 (5)) + ( )

Summing over p € [1, k], inserting this into (3.5.82), and using (3.5.85) then completes the

proof. O]

We conclude this section by establishing (3.5.92).

Lemma 3.5.11. Retain the hypotheses and notation of the proof of Theorem 3.2.8. Then

equation (3.5.92) holds.

Proof. From complete delocalization (3.5.16), we have with overwhelming probability that

max hy(E7%) <, " (3.5.95)

p€E[L1,h]

Now, for any particle configuration & € NV, define ag = ag.s € [0, 1] through the equation

Av(f)(&) = achs(§) + (1 — ag) Ak, k) if ho(€) # A(k, k2), (3.5.96)

and set ag = 0 if hy(§) = A(ky, ko). Since Up(to, S)hi, = hs, the first term of (3.5.89) equals

gﬂpkh ) + (1 - agjpk>A(k17 kQ)

—Im Z

0<[h—gpl<t %0 = M
azhy(€97F) + (1 — a)A(ky, k
1 3ol (&7%) 4+ (1 — ag) Ak, k2)
N 0<|k—jp| <t % — Mo
r= - (3.5.97)
+ L 3 (agip — ag) (hs(& ”A) — Alky, k2))
0<lk—jp|<t b T
azh(€7%) + (1 — az) A(ky, k n
Ll 3ol (&%) + (1 — ag) Ak 2)_1_0”(%).
: Zj, — Ak
0<|k—jp|<t p
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In the last line we used (3.5.55); (3.5.95); the fact that Im3 . . (2, — M)t <
Immy(s, z;,) < C, which follows from the first part of Lemma 3.5.2, (3.3.13), and (3.3.6);
and the bound

l

d(g. &) <2 (3.5.98)

| < ==
d d

(IE — agjpk

which follows from the definition of ag and the definition of the Av operator, since the sums
defining Av(f)(€) and Av(f)(€%*) can differ in at most ¢ terms. The equation (3.5.97)

implies

ag h(Eirk A(ky, ky opr
(3580) =& Y ((Aj:]_ §§)2 l - (Aj:]—(Ak)“)rn?) o, (%) . (3.5.99)

0<|k—jpl<t

Through (3.5.18) and a dyadic decomposition analogous to the one used in the proof of
Lemma 3.4.7 (see also the proof of [42, Lemma 3.5] for more details), one has with over-

whelming probability that

1 CN
¥ — < (3.5.100)
e Rip = M)
which by (3.5.95) implies with overwhelming probability
1 hs £ipk C' Nny™
e Ko = M)
Also,
1 & N 1
Z ~ Im — Imma(s, 2,). (3.5.102)
—)\k 2 — Ak p
=1 k=1 "Jpr

We conclude from (3.5.99), (3.5.100), (3.5.95), (3.5.101), and (3.5.102) that with overwhelm-

ing probability

N
3 nh E’P ) P YNy
(3.5.99) N kg ) — agA(k1, k2) Immn (s, 2;,) + On o + 7 + — )

(3.5.103)
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where we also used (3.5.55) and (3.5.95) to restore the term with index k = j, in the sum,
which accrues an error of size O (¢"/Nn).
By (3.3.12) and (3.3.13), there exists a constant ¢ > 0 such that, with overwhelming

probability,

| Imm (s, 2;,)— Imma(v;, + in)| (3.5.104)

< ‘ImmN(s,sz) — Imma(sz)‘ + | Imma(2;,) — Immg(v;, + in)‘

(3.5.105)

= [Imma(z;,) — Imma(y;, +in)| + O (N 7). (3.5.106)

Moreover, by rigidity estimate from from the first part of Lemma 3.5.2, the combination of

(3.3.23) and (3.3.24), and (3.3.5), we have that

‘Imma(sz) — Imma(yjp —i—in)‘ < C")\jp(s) —vjp‘ +Cn<C (% +N_c+7]> < CN™¢

(3.5.107)
Thus, (3.5.106) and (3.5.107) yield
‘Im m (5, 2,) — Imma(v;, + in)’ < CON-, (3.5.108)
which, together with (3.5.55), yields
Aky, ky) Tmm (s, 23,) — Alky, k) Tmma (v, + in)‘ <, PN (3.5.109)
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with overwhelming probability. Therefore (3.5.103) implies

N k
5 Sjp ) )
3 5. 89 S N E ) L 772 — CLEA(k’l, k’g) Im ma(vjp -+ 177) (35110)
1/1" wrNy Gt
— — 5111
+0, ( Yot t s (3.5.111)

holds with overwhelming probability, where we used that " N~¢ = O(N™?) if ¢ is chosen
sufficiently small (depending only on the value m from Lemma 3.5.10). Using the definition
of hs from (3.5.13) (and recalling from (3.2.13) that a(2j) = (25 —¢)!!), we find that the first

term on the right side of (3.5.110) is equal to

N (N(q, ujq(5)>2>§q—1p_q n{a. uk(8)>2 a(2(§k))
Gg;E <lgl:£h a(Q(gq - lp:q)> ) <<)‘J'p — k) + 772) a(2(§

<N<q, ujq(8)>2>gq1p_q N 77<q,u (s)>2
< aglE (1;1;1 a(2(gq ~1,.,)) ) (kz:; (N, — )\:)2 + 772)

We now have with overwhelming probability that

X\ F,| . (35.113)

N 2
Z n<c1’ 1;: 2 s Im< R (s, A5, () + in)q> (3.5.114)
k=1 Jp
=Im<q R(t . (s)—|—i)q>—|—0 w—4+Nc<t_t0—|—N_c)
’ O’VJp n n,c \/N_T] to -
(3.5.115)
4 NE (N—C YN A2 2”)) .
t() — T
(3.5.116)

In the last equality, we used (3.5.21), (3.5.22), Nn > N2 s € [to,t], and the overwhelming
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probability estimate

N

-+, (3.5.117)

=zl

A5, (8) = T ()] < A5, (8) = 23, (8)] + | (8) = T (5)] <

which follows from the rigidity estimate in the first item in Lemma 3.5.2 and (3.3.24) (with

n>> N~Y2). By (3.5.16) and the fact that ¢ = N*, this yields

&a—1p=g
<N<q, ujq(s)>2>
(3.5.113) < agE ( ~ m { q, R(to,7;,(s) +in)a) | A, Fi,
b 1s1:£h a(2(& — 1—9)) < (t0 5, ) >
(3.5.118)
Pt nt1f t—to ¢N + 27
+On,c<\/N_n+w + (tonrN T)) (3.5.119)

We now recognize that the second factor inside the expectation on the right side of
(3.5.118) is measurable with respect to F;,. We may therefore factor it out of the expectation

and rewrite the previous bound as

(8.5.113) < aghy(€\ j,) Im <q, R (to, 7, (s) + in)q> (3.5.120)
+ On,e (375 + ! (to _tT + N‘C) %)) (3.5.121)

Using again the computation (3.5.115) with s = ¢, and (3.5.95) yields

(3.5.113) < aghy(€\ j,) Im <q, R(t,9;,(s) + in)q> (3.5.122)
Pt to YN~ 421
+On7c<\/_ w + (tO—T + N°¢ +15()T>> (3.5.123)
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This, together with the definition (3.5.41) of A(q, j,) and (3.5.110), gives

(3.5.89) < aglmma (v, + in) (A(a j,)ha(€\ jp) = Ak, k) (3.5.124)
wn+4 _— t . wN—l + 277
+On7c<\/_ P + (to — + N+ T)) (3.5.125)
Pt "Ny W
+ One (N_n ok ) . (3.5.126)

Recalling that in (3.2.15), (3.5.8), (3.5.9), and (3.5.43), we fixed small d(m) > 0 such

that 0 = 50(1 +m)c (recall v» = N©) and chose parameters so that N™V/2 < n < 7 <ty < t:

n=N"%, (=" TINHy  to=t—yn T=t—N"%n d=L0""N°. (3.5.127)
Then choosing ¢ sufficiently small, we deduce from (3.5.124) that

(3.5.89) < agImmg(v;, + in) <A(q, s (€N ) — Alke, k;g)) +0,(N7?).  (35.128)

To complete the argument, it suffices to show that

CLEIHI ma(’)/jp + i77) (At(q7 jp)hS(g\ jp) - At(klv k2)>

hs(g\ jp) - ( . (E \]p) (bH (5 \]p))‘ (Nia)' (3-5-129>

We recall that, for j, € [(1/2—c)N, (1/2+4c)N]|, there exists C' > 0 such that | Immq(v;, +
in)| < C, which holds by (3.3.6). This, together with (3.5.56), and the definition (3.5.41) of
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A(q, &), we obtain

tmma (v, + i) (Al p)he(€\ ) — Ak, kz)) (3.5.130)

— Tmma (3, +in) (A(a j,)hs (€ Gp) — A, €) ) +On (V) (3.5.131)

= Tmma (5, + ) A(a,3p) (ho(€\ Jp) — Al €\ jy)) + O (N°) (3.5.132)
— T (%5, + ) A(d, jp) (ha(€\ Gp) = ALV EN ) xETEN Gp) + On (N2))

(3.5.133)

+0, (N7°). (3.5.134)

