DIGITAL ACCESS 0 —
SCHOLARSHIP ar HARVARD HARVARD LIBRARY

Office for Scholarly Communication
DASH.HARVARD.EDU

$\ell*{\infty}$-Selmer Groups
in Degree $\ell$ Twist Families

The Harvard community has made this
article openly available. Please share how
this access benefits you. Your story matters

Citation Smith, Alexander. 2020. $\ell*{\infty}$-Selmer Groups in Degree
$\ell$ Twist Families. Doctoral dissertation, Harvard University,
Graduate School of Arts & Sciences.

Citable link https://nrs.harvard.edu/URN-3:HUL.INSTREP0S:37365902

Terms of Use This article was downloaded from Harvard University’s DASH
repository, and is made available under the terms and conditions
applicable to Other Posted Material, as set forth at http://
nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-
use#LAA



http://osc.hul.harvard.edu/dash/open-access-feedback?handle=&title=$/ell%5E%7B/infty%7D$-Selmer%20Groups%20in%20Degree%20$/ell$%20Twist%20Families&community=1/1&collection=1/4927603&owningCollection1/4927603&harvardAuthors=673f820187b5a5de63243345d3454bfb&departmentMathematics
https://nrs.harvard.edu/URN-3:HUL.INSTREPOS:37365902
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA

¢>-Selmer groups in degree ¢ twist families
A dissertation presented

by

Alexander Smith
to

The Department of Mathematics
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy
in the subject of

Mathematics

Harvard University
Cambridge, Massachusetts

April 2020



© 2020 — Alexander Smith
All rights reserved.



Dissertation Advisor: Professor Elkies and Professor Kisin Alexander Smith

¢>°-Selmer groups in degree ¢ twist families

Abstract

Suppose F is an elliptic curve over QQ with no nontrivial rational 2-torsion point. Given
a nonzero integer d, take E“ to be the quadratic twist of F coming from the field Q(\/E)
For every nonnegative integer r, we will determine the natural density of d such that £¢
has 2-Selmer rank . We will also give a generalization of this result to abelian varieties
defined over number fields.

These results fit into the following general framework: take ¢ to be a rational prime,
take F' to be number field, take ¢ to be a primitive " root of unity, and take N to be an /-
divisible Z,[(]-module with an action of the absolute Galois group G ¢ of F'. Given a homo-
morphism x from G to (), we can define a twist VX, and we can define a (1 — {)-Selmer
group for each of these twists. Under some hypotheses, we determine the distribution of
(1 — ¢)-Selmer ranks in this family of degree ¢ twists. To give a non-geometric example,
this framework allows us to determine some aspects of the distribution of /-primary part of
the class groups in families of degree ¢ extensions.

One of the main goals of this dissertation is to prove these results in a way that stream-
lines the approach to finding the distribution of higher Selmer groups given by the author
in [48]. Along the way, we generalize the Cassels-Tate pairing to a certain pairing between
Selmer groups defined from finite Galois modules. On the analytic side, we give a general
bilinear character sum estimate that is suitable both for the base-case work of this disserta-
tion and as a replacement for the Chebotarev density theorem in a future generalization of

[48].
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1. INTRODUCTION

Goldfeld’s Conjecture. Given an abelian variety A defined over a number field F', the
Mordell-Weil theorem states that the group of F'-rational points of A is a finitely-generated
abelian group. There is then a well-defined nonnegative integer r called the rank of A over

F so that there some isomrphism
AF) 27" & A(F)or

of abelian groups, where A(F),, denotes the subgroup of points of finite order in A(F').
There is no proven algorithm for calculating the rank of an abelian variety, and under-
standing the behavior of the ranks of abelian varieties, and in particular of elliptic curves,
constitutes one of the most fundamental problems in arithmetic geometry.

There are two close analogues of rank that are of interest to us:

e We define the analytic rank of A/F’, denoted r,,(A/F), to be the order of vanishing
of the L-function associated to £//F at s = 1. For F' = QQ and A an elliptic curve,
this rank is well-defined; for some higher number fields and higher dimensional
abelian varieties, its existence is conjectural.

e For any rational prime p, we define the p>-Selmer corank of A/F, denoted rp(A/F),

to be the limit of the sequence
rp(AJF), r2(AJF), rps(AJF), ...,
where r,, denotes the n-Selmer rank of A/F, a nonnegative integer we will define

in greater detail later.

Conjecturally, we should always have

ran(A/F) = rank(A/F) = rgoo(A/Pl’) = rye(A/F) = 15 (A/F) = ...



The equality of rank and analytic rank is the celebrated conjecture of Birch and Swinnerton-
Dyer (the BSD conjecture), and the equality of rank and the p®>°-Selmer coranks would fol-
low as a consequence of the conjectured finiteness of the Shafarevich-Tate group I1I(A/F)
(the Shafarevich-Tate conjecture). For now, we note the following, easily-provable esti-

mate; for p a rational prime and k£ > 1, we always have
(1.1) rp(AJF) > rp(AJF) > - > rp(A)/F) > rpe(A/F) > rank(A/F).
In 1979, Goldfeld conjectured the following:

Conjecture 1.1 ([13]). Given an elliptic curve E /Q with narrow Weierstrass form
y: =23 4+ ax + b,

and given a nonzero integer d, take E° to be the elliptic curve over Q with narrow Weier-
strass form

E:y? =23 + dPax + dP.
This curve is a quadratic twist of E, and is isomorphic to E over Q(\/d).

Then, for r > 0,

(

1/2 forr=10

_ #{d: 0<|d <N and ru(E/Q) =1}
lim _

N oN /2 forr=1

\0 for r > 2.

In particular, if both the BSD conjecture and Goldfeld’s conjecture hold, 100% of the
curves in the quadratic twist family of a given F£//Q will have rank at most one.

Between this dissertation and some work in preparation, we will prove an analogue of
Goldfeld’s conjecture for 2°°-Selmer coranks. For technical reasons, we need to place
certain restrictions on the elliptic curves we consider. These restrictions vary depending on

the structure of the 2-torsion subgroup E(Q)[2] of E(Q).
2



Assumption 1.2. An elliptic curve £/Q obeys the assumptions of Theorem 1.3 if one of

the following holds:

(1) E(Q)[2] =0;or
(2) E(Q)[2] = Z/27 and, writing ¢ : E — Ej for the unique isogeny of degree 2

over Q, we have

Q(Eo[2]) #Q and Q(Eo[2]) # Q(E[2]); or
(3) F(Q)[2] = (Z/2Z)* and F has no cyclic degree 4 isogeny defined over Q.

We note that a “generic” elliptic curve over Q satisfies £ (Q),, = 0, fitting it into the

first case given above.

Theorem 1.3. Suppose E/Q is an elliptic curve satisfying Assumption 1.2. Then, for

r =0,
.
/2 forr=20
. #{d: 0<|d <N and ry=(E*/Q) =r}
Nim 5N =91/2 forr=1
\O for r > 2.

This theorem was previously shown by the author for elliptic curves within the third case

of Assumption 1.2. We note the following corollaries of this statement:

Corollary 1.4. Take E/Q to be an elliptic curve satisfying Assumption 1.2.
(1) 100% of the quadratic twists of E have rank at most one.
(2) Suppose the BSD conjecture holds for 100% of the quadratic twists of E. Then
Goldfeld’s conjecture also holds for F, and the Shafarevich-Tate conjecture holds
for 100% of the twists of E.
(3) Suppose that we have

TQoo(Ed/@> =0 or 1 :3 Tan(Ed/Q) = Tgoo(Ed/@>



for all nonzero integers d outside of a set of density zero. Then the BSD conjecture
holds for 100% of the quadratic twists of E, and the previous part of this corollary

applies.

Proof assuming Theorem 1.3. Part (1) is immediate from the fact that the 2°°-Selmer corank
is an upper bound for the rank.
Next, it is known from work of Gross and Zagier [15] and Kolyvagin [28, 27] that, for

any elliptic curve F/Q, we have
(1.2) 7mm(E/Q)=00r1 = 71,»(E/Q)=rank(EF/Q) and #II(E/Q) < co.

Assuming BSD, the 2°°-Selmer corank of E is an upper bound for the analytic rank of F;

under the assumptions of this part, Theorem 1.3 implies
Tan(E/Q) = rank(E%/Q) = 75 (E?/Q) and #III(E/Q) < oo

for 100% of the quadratic twists of E.

Part (3) again follows from the above results of Gross, Zagier, and Kolyvagin. U

Statements of the form

(1.3) rpe(E/Q) =0 or 1 = 71u(E/Q)=rm=(E/Q)

are known as p-converse theorems, as the direction of the implication is the opposite of the
results of Kolyvagin. These sorts of results are known in a variety of settings, with [57,
Theorem 1.4] giving a broad example. Most such results explicitly rule out application for

p = 2, with one major exception provided by the congruent number curves.

Definition 1.5. A positive integer d is called a congruent number if any of the following

equivalent conditions is satisfied:

e There is a right triangle whose side lengths are all rational and whose area is d;
4



e There is a rational square number 2 such that both 22 — d and 2 + d are also
rational squares;
e The elliptic curve

EgN cyt =2 — dPx

has positive rank over the rational numbers.

In the first and second guises, congruent numbers have been studied since the Islamic
golden age [6], with recent attention to the problem coming from its connection to the
theory of elliptic curves [56].

The curve Ely satisfies the third part of Assumption 1.2, so Theorem 1.3 applies to it.
Furthermore, recent work of Kriz [31] gives that (1.3) holds for the curves of the form
Edy/Q when p = 2. As a consequence, Goldfeld’s conjecture holds for the curve Ely,
and the BSD and Shafarevich-Tate conjectures hold for 100% of the curves in its quadratic
twist family. Furthermore, from 2-Selmer rank parity considerations of Monsky [18], we

have the following:

Corollary 1.6. Among the positive integers equal to 1, 2, or 3 mod 8, 0% are congruent
numbers.
Further, among the positive integers equal to 5, 6, or 7 mod 8, 100% are congruent

numbers.

Selmer ranks. Our results for 7o are consequences of distributional results on the Selmer

ranks 7o, 74, 75 . . .. We start by defining these ranks.

Definition 1.7. Suppose A is an abelian variety over a number field F' and suppose that n
is a positive integer. Writing G for the absolute Galois group of F, the set of algebraic
points on A forms a G p-module. Writing A[n] for the n-torsion of A, we have an exact
sequence

0—An] - 4" A—0.
5



From the associated long exact sequence in group cohomology, we have an exact sequence
0 — A(F)/nA(F) — H (G, An]) — H'(Gp, A).
Given a place v of F, write GG, for the absolute Galois group of a completion £,. We define

Sel”(A/F) = ker (Hl(GF, Aln)) = [] H'(G., A)) :
vof F
so we have a natural inclusion
A(F)/nA(F) < Sel"(A/F).
We then define the n-Selmer rank r,(A/F') to be the maximal r so there is some injection

(Z/nZ)" — Sel"(A/F) / im(A(F)yr).