Combining the last line with (3.5.55) and using the bound ‘ Immq(7;, + in)‘ < C again, we

see

Im ma(%’p + 17]) <A(q, jp)hS(g\ jp) - A(klv k2)>

B(€\ ) = AT €\ G STV ENG) |+ 0wV ). (35.135)

Then (3.5.129) follows because |ag| < 1. O

3.5.6 Outline of the proof of Theorem 3.2.8 in the general case

Previously, we assumed when defining the interval I, in (3.5.44) that |supp ¢| = 2. Consider
now the general case where |supp{| = n’ for n’ > 1. Set supp{ = {i1,is,...,0,}, with

i1 < iy < -+ < iy, recall m = N(¢), and define

l

(¢ =1, whereforall 1 <j<n', I\)=l[i;—10bd—a,i;+10bd+a] (3.5.136)

a a,j
Jj=1

(m)

under the assumption that all the intervals I, 2d; Y€ disjoint; we will describe the appropriate

definition when this is not the case below. We further set, for each j € [1,n/] and particle
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configuration & € NV,

= ) & (3.5.137)
GI((ZL)MJ
For any integer n’ > 1 and n’-tuple k = (ky, ko, . . ., k) of nonnegative integers, we define
0P (k) = {6 e NV :suppé C I +W,xﬁb)(i) — k; for j € [1,n’]}; (3.5.138)
= J ok Ak ZHA(q, i), (3.5.139)
[k|=n j=1

where |k| = Z;il k;. We also define the restricted intervals

oO(k) = {¢ e NV i suppg € 19, D" &=k for j € [1,n]}; (3.5.140)
zel(b)
=YL,
o"(n) = | ] 2@ (k (3.5.141)
lk]=n

The operator Flat, is then defined as in (3.5.51), except with A(kq, k2) there replaced
by A(k) here. Given this change, Av is defined as in (3.5.52). Additionally define the flow
9s(&) = ggb)(ﬁ) = g (£ k) as in (3.5.53), and also the maximizer & = £(s) = £(s,k) =
£®) (s, k) € NN by

9+(€) = e 9" (& k). (3.5.142)

Now the argument then proceeds as before. Specifically, the dichotomy in Lemma 3.5.10

becomes that ggb) (5) satisfies either

(3.5.143)
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or

95(9"(€) — A(k)) <

ha(€) — A€, x0T (©) ‘ + N‘°> (3.5.144)
c

- ﬁ(gﬁb) (&) — Ak)), (3.5.145)

where the maximum in (3.5.144) is taken over § € U<, OOV (ky, ook — 1,00 K).

The proof of this claim is the same as the one in Section 3.5.5, and the proof of the main

result given this claim is the same as in Section 3.5.4.

When the [ 2(;”; are not disjoint, we instead partition U?,ZI I ;Z? into a union of disjoint
intervals fl(m) as follows. There exist an integer v € [1,n/] and indices 1 < j; < jo < ... <

Jj» < n' such that the intervals

Jut1—1
=y ny (3.5.146)
i=h
are mutually disjoint over all u € [1,v] (where we set j,1 = n/+1), but such that I ég}mlégj)'+1

is nonempty for each j € [jy, jut+1 —2]. We then can make the above definitions using instead
the intervals

I = [ij, — 10bd — a,i;,,, 1 + 10bd + a, (3.5.147)

al

which are disjoint for all a € [0,2d] (since the I/™ are). For instance, we set X(b)(S) =

J
ZieJ(Nb) fia and

d+apt,j

OO (k) = {5 eNY suppg < I V(€)= ky for j €1, v]}, (3.5.148)

and similarly for the other intervals and quantities.

Let us motivate this procedure by very briefly considering the case |supp (| = 2, with
supp ¢ = {i1, 12}, as in the material after (3.5.44). However, we now suppose that |is — 1| <
20md + 2d, so that the intervals defined in (3.5.45) are not disjoint. Then, according to the

above, we instead work on the single connected interval Jébl) = [iy — 10bd — a, iy + 10bd + a].
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Then Av is defined as in (3.5.52), and we observe that Lemma 3.5.9 holds with (3.5.56)

replaced by the inequality

— —-30
Jmax | mex [A(q§) - A(k)| <ONTP, (3.5.149)

so that A(q, &), up to a small error, does not depend on & for € € Q™+ (k). Additionally, it is
permissible to apply the finite speed of propagation estimate as in the material immediately
following (3.5.79), which would not be the case if we retained two disjoint but nearby or
overlapping intervals and attempted the original argument (since then a particle could jump
from one interval to the other). The same reasoning underlies the argument in the general

case.

3.6 Scaling limit

In Section 3.5 we identified the moments of X; through entries of the resolvent R(t, z).
Here, we determine the scaling limit of these entries, as IV tends to infinity. In Section 3.6.1,
we recall some preliminary material from previous works. In Section 3.6.2 we compute the
scaling limits of the moments E[Im R.(E + in)?] for p € N, as 7 tends to 0, and establish
Proposition 3.1.4 as a consequence. In Section 3.6.3 we compute the scaling limits of the
moments E[Im Rii(E + in)p], as N tends to oo, and prove Theorem 3.2.9. Throughout this

section, we recall ¢ from (3.2.10).

3.6.1 Order parameter for X;

In this section we recall several results on the diagonal resolvent entries of X;. From Defi-
nition 3.1.3 and the content following it, the scaling limits of these entries as N tends to oo
and z € H is fixed are given by the random variable R,(z).

A key property of R,(z), shown in [32], is that it satisfies a “recursive distributional

equation,” which may be considered as a limiting analogue of the usual Schur complement
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formula.

Lemma 3.6.1 ([32, Theorem 4.1]). Denote by {&k r>1 a Poisson process on R with intensity
measure (%)x_a/Q_l dx. For any z € H, the random variable R.(z): H — H satisfies the

equality in law

R.(2) £ — (z + Zgﬂﬁ(@) : (3.6.1)

where (Ri(z))
{&k}rz1.

w1 U8 an i.i.d. sequence with distribution R,(z) independent from the process

Next we discuss a certain order parameter, which is essentially given by the $-th moment
of (linear combinations of the imaginary and real parts of) R,. In what follows, for any

u, h € C, we recall from [33, Section 5.1] the inner product

hu = (Reu)h + (Imu)h. (3.6.2)
Definition 3.6.2. For any z € H and u € C, we define 4}(u): C — C by

2w =T (1= ) E[ (= iRu(2)0)"] (3.6.3)

The following lemma establishes a lower bound on Re~} and the existence of a limit for

7 as Im z tends to 0. It will be proved in Section 3.7 below.
Lemma 3.6.3. There exists a constant ¢ > 0 such that the following two statements hold.

First, we have the uniform lower bound

inf inf Reqy’(u) > c. 3.6.4
%%ﬂ ot evi(u) > ¢ (3.6.4)

Second, for every real number E € [—c,c]|, there exists a function ~};: S}r — C such that

the following holds. Let {E;};>1 and {n;};>1 denote sequences of real numbers such that
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limy o Ey = F and limy_ ooy = 0. Then, denoting zny = Ex + iny, we have

lim sup |7} (u) —v5(u)| = 0. (3.6.5)

N—oo 1
u€eS

We next recall from [6, (7.37)] notation for a particular analog of v} for finite N that will
be useful for us. For any real number s > 0 and index set Z € NN [1, N], let R®)(s,2) =
(Xs — z) - {Rij(s, z)} denote the resolvent of ng), which we define as the matrix X but

whose rows and columns with indices in Z set to zero.

Definition 3.6.4. Fix a real number s > 0. For any index set Z C NN [1, N] and complex

number z € H, the function 7" (u): Kt — C is defined by

a 1 . a2 |gk|”
Y () =P (u) =T (1 - 5) 7 2 (—iRF(s2)) / ‘—’a (3.6.6)
— 7] 1<k<N E(|gx|*]
k¢TI
where g = (g1, g2, - .., gn) is a vector of i.i.d. standard Gaussian random variables* indepen-

dent from X;. If 7 = &, we abbreviate v, = 79).

We next have the following local law stating that E[y.(u)] ~ 7% (u). It is a consequence

of [6, Theorem 7.6], where the €2, there is equal to v} here by [34, Lemma 4.4].

Lemma 3.6.5 ([6, Theorem 7.6],[34, Lemma 4.4]). There exist constants K > 0 and C' =

C(9) > 0 such that the following holds. Fix a real number § > 0 with § < max {%2)(2_0‘), 3

and abbreviate D = D5 (recall (3.3.8)). Then, for any s € [0,], we have

sup sup
zeﬁ ’UIGS}F

B[y (w)] —7(u)| < CN-9F, (3.6.7)

where expectation is taken with respect to both X, and the Gaussian variables g.

Like Lemma 3.3.2, [6, Theorem 7.6] was only stated in the case s = 0 in [6], but it is

4These Gaussian variables will be useful in (3.6.41) below, when applying a Hubbard-Stratonovich type
transform.
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quickly verified that the same proof applies for arbitrary s € [0, ¢], especially since H+s'/2W
satisfies the conditions in Definition 3.1.1 for s € [0,¢] if H does.

We next have the following lemma, which can be viewed as an analog of Lemma 3.6.1 for
finite N. In what follows, we recall from Definition 3.1.1 that there exist random variables
{Z;;}1<ij< that are mutually independent (up to the symmetry condition Z;; = Z;;) and
have the following properties. First, each Z;; has law N —1/e 7 where Z is a-stable; second,
each NY*(H,;; — Z,;) is symmetric and has finite variance.

The first and second bounds in (3.6.9) below are consequences of [6, Proposition 7.11]

and [6, Proposition 7.9], respectively.

Lemma 3.6.6 ([6]). Define the {Z;;} and, for each integer j € [1, N], set

-1
S = — (z -y kaR,gj,j) : (3.6.8)

K]

Then, with overwhelming probability we have the bounds

C(log N)¢
max EUS] — RJ” < L> max {|Rjj’7 ’S]]’} S C(lOg N)C (369)

1<j<N - (]\]fqz)a/8 ! 1<j<N

We conclude this section with the following concentration estimate, which is essentially
[6, Proposition 7.17]. Although it was only stated in [6] for the case when Z is a single index,
the fact that it can be extended to all Z of uniformly bounded size is a quick consequence

[6, Lemma 5.6].

Lemma 3.6.7 ([6, Proposition 7.17]). There exists a constant K > 0 such that the following
holds. Fiz a real number § > 0, and abbreviate D = 5[(75 from (3.3.8). For every index
set T C [1,N], there exists a constant C' = C(s,|Z|) > 0 such that, with overwhelming

probability, we have

7P (u) - E[%(U)H < C’;élf/f—?gf. (3.6.10)

sup sup
zeﬁ uGS}'_
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Here, the expectation is taken with respect to both X and the Gaussian variables g.

3.6.2 Tightness

The following lemma computes the scaling limits of moments of Im R, (E + in), as n tends

to 0. We recall v from Lemma 3.6.3.

Lemma 3.6.8. There exists a constant ¢ > 0 such that the following holds. Fiz a real
number E € [—c,c], and let {En}n>1 and {ny}n>1 be sequences of real numbers such that

limy oo By = F and limy_ ooy = 0. Then, for each p € N, we have that

A}E%OIE[(ImR*(EN + inN))P] =977 (33 +X+ pi (2)2}(&)) : (3.6.11)

where X =X, and YP(a) = Y,(a) are defined by

1
X= @/R 7L exp (1Bt — t*?y5(1)) dt, (3.6.12)
+

and

t s exp (iE(t — )

2
+
L
X exp (— (2 + s2)/ 4~ (%) ) dt ds.

Thus, the left side of (3.6.11) exists, depends only on E and p, and is uniformly continuous

1
)= Fara /.
(3.6.13)

mn E.

Proof. For brevity, we set R, = R,(En+iny). We first express moments of Im R, in terms of
v (recall Definition 3.6.2). To that end, we fix p € N and use the identity 2ilm R, = R, —R,

to write
p

(Im R, = (20) (R, — R’ = (2) 7> (Z) RY(~R,)r. (3.6.14)

a=0
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So, to establish (3.6.11), it suffices to show for each integer a € [1, p] that

lim E[(—iR,)"] = X; lim E[(—iR,)*(iR.)" "] = D(a). (3.6.15)

N—o0 N—oo

We only establish the second equality in (3.6.15), as the proof of the former is entirely
analogous.

To that end, let Ry, Ry, ... denote i.i.d. complex random variables whose laws are given
by R,, and let {&}r>1 denote a Poisson point process with intensity measure (%)af”‘/ 2=l dy

(independent from the {Ry}), as in Lemma 3.6.1. Then, Lemma 3.6.1 implies

E[(~iR.)(R.)"] = E

00 —a o) —b
( —iY GRy - iz) (i > GR+ iz) ] : (3.6.16)
k=1 k=1

for any a,b > 0. Next, recall the integral formula

1
w? = —/ 7~ exp(—wt) dt, for Rew > 0 and § > 0. (3.6.17)
R4

()

For brevity, set A = Y2 & Ry(z). Abbreviating z = zy = Ey + iny, (3.6.17) implies for

a,b > 0 that

— 1 —
A i) (A iz) Tt L —/ tv 1" Lexp (it(z + A) —is(z + A)) dtds (3.6.18
(A= @ 49 2 o [ (t(=-+ A4) ~is(z + ) deds (3.6.18)
1 / —1 b-1 . S . [
= — 177 s" T exp(itA — isA) exp (itz — isz) dt ds.
NORONS ( ) exp (it  is2)

(3.6.19)

We recall the Lévy-Khintchine formula (see [32, (4.5)]): for any i.i.d. complex random vari-

ables {wy }x>1 such that Rewj, > 0 holds almost surely, we have

E

exp < . g;gkwk)] — exp < - r(1 - %)E[w?ﬂ]). (3.6.20)
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Since Im R, > 0, (3.6.16), (3.6.19), and (3.6.20) together imply

15 exp ( — F(l — %)E[@SE - itR*)a/Q})

(3.6.21)

E[(~iR.)"(iR.)"] = m /

2
x exp(itz — isZz) dt ds. (3.6.22)

Recalling 7 from (3.6.2), it follows that
— 1 t+is
B[R GR)) = g [ e (- @z ()
L(a)L(b) Jee ViZ 4 s? (3.6.23)
x exp(itz — isz) dt ds.

Next, observe by (3.6.4)and (3.6.5), there exists a constant ¢ > 0 such that

sup inf Re~}(u) > ¢ lim sup |7} (u) — 5 ()| = 0. (3.6.24)
meH uGSﬂr N—o0 UGS}F
z|I<c

Therefore, (3.6.23); the dominated convergence theorem; and the fact that

/2 s" 1 exp (= (s + 7)) ds dt < oo, (3.6.25)
R-‘r
together imply for a € [1,p — 1] that limy_, E[(—iR,)*(iR,)’~] = 2(a); this establishes
the second statement in (3.6.15). The proof of the first is entirely analogous and is therefore
omitted. Now (3.6.11) follows from (3.6.14) and (3.6.15).

That the left side of (3.6.11) depends only on E and p holds since the same is true for
X and %). Similarly, to verify the uniform continuity of the left side of (3.6.11) in F, it
suffices to do the same for X and ¥). The latter follows from the continuity in E for the
integrands on the right sides of (3.6.12) and (3.6.13), the first bound in (3.6.24), (3.6.25),

and the dominated convergence theorem. O]
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Remark 3.6.9. The proof of Lemma 3.6.8 implies that limy_,. E[(—iR,)*(iR,)*~?] is equal
to Xifa=0,toY(a)ifac[l,p—1],and to Xif a =p

Now we can quickly establish Proposition 3.1.4.

Proof of Proposition 3.1.4. Since Lemma 3.6.8 implies that E[(Im R,(E + in))2] is uni-

formly bounded in n > 0, the sequence {Im R.(E + in)} of random variables is tight.

n>0
This establishes the first claim of the proposition. The second is a direct consequence of

Lemma 3.6.8. O

3.6.3 Scaling limit of A(q, &)

We begin with the limit of the numerator of A(q, &). To compute the scaling limits of the
moments of A(q, &), we first show that the off-diagonal resolvent entries in the numerator of

A(q, &) are negligible. Here, we recall the 7; = 7;(¢) from (3.2.18).

Lemma 3.6.10. For all real numbers § > 0; integers m,n > 0; and unit vectors q =
(q1,Go, - - -, qn) € RN with |suppq| = m, there exist constants ¢ > 0 (independent of §, m,
and n) and C = C(§,m,n) > 0 such that the following holds. Let {ki,ka, ..., k,} C [1, N]
denote an index sequence such that maxi<j<y |kj — N/2| < ¢N; let suppq = {Jj1,J2, -, Jm};

and let t be as in (3.2.10). Then, for n > N°~1/2,

- ~ CN°®
E[Hlm <q,R(t,% +in)q >} [Hlmzq]h juin (£ Tk + m)] Tw (8626)
Proof. First observe that
E [ H Im <q, R(t, 9k +in)q >} = H Z Z 0.5, Im R, (¢, 3, + 177)] (3.6.27)
i=1 i=1 a=1 b=1

{H i, i) qu(z) ]a(i)jb(i) (t7 :Y\kz + in)} ) (3'6'28>
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where in the right side of (3.6.28), a = (a(1),a(2),...,a(n)) and b = (b(1),b(2),...,b(n))
are summed over all sequences of {1,2,...,m}".

It suffices to bound by CN°(N7)~'/? any summand on the right side of (3.6.28) for which
there exists some i’ € [1,n] such that a(i’) # b(i"). To that end, observe that the second

bound in (3.3.11) (to bound |Rj < N°?" with overwhelming probability for i # i');

a(d)Jb(i)
(3.3.2); the fact that ¢; < 1 for each j € [1, N|; and the exchangeability of the matrix entries

of X; together imply that any such term is bounded by
N2, URIQ (t, 7, +in) ” : (3.6.29)

To estimate this quantity, abbreviate R;; = Rj;(t, 7k, + in), and observe that the Ward

identity (3.3.3) and the exchangeability of X, together imply that

1/2 N 1/2 m 1/2
E[|R:|] < (EURHP]) / < <IE {ﬁziRUPD < %. (3.6.30)

Using the second bound in (3.3.11), and the deterministic bound (3.3.2) on the exceptional

set where the former estimate does not apply, yields E[Im Ry;] < C(log N)¢, and so

CNo/2
E||Ri2]| < . (3.6.31)
el =
Together with (3.6.28) and (3.6.29), this implies (3.6.26). O

In [32, Theorem 2.8] it was shown for fixed z € H that the diagonal resolvent elements
Gii(z) of the matrix H are asymptotically independent. The next lemma is a version of
this result (for the perturbed model X;) when 7 = Imz is simultaneously tending to 0.
Theorem 3.2.9 is then deduced quickly as a consequence. Below, we recall R,(F) from

Definition 3.1.5.