Remark 1.8. In the literature, it is typical to leave out the correction for A(F'), in the
above definition. We have included it because it simplifies our theorem statements slightly

and because this definition still satisfies
rn(A/F) > rank(A/F).

Next, we give the probabilities that will appear in our main results

Definition 1.9. Given n > 7 > 0, take
PA(j|n)
to be the probability that a a uniformly selected alternating n X n matrix with entries in [y

has kernel of rank exactly j. The is zero unless 7 and n have the same parity.
6



We also will define

P (5200 +b) = lim PA'(j|2n+b) and
n—oo

PM(j|o0) = 5 (PM(j]200) + PH(j | 200 + 1)) -

N | —

Theorem 1.10. Suppose E/Q is an elliptic curve that fits into either the first or third case

of Assumption 1.2. Given k > 1 and any sequence of integers
rg 2Ty 2o 20,

we have

lim #{d : 0<|d <N, r9(E?) =rg, ... rox (E%) = rgx }
N—oo 2N

_ PAlt<T2k}7n2k71) . PAlt(T‘Qkfl |7~2k,2) e PAlt(r4|7"2) . PAlt(TQ‘OO)-

To put it another way, as d varies, the sequence (ro( E&y), 74(E&y), - - . ) behaves like a
time homogeneous Markov chain, and we give a representation of this Markov chain in the
left part of Figure 1. The probability of starting in an even state is 50%, and the probability
of starting in an odd state is 50%. The terminal states of this process are 0 and 1, and we
derive the first and third cases of Theorem 1.3 as a consequence.

We also note that this result is consistent with the BKLPR heuristics for 2°°-Selmer
groups [1]. For general £ > 1, the above statement is proved by the author in [48] for
elliptic curves in the third case.

In this dissertation, we will fully prove this statement in the case £ = 1. We can phrase

this more explicitly as follows:

Theorem. Suppose E/Q is an elliptic curve that fits into either the first or third case of

Assumption 1.2. Given ro > 0, we have

N oN e DT o). (2 1)
7

lim #{d : 0<|d| <N, ro(E?) =1y} _ 2"



=
00~y

FIGURE 1. Diagrams for the Markov chains that model 2¥-Selmer ranks
(on the left) and 2¥-class ranks (on the right). Each diagram omits infinitely
many possible higher-rank states.

where we have taken

ﬁ — 27771 ~ 2097

=0

l\DIH

This was proved by Kane for curves in the third case of Assumption 1.2 [22].
We have a similar but more complicated result for elliptic curves with partial rational
2-torsion; this result will suffice to prove Theorem 1.3 for curves in the second case. We

will give this result as Theorem 9.19.

Class ranks. We start with our result on the 2-primary class torsion of imaginary quadratic

fields.

Notation 1.11. Given an imaginary quadratic field K, take ro(K) > ry(K) > ... to be

the unique sequence of nonnegative integers satisfying
ClK[2>] = (z/22) )1 g (7,/47,)r1E)—rs() gy

and limy_, o 791 (K) = 0.



As before, we need some notation for our probability distribution. We have no alter-
nating restriction this time, which will be consistent with the fact that every class group is

finite

Definition 1.12. Forn > j > 0, take
PM(j|n)

to be the probability that a uniformly selected n X n matrix with entries in [, has kernel of
rank exactly j.

We also use the notation
PM(j] 00) = lim PMY(j |n).
n—oo

Theorem 1.13. Given k > 2 and any sequence of integers

we have

lim i {0 <d<N : 1y (@(\/—_d)) =71y ..., Tox(Q(vV—=d)) = rgk}

N—oc0 N

_ PMat<T2k‘r2k71) . PMat<T2k71 |7‘2k72) e PMat(T’8|T4) . PMat<r4‘OO)~

The distribution of sequences of 2*-class ranks is again given by a Markov chain, and we
give a representation of this Markov chain in the right part of Figure 1. In the case k = 2,
the above theorem is a consequence of work of Fouvry and Kliiners in [9]. Theorem 1.13
is consistent with what is predicted by Gerth’s extension of the Cohen-Lenstra heuristic
for the distribution of class groups [12, 4]. It is the third major result towards proving
this heuristic for imaginary quadratic fields, after the result of Davenport-Heilbronn on

3-torsion [S5] and the result of Fouvry and Kliiners on 4-class groups.
9



We note that C1Q(+/—d)[2] has unbounded average size, per Gauss’s genus theory,
which is why we remove it from consideration above. A similar consideration explains

our notation below.

Notation 1.14. Take F' to be a number field, take ¢ to be a rational prime, and take K to
be a degree ¢ Galois extension of F'. Then Cl K is a Gal(K/F') module. Take ( to be a
primitive £** root of unity, and choose some isomorphism from () to Gal(/K/F). Under
this isomorphism,

Cl K/(Cl K )G/

is a Z[(] module. Writing w = 1 — (, there is a unique sequence of nonnegative integers
ro(K) >r,e(K) > ...
with limit zero for which there is some isomorphism

CLK[(>]/(CLE [¢>]) /) o (R /wR)™ )72 () @ (R Jw? R)"w2 ) ~rus ()

Y

where R is taken to be Z,[¢]. This defines the sequence of w*-class ranks of our field

extension.
For this more general situation, we will need more general notation for our distribution.

Definition 1.15. Given nonnegative integer j and n, and given an integer v and a rational
prime /, take

Pyt n)
to be the probability that a uniformly selected n X (n + u) matrix with entries in F, has
kernel of rank exactly j.
We also use the notation

PY(j] 00) = lim PY(j | n).

10



Theorem 1.16. Take F' to be a number field with r| real embeddings and r, conjugate

pairs of complex embeddings. Take ( to be a rational prime such that
poe ¢ F.
If { = 2, take 7] to be an integer satisfying 0 < 1 < ry. If { > 2, take 1| = r1. We define
u=—ry—1}.
For H > 0, define
Xpyq (H) = {K/F Gal. of deg. U : |Ag| < H, K/F splits at exactly 1} realplaces},

where Ak denotes the discriminant of K/Q.

Then, given k > 1 and any sequence of integers

we have

’ #{K € Xppp(H) : ro(K)=ry, ..., rn(K) =714}
im
H—o0 #XF,K,T’I (H)

= Pfg’(rwk | rho1)cen e Pffg’(rwz EDE Pfg’(rw | 00),
where our notation comes from Notation 1.14.

Conditionally on GRH, this result was previously known for Galois extensions of Q due
to work of Koymans and Pagano [30], building off base-case work of Klys that was also
conditional on GRH [26]. In this dissertation, we will prove this result in the case that

k =1 in a way suitable for our proofs for £ > 1.

1.1. Outline of this work and its connection to ongoing work. The main £ = 1 results

given above are consequences of Theorem 9.14 and Theorem 9.10, statements built out of
11



the notation of Sections 8 and Section 9.1. As we mention at the beginning of Section 8§,
the w-Selmer groups considered in these sections are easier to control than other Selmer
groups. This is ultimately a consequence of the following observation: given an abelian
variety A/F, and given a quadratic twist A¢ of this variety, the geometric isomorphism of

A and A¢ descends to an isomorphism
Al2] = A”]2]

of finite group varieties over F'. Because of this, the 2-Selmer groups of A and A? can be
viewed as subgroups of the same cohomology group H' (G, A[2]).

This group is still infinite, which is nonideal for an ambient space where our objects of
interest live. Our workaround is easiest to explain in the case of an elliptic curve £/Q
with full rational 2-torsion. In this case, if we choose a basis e;, e; of E[2], we have an

isomorphism
By : Q*/(Q*)* x Q*/(Q*)* == Hom(Gr, E[2]) = H(Gp, E[2])

given by

o(v/d o(v/d
(dl,d2>'—>(0"—>€1' (\/—dll) + eq - (\\//d—f))

This parameterizes cocycles in £|[2] as pairs of squarefree integers.
Take 7, to be a finite set of places including 2, oo, and all places where F has bad
reduction. Write Z(%;) for the set of squarefree integers divisible only by primes in 7.

Given a sequence py, . . ., p, of distinct primes outside 7, we can then define a map
By, : 2(0) @ 2(%)eF@Fy —= ker | H'(Gr, E2) —» [ H'(L,E[2)
vg

by

By, <d01, doz, (vi)s, (012)1') = By <d01 Spyt ooyt dog - pyt .pf”).
12



Write V (r) for the domain of B,,),. For any choice of dj, in Z(7%}), if we take

(1.4) d=dy-p1--pr,

we find that

Sel £ C By, (V(r).

In particular, we can find the distribution of 2-Selmer groups of twists of the form (1.4) by

instead considering the distribution of the sizes of the subgroups
B} (SePEY) C V(r).

The vector space V() is a more acceptable ambient space for our calculations.
Given this setup, it is particularly nice to find the distribution of 2-Selmer ranks over

families of the form

(L.5) X = {d:dopl---pr : (pi)iEHXi>}

i<r
where dj is fixed and X7, ..., X, are disjoint sets of rational primes not meeting 7#;. We

will call such a family a grid in this dissertation. Given v € V' (r) and givend = dop; . . . p,,

we can determine if Sel*? £ contains Bp,),(v) from the Legendre symbols

i

(ﬁ) forall: < j <,
Dj

in addition to the values of p; mod 8d - Hpe% p for all 2 < r. As a consequence, given

m > 0, we can decompose sums of the form
(1.6) > (#Sel’EY)™
dex
into terms of the form
Di i
(1.7) > Iy 1] (p—)
j

(pi)i€ll; Xi i<k i,j<r
13



where the x; are Dirichlet characters of modulus dividing 8| Hpe% p, and the a;; are all
either 0 or 1. But from work of Jutila [21], given distinct 7, j < r, and assuming X; and X;

are large enough, we can often prove excellent cancellation results about sums of the form

5|50

pi€X; |p;i€EX;

We will give a more detailed statement of Jutila’s result in Section 6. From Jutila’s result,
many of the terms of the form (1.7) turn out to be negligible. By finding decent estimates
on the terms that remain, we can then derive estimates for the sequence of moments (1.6).
Together with parity data, the moments can be used to find the distribution of 2-Selmer
ranks in such a grid. We will prove results for natural density by covering the set of
twists up to a given height outside a statistically negligible set with a collection of non-
overlapping grids.

Now, to find the 2-Selmer statistics for quadratic twists of elliptic curves without full
2-torsion, we need to find a generalization for each step in this procedure. First, given a
grid X and a tuple of primes (p;); in the grid, we need to find a suitable parameterization
of the portion of H'(Gr, E[2]) ramified just at {p;,...,p.} and ¥;. We do this in a non-
canoncial way via Tate duality and an application of Shapiro’s lemma. Second, we need
to find an analogue for Legendre symbols; we need a function {} on pairs of primes from

D1, ..., Py s0 we can determine Sel? E%, with d = dypy . . . p, in terms of the data

{&} fore < j <.
pj

Third, we need to prove an analogue of Jutila’s bilinear character estimates that applies for
these more general symbols. We then need to apply this bilinear estimate estimate to split
(1.6) into a negligible piece and a main-term piece. Finally, we need to patch these results

for grids together to a result for all twists up to a given height. This approach works with

14



far more generality, applying to give Selmer statistics for twists of fairly general Galois
modules.