Proposition 3.6.11. There exists a constant ¢ > 0 such that the following holds. Fiz
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integers m,n > 0 and a unit vector q = (q1,qo,...,qy) € RY with |suppq| = m. Let

suppq = {J1,72, - -, Jm}, and let t € Ryq be as in (3.2.10). Fiz a real number E € [—c,c|,

and let {ny}n>1 and {E}?}N>1 for each integer i € [1,n] be sequences of real numbers such
that
; —0- -1/2. : 1) _ p. (1) _ (1)
lim ny = 0; ny > N : lim Ey’ = FE; max |Ey — Ey | < ny. (3.6.32)
N—oo N—o0 1<i<n

Then, letting {R;,(E)}.

be i.i.d. random variables each with law Ry (E), we have that

1€[1,m]
. () - — !
dim E\T]1m) g} Ry, (t BN +inw) | =E (Z q?-kRjk(E)) . (3.6.33)
i=1 k=1 k=1
Proof. Tt suffices to show that, for any sequences of nonnegative integers n®¥ = (ngi), ng), n

for 1 <i<nwith Ny =3"", ng), we have

n

[T (1 By (2 ES + m))"g)] ~ TTER.E1. (3.6.34)

i=1 k=1

lim E

N—oo

To ease notation, we detail the proof of (3.6.34) when (m,n) = (1,1) and outline it when
(m,n) = (1,2) and (m,n) = (2,2), which are largely analogous. We omit the proofs in the
remaining cases, since they are very similar to those of the (m,n) € {(1,2),(2,2)} cases.

To that end, first assume (m,n) = (1,1); abbreviate j; = j, z = E](\}) + iny, and

(1)

Rix = Ri(t,2); and set p = ny;’. We compute limNﬁooE[(Im Rjj)p]. As in the proof of

Lemma 3.6.8, we use the identity 2ilm R;; = Rj; — }_%jj to write
- p
N\ — D S\ — —a a pP~a
E[(Im R;;)"] = (20) PE[(Rj; — Ry;)"] = (21) 7Y (=1) (G)E[Rijjj ] (3.6.35)
a=0

Now, recall from Definition 3.1.1 that each entry of H has law N~V/*(Z + J), where Z
is a-stable and J has finite variance. For each 1 <7 < j < N, let {Z;;} denote mutually

independent random variables with law N~Y/*Z such that NY*|H;; — Z;;| has uniformly
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bounded variance. Following (3.6.8), for any subset Z C [1, N] and index j € [1, N]\ Z, set
J =T U{j} and define

-1
I T J
ST =8P (2) =~ (2 +3 Z,ij;k>> . (3.6.36)
kgT
If 7 is empty, then we abbreviate S;; = 5; (I).
Then (3.6.9) and the deterministic bounds given by (3.3.2) and [Sj;| < 1! together
imply that there exists a constant C' = C(p) > 0 such that

C(log N)¢

[| |] +E[|R _g;lJH < (NUQ)Q/S )

(3.6.37)

for any a € [0,p]. Then, (3.6.37) and (3.6.9) together imply for any a,b € [0, p] that

C(log N)¢

- 555 —(NUQ)O‘/S .

U il i JJH URJJ| |R b H +E|:|SJ]’ ’ S]qu < (3.6.38)

So, by (3.6.35), the definition (3.1.3) of R,, and Proposition 3.1.4, it suffices to show for each
integer a € [0, p| that

lim E[S.S, "] = im E[R,(E + in)*R.(E +in)"™]. (3.6.39)

N—oo 3333 n—0

Recalling (3.6.12), (3.6.13), and Remark 3.6.9, the right side of is equal to i ?X if a = 0, to

i P(=1)Y(a) if p € [1,a — 1], and to i*X if @ = p. Let us only show (3.6.39) in the case
€ [1,p — 1], as the cases a € {0, p} are entirely analogous.

To that end, we proceed similarly to as in the proof of Lemma 3.6.8. More specifically,

by (3.6.36) and (3.6.17), we deduce that

e w 1 . L Y =0
(—19;;)*(1S;)" = T /Rit Tsb=Lexp (1252 —isz+ 1;ka (tR,(jk) — stJk)> dt ds.

(3.6.40)
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To analyze the right side of (3.6.40), observe by [33, Corollary B.2] (whose proof proceeds
by first applying a type of Hubbard—Stratonovich transform to linearize the exponential in

the {Z;}, and then using (3.6.20) to evaluate the expectation)

E =E

exp (i Z ka (tR,(jg — sT%,iQ))

k#j

(_21)04/20_04 . —()\a/2 N

oxp (— EHET S (o) — m) ) |
k#j

(3.6.41)

where o > 0 is as in (3.1.2), the gy are i.i.d. standard Gaussian random variables, and the

expectation is taken with respect to the Zj; on the left side and the g, on the right.
Therefore, by the definition (3.6.6) of 79 ) we find

E

(—20)*%0° ) BON2 e
oy

:E{exp <_N‘

where we have used the fact (see [6, (7.39)]) that E[|g|*] = 27*/?c~°T'(1 — £). Thus,

Ly + iS))} ,
(3.6.42)

3.6.42) =FE
36.42) N

N —1 ~ t+1
exp ( S (4 ) (ﬁ))] - (3.6.43)

Using (3.6.10) and (3.6.7), the fact that Imz > N~'/2, and the deterministic estimate

Re Y )(u) > 0 on the exceptional event where (3.6.10) and (3.6.7) do not hold, we obtain

N -1
(3.6.43) = exp <_ —(t2 + S2)a/47;

( t+1is
N

ﬁ) + O(N‘C)) LONT).  (3.6.44)
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Combining (3.6.40), (3.6.41), (3.6.42), (3.6.43), and (3.6.44) yields

E [(—18;;)*(iS};)"] (3.6.45)
= m /R ' t* st exp(itz — is?) (3.6.46)

x (exp ( ey 52)6*/47;(%) + O(N‘C)> T O(N—10)> dt ds.
(3.6.47)

By (3.6.24) (with the zy there equal to z here), (3.6.25), and the fact that Im z > N~1/2,

we deduce from (3.6.47) and the dominated convergence theorem that

lim B [(i8;;)(iS5;)"] (3.6.48)
1 t+1s
= [ poighl ('Et— — (12 + %)/ —)dtd.
T(a)T(b) /Ri stexp (1E(E =) = (" +5) 7E< t2+82) s
(3.6.49)

By Remark 3.6.9 and (3.6.13), this yields (3.6.39) when a € [1,p — 1]. The cases when
a € {0,p} are handled analogously and therefore omitted. This therefore establishes (3.6.34)
in the case m =1 =n.

Next let us outline how to establish (3.6.34) in the case (m,n) = (1,2). We abbreviate
2 = E](\}) +inN, 29 = E](?) +iny, and j = j;. Then following (3.6.35), it suffices to show for
any integers a, b, c,d > 0 that

lim E[Rj;(21)Ryj(21)" Ryj(20) Ryj(22)1] = %EI})E[R*(E +in)* T R(E +in)""?]. (3.6.50)

N—o0
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We write

E[R;j(z1)" Ryj(21)" Rjj(22) Rjj(22)"] = [Ryj(21)* ™ Ryj(z1)"] (3.6.51)

(3.6.52)

Rjj(z1) Ryj(22)° (Ryj(22)" — Ejj(zl)d)} :
(3.6.53)

+ E[Rj-(zl)“

The first term is the main one, and it was shown in the preceding case, as (3.6.38) and

(3.6.39), that

lim E[R;;(21)* R;j(z1)""] = im E[R.(E + in)* ™ R,.(E + in)"™]. (3.6.54)

N—o0 n—0

The latter two terms are error terms, and they tend to zero asymptotically. Let us show this
for (3.6.53), as the other term is similar.
Since Rj;(2) — Rjj(w) = (w — 2) 20| Rja(2) Rej(w) by (3.3.1), we have that

N

Y Ria(2)Roy(2)

a=1

|0.R;;(2)] <

N
I y
<> = 2 < g w3659
a=1

with overwhelming probability, where in the equality we used (3.3.3), and in the last bound

we used (3.3.11). Integrating 9,R;;(2)? = dR;-lj’l@ZRjj from z; to z9 yields

|Rjj(21)" = Rjj(22)"] < d|z1 — 2| (log )™~ (3.6.56)
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with overwhelming probability. Therefore, with overwhelming probability, we have

|Rjj(21)" Rjj(21)"Rjj(22)° (Rjj(22)* — Rjj(z1)%)] (3.6.57)
< ClZl — 22|(10g N)dc’l’]_l |Rjj(zl)“}_%jj(zl)ijj (ZQ)C| (3658)
& |21 — 29|t (log N)(atttetdC (3.6.59)

where we used (3.3.11) in the last estimate, as well as the hypothesis (3.6.32) that |E](\}) -
E](\?)| < 1 to bound |z; — z2|. On the complementary event, we use the trivial bound (3.3.2).

Together, these show that

Nh_IgOE[Rjj(Zl)aﬁjj(zl)ijj(Zz)c(Rjj(22)d - Rjj(zl)d)] =0, (3.6.60)
as desired. We have therefore established that (3.6.53) is small; since the same holds for
(3.6.52), (3.6.54) implies (3.6.50).

Now let us outline how to establish (3.6.34) in the case (m,n) = (2,2). We abbreviate
Z1 = E](\}) +iny and 2z = E](\?) + iny, and we assume for notational convenience that j; = 1

and jo = 2. Asin (3.6.35), it suffices to show for any integers a, b, c,d > 0 that

]\}lir(l)OE [Rll(Zl)aﬁll(Zl)bR22<22)c}_%22(22)d} (3661)
= lim & [R.(E +in)*R.(E + in)’|E[R.(E + in)°R.(E + in)?]. (3.6.62)

In what follows, we assume that a, b, ¢,d > 0 for notational simplicity. Note that [34, Lemma

5.5] implies for each ¢ # j that

o C
E||R;; - R < o (3.6.63)

216



It quickly follows from (3.6.63), (3.6.9), the deterministic bound (3.3.2) that

]\}igl)oE[Rn(Zl)aﬁn(Zl)me(Zz)cﬁm(zz)d} = A}EHOOE[Rﬁ)(Zl)aﬁﬁ)(Zl)bRélz)(Z2)cf_3Sz)(22)d )

(3.6.64)
as in (3.6.38). As before, (3.6.9) and (3.3.2) together imply that

lim E| R (20) Ty () B (22) Ty ()7 = Jim B| ST ()57 ()" (20) g (2.

N—oo N—oo
(3.6.65)
and so it suffices to show that
Jim E[1) (1)1 (1)) (22) 525 ()] (3.6.66)
=limE [R.(E +in)"R.(E + in)"|E[R.(E + in)°R.(E + in)?]. (3.6.67)
n—
Once again using (3.6.36) and (3.6.17), we find
. a /. =(2) b . c/.=(1) d
E[( - 158)(21)) (iS17 (z1)) (- 1S§§)(22)) (1S5 (22)) ] (3.6.68)
1
— t(l—l b—1,.c—1, d—1 t 3  lem T _Yam 6.
RORONEIC /Ri sty exp (itzy +ivzy — 157 — 1yZ2) (3.6.69)
x E|exp (i Z 73 (tR,(Jf) - s}_Q,(:kZ))> exp (i Z Z3 (xR,(Cf) - yﬁ,gl,f)))] dt ds dz dy.
k¢{1,2} k¢{1,2}
(3.6.70)

We now condition on {hij}iﬁ{l,g}, which makes the two exponential terms in the previous

line conditionally independent. Then by following (3.6.41), (3.6.42), (3.6.43), (3.6.44), and
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(3.6.47), we obtain

E|(— iS5 (20))" (187 (21)" (188 (22)) (iS55 (22)) ] (3.6.71)
1 a—1_b—1,_c—1, d—1 : : f oS oS
— s — 6.72
T OTOT@) Jus 97T Ty T exp (itzy + ixze — 1877 — 1YZ2) (3.6.72)
_N_2 2 2\a/4, * t+is 2 2\a/4, * Jf—i-ly —c
X <exp< N ((t +57) 7zl<\/m>+<w +y7)*, \/m +O(N™)
(3.6.73)
+ O(N_lo)) dt ds dx dy. (3.6.74)

Thus (3.6.24) (with the zy there equal to z; and 2, here), (3.6.25), the dominated convergence

theorem, (3.6.13), and Remark 3.6.9 together give

Jlim E[(— 18 (1)) (1517 (20))"( = 155 (22)) (155, (22)) ] (3.6.75)
1 1 b—1, 1, d—1 :
— NOROECRO) /Ri s ey exp (IE(t— s + o — y)) (3.6.76)
2, 2va/a s LT18 2 ovaja s (T HI1Y
X exp(— (t* + s%)/ IVE(W) — (22 492/ ,YE<\/:E2:—|—y2>) dt ds dx dy
(3.6.77)

= Darp(@)Yeralc) = 71713%)1[3 [R.(E +in)"R(E +in)*|E[R.(E + in)°R.(E +in)*],

(3.6.78)

from which we deduce (3.6.66). O

Proof of Theorem 3.2.9. We will apply Proposition 3.6.11, with the 7y there equal to the
n = N here (recall (3.2.2)) and the E%) there equal to the 7, here. To that end, we must
verify the assumptions (3.6.32) of that proposition. The first and second statements there
follow from the fact that n = N“7° that ¢ is sufficiently small, and the fact that a < % (by
(3.2.2)). The third follows from the fact that limy_,o 7%, = £ and (3.3.23).

To verify the fourth, we must show that |y, —7,| < 1. To that end, observe since
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k1 — kj| < N2, we have for any fixed § > 0 and j € [1,7n] that

|'/7\k1 - 77\ky| < ‘77\191 — Yk; (t)‘ + Wkg — Vk; (t)‘ + |7/f1 (t) — Vkj <t)‘ (3'6'79)
< NO-1/2 4 ‘]\[1+4c|]€1 — k| < NOH4e—1/2 (3.6.80)

for sufficiently large N, where we used (3.3.24) and (3.5.18). Then, since n > N~Y2, we
may choose § and ¢ small enough that the last bound in (3.6.32) of Proposition 3.6.11 is also
satisfied.

Now the theorem follows from Lemma 3.6.10; Proposition 3.6.11; the facts that

lim Immg (v +1in) = 7pa(F)

N—o0

-1

(as imy—oo v = E) and Uy (E) = (704(E))  R(E) (see Definition 3.1.5); and (3.3.6). O

3.7 Proofs of results from Section 3.3 and Section 3.6

In this section, we prove results from Section 3.3 and Section 3.6 which are used in the rest
of the paper. We begin with the proof of Lemma 3.6.3, since facts derived in the course of
that proof will be useful for proving the statements from Section 3.3.

For any w € C, we let H, denote the space of C! functions g: K™ — C such that
g(Au) = A\g(u) for each X € R,. Following [34, (10)], we define for any r € [0,1) a norm on
H. by

lglls = llgloe + sup /|Gy drg(w) > + | () dag(w) (3.7.1)
uESi

where O1g(x + iy) = 0,9(z + iy) and Oag(x + iy) = 0,g9(v + iy), and we recall gl =
SUD,, st ’ g(u)} We let H,,, denote the closure of H,, in || - ||, which is a Banach space.

Following [34, (11), (12), (13)], we define for any complex numbers u € S} and h € K,
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and any function g € H,/2, the function

/2 . . . .
Fh(g)(u) — /0 </]R2 <(€—T°‘/2g(ele)—(rh.e 0y e—ro‘/Qg(e O uy)—(yrh.u)—(rh.e 9)) (372>

+

X ra/2_1y_a/2_1drdy>) (sin 20)*/%~1dg. (3.7.3)

Further, for any z € H, the map G.(f): S} — C is given by

(67

Cé(fﬂ%)==§;5fiazﬁgflu(fﬂﬁﬂ- (3.7.4)

The following lemma from [34] indicates that the function v} from Definition 3.6.2 is a

fixed point of G,.
Lemma 3.7.1 ([34, Lemma 4.4]). For any z € H and u € S, we have v} (u) = G.(7})(u).

Proof of Lemma 3.6.3. For the first statement, we use [34, Proposition 3.3, which shows

that there exists ¢ > 0 such that, uniformly in |z| < ¢,

V3 (™)

T(-2) — 2%/4E [(Im R*(z))aﬂ} > c. (3.7.5)

We now compute, for any u € S,

ReqZ(u)

T(i—2) E [Re (- i&(z)u)aﬂ] >F [(Re (- i&(z).u))m] >E [(Im R*<z))a/2] > e

(3.7.6)

In the first inequality, we used the fact that Rea” > (Rea)” for any @ € K and r € (0,1)
(see [34, Lemma 5.10]). The second inequality follows from Re(a.u) > Rea for any u € S}
and a € K*. The final inequality follows from (3.7.5). This completes the proof of the first
claim.

Set z = E + in. We now establish convergence of the order parameter v} as n — 0. We
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note that for any 7 > 0, there exists ¢ = ¢(7) > 0 such that

177 = 7ol <172 =%l + v =%l <7 (3.7.7)

if z,w € H satisfy |z| < ¢ and |w| < ¢. The final inequality follows from the first displayed
equation in the proof of [34, Proposition 3.3].
Then (3.7.7) and [34, Proposition 3.4] together imply there exist constants C, ¢ > 0 such

that

v = 2:llr < Cllvs, = G-(v)llr = C[|Gulv) = G=(73)]), (3.7.8)

for z,w € H such that |z| < ¢ and |w| < ¢. In the equality, we used that ~+; is a fixed point
for GG,,, as stated in Lemma 3.7.1.