Higher Selmer results are currenty most easily proved on grids. The calculations for
higher Selmer groups come from generalizations of the fact that F[2] = E9[2] for any
squarefree integer d. Specifically, given a sequence of squarefree integers dy, ds, ..., we

find that the G p-module E4192[4] is isomorphic to a subquotient of
E“[4] @ E[4] @ E4],
that F91%2% 8] is isomorphic to a subquotient of
EN®?[8] @ ENB(8] @ E2®[8] ¢ BN (8] @ E®[8] ¢ E®[8] @ E[8],

etc. In a grids of twists, the first result gives relations between the 4-Selmer groups corre-

sponding to squarefree integers

dop1p2ps - - - Dr dop\p2ps - - - D,y

dop1psps - - - Dr, dop i phps - - - Pr

Grids contain many squares of this form, giving good aggregate control over 4-Selmer
ranks. The 8-Selmer results rely on grids containing many cubes, etc. In all cases, it is
most natural to find higher Selmer statistics over grids.

For k£ > 1, the Cassels-Tate pairing defined on the Shafarevich-Tate group of the twist

E4 gives an alternating pairing
CTPpuy, : 25 1Sel? B2 @ 2" 1sel? B4 — 17,/7,

with kernel equal to 2kSel?” E. We note that, modulo the image of torsion, the domain of
this pairing has dimension equal to the .1 (E?), and the kernel of this pairing has dimension

Tor+1(E?). We claim that this pairing behaves like a random alternating matrix. To make
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this meaningful, take a grid X as in (1.5). For d in this grid corresponding to the tuple

(pi)i<r» and for k > 1, take

Vo, = Byh, (271set”' BY) < V().

(Pi)i
We note that CTP . ;. can be used to define an alternating pairing
Ck,(pz‘)i Vi @ Vi, = %Z/Z

with kernel Vi1 )

it

With this in mind, choose m > 1, choose a filtration

and choose a sequence (1, . .., C,,_1 of alternating pairings
Cj:V;®V; — 3Z/Z

so C; has kernel V;; for all j < m. Take Y to be the subset of (p;); corresponding to

integers d in X so

Vi =V, forallj <m and
Cipy; = C;  forall j <m.

Our claim, which recovers the Markov-chain behavior of Theorem 1.10, is that, as (p;);

varies through the subset Y of the grid X, the pairing
Om,(pi)i VoV, — %Z/Z

is equidistributed among all alternating pairings killing the image of torsion; and we ac-
complish this by abusing the relationships between these pairings found over hypercubes

in the grid, as suggested above.
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We now go through the sections of this dissertation. In Section 2, we will generalize the
parameterization of cocycles in terms of V' (r) to apply for abelian varieties A/F where
A[2] is a nontrivial Gr module, and will also find a substitute for Legendre symbols in
situations where A[2] is not a trivial module. The notion of spin of a prime ideal, as
introduced in [10], arises naturally from these considerations.

One guiding philosophy of this dissertation is that most results about the Selmer groups
of abelian varieties should extend to results about Selmer groups for general Galois mod-
ules. In Section 3, we show that the theta group of a symmetric line bundle defined on A/ F
can often be constructed from the Galois module structure of A[¢*°]. In Section 4, we sim-
ilarly de-geometrize the Cassels-Tate pairing, giving a form of the pairing that applies to
short exact sequences of finite Galois modules over number fields. The proofs in this sec-
tion do not require substantially new ideas, but the central duality result could potentially
be of fundamental importance in the theory of Galois cohomology. Our work on higher
Selmer ranks depends on this new Cassels-Tate pairing, but we also use the formalism to
exhibit pieces of class groups as Selmer groups, per Proposition 8.8.

We need a generalization of Jutila’s bilinear character bounds that apply for the ana-
logues of Legendre symbols we produce in Section 2. This analytic work is done in Sec-
tion 6, a section we also consider to be of independent interest. Contrasting with similar
bilinear bounds in e.g. [29], the form of the bound we produce will explicitly depend on the
underlying choice of field extension K/ F'. This sensitivity is not important in our base case
work, but will become relevant for our higher Selmer results, where we need to understand
the splitting of primes in certain metabelian extensions.

With this legwork done, we turn to defining twist families and Selmer groups in Section
8. In this section, we will find that equivariant isogenies can cause the Selmer group
distributions to misbehave. Following [24], we explain this behavior in terms of Tamagawa
ratios, with our main proposition being Proposition 8.10. In Section 9, we derive the

necessary conditions for Selmer groups to avoid being affected by Tamagawa ratios. With
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the terminology of this section in hand, we finally give our main base-case results in Section
9.1.

In Sections 10 and 11, we give the necessary linear algebra for computing the moments
of base-case Selmer groups in certain grids. We do the necessary gridding in Section 12

and Section 13 before finishing the proofs of our main base-case theorems in Section 14.

1.1.1. Some historical comments. Gerth first observed that, in quadratic fields indexed by
a certain kind of grid, the distribution of 4-class ranks could be computed with relative
ease via linear algebra and an application of the bilinear character sum bounds of Jutila
[12, 21]. The analogous work for 2-Selmer ranks of quadratic twists of elliptic curves with
full rational 2-torsion was done by Swinnerton-Dyer in [50]. 2-Selmer statistics over grids
of quadratic twists have also been found in the case that Q(E[2])/Q is an S extension
[25].

For many years, work on 2-Selmer distributions over grid families and work on 2-Selmer
results over more natural families proceeded independently. In natural families, the only
known viable approach was to adapt an argument of Heath-Brown that gives the 2-Selmer
rank distribution in the family of quadratic twists of the congruent number curve [18].
While still relying on certain bilinear character sum estimates, this work seems otherwise
unconnected to results over grids. The prime decomposition of the involved squarefree
integers plays little role, for example. Heath-Brown’s approach has since been used to find
distributions of 4-class ranks in quadratic fields [9].

The grid-based results and natural density results started to comingle in a paper of Kane
[22]. In this work, Kane found the distribution of 2-Selmer ranks in the family of quadratic
twists of any curve in the full rational 2-torsion case of Assumption 1.2. His approach uses
a subtle induction argument, and grids still do not appear in a substantial way; but his work
builds on the grid-based foundation set by Swinnerton-Dyer in [50], and he relies on the

prime decomposition of the involved squarefree integers.
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With the strategy outlined above, where we first decompose most of the twists up to a
certain height into non-overlapping grids, and then prove our main distribution results on
these grids, we have more fully merged finding 2-Selmer rank distributions in grid families
and finding 2- Selmer rank distributions in natural families. In addition to being a better
setup for higher Selmer rank results, this simplifies the overall strategy of finding 2-Selmer

rank distributions.

Part 1. The Cassels-Tate pairing, Theta Groups, and 1-Cocycle Parameterization
2. LEGENDRE SYMBOLS AND SPIN

Notation 2.1. Given a number field F' and a finite module M with a continuous G g-action,

we define

11T, (F, M) = ker (Hl(GF, M) = [ H'(G., M)) :

vof I

Here, G denotes the absolute Galois group of F', and GG, denotes the absolute Galois
group of F},, the completion of F' at v.

Given a finite set of places 7 of F' and its subfields, we also define

Fry(V) =ker | H(Gp, M) = [ H'(L, M) / 11, (F, M).

vof F
otV

The base-case Selmer groups we are interested in will lie in spaces of the form %/ p(7),
with 7 changing with the twist and with M and F remaining constant. The first goal of
this section is to give a way to parameterize .);/#(7') in a way that behaves well as the
set of places 7 is adjusted.

With that in mind, take p to be a prime of F', and take ¥ to be a set of places of F' and
its subfields so p divides no prime of #'. Take p to be a prime of F' over p. We then have

an exact sequence

*
fbM7F,F
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where fb) -5 is a map defined in Section 5.2 that measures the ramification of a given
cocycle class at p, where M (—1) denotes the (—1)-Tate twist, and where the superscript
G indicates that we are considering the set of invariants under the action of the absolute
Galois group of the completion of F' at p.

To parameterize .7y, (7)), we will ultimately need a section to the final map of (2.1).

This will rely on this final map being surjective, motivating the following definition:

Notation 2.2. We fix the following:

(1) An integer eg > 2,
(2) A Galois extension of number fields K/ F, with K containing /i, and
(3) A finite set of places 7 of F.

We assume that the places ¥ contain all archimedean places, all places where K/F' is
ramified, and all places dividing e,. Furthermore, given any finite Gal( K/ F)-module M,
we assume the sequence (2.1) is exact on the right for 7" = 7{ and any choice of p outside

. If these conditions are met, we say ¥ unpacks the tuple (K /F, eq)

Definition 2.3. For any set 7 of places of F', write K () for the maximal abelian exten-
sion of K of exponent dividing e that is ramified only over places in 7.
Giving primes p,p, of F not over %, we say p and p, have the same class and write
P~ by if
Frobpp = Frobgp, in Gal(K(%)/F).

Proposition 2.4. Given ey and K/F as in Notation 2.2, we can find a finite set of places

Vo unpacking (K/F, e).

We postpone the proof of this until the end of this section.
The map b}, -5 is fairly natural, but giving a section for this map requires some ad-
hoc choices. After some experimentation, we have opted for a definition that built from

Shapiro’s lemma as given in Section 5.1, but even this relies on some extra choices that we
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make now. We make heavy use of the superscript nc to emphasize the noncanonical nature

of these definitions.

Notation 2.5. Take (K/F, ey, %) as in Notation 2.2, and take ., to be the group of ey-
roots of unity in K. For every intermediate field L of K/F such that K/L is cyclic, we

choose a set-theoretic section s}° of the projection

@ HY (G, prey) — @ H1<vaﬂeo)/im (yueo/L(’y/O)) -

vof L vof L
v|% v %

From Shapiro’s lemma, we have an isomorphism
sh

for any set of places ¥ of F' and any field L that is intermediate to K /F. We will give
this isomorphism explicitly in Section 5.1. As a consequence, if ¥, unpacks (K/F, eg), it

unpacks (K/L, eq) for any intermediate field L of the extension K/ F.

Definition 2.6. Given (K /F’ ey, %) as in Notation 2.2, given sections (s}°), as in Notation
2.5, and given a finite Gal(K/F) module M of exponent dividing ey and a prime p of F'

not over %, we define a map
MEF M(=1)%rr — wmp(MU{pNFY})

as follows:

First, take L minimal so K /L is inert at p N L, and define

B(P) € Sy (VoUL{pNLY),

*

to be the unique element satisfying fb ieg P

(B"(p)) = 1/e¢ whose restriction to

@ Hl(Gva ;ueo)

vof L
v| %
21



. . ne
is in the image of s7°.

Next, choosing m € M (—1)%F», there is a unique G r-homomorphism p(m) from
Indgfyueo = Z[GF} ®Z[GL} Heg

to M that takes [1] ® ¢ to m @ ¢ for all { € fi,. We then take B} .-(m) to be the image

of B"(p) under the composition

Ft(HUFNLY) 2 7 o (HUFNFY) L2 7 n(4 U {F N FY).

Il’ldGF,LLeO /F (

Remark 2.7. In the above situation, we can use (5.6) and Proposition 5.3 to verify that

nc *
B fb]VI,F,E

M(=1)%rr 2% 0 (Y U {p N FY) —225 M(—1)%rs

is the identity map, so we have succeeded at finding a section of fb*. There are three other

properties that recommend this particular section.

(1) The map B . is linear in M (—1)“r5.

(2) Given p ~ p, and any
m € M(—1)%r% = M(—1)%,

the difference BY, 1.5(m) — BY, 5 (m) is trivial at all places over %.
(3) With m as above, take N to be the minimal GG p-submodule of M containing m & ¢

for all ¢ in pi¢,. Then BY; --(m) is in the image of the map
(N UPNF}) — Syr(HU{pN F}).
Remark 2.8. We note that
I, (F7 Meo)

is equal either to 0 or Z /27, with the latter case possible only if e is divisible by 8. This is a

consequence of the Grunwald-Wang theorem, which describes precisely the scenario when
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this group equals Z/27Z. This counterintuitive result is what forced us to define B™(p) as

an element of .}, /1, rather than as an element of H WG, tey)-

Definition 2.9. With the setup of Notation 2.2, take M and N to be finite Gal(K/F)
modules of exponent dividing e,. Take P, q to be primes of I not over %. Per Section 5.2,

we have an isomorphism

il’lVM®N’F’§ . H2(GF,M®N> ;> M®N(—1)G _

Fjp?

where M ® N(—1)g, . denotes the set of G5 coinvariants of M @ N (—1).
We then define

Nonr(®.8) : M(=1)°7% @ N(=1)“"1 — M ® N(—1)g,.,

by

(2.3) ?\5]®N/F(ﬁv q) (m,n) = INVygN, Fp <%IJI\SI,F§(m) U %%,F,a(n)) .

Here, W denotes an element of ' (G, M) projecting to B rp(m), with the
same notation on the NV side. The resulting pairing does not depend on the choice of this
element.

Further, suppose that p, § are primes of F' not over 7. Take L to be the minimal inter-

mediate field of K/F so K/L is inert at p N L, and take F to be the minimal intermediate

field of K/F so K/F isinert at ¢ N E. Then, for 7 € G, we define an element

nc /< =

ar’(p, ) € (teo)gy, . p

by

nc(q@ = . G - G
aX(p,q) = IV, ey, (L+7E) § (resG§+TE%“C(p) U 7'*resG§+T71

B(7)) .

L

where again 28" (p) denotes an element of H'(G'1,, j1¢,) projecting to B"(p).
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Remark 2.10. Following Remark 2.8, we can think about the element 28"(q) as being an

element of £ /IIT - (E*)%, where I1I is either {1} or {1, a} for some element with
a? € (BX)%.

Using this, the symbol a2(p, q) can be thought of as a norm-residue symbol, or as a general
form of a Legendre symbol. The precise behavior or these symbols depends on the choice
of s", butif q ~ q, in the sense of Notation 2.2 for some other prime q,, we can concretely
say that the fraction

%L@ € EX /I (EX)®

B(qp)
is the unique element that is both locally an ¢, power at all places of E over % and is also
a generator for an ideal of the form /¢ - (mg 'n L).

In this paper, the a2 (p, q) will serve as generalizations of Legendre symbols, with the

special case a”(p,p) instead a generalization of the notion of the spin of a prime ideal,
a concept first considered in [10]. These are the atomic objects that we will decompose

Selmer conditions into, with the maps £"¢ appearing naturally as part of this decomposi-

tion. To aid such a decomposition, we have the following proposition.

Proposition 2.11. Use the setup of Notation 2.2. Given primes 9,q of I not over ¥, take
L and F as in Definition 2.9. Take M and N to be finite Gal( K /F') modules of exponent

dividing ey, and choose any
me M(=1)¢r% and n e N(—1)%Fa,
Then, if p N F and q N F' are distinct, we have

Yenp(0.0)(m.n) =Y m @m0 © a(F.1).
TEB
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where B is any set of representatives in G of the double coset
Gr, \G F / GEg.

In addition, take B’ to be B with the representative of the identity removed. Then we

have

?&@N/F(E’ ﬁ) (m,n) :Zm QT & a:c(ﬁ7ﬁ)

TEB

Y rm@n®de([®,p).

TEB’
Proof. We start without using the assumption that p N /" and g N £ are distinct. Write
My = IndS® le, and Ny = IndS”
Gpleo 0 Gp /'LeO’

We calculate

?\Z@N/F (p,q) (m, ”)
o (s (1 5551 U .o (1) 55))

= (p(m). ® p(n)s) InVrreny Fp <corg§ ([1] ®%T(ﬁ)) U corgﬁ ([1] ® %T(ﬁ)))

from (5.18). It then suffices to calculate
invas,en, e (cors (1@ B%() ) U corle (1] @ B=(@)) ) .
From (5.11) followed by Proposition 5.3 and the double coset formula, this equals

inVasgeg, i © oG (resgr o core ([1] @ B=(p)) U [1] © B=(q))

. G _ _ N —\
= ZIHVMO(@NOvFvﬁ o corgi (COI‘GEJFT 1r oT, 1(wT> U [1] X %Hc(q>>

TEB

. G - _ =
Ch =D minvye g (s o (W) U I @ BT

T1EBTEB
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where we have taken

vy = [l @resgt,  B(p).

This element is only ramified at p N (7F + L) and places over 7. If we now assume that

p N Fand q N F are distinct, we find that (2.4) equals

. G _ =
ZrlnvMO®N07E7T_1p (corGg” ot () U] ® %“C(q))

TEDB
= ZTIHVM()@NO E+r-1L7=1p ( Sl Ul e resgﬁ+7_1L%“C(ﬁ))
TEDB
= ZiHVMO®No,TE+L,ﬁ (@Ur 7] ® T*FCSG L, B (ﬁ))
TEB
=> [ @[] ®d*(®,7).
TEB

This gives the first part of the proposition.
Now suppose that § = p. In this case, (2.4) splits into two pieces: a sum over (7, 7y)
with 7 = 71; and a sum over (7, 1), excepting the already-counted representative of (1, 1).

The first piece can be evaluated as before. The second piece takes the form

Z invaeNy Ly <corg§” ot l(¥y) U] ® %HC(E))

TEB’

= Z NV 0@ No, L+7-1 L5 ( ) U] ®resgi+r,1L%"°(ﬁ)>

TEB'
== tinvnerierizg ([1] ® resg;T_lL%nC(ﬁ) U T*_l(%))
TEB'
=Y el edsd,p).
TEB'

Here, we have made use of (5.10), with ¢ taken as in that equation. We then have the

proposition.
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We have described the norm residue symbols a2(p,q) as the atoms from which the
Selmer conditions we are interested in are constructed. Not all these atoms are needed,

with the next proposition giving all the redundancies we need to consider.

Proposition 2.12. In the situation of Notation 2.2, choose primes 9,1, Py, qo of F not over
Yo so thatp ~ p, and q ~ q,. Write L for the minimal extension of F' so K/L is inert
at p N L, and write E for the analogous extension for q. Take T € G . We then have the

following:

,\
\S}
N—
3
<
Q
m
)
S
=
]
=
Q
<
]
)
B
—
ol
Q
|
N——
Il
Q
—
b=l
k=]
N—
Il
)
3
—
ol
|
N——

(3) Writing a" for a}°, we have
@ (p, ) — a™(p, 7q) = ar*(po, o) — a™(Po, 7o)-
(4) We have
7" (5,3) — ™ (75, 7) = 70" (B, To) — " (7Bo, 770)
(5) If
pN(L+E)#qN(L+E) and pyN(L+E)#q,N(L+E),

we have
a™(p,q) — a™(@q,p) = a™(po, do) — ™ (do, Po)-
(6) If eg is odd, we have
a"(p,p) = 1.
Otherwise, take C to be the unique element of order two in (fie, ), Then
1 ifxz® +1 =0 has a solution v € F5np
a"(p,p) =

¢ otherwise.
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IfpoN L # pN L, we also have

a™(p, po) — a™(po, b) = a™(p,p).

(7) Suppose T represents the same class as 77! in

Gi\Gr/Gp.

Then

ne /< roul ne /[ v 2
(5, 7B) — " (o 7F0) € ((1eo)es,., )

Proof. For o in G g, we have
B"(q) = B™(0q) = 0.B™(q).

Part 2 follows. For o in GG, (5.12) and (5.17) give

0@z (p,q) = ags (0P, ).

Applying this and part 2 for o in G gives

Since op = p for o in G'r5, we then have this equality for o in G, and part 1 follows.

Part 3 is a consequence of
G nc(, = Gg nc (=
resc;”  B"(1q) — Tresg” B (q)

only being ramified over 7;, which can be proven from (5.17). This result and (5.12) give
part 4 as well.
Part 5 follows from skew commutativity of cup product and Hilbert reciprocity, in the

form of (5.22) for the field L 4 E. For part 6, if we take x to be the image of —1 under the
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natural boundary map

L*/(LX)* — HY(GL, e, ),

the symbol properties of a™ give

a™(p,p) = invy, ou.,.Li (%“C(ﬁ) U X) :

This has order dividing 2, giving the result for odd ey. For even e, this symbol is either
nontrivial, in which case it must equal , or is trivial. As a norm residue symbol, it is the
former only if —1 is an eq power at p N F'. This gives the first statement of the part, and the
second statement follows from Hilbert reciprocity.

This just leaves part 7, which is substantially harder. The statement is a generalization
of a previous result on involution spin [10, Section 12]. In that paper, it was proved using
the theory of ray class fields. We will prove it instead as a consequence of our theory of

theta groups; see Proposition 3.6. U

The obvious next question is whether this last proposition has identified all the redun-
dancies between our Legendre symbol analogues a(p, q). For the symbols a(p, p), this
is a difficult unresolved question about the spin of prime ideals. When p and q are different,

the situation is much more straightforward.

Proposition 2.13. In the situation of Notation 2.2, choose primes q,p, of F not over ¥,
Take L and E to be the minimal fields over F such that K/L is inert at p, N L and K/ E is
inert at q N E. Write q for q N . We assume p,, does not divide q.

Take B to be a set of representatives in G g for
G \Gr/Gg
and take T to be the natural projection from Gal(K (%, U {q})/F) to Gal(K(%)/F).

Given 01,09 in m ' (Frobpp,), we say the elements are equivalent if one equals the other
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conjugated by an element of G i (y,), and we write 71 (Frobpp, )~ for the set of equivalence
classes under this relation.