We now claim

|Guw(75) — Go(v5)||, < Clw — 2. (3.7.9)

In the proof of [34, Lemma 4.2] (in the final lines), it was shown that the partial (Fréchet)
derivative of Fj(g) in either the real or imaginary part of h has finite || - |, norm, and the
exact derivative was calculated. Further, the derivative may be bounded in the || - ||, norm
by a constant C' using [34, (20)] when g = ~7, which is uniform in z,w with z,w € H and
2], |lw| < ¢ Also, it is continuous by the computation following [34, (21)]. By definition
(3.7.4), the same is true for G1,(g), and we obtain (3.7.9) by integration using the fundamental

theorem of calculus. Combining this with (3.7.8) we obtain the Lipschitz estimate
v =2l < clw — 2| (3.7.10)

for any r € [0,1). This estimate implies that lim,_ o7}, +in €xists as a function in Hea,,

which we denote by 7%. []

®We remark that although the constant C in the bound [34, (20)] depends on Reg and degenerates as
Reg goes to zero, here g = + and inf,cs+ Reg(u) > ¢ for some ¢ > 0, from (3.6.4). So we obtain the
claimed bound.
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Proof of Lemma 3.3.1. We begin with the first estimate of (3.3.4). By [32, (3.4)] and [32,
Theorem 4.1], we have Im mq,(z) = E[Im R,(z)] for z € H. Recalling lim,_,o Im m, (E-+in) =
7m0 (E), it then suffices to show that lim,_ E[Im R.(FE + in)} is Lipschitz in E. For ¢ small

enough, by (3.6.11), this limit is given by (X + X)/2, where

X(E) = /R exp (iBt — t*/25(1)) dt. (3.7.11)

Further, if ¢ is small enough, by Lemma 3.6.3 we have the uniform lower bound

inf inf Re~} > . 3.7.12
e eYp(u) >c ( )
Define
F(;E,y,w):/ exp (ixt—to‘/2(y+iw)) dt. (3.7.13)
Ry

By (3.7.10), |75, (1) = 75,(1)| < C|E1 — Es| for some constant C' and Ey, By € [—c,d], if
¢ is small enough. Using this inequality, to show X(F) is Lipschitz in F, it suffices by the
fundamental theorem of calculus to show the partial derivatives 0, F(x,y,w), 0,F (z,y, w),
and 0, F(x,y,w) are uniformly bounded by a constant when |z| < ¢ and y > ¢/. This follows
straightforwardly after differentiating under the integral sign (which is permissible as the
integrand is dominated in absolute value by exp(—t®/2y) < exp(—t*/2¢')).

We have shown that the density o,(x) is continuous in a neighborhood of zero. By
[32, Theorem 1.6(ii)], 0,(0) is positive and bounded. Therefore the second claim in (3.3.4)
follows from the first after possibly decreasing c.

For (3.3.5), we first suppose |E; — Ey| < ¢/10 and |Ey| < ¢/2, where ¢ is the constant

from the previous part of this proof. We use the definition of the Stieltjes transform to write
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x)dz

Qa l‘+E2 El) dzx

Imma(E1+177 —Im/ , Imma(Eg—l—ln —Im/

x—El in

9

(3.7.14)

where in the second equality we used the change of variables z — x + Fy — F;. Computing

the imaginary part of the integrand directly, we have

. . ‘Qa(x)—ga($+E2—E1)}
|Imma(E1 +17]) —Imma(Ez—i‘l'f])‘ < 77/]R (z— B2 + 12 dx
:77/ }Qa(x)_ga($+E2_E1)|dx
(—c/2,¢/2] (z — E1)? +n?

+n/ |0a(@) — ealz + By = EA)| -
[—¢/2,c/2]¢

(v — E1)* +n?

Using (3.3.4), |z| < ¢/2, and |E; — E»| < ¢/10, we find that

n
7.16) < C|E, — E < C|E| — Es|.
(3.7.16) < C|E,; 2|/R(£U—E1)2+7}2dx_c| | — By

By [32, Theorem 1.6}, the density o,(z) is uniformly bounded. Therefore

U 1
(3.7.17) < C/ dr — Cn/ "
) —e/2e/2pe (= En)? 47?2 /e (T — Er)?

< Ccln.

(3.7.15)
(3.7.16)

(3.7.17)

(3.7.18)

(3.7.19)

(3.7.20)

In the last line, we used the hypothesis that |E| < ¢/2 to show the integral is uniformly

bounded and adjusted the value of C. This completes the proof of (3.3.5) after decreasing ¢

if necessary.

We now address the first claim of (3.3.6). Again using the uniform boundedness of g, ()
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over all x € R, we deduce

: 100 () d
I o(E = | ————<C. 3.7.21
mme(E + in) /R772+(E_95)2_ ( )

We also note, again using (3.3.4), that

Imm,(E +in) > /

n0a(x) dz / ndx
MR > (3.7.22)
[—¢,q] 772 + (E - x)Z [—c

c] 772—|—(E—Z')2’

and the latter quantity is uniformly bounded below 7 tends to zero because E € (—c,c).
Thus, after decreasing c if necessary, we have Im m,(E + in) > ¢ when 7, |E| < c.

The second claim of (3.3.6) follows after noting (using the bounds on the density o,
given in (3.3.4)) that for any ¢, there exists ¢ > 0 such that ‘%(a)‘ < cforallie[(1/2—
)N, (1/2 + )N]. O

Proof of Lemma 3.3.7. We prove only the first claim in detail. The proof of the second is
analogous, and the third follows from the second by (3.3.14).

By a standard stochastic continuity argument, it suffices to prove the desired bound
holds with overwhelming probability at fixed «; all bounds below will be independent of ~.
Let C' > 0 be a parameter. A straightforward calculation shows that for any 1 < i < N,
the law of the sum of the absolute value of the entries of the i-th row and column of the
matrix HY has a power law tail with parameter «. This implies, by Hoeffding’s inequality,
that with overwhelming probability there are at most 2C~*N such ¢ whose corresponding
sum is greater than C'. When this holds, after removing at most 2C~*N rows and columns,
the largest eigenvalue is at most C in absolute value, since the largest absolute value of a
row of a matrix bounds the magnitude of its largest eigenvalue. Then eigenvalue interlacing
[52, Lemma 7.4] implies that there are at most 4C~*N eigenvalues of H” outside of the
interval [—C, C].
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By [18, Theorem 1.1] (or [32, Theorem 1.2]), for any fixed compact interval I C R,

E{pn (D] = pa(l) (3.7.23)

as N tends to co. Here puy = ,ug\?) denotes the empirical spectral distribution of H”.

For any C' > 0, let I = [¢1/2,C]. Then (3.7.23) and the concentration estimate [33,

Lemma C.1] imply that for any choice of C' there exists N(C) such that
pun(Ie) < C71+ pa(Ie) (3.7.24)

holds for any N > N(C) with overwhelming probability. By the symmetry of pu, and
the second estimate in (3.3.4), we have u,(lc) < (1/2 — §) for some § = d(¢;) > 0 such
that lim., 0 0(c;) = 0. Combining (3.7.24) with the estimate for eigenvalues lying outside
[—C, C], we find

pin ([e1,00)) < O7H 4 (1/2 =) +4C7V* < 1/2 - 6/2 (3.7.25)

for large enough C, with overwhelming probability. Then the (1/2 — 6/2) N-th eigenvalue is
less than ¢; with overwhelming probability. A similar argument shows that the (1/2+6/2)N-

th eigenvalue is greater than ¢; with overwhelming probability. This completes the proof. [

Before proceeding to the proof of Lemma 3.3.8, we require the following preliminary
lemma. We recall my(s, z) and its expectation my(s,z) = E[imy(s, z)] from (3.2.16), and
s from (3.2.17). Let j1; = E[ug], which is symmetric about the origin. We further define

the counting functions
1y,. ~ —~
ne(E) = N’{z (s) < E}) = 11a((—00, B]),  #iu(E) = fis((—o0, E)). (3.7.26)
Lemma 3.7.2. Retain the notation of Lemma 3.3.8. There exists a constant cg > 0 such
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that, for any E € [—cq, co|, we have with overwhelming probability that

sup Ins(E) — Ay (B)| < NV, (3.7.27)

SE[N71/2+67N76]

Proof. This proof will largely follow the calculations of [78, Section 7.3], with some modifi-
cations to account for the fact that the spectral distributions we consider are not compactly
supported.

To that end, we begin with a tail bound on the smallest eigenvalue, A\; = A;(s), of Xj.
A straightforward calculation shows that, for any 1 < ¢ < N, the law of the sum of the
absolute value of the entries of the i-th row and column of the matrix X, has a power law
tail with parameter o. Thus, since the largest such sum bounds |\;| above, we deduce for
any t > 1 that

P(A\ < —t) < CNt ™. (3.7.28)

Now, we must show that (3.7.27) holds on an event of probability at least 1 — N—P
for any fixed D > 0 and sufficiently large N. Throughout the remainder of this proof, set
B = a7 (D + 3) so, by (3.7.28), P(A\; > —NP) > 1 — N=P=2. Thus, we may work on the
event on which \; > —N5.