There is then a unique isomorphism

ﬂ-il(FrObFﬁO)N ;> @(IMGO)GL_H-E

TEB

so that, for all primes p not over ¥, U {q} satisfying p ~ p,, we have
(2.5) Frobgp — (a™(p,79) : 7 € B).

Proof. Take C' to be the trivial G module Z/eyZ. For a set of places of ¥ of L or any
subfield of L, take L(¥") to be the maximal abelian extension of L of exponent dividing e

ramified only over places of #". We have a set of isomorphisms

2.6) Gal (K(#%)L(% U {a}) / K (%))
~ Gal (L("//o U {q}) /L(“f/o)>

N Fo(You{rgnL : 7€ B})
>~ Hom ( o 4] : @/Z)

= @(MeO)GL+TE :
TEB

This set of isomorphisms takes Frobzp(Frobrp,) ™! to
(anc(ﬁ, 7q) — a™(py,7q) : T E B).
To finish the proof, it then suffices to show that the map
7! (Frobppy)~. — Gal (K(%)L(% U {q}) / K (”f/o))

given by multiplication by (Frobpp,)~! is an isomorphism. This starts by noting that this
map is well-defined, which follows from the definition of our equivalence relation, and

surjective. We just need to show injectivity.
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Call elements o1, 09 of Gal (K (7%, U {q})/K (%)) equivalent if
7017~ - Frobpp, = 09 - Frobgp, in K (% U {q})
for some 7 in Gk (y;,). Equivalently, oy and o, are equivalent if they differ by an element of

[GL, G-

Using a subscript ~ to denote the corresponding set of equivalence classes, we have

7 (Frobppg)~ = Gal (K (% U{a})/K (%))

~

We have an isomorphism of GG modules

So(MoU{a})
Jox(M) @/Z) ’

Gal (K45 U a})/ K (%) = Hom (

where 7 acts by conjugation on the first term and by 7* on the second. We have isomor-

phisms

YC/K(%U{q}) _ yC/K("//OU{TﬁﬂK . 7€ Gr/GE})

ek (%) ek (N) = C(-1) ® Z{Cr/Cel,

with the latter isomorphism being
pr > g (9 @[]
TGGF/GE

This is an isomorphism by the hypothesis of unpacking, and it respects the G i structure of

both modules by (5.17). The Pontryagin dual of it is the G p-module
teo @ Z|Gr/GEl.

The set of (G, covariants of this module is isomorphic to the final term of the chain (2.6).
At the same time, it has the same cardinality as 7! (Frobzp, )~ from the above argument.

Injectivity of the map of the proposition then follows from surjectivity. U
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Finally, we check that a set of places unpacking (K /F eq) can always be found.

Proof of Proposition 2.4. Take 75 to contain all archimedean, all places where K /F' rami-

fies, and all places dividing [K : F] or ey. Then

ker | H'(Gx,Z/eoZ) — [[ H'(Gv. Z/eaZ) x || H' (1, Z/e0Z)
ol%s ols

can be identified with a subset of
Hom(Cl K, Z/eyZ).

By adding at most log, |Cl K| places to ¥], we can then make this kernel trivial. Call this
new set #].

Next, for every conjugacy class of Gal(K/F'), choose a prime p of F outside ¥ so, for
any p of I over p, we have that Frobyp represents the conjugacy class. % will consist of
these primes and those places in 7;.

Now, choose a finite Gal(//F')-module M of exponent dividing e, and suppose ¢ €
H'(Gp, M) vanishes locally at every place in ¥,. Consider the inflation-restriction exact

sequence

0 — HY(Gal(K/F), M) — H'(Gp, M) — H' (Gg, M).

Since ¢ vanishes locally at all places in 71, the same is true when restricted to G . But
M over G is a direct sum of submodules of Z/eyZ, so the above assumptions force ¢ to
have zero restriction to G'x.

It then is the inflation of an element ¢ of H'(Gal(K/F), M). This ¢ vanishes at all
the bad places of ¥5, and it also vanishes on all cyclic subgroups of Gal(K/F'). This is

enough to say that ¢ vanishes locally everywhere, so it lies in III; (F, M). This gives that

ker [ H'(Gp, M) — [[ H'(Gw, M) | =TI (F, M),
v| %
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and Poitou-Tate duality implies that (2.1) is surjective on the right for the module M. We

then get the proposition. U

3. THETA GROUPS

A heuristic of Poonen and Rains [44] suggests that p-Selmer groups of abelian varieties
can be modeled as the intersection of randomly-selected maximal isotropic spaces in a large
quadratic space over IF,,. Given an abelian variety A defined over a field of characteristic
not equal to p, and given a principal polarization on A defined over F', there is a well-known

natural nondegenerate alternating pairing
Alp] © Alp] = pp

called the Weil pairing, and their heuristic is based on the fact that this pairing is the bilinear
form associated to a certain quadratic form on A[p|. This is a trivial observation when p is
odd, but relies on a geometric object called the theta group when p = 2.

In this section we show that, in a wide set of cases, the theta group of a line bundle and
its Galois structure can be recovered from higher Weil pairings. In particular, these objects
can be constructed for arbitrary 2-divisible Galois modules with alternating structure. As
an application of this more-general theory, we will prove the final part of Proposition 2.12,
generalizing a previous result on involution spin [10, Theorem 12.2].

I’d like to thank Adam Morgan for his help with this section, and in particular for finding

the construction of H given below.

Definition 3.1. Suppose we have the following data:

e A group G, G-modules M and N, and a G-equivariant isogeny A with domain M
satisfying

2M[2)] = M)
33



e An alternating (G-equivariant pairing
Py M[2)\| @ M[2\] = N
e A G-equivariant map e : M[2] — N satisfying
e(x +y)—e(x) —e(y) = Pi(x,y) forall z,y € M[2].
Under these circumstances, there is a unique pairing
Py: M\ @ M|\ - N

satisfying
Py(2m,2n) = 2P;(m,n) forall m,n € M[)]

This pairing is alternating and G-equivariant since P; is.

Following the construction of [43], we can then define a group U to be the set
N x (M[2)])
with the same associated (G-action but with group operation
(n,m)-(n',m') = (n+n + Py(m,m), m+m').

For any (n,m) and (n’, m') in this group, we calculate

(n,m)(n',m)(n,m)~" = (n' + 2P (m,m’), m').

From these basic properties, we can verify that

{(e(m), m) e U : me M[2]}

34



is a normal subgroup K of U. We then define
Hrer (M) = U/K.

We have the following commutative diagram with exact rows:

1 > N > U » M[2\] —— 1

TR

1 s N > ,)L[,\,e,pl<M> EE—— M[)\] — 1.

The groups U and H are typically non-abelian, and we can consider the commutator

pairings on either of the rows of (3.1). From the calculation
(0,m) - (0,m") - (0,m)~" - (0,m") " = (2P (m,m’),0),

we see that this pairing takes the form (m, m’) — 2P;(m,m’) for the top row. On the

bottom row, this pairing is then given by (m, m') — Py(m, m’).

Proposition 3.2. Take
q: H'(G, M[)\]) = H*(G,N)

to be the connecting map coming from the second row of (3.1), and write
U: H'(G, M[N) ® H' (G, M[\]) = H*(G,N).

for the cup product induced by Py,. Then, for any ¢, € H* (G, M[/\]), we have

a(¢+v) —aq(¢) —q¥) = -9 U
We also have
q(ag) = a*q(¢)

for any integer a.
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Proof. Given our calculation of the commutator pairing above, the first claim here is a
consequence of [43, Proposition 2.9].

To prove the second statement, note that the equivariant homomorphism
(n,m) = (a*n,am)

of U descends to H . p, (M ). We then get a commutative diagram

1 >

> Haer,(M) —— MM —— 1

J£ | [

1 > > H)\,&pl(M) E— M[)\] — 1.

from which the result follows.

Proposition 3.3. Suppose we are in the situation of the above proposition. Choose a

positive integer k > 1. We assume that
k1 N[22+ )] = M[2F)]
and that there is a G-equivariant pairing
Pypyy : M2\ @ M[2" )] = N
satisfying
2"Pyi(m,m) = Py(2"m, 2"m’)  for m,m' € M [25T1)\].
Then q is zero on all elements in the image of the connecting map

H°(G, M2°N]/M[N]) — H' (G, M)
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coming from the exact sequence
0 — M[N — M[2*\] — M[2F\]/M[)\] — 0.

Proof. Choose z, € M[2%)\] so ay, is invariant under G mod M|[)]. Our goal is to prove
that

or(0) = oy — x, € H(G, M[X))
maps to zero under q.
Choose x,; € M[2F)] for i equal to 1, k + 1 so that
Trir = 2201 and  xp = 26y
We can then take
¢k+i = O0Tk+i — LTkti in Hl(G, M[Qz)\])

for: = 1,k + 1. From the diagram (3.1) and Corollary 2.8 of [43], we have

q(Or) = Ors1 Up, Gt

where the cup product is with respect to the pairing P;. This then equals

(2" ¢okt1) Upy,y ottt

where the Up,,, denotes the cup product on H'(G, M[2¥"1)]) coming from P;. But
2829111 lies in M[2FT1)], s0 2%pay 1 is a coboundary. This cup product is then zero, and

we have the proposition. O

3.1. Theta groups of abelian varieties. Take /' to be a field of characteristic other than
2, take A to be an abelian variety over the field F, and take L to be a symmetric line bundle
over A also defined over F’ with associated isogeny A\ : A — A. We assume the degree of

L is not divisible by the characteristic of F'.
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For z € A(F), take 7, : A — A to be the translation by 2 map. We can then define a
group
H(L)={(z,¢) : z€ AN, ¢: L =1L}

with a natural Gz action. This group is the theta group, or Mumford group, and our main

references for its properties are [44] and [38]. We note that it fits in an exact sequence.

(3.2) 1= F = H(L) — A\ — 1.

Proposition 3.4. In the above situation, take G = G, take N to equal FX, and take P;
to be the multiplicative inverse of the Weil pairing associated to L* = L ® L. Finally, let e
be the quadratic form

el A[2] — +1

*

defined in [38, p. 304].

Then there is a canonical isomorphism
n: H)\’e’pl (A) — H(L)

of groups with a G p-action so that (3.2) and (3.1) fit in a commutative diagram

1 > N > Haer (A) —— AN —— 1
| | |
1 e sy H(L) ——— A[\] —— 1.

Proof. Using the fact that L is a symmetric line bundle, Mumford defines canonical homo-

morphisms

§_1:H(L?) — H(L*) and 1y : H(L*) — H(L)
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fitting into the commutative diagrams

1 — 5 F s H(LY) —— A2\ —— 1

| -

1 —— F —— H(L?) —— AR\ —— 1

and
1l — s F H(LZ) — A2\ —— 1

e e |

1 —— F° —— H(L) » AN > 1,

with the appearance of A[2)\] explained by [38, Proposition 4, p. 310].
Given z in A[2)], there is some () in H(L?) projecting to z satisfying o (z)™! =
d_1(¢)(x)). This element is determined up to sign; in particular, 1’ = 7 o 1) is canonically

defined on A[2)], and we have a commutative diagram

1 —— F —— H(L) —— A\ —— 1.

For z,y € A[2)\], we have

-1

— e (2, y) (V@) (y)

with our notation and definition of the Weil pairing el as in Mumford’s article. Correcting

for this, we find
1

Vel (z,y)

Y(x+y) e+ ~Y(2)Y(y),

so we have
0 (x+y) = Pi(x,y)-n'(x)n'(y).

This agrees with the multiplication in U as in (3.1), and we have a commutative diagram
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1 —— F y U y A2\ —— 1

1 —— F —— H(L) —— AN —— 1,

where the central map sends (¢, z) € F x A[2)] to ¢ - /().

To prove the proposition, we just need to verify that the kernel of this map is the set of
(ef(a:), .r), with z ranging through the two-torsion points. Given the above diagram, it is
clear that the kernel should be the set of (1/(z), ), where /(z) € H(L), which projects

to 0 in A[)], is instead considered in . We thus just need that
0 (z) = el(x) forall xc AJ2].
But this is a consequence of [38, Proposition 6], and we have the proposition. OJ

Remark 3.5. For this example, the hypotheses of Proposition 3.3 can be shown to be sat-
isfied using the Weil pairings for L*, L?, ..., so both Proposition 3.2 and 3.3 hold in
this case. This was already established in [44], with Proposition 3.3 being shown for the

Kummer map associated with the exact sequence
0— AN —A— A0

The key element of this elegant proof was the use of the Poincaré bundle on A x A to define
a certain set acted on freely by #(L). For Proposition 3.3, we used higher divisibility of
M as a stand-in for this geometry, and accepted that the end result would necessarily be
weaker.

The advantage of our approach is that it opens up the possibility of working with theta

groups not coming from abelian varieties. We turn to one such example next.

3.2. Involution spin. Take F' to be a field of characteristic not equal to 2 and choose an

element o of F'*. We assume that « is not a root of unity and that « is not in (F*)?2, so
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K = F(y/a) is a quadratic extension. Fixing k£ > 1, we consider the quotient group
My={z e F": a* —a'forsomei € Z} [{a’ : jeZ},

where these sets are abelian groups with multiplication as their operation. Given z in this

quotient, take v(x) to be an integer so some representative of the class of x satisfies
22 = '@,
This integer is defined mod 2%, and we have an alternating G -equivariant pairing
Po_1: My @ My, — gk CF”

defined by
v(x)

v(y)

<

Pi_y(z,y) = for z,y € M.

8

We can then define the theta group Hs o p, (M), and we consider the map
qn + H'(H, My[2]) — H*(H, ju1)

defined in Proposition 3.2. Here, H is any subgroup of G .

The module My [2] is trivial over G i, and the Kummer map associated to
0 — M[2] = Mi[4] — Mi[2] — 0
gives a map

Note that 6(z) is defined over K (pu4, /).
From considering quadratic twists and using Proposition 3.3, we find that, for any x €

H'(Gg,Fy) and any = in H°(Gg, My[2]), we have

(3.3) Jox (6(x) + 2 U x) = 0.
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We calculate
5(IVal) = [~ Uxya and 6(1~1]) = [~1]U x-1.

where y;, denotes the quadratic character associated to K (v/0)/K.

We can now finish the proof of Proposition 2.12.

Proposition 3.6. Suppose we are in the situation of Notation 2.2 with ey = 2 and K/F a
quadratic extension. Take T to be an element of G projecting to the nontrivial element of

Gal(K/F). Then, given primes 9,9, of F' not over %, if p ~ p,, we have
az’(p,p) = ax(po, Po)-

We first will show that this proposition implies Proposition 2.12, part 7. In the notation
of that proposition, if 7 shares a class with 1 in G;\Gr /G, we can apply the sixth part of
the proposition. So suppose this is not the case. Writing o for a generator of Gal(K /L),
we must have

ofr =770 in Gal(K/F)

for some integers k, j. By replacing 7 with o*7 as needed, we may as well assume we have
7 =o' in Gal(K/F).

Then o/** is in both G';, and G, but 7 is in neither. We can then apply Proposition 3.6
with

K=L+7L and F=(L+7L)".
We now turn to the proof of the above proposition.

Proof of Proposition 3.6. We first claim that we can write K = F'(y/«) with « not a root
of unity so that K (u4, /o) is a subfield of K(¥%;). To see this, first choose any « so
K = F(y/a). In F, we have a decomposition of ideals

() =1I,-I*
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where [ is a product of primes of #; and [ is some other fractional ideal of K. But, since

¥y unpacks o over F, we can write
I'=(8) Jo- J?

with S in F, Jy a product of primes of %, and J some other fractional ideal. We then

replace v with /3% unless this number is a root of unity, in which case we replace it with

4o/ 32

From (5.3), we have
resCr B, rpl1v/a) = [Va] UB™(5) + [~v/a] U3 (5)
where the cup product is between H' (G, o) and H°(G g, M;). We can rewrite this as
(B™(p) U [Va] + d([Val)) + (nB™(p) U[-va] + d([=Va])) + d([-1]).
Using bilinearity and (3.3), we have
GG, (B, pp([vVa]) = B"(p) UT.B™(P) + B™(P) Uxya + 7B™(P) Ux-ya-

where the cup pairing is the standrad one on H'(Gx, o). From the assumptions on a,
p ~ p, implies
iV, r5 (d6r (Bhr, rp([vVel))) — a(p

— iV, (der (B35, (VD)) = (o, Bo).

P)

But Poitou-Tate reciprocity also gives us
inVM47F7ﬁ (QGF (sBrjl\;hF,ﬁ([\/a]))) = Z invu4,F,5 (QGF (%IJI\S[LF,E([\/&]») )
vEYD

and this latter sum is determined by the class of p in Gal(K (%;)/F'). This finishes the

proof. U
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4. THE CASSELS-TATE PAIRING

The Cassels-Tate pairing is typically defined as a pairing between the Shafarevich-Tate
group of an abelian variety over a global field and the Shafarevich-Tate group of the dual
abelian variety, as per [51] or [36]. Flach later generalized the setup to handle Shafarevich-
Tate groups coming from ¢-divisible Galois modules defined over global fields [8].

However, the Cassels-Tate pairing is perhaps most easily defined and understood at the
level of finite Galois modules. Because we think this simple reframing is of some indepen-
dent interest, we will keep the notation for these results self-contained and prove them for

general global fields.

Notation 4.1. Take F' to be a global field (either a number field or a finite extension of the
function field I, [t] for some prime £). Take S to be a set of places of F, take °F to be the
maximal separable extension of F' that is ramified only at the places of S, and write G’z g
for the Galois group Gal(° F/F). For each place v € S, take F, to be the completion of F
at v, fix a separable closure F* of F,, and fix an embedding °F' < F?. These embeddings
induce homomorphisms G,, — G g, allowing us to view G s modules as GG, modules.

Take M to be a finite module with a continuous G 5 action. We assume that the charac-
teristic of F' does not divide the order of M. In addition, if F' is a number field, we assume
S contains all primes that divide the order of M and all archimedean primes.

For v € S, choose a subgroup W, of H'(G,, M), where we use H' to denote the
standard continuous group cohomology. We assume that, for all but finitely many v, W,, is

the set of unramified cocycle classes. We then take

Sel (M, (W, )pes) = ker (Hl(GF,S, M) - [[ H'(G,. M) /Wv> .

vES

We will write M" for the module Hom (M,®F*). Local Tate duality gives a perfect
pairing

HY(G,, M) x H'(G,,M") = Q/Z,
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and we write W for the orthogonal complement of W, in H'(G,,, MV).

Take
4.1) 0>M 5 M My—0

to be an exact sequence of G g modules. The dual exact sequence has the form

7.‘.\/

0—>M2V—>MVL>M1V—>O.

The Cassels-Tate pairing gives an answer to the following question: given M and (W),
as in Notation 4.1, and given the exact sequence (4.1), when can an element ¢ of Sel(Ms, (7.(W,)),)
be lifted to an element of Sel(M, (W,,),)? We will first state our main result before giving

an intuitive argument for why this result makes sense.

Proposition 4.2.

(1) With all notation as in Notation 4.1, including an exact sequence (4.1), the natural

pairing
CTP, . : Sel (M, (m.(W,)),) x Sel (MY, (./(W,")),) = Q/Z

given in Definition 4.4 is well-defined and bilinear.

(2) Suppose we have
¢ € Sel (M, (m.(W,)),) and 1 € Sel (MY, () (W,))),) -
Taking [3 to be the standard isomorphism (My)" —— Ms, we then have
CTP, +(6,4)) = CTPw v (v, 5.(0)).
(3) The left and right kernels of CTP, . are

m.(Sel(M, (W,),)) and (LV)*ggel(Mv,(W#)v)), respectively.



We now sketch the source of this pairing. There seem to be two distinct obstructions
to lifting an element ¢ from Sel(Ms, (7.(W,)),) to Sel(M, (W,),). First, the long exact

sequence for group cohomology gives us an exact sequence
HY(Gps, M) = H'(Gpg, My) — H*(Grs, My).

After considering local conditions, this gives an exact sequence
(4.2)
0 — T (H (Grs, M)) N Sel(Ms, (m.(W,)),) — Sel(Ma, (1.(W,)),) — Ul (M),

where we have taken
I, (M;) = ker <H2(GF,S, M) = [ H* (G, Ml)> :
ves
In particular, ¢ only lifts to H*(G g, M) if its image in I, is zero
If ¢ lifts to a cocycle, it may still not lift to an element of Sel(M, (WV,,),). We have the
following commutative diagram with exact rows:

1 1 Hl(GF,SJMQ)
H (GF75,M1) — H (GRs,M) — ker — 0

l l — H2<GF757M1)

|

L(Gy, M) HY(Go,M) . HY(Gy,Ms)
0 — [Toes ™ ,1(Wv) — [les —w » oes oamy

The snake lemma then gives an exact sequence
@3) 0 m.(Sel(M, (W,),)) — ker (Sel(Mg, (m (W,))) — UIZ(M1)>

Gv Ml)
— cok [ H'(Gps, My) — H—)
< veES bx (WU)
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If ¢ maps to zero in this cokernel, we then get that it is of the form ,(¢’) for some ¢’ in
Sel(M, (W,),). This cokernel then gives the second obstruction to finding a Selmer lift of
the element ¢.

The key observation about this situation is that, under Poitou-Tate duality, the group

Iy ( M) is dual to

I, (M) = ker (Hl(GRS, MYy = T H' (G, M1V)> ,

vES

and the final term of the sequence (4.3) is dual to

HY(G,, M)
e (m@m, w1 ﬂTﬁ) /o).
vES * v

We can then account for both obstructions using two filtered pieces of the Selmer group
Sel (MY, (1Y (W,;1),) -

This basic framework accounts for the form of the pairing in Proposition 4.2.
To define this pairing, we will work with cohomology groups using the language of

inhomogeneous cocycles, so we first recall this notation.