By the Helffer—Sjostrand formula (see, for example, [52, Chapter 11]), for any smooth

and compactly supported function f: R — R,

fu) =

1 / iy (@)gy) + 1) + il @)gW) ;0 (3.7.29)

T u—x—1iy
where ¢ is any smooth, compactly supported function that is 1 in a neighborhood of 0.
Set By = —N*P and fix some Fy, € [—(2K)™!,(2K)7!], where K is the constant from
Lemma 3.3.3. Let n = N~Y/2%% and let f be a smooth function satisfying f(E) = 0 for
E ¢ By —1,E,+n) and f(E) =1 for E € [E, Ea]. We can select f such that | f(z)| < 1

for all z € R;

f(x)] < Cand |f'(z)| < C for z € [Ey — 1,Ey]; and |f'(z)] < Cp~! and
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}f”(m)‘ < On~2for x € [Esy, Ey+n]. We also let g(y) be a smooth function satisfying g(y) = 1
for |y| < N'B; g(y) = 0 for |y| > N + 1; we may select g such that 0 < g(y) < 1 and
}g/(y)‘ < C for all y € R.

Write ua = ps — s and let ma(z) = my(s,z) — mn(s, z) be the Stieltjes transform of

. Our first goal is to prove that

/Rf(E) d,UA<E)‘ < ON°/212 (3.7.30)

with probability at at least 1 — N~P~! for large enough N. Using(3.7.29), we find

[ s < c| [ @ mmse s in sy 3.7.31)
+C . | f(2)g'(y)|| Imma(z + iy)| dz dy (3.7.32)
- C’/R2 lyf'(z)g (y)|| Rema(z + iy)| d dy. (3.7.33)
Now, since [6, (5.13)] states
P ||mn(s,z) — mn(s,z)| > %} < 2exp (— (log N)?), (3.7.34)

we have (by a standard stochastic continuity argument) with overwhelming probability that

sup |ymA(x + 1y)’ < 5N"2]og N. (3.7.35)

ly|<N20B

Now let us bound the quantities (3.7.31), (3.7.32), and (3.7.33). We begin with the latter.
To that end, observe that since supp f’' C [E} — 1, E1|U[Ey, Ey+1]; since supp g’ C [~ N8 —
1, = NW0BJU[NB N5 4 1]: since | f'(z)| < C for x € [Ey — 1, Ey]; since | f'(z)| < Cnp~* for
x € [Es, B3 + n); and since |¢'(y)| < C, we have by (3.7.35) that (3.7.33) < C(log N)N~!/2
with overwhelming probability.

Similarly, to bound (3.7.32), observe that |f(x)‘ < 1; that |g’(.r)| < C; that supp f is
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contained in the interval [— N4 N4B] of length at most 2N*5; and that supp ¢’ C [-N'98 —
1, —=N1OBJ U [N10B N8 4 1], on which we have |ma(z)| < N7'° (due to the deterministic
bound ‘mA(zﬂ < |Im z|71). Together, these yield the deterministic estimate (3.7.32) < N1,

It therefore suffices to bound (3.7.31), to which end we write

(3.7.31) < / yf"(x)g(y) Imma(z + iy) dz dy (3.7.36)
lz—E1|<2,[y|<10
+ / yf" (2)g(y) Imma(z + iy) dz dy (3.7.37)
|e—E1|<2,ly|>10
+ / yf"(x)g(y) Imma(z + iy) dz dy (3.7.38)
|z —E2|<2n,|y|<n
+ / yf"(x)g(y) Imma(z + iy) dz dy| . (3.7.39)
|z —E2|<2n,|y|>n

We must bound the terms (3.7.36), (3.7.37), (3.7.38), and (3.7.39); we begin with the former.
Since we restricted to the event of probability 1 —N~P~2 on which A; > —N?, and since E;, =
N*B_the definition of my (s, z) shows that |my(s,z+iy)| < CN~*E for x € [E; —2, By +2).
Using the trivial bound (3.3.2) on the complementary event and then taking expectation
shows that |my (s, z+iy)] < ON"4B + N=P=2y~1 for x € [E; — 1, By + 1], if D is sufficiently
large. Hence, with probability 1 — N~272, we have |ma(z + iy)| < N™*F + N=Py~! for
x € [Ey — 2, By +2]. Combining this with the fact that | f”(z)| for z € [E; — 1, Ey + 1], we
obtain (3.7.36) < N1

To estimate (3.7.37), we first integrate by parts in z, using the identity 0, Imma =

—0y Rema and the fact that supp f’ C [E} — 1, E} + 1] to deduce

(3.7.37) = ‘/|E - yf'(2)9(y)0y(Rema(z + iy)) dz dy| . (3.7.40)
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Integrating by parts in y and using the fact that 0, (yg(y)) = g(y) + y¢'(y) then gives

(3.7.37) <

/E <oyt (@) (9(y) + yg'(y)) Rema(z + iy) dx dy‘ (3.7.41)

. (3.7.42)

+ ‘/ f'(2)10g(10) Rema(z + 10i) dx
lo—E1]<2

To bound (3.7.42), we use (3.7.35) and the fact that ‘f’(x)} < Cforxe[FE —2 FE +2] to
deduce that (3.7.42) < C(log N)N /2 with overwhelming probability. To estimate (3.7.41),
we again use the the facts that |f/(z)| < C for z € [Ey — 2, By + 2]; that suppg C [-N'0F —
1, N8 +1]; that 0 < g(y) < 1; that suppg’ C [N1°B N8 4 1]; ¢/(y) < C; and (3.7.35) to

deduce

(3.7.41) < CN~Y2log N

/| 1Olyl‘l(g(y)+yg’(y)) dy’ (3.7.43)

NllB
< oN12 1ogN< / |y|—1dy\ +] [ sw dyD < CN2(log N,
1 ly|>10

0

(3.7.44)

with overwhelming probability and for sufficiently large N. Hence, (3.7.37) < CN~2(log N)?.
To bound (3.7.38), first recall that the function y Im m(z + iy) is increasing in y, for any
Stieltjes transform m of a positive measure. Therefore, (3.7.35) implies with overwhelming

probability that

supy Imma(z + iy) < nIlmma(z +in) < CN~?1log N (3.7.45)

y<n

Putting this estimate into (3.7.38) and using that | f”(z)| vanishes except on [Es, E» + 7],
where it is at most C'np~2, and that ‘g(y)} is 1 for |y| < n, we deduce that (3.7.38) <

C(log N)N—1/2.
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For the term (3.7.39), we integrate by parts as we did for (3.7.37) to obtain

(3.7.39) <

/E <ol f/(a:)ay(g(y) +yg’(y)) Rema(z + iy) dx dy‘ (3.7.46)

; ‘ [ ramgn Rema o+ in)da. (3.7.47)
|z—E2|<2n

We use (3.7.35) to estimate (3.7.46) < C(log N)3N~Y/2 and (3.7.47) < C(log N)N~'/2, in the
same way we bounded (3.7.41) (in (3.7.44)) and (3.7.42), except now we note that f’(z) van-
ishes off of # € [Ey, Fy+1)], where it is at most Cn~!. This shows (3.7.39) < C(log N)*N~%/2,
and so (3.7.31) < C(log N)3N~'2 with overwhelming probability. Combining our esti-
mates on (3.7.31), (3.7.32), and (3.7.33), we deduce (3.7.30) holds with probability at least
1—- NP1

We now use (3.7.30) to estimate the difference between the eigenvalue counting functions
for the measures u, and ;. We recall that we are working on the set of probability at
least 1 — N=P=2 where \; > —NZB. Therefore, recalling the definition of f(x), we see
ns(Ey) < [ f(z)dus(z) < ng(Ex+ n) for any By € [—(2K)7', (2K)™!] on this event.
The case of of ng(FE) is slightly more delicate, since we must estimate the contribution
to the mass of fi, from eigenvalues in the interval (—oco, —NZ]. With probability at least
1 — N=P=2_ there are no eigenvalues in this interval. On the complementary event, trivially
have f__O]XB dus(x) < 1, since yu, is a probability measure. Therefore, f__OJXB diis(x) < N~2 by
taking expectation and using the previous two observations.

Using (3.7.30) and the overwhelming probability estimate |n (E; 4+ n) — ny(Es)| < Cn

(which follows from the second inequality of (3.3.21)), we deduce that, with probability at
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least 1 — CN—P-1,

< [ t@d)+ N2~ [ fa)dute) + Co (3.7.49)
R R
< CNY*12 L oy < ONO/212, (3.7.50)

Similarly, now using the bound |7,(E> + 1) — nig(E)| < Cn (which follows from the over-
whelming probability estimate }nS(EQ +1n) — nS(E2)| < Cn after taking expectation and
using the trivial bound |n,(E; 4+ ) — ns(F2)| < 1 on the set where this estimate does not

hold), we obtain

ns(Fy) — ns(E2) < ng(Ea+n) —ns(Ey+1n) + Cn (3.7.51)
< / f(z)dps(x) + CN~? — / f(z)dis(z) + Cn (3.7.52)

R R
< ON°/*712 4 Op < ON°/271/2) (3.7.53)

with probability at least 1 —CN~P~!. Hence, with probability at least 1 — N~ we conclude

Ins(E) —ng(E)| < N°°Y2 for |E| < (2K)~. O
We are now ready for the proof of Lemma 3.3.8.

Proof of Lemma 3.3.8. We start with the first claim. By (3.3.12) and (3.3.13), we have with

overwhelming probability that
sup sup |ma(z) —my(s, 2)| < N—9/16, (3.7.54)

SE[N—1/248 N=0] D

By using (3.3.2) on the set where this does not hold and taking expectation, we deduce the
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deterministic estimate

sup sup |ma(z) — mn(s, 2)| < CN—/16, (3.7.55)
SE[N—1/248 N=9] 2eD

Next, we define

na(E):/ 0a(z) dz. (3.7.56)

The distribution functions n,(E) — n,(0) = fOE 0a(z) dx and ng(F) — ng(0) = fOE diis(x)
may be compared using [52, (11.3)] (see also the proof of [52, Lemma 11.3]), which by (3.7.55)
gives

Ina(E) — s(E) — na(0) + 1g(0)| < CN~° (3.7.57)

for some ¢ = ¢(d) > 0 and E € [—cy, ], where ¢y > 0 is sufficiently small.

There are two cases: N is even and N is odd. When N is even, by the symmetry of the
measures i, and ji,, we see that Yy/s(s) = ’y](\?/)z = 0. We consider this case first.

We will show that for any c¢; > 0 sufficiently small, there exists c; > 0 such that,
if |i — N/2| < N, then |Ji(s)| < c1. To that end, observe that (3.5.18) implies, with

overwhelming probability,

/ dus > cv, (3.7.58)
0

for any v € [N, ¢o] (after decreasing cy, if necessary). Taking expectation and using that

1 1S a nonnegative measure, we find
Yoo 5-1
diis > 5 for any v € [N°7", ¢). (3.7.59)
0

We may suppose by symmetry that i > N/2, so that 7;(s) > 0 by the symmetry of jis(x).

By definition,

Yi(s) i — N/2
/ g, = =2 (3.7.60)
; N

If we choose ¢y < ¢1¢/4, then 7;(s) > ¢; produces a contradiction with (3.7.59). By (3.3.4),
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we also have that for any ¢; > 0 sufficiently small, there exists ¢; > 0 such that, if |i —
N/2| < ¢N, then ‘%‘ < ¢1. We take ¢y small enough so that |i — N/2| < ¢oN implies
Vi, Yi(s) € [—co, co], and consider just this set of indices in what follows.

We observe that, for s > 0, /i, is absolutely continuous with respect to Lebesgue measure,

since each entry of X is. Then, by the definition of 7; and 7;(s),

Ai(s) Yi ¥i i — N/2 Fi(s)
/ 0o() dx +/ 0a(z) do = / Oo(z)dx = ! / = / djis. (3.7.61)
0 3 0 N 0

i(s)

Using (3.7.57) and the fact that o, (x) is bounded below on [— K, K| by some constant ¢

Yi
/ 0a() dx
7i(s)

deterministically, which completes the proof when N is even.

by (3.3.4), we see
N>

> |y = Fi(s)| (3.7.62)

When N is odd, we have 5| n/2)(s) = —7[n/21(s) by symmetry. If Jn/2)(s) > N7, then

setting v = |;y\[N/21 (s)| in (3.7.59) yields and also using the fact that

Arny21(s) Arny21(s) No-1
N :/ dji, = 2/ i, > & — (3.7.63)
0

Anyz)(s)

which is a contradiction. Thus, |Jn/2)(s)| = [Fny21(s)| < CN70. We write

i) ) %
/ dji :/ 0a() dx—i—/ 0o(2) dx. (3.7.64)
Yrny21(8)

Arny21(s) Fi(s)

Since |Fjny2)(s)| < CN~'* and by (3.3.4),

YIN/2) (s)‘ < CN~'9 we have
A1 (8) = v (s)] < CNTIH (3.7.65)
In conjunction with (3.3.4), this shows

i (s) 7i(s) Vi
/ diis = / 0a() dx + / 0a(z) dz + O(N~110), (3.7.66)
g2 (8) A2 (s) 3



We may then proceed using (3.7.57) as before in (3.7.62) to complete the proof.

The proof of the second claim, (3.3.24), uses (3.7.27) and proceeds similarly, except there
is no need to treat the cases of even and odd N separately. By (3.3.7) and the discussion
following (3.7.60), there exists co > 0 such that |i — N/2| < ¢oN implies 7;, \i(s) € [—co, ¢

with overwhelming probability. We then write

i (s) i (s) Ai(s)
/ dii, = / d + / .. (3.7.67)
A

—00 —00 i(s)

Then using (3.7.27), with overwhelming probability we have

NO/2=12 > (3.7.68)

~

%(s)| > N°-1 we use (3.5.18) again to show that,

Assuming to the contrary that ’)\i(s) -

with overwhelming probability,

CNO/2-1/2 > > c")\i(S) _ %(5)‘ (3.7.69)

Ai(s)
[
Fi(s)

Ai(s) = Fi(s)| < CNO271/2 which is a contradiction and so |A\;i(s) — Fi(s)| > N

Thus,

Finally, we estimate
vi(s) = 3i(s)] < |ri(s) = Ails)| + |Ni(s) = ul(s)| < N0+ CN~-Y2H < N=V2H+0(3.7.70)

using (3.3.14) to bound |%-(s) — )\i(s)|, which proves (3.3.24) O

3.8 Convergence in distribution

Proposition 3.8.1. For a € (2/3,2) \ A, there is a unique limit point R.(E) of the se-

quence of random variables { Im R, (E + i77)}77 in the weak topology. For o € (1,2)\ A,

>0
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the conclusions of Theorem 3.1.8, Theorem 3.1.7, and Corollary 3.1.9 hold in the sense of

convergence in distribution.

Proof. We begin by showing that there exist constants C' > 1 > ¢ > 0 such that, for z € H

with |z| < ¢, the random variable R,(z) satisfies the tail bound

P(Im R.(2) > s) < exp (— 504/2—@)) . (3.8.1)

To that end, let R;(2), Ra(2), ... denote mutually independent random variables each with

law R,(z). By the Lévy-Khintchine formula (3.6.20),

exp <_tlmggkm(z))] — exp (—t“/QF (1 . %) E [(Im R*(z))a/ﬂ ) < exp (— 2t;/2) ,

(3.8.2)

E

for some C' > 0, where we used that E[(Im R*(z))a/Q} > ¢ for z in a neighborhood of 0 (see
(3.7.5)).

We now compute, using (3.6.1),

P(ImR,(2) > Ct' /%) <P (ImiﬁkRk(z) < ta/;1> (3.8.3)
k=1
OO a/2
=P (exp ( - tImekRk(z)> > exp (—%)) . (3.8.4)

In the first equality, we used Im Ry(z) > 0. Now applying Markov’s inequality to (3.8.2) and
(3.8.3), we obtain

a/2
P(Im R.(z) > Ct'=*/?) < exp (—%) : (3.8.5)

Setting s = Ct'=*/2, we obtain (3.8.1) for a new value of C.
Let R.(E) be the limit point in the weak topology of {Im R,(E +in)},>o from Defini-

tion 3.1.5. Note that since the tail bound (3.8.1) holds for Im R,(z) uniformly in z, it also
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holds for R, (FE).

Using the bound (3.8.1) for R.(E), we see that for all k, the k-th moment of R,(FE)
is bounded by (Ck)*?=®)/e for some C' > 0. Therefore, the series Z,QlE[R*(E)k]*l/zk
diverges when a € (2/3,2). By Carleman’s condition for positive random variables (the
Stieltjes moment problem) [89, p. 21], this implies that R,(F) is determined by its moments
when a € (2/3,2). By Proposition 3.1.4, these moments are the same for any subsequential
limit of {Im R, (z)},>0, 50 R.(E) is only possible subsequential limit. Therefore the sequence
converges in distribution to R,(E).

Similar reasoning may be applied to the quantities N?-R,(F) appearing in Theorem 3.1.8,
Theorem 3.1.7, and Corollary 3.1.9. By Stirling’s formula, the k-th moment of A2 is bounded
by (Ck)* for some C' > 0, so the moments of N2 - R,(E) are bounded by (Ck)*1+2-a)/e),
For o € (1,2), 1+ (2 — a@)/a < 2 and Carleman’s condition applies. This completes the

proof. O]

3.9 Quantum unique ergodicity of eigenvectors

For any ay: [1, NJNN — [~1, 1] we denote by |ay| = |1 < i < N : ay(i) # 0| the cardinality

of the integer support of an. We define (uy, ayug) = Zf\il Jug (7)|%an (7).

Corollary 3.9.1. For all o € (0,2) \ A, there exists ¢ = c(a) > 0 such that the following
holds. Fix any index sequence k = k(N) such that limy_,o vx = E for some E € R satisfying
|E| < ¢. Then for every § > 0, for any ay: [1, NJNN — [=1,1] such that >, an(i) =0

and |ay| — oo,

N
P ‘—(uk,aNuk) > 5‘ — 0. (391)
|an|
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Proof. Letting moy = IE[Z/{*(E)], we compute

E[QTXM“’““N“”)Z} !aNP (Z“N Sl )2m2)>2

m 1 2
< ax E[Nui 2 —my) (N|u(i 2—m]+—maX]E[Nui2—m }
_“22;[1]\[] (Nuy(iy)] 2) (N]uy (is))| 2) ] iR (Nug(9)] 2)

i1F19

(3.9.2)

The conclusion applies after applying Markov’s inequality to the second moment computed
in (3.9.2) and applying Theorem 3.1.7. The hypothesis that |ay| — oo ensures the second

term in the second moment computation tends to zero. O
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