Notation 4.3. Given a topological group GG and a discrete module M with a continuous GG
action, and given ¢ > 0, we take C’i(G, M), or the set of i-cochains, to be the set of maps
from G to M. For ¢ > 0, we can define a coboundary operator

d:CHG,M)— C* G, M)
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df(O'l, c. 70i+1) = O'lf(O'Q, 03,... ,O'H_l)
+Z(—1)jf(<717 ey 01, 04041, 0412, -+ -5 Tig1)
j=1
+(_1)i+1f(0-17 s 7Ui)'

We call an i-cochain f a cocycle if df = 0, and we call it a coboundary if it is of the form
dg for some (i — 1)-cochain g. Writing Z* for the set of i-cocycles and B’ for the set of

i-coboundaries, we define
HY(G,M) = Z'(G,M)/B"(G, M).

Finally, suppose we have discrete G-modules M, M,, N and a bilinear G-equivariant pair-
ing

P: M ® My — N.
Given f; € C(G, M) and f, € CV(G, M,), we define an element f; Up f» in C*7 (G, N)
by

fiUp folor,...,0i1j) = P(fi(or,...,0:),0102... 0 fo(Oit1, - ., 0ij)) -

The standard cohomological cup product is recovered by restricting this construction to

cocycles [41, Proposition 1.4.8].

Definition 4.4 (Cassels-Tate pairing). Given F', M, S, and (W,),cs as in Notation 4.1, and

given the exact sequence (4.1) of G s modules, we define a pairing
CTP,, : Sel (My, (m.(Wy))u) x Sel (MY, (! (WH)),) — Q/Z

as follows:
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Suppose (¢, 1)) is in the domain of this map, and choose cocycles ¢ € Z'(G s, My)
and ¢ € Z' (G5, M,') representing this pair of Selmer elements. Choose f : G5 — M

SO

¢ =mo f.

Then df lies in Z*(G,s, My). Take Oj g to be the subset of 9 F where the valuation at all

places outside S is trivial. We have a standard perfect G'r, gs-equivariant pairing
My @ My — Of g.

From Poitou-Tate duality [36], we have
H*(Grs, Ofs) =0,

so there is some

€: GF,S X GF,S — O;S

so that

de =df Uy in Z°(Gpgs, OF) -

Denoting the restriction to G,, by a subscript v, we can lift each ¢, to an element 5% m of

ZY(G,, M) that projects to WW,. Having done this, we find that

(fv _av,M> Uav — &

lies in Z? (G, Oj; ), and can define
CTP(¢7 @/’) - Z inv, ((fv - av,M> U %v - Ev) )
vES

where inv,, is the standard map H2(G,, F, ") — Q/Z.
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Proof of Proposition 4.2 (1). To prove the pairing is well-defined, we must prove it does

not depend on the choice of the tuple

(wa ¢a fv (¢v,]\/[)v? 6)'

So suppose we have fixed one such tuple obeying the requirements of the definition.

o If (¢, 0, f, (EU v, € + A) also obeys the requirements of the definition, we get

that A is in Z%(Gp, F ), and Poitou-Tate duality gives

> inv,(A,) = 0.

Thus, the choice of € does not affect the result.
o If (1, &, f, (¢, 0r + Ay)y) Obeys the requirements of the definition, then so does the

full tuple
(E» 67 f7 (Ev,]V[ + Av)va 6)7

and we may compute the pairing from this data instead without changing the value.
The requirements of the definition force A, to lie in ¢ 1(W,), so A, U v, is trivial
in H2(G,, F"). The choice of (¢4.21)w thus does not affect the result.

o If (1, &, f +A) obeys the requirements of the definition, we get that A takes values

in M;. This partial tuple then extends to a full tuple

(E? q_b? f+A7 (av,M>'U7 6+AUE> .

This tuple gives an identical result to the orginal tuple, so the choice of f has no
effect.

o If (1, o+ A) obeys the requirements of the definition, we find that A can be written
as dxy for some x5 € M. Choose © € M so w(x) = x9. Then this partial tuple
can be extended to a full tuple

(¥, 6+ A, f+dr, ((dz)y + Gyar)es €) -
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This tuple gives an identical result to the orginal tuple, so the choice of f has no
effect.

e If () + A) obeys the requirements of the definitionn, A can be written as dy; with
y1 in My". Choose y so ¢Y(y) = y;. Then the partial tuple can be extended to the

full tuple
(il+43767f7(aukﬁv7€4‘deJy)

The difference between the result computed from this tuple and the original is given

by

Zinvv ((fv - va,M) U dy - dfv U y) = Zinvv (_d(<fv - va,M) U y)) = 07

vES vES

so the pairing does not depend on the choice of ).

The bilinearity of the pairing is immediate, finishing the proof of the first part of the propo-

sition. O

We will next turn to the proof of the second part of the proposition. In the context of

Definition 4.4, choose ¢’ € C*(Gr,5, Of ) so that

de’ = —E U df.
We then claim that we have
(4.4) CTP(¢, ) = — Y _inv, (1, U (fo — byar) — €)) -
VES

This can be proved directly by a coboundary calculation. First, define h € C*(Gp5, Of g)
by
h(o,7) = (df (0,7), ¥(o7)),
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where the pairing is the natural one. We then have

dh(o,7,€) = {adf(r,€), op(te)) — (df (o7, €), Y(oTe))
+ {df (0, 7€), ¥(oTe)) — (df (0,7), ¥(oT))
= —(odf(r.€), V(o)) + (df (0,7), oT(e))

= (df Uy —dU df) (o,7,€) = (de + de') (o, T, €)
with the second equality following from bilinearity and the relations

df (o,7€) — df (o1,¢) = df (0, 7) — odf (T,¢) and

Y(oTe) = ap(re) + (o) = at(e) +Y(oT).

We can then take ¢/ = h — €. Per Proposition 4.2 (1), this will not change the value of the
pairing.

To prove (4.4), we need to show

(45) Zinvv (Ev U (fv - av,M) + (fv - ¢’U,M) U 77Z}U - h”) =0.

veES

A similar calculation to the one given before gives

where v, € CH(G,, F,”) is defined by

%(0) = = (Uu(0), (fo = Gu)(0)) for o € G

Then each summand of (4.5) is zero, and we have (4.4).

Proof of Proposition 4.2 (2). Choose (¢, ¢, f, (EU M )w, €) associated to CTP, (¢, ). Choose

g € CY(Gp,MV) so ¥ o g equals 9. Finally, for v € S, choose E%Mv in ZYG,, M)
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projecting to W;- satisfying .¥ o ¢, y,v = 1. We have
d(fUg)=df Uo—vUdy,
and (4.4) gives

CTP, - (¢,v) — CTPv v (1, B.(0))
- Zil’lVU ((-fv _EU,M) UEU + av U (gU _EU,MV) - (f Ug)”)

- Zim’v (= (fo— EU,M) U (g0 — ¢v,MV) - ava UE%MV)

and the orthogonality assumption

inv, (¢, 0y Uty pv) =0 forall v e S

Proof of Proposition 4.2 (3). From part (2), it suffices to prove the statement for the left

kernel. The claim then splits into the following two subclaims:

e Suppose ¢ lies in Sel (Mo, (7.(W,)),). Then ¢ can be written as 7, (¢') for some
¢ € HY(Grg, M) if and only if CTP(¢, ) = 0 for all

'l/f € H.[l(Mlv) = ker <H1(GF75,M1V) — HHl(GU,MIV)> .

vES

e If ¢ obeys the requirements of the first part, then it lies in 7, (Sel(M, (W,),)) if

and only if CTP(¢, 1) = 0 for all ¢ in Sel (M, () (W,")),)-
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To prove the first claim, we note that the map ¢ — df induces the final map of the sequence

(4.2). Therefore, our goal is to show that
(4.6) CTP(¢,¢)) = PTP(df,¢) for ¢ € TIT; (M),

where PTP is the standard Poitou-Tate pairing of I1I5(M5) and 11T, (M,’). To see this, we
recall the construction of the latter pairing from Tate’s paper [51]: given fr, € Z*(Grs, M)
representing a class of IIy(M;), and given ff, € Z'(Grgs, M,’) representing a class of
111, (M), we define
PTP(frus fr2) = D iV, (9raw U frue = Fras)
ves

where gr,, € C'(G,, M) is chosen 50 dgryy = fraw, and where hr, € C*(Gr5, O ) is
chosen so

tha = fTa U f’{“a'

Take (U, &, f, (¢y.01)v, €) to be a tuple for computing CTP(¢, ). Then (4.6) can be veri-

fied from the dictionary

fTa:df7 f’{"a:E7 gTa,v:fv_¢u,M> hTaZE-

This establishes the first claim.

To establish the second, suppose ¢ can be written in the form 7, (¢). We then can write

CTP(¢,v) = Y inv, (¢, — Guar) UT,) -

veS

From the construction in the snake lemma, the map

¢ = (av - av,M)ves
induces the final map of (4.3). The result then follows from Poitou-Tate duality. U

The following naturality property follows from the definition.
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Proposition 4.5. Fix a global field F' and set of places S as in Notation 4.1, and suppose

™

LM M
0 s M, s M s Moy > 0

lfl lf lfQ
sy Ny ™ N,

LN
s N

0 > 0

is a commutative diagram with exact rows in the category of finite G s-modules. Choose
a set of local conditions (W, yr)ves for N, and choose a set of local conditions (W, x)ves
for N so that

Won C fe(Wynr) forall veS.

We assume M and N and these local conditions obey the requirements of Notation 4.1.

Then, for
6 € Sel (My, (Tare(Wor)))  and o € Sel (NY, (1, (Wiky)), )

we have

CTPLMJTM (gbv flv*@b)) = CTPLN77TN (fQ*(¢)7¢) .

4.1. Antisymmetry. The second part of Proposition 4.2 generalizes a result of Flach on
the antisymmetry of the Cassels-Tate pairing [8, Theorem 2]. In a general context, suppose
we have chosen F', S, M, and (W,),cs as in Notation 4.1, and choose a ¢ r,s-submodule

M, of M. Choose a G g g-equivariant homomorphism f : M — MV so that
f.(W,) C W3+ forallv € S and f(M,) C M.

The map f then fits into the commutative diagram

0 ? Ml L M T M2
4.7) lfl lf lfg
M\/

=}

\%

™ o oagv ot v R
y M M) » 0
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Under this circumstance, we can define a pairing
CTP, s : Sel (Ms, (m.(Wy))y) X Sel (Ms, (m.(Wy))w) = Q/Z

by
CTPLm,f(QS, ¢) — CTPL,TF (¢7 f?* (w)) )

By Proposition 4.2 (2) and the naturality of the Cassels-Tate pairing, we have

CTP,x (¢, fou(¥))) = CTPrv v (fou(¥), Bi(#)) = CTP,+ (¥, f1'.(9))-

In particular, if f = fV, so that the associated pairing M x M — Ozs* is symmetric,
then CTP, ;. ; is also symmetric. Similarly, in the case where f = —fV, the pairing on M
is antisymmetric, and CTP,  ; is also antisymmetric.

This theory is most interesting when f is an isomorphism satisfying
(4.8) f(W,) =W+ forallv € S and f(M;) = M.

In this case, f. and f,. give isomorphisms of Selmer groups, and CTP, ;. ; has both kernels
equal to 7, (Sel(M, (W,),)).

In the anti-self dual case, we can follow the lead of [45] and ask if the antisymmetric
pairing CTP, , ¢ is alternating. If it is not, we can try to characterize its diagonal entries.
There is still a terrific amount of work still to be done here, but the following partial answer

suffices for our work.

Proposition 4.6. Take F', S, and M as in 4.1, and fix k a positive integer. We assume that
M (2] is nonzero and that 2M[2°] = M[2°7] for k + 2 > a > 1. We also assume there is

a G s-equivariant anti-self dual map
fk+2 . M[2k+2] N M[2k+2]v.

Finally, for v € S, choose a subgroup W, of H*(G,,, M [2F+1]).
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We take
Py s M2 @ M[254%] — OF 4

to be the pairing associated to fio. From this pairing, we can apply the construction of
Definition 3.1 to get the exact sequence

0—OFg— HQ;@H’O,FM(M[Q’““]) — M2 — 0.

Taking q to be the connecting map associated to this sequence, we assume q(W,) = 0 for
ves.
Taking Syeoa to be the set of places v € S not dividing two where the action of G,, on

M 2] is unramified, we also assume

ker | H'(Gps, M[2)) » [] H'(Gw,M[2)) | =0.

vES good

Take fii1 @ M[28H] — M[2¥1]Y to be the map given by the restriction of 2" o fi..o.

Then, defining a Cassels-Tate pairing with respect to

0 — M[2] 5 M[2¥Y 25 M[2%] — 0,

we have

CTP,oy,.,(¢.¢) =0 forall ¢ € Sel(M[2"], 2,(W,),).

Proof. In the context of Definition 3.1, given a subgroup M[\] and a pairing
P : M x M[A] — (9;75,

we will refer to the corresponding module U as Up.

For a < k + 2, we can define a perfect pairing

P, M[2*] @ M[2°] = O}
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so P,(2FF2-ag okt2=ayy — okt2=ap (7, y) for z,y € M[2*"2]. We have an exact

sequence
4.9) 0— Opg = Up, — M[2] =0

of Galois modules, with Up, notably an abelian module. We claim this exact sequence
splits as a sequence of Gy g-modules. First, for H a closed subgroup of Gpg, an Ext

spectral sequence argument (per [36, Theorem 0.3]) together with the fact that
Exty(M[2], 05 4) =0
gives an isomorphism
Extlypy (M[2), OFs) = H'(H, M[2]") = H'(H, M][2).

Take cy; to be the image in H'(H, M|2]) of the element of Ext' corresponding to (4.9).
We then find that ¢, = 0 for all v € S0a. We will prove this by following the argument
of [43, Proposition 3.6a]. First, we note that P; has range defined over +1, so we may

alternatively consider the subsequence
(4.10) 0—+1— Up — M[2] = 0.

We can verify that 2U}, equals zero. We have a set-theoretic G5 equivariant lift from

M{2] to Up, , so we find
dim H°(G,, £1) + dim H°(G,, M[2]) = dim H*(G,, Up,).
Since G, acts cyclically on M[2], and hence on Up, , this gives

L+ dim HY(Gy, M[2]Y) = dim H*(G,, (Up,)").
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In particular we find that there is an element of H°(G,, (U}, )") that projects to the identity
map in Hom(+1,+1) = (£1)", since this is the unique nontrivial element of (£1)". This
element gives a section of (4.10) defined over GG, so ¢g, = 0. From the assumptions of
the proposition, we then get that ¢, , 1s also zero.

Write U, for the cup product associated to FP,, and write ¢, for the connecting map

associated to the exact sequence
0— (’);S — Haao,p,,, (M[27]) — M[2°] — 0.

Given ¢ in Sel(M[2¥1], (W,),), we can find ¢/ € H'(Gpgs, M[25""]) that satisfies
2,¢' = ¢ by the first claim in the proof of Proposition 4.2 (3). Choosing ¢, ;11 € W,

that satisfies 2, ¢, +1 = ¢, for v € S, we then get

CTPL,27fIc+1 (¢7 ¢)

= invy (¢, = dursr) Ut 287'00) = D inv, (0, — Guks1) Uit Gups)

vES vES

= inv, (—qer1(0,) + @1 (S — Gukr1) + Ger1(Gunr1)) by Proposition 3.2

veS

= Z inv, (qrr1(®, — Guk+1) + Ghr1(Purr1)) by global Poitou-Tate duality
veS

= Z inv, (qe+1(¢, — dur1))  since g(W,) =0
veES

= Z inv, (Qkﬁh(% - ¢v,k+1)) = Zian (2k71(¢; - ¢u,k+1) Uy (¢; - ¢v,k+1))

vES ves
- Z 2" tinv,, ((¢), — duss1) Ui c,) = 0.
vES

5. APPENDIX: REVIEW OF GALOIS COHOMOLOGY

5.1. Review of group cohomology. We start by collecting the facts we will need about

group cohomology. Our main reference is [41].
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Take G to be a profinite group, and take M to be a topological G-module. We will
always think of H'(G, M) as the set of continuous crossed homomorphisms from G to M

modulo the set of coboundaries.

Group change. Per [41, 1.5], given a homomorphism of profinite groups G; — G, a G-
module M, and a homomorphism M — M; that is GG; equivariant with respect to the

induced action of G; on M, there is a canonical homomorphism
(5.1 H*(G, M) — H*(Gy, M)

for any k£ > 0. This construction can be used to define restriction, inflation, and conjugation
maps.
We consider the last case in more detail. If H is a closed subgroup of Gz, and 7 lies in G,

we have an induced map
7. HY(H, M) — H*(tHT™*, M)

for all k£ > 0. If 7 is in H, this map is the identity map. Given a crossed homomorphism ¢

representing an element of H'(G, M), we can give 7,¢ the explicit representative
.0(0) = 7p(t7 o).
Corestriction. Suppose H has finite index in G. Given an acyclic resolution
0> M— My— M, — ...,

of M, we have a commutative diagram

0 —— MH > MY y M —— ..
0 —— MC¢ > M§ y ME —— ...
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where all the columns are given by the norm map. Taking homology of these complexes

then gives the corestriction maps

cord : H*(H, M) — H"(G, M).
We also get the more easily defined restriction maps

res? . H*(G, M) — H*(H, M),

which can be defined using the inclusion maps M < M at the level of complexes. This
definition makes sense for any closed subgroup H of G.

Using the complexes, it is easy to check that
(5.2) cor ores(¢) =[G : H]- ¢
for ¢ in H*(G, M). If H is normal in G, we also have

(5.3) res o corl (¢) = Z To

TeG/H

for ¢ in H*(H, M).
This last equation is a special case of the double coset formula, which we quote from
[41]. Take U to be a closed subgroup of (G, and take H to be a finite index subgroup of G.

Choose a set of representatives B of the double cosets
U\G/H
Then, given ¢ in H*(H, M), we have

(5.4) rest; o cord(¢) = Z cord" ™ o 7, ores™ ().

TEB
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In particular, we have a commutative diagram

H(H, M) s H*(G, M) > H*(H, M)
(5 . 5) lres lres lres
COro Ty 1), ores
D, HH(H,, M)~y grw, ) 272 @ HNH,, M)

for k > 0, where H. is defined as H N7~ 'UT.

Shapiro’s lemma. If N is an H-module, we can consider the induced module
Indf N = Z[G] @z N.

We have an isomorphism

N7 = (Z[G) ®gm N)©

given by
nr—s Z o] ®@n

ceG/H

for n in N . This isomorphism can be written as the composition
a
NI (Z[G] Qz[H] N)H — (Z[G] Qz[H] N) ,

where the first map sends n to [1] ® n, and the second map is the norm map. We can write

the inverse of this map in the form
(Z[G} Qz[H] N)G — (Z[G] Qz[H] N)H — NH,

where the second map gives the [1] component.
If we apply this to an acyclic resolution of N, we derive Shapiro’s lemma, that we have

an isomorphism

H*(H,N) = H" (G,Ind& N)
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given in one direction as the composition

(5.6) H*(H,N) — H" (H,IndGN) == H* (G,Ind{ N)
with the first map sending n to [1] ® n, and in the other as the composition
(5.7 H* (G,IndgN) = H*(H,IndZN) — H"(H,N)

with the second map sending an element of Z[G] ®zg) NV to its [1] component.

Using these compositions, we find that the bottom row of (5.5) induces an isomorphism

(5.8) & E*(H,, M) = H* (U, Ind{{N) ,

TEB

where U is a closed subgroup of GG, B is a set of representatives of U\G/H, and H,
denotes H N7 1UT.

If N is a G-module and H is a normal subgroup of , the conjugation maps defined
above give an action of G/H on H*(H, N). Given 7 € G/H, we can define an isomor-

phism
(5.9) pr:IndEN — Indg N
of Gy modules by
pr[o] @) =077 @ T2.
We then have a commutaive square

H*(H,N) —~—— HF(H,N)

| |

H* (G, Ind2N) 2% fE (G Ind! N)

with columns given by the Shapiro isomorphism.
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Cup product. Given G-modules M; and M,, we have the natural cup product map
U: H¥G, M) ® H (G, M) — H* (G, M, ® My).

Take
tZM1®M2—>M2®M1

to be the map taking m; ® ms to my ® my for all my in M; and ms in M,. Then, given

¢1 € H*(G, M,) and ¢ € HI (G, M), we have the skew-commutativity relation, that
(5.10) 2 U1 = (—1)"7 - t.(¢1 U 2);

see [41, 1.4.4]. If we instead take ¢, € H*(H, M,), we have

(5.11) corg (¢1 Ures$j(¢2)) = corg (1) U e in H"(G, M; ® Ms,).

If we take ¢; in H*(U, M) and ¢ in H’ (U, M), and if we take 7 in G, we find
(5.12) T (g1 U o) = 7ot Uty in H"V (7UT™', My ® M).

These are proved in [41, 1.5.3].

Procyclic corestriction. Suppose M is a 2—module, and take a to be a positive integer.
Choose m in M, and take ¢ to be the crossed homomorphism from a - Zto M sending a

to m. Then, under the corestriction map
(5.13) cor: H'(a-Z, M) — HNZ, M),

the class cor(¢) is represented by a crossed homomorphism sending 1 to m. This can be

proved directly from the effect of corestriction on cochains, as given in [41, 1.5].

5.2. Local bookkeeping. Take F to be a number field, and choose an algebraic closure F'

of F. Given a Gy module M of exponent dividing ey, and given & > 0, we take M (k) to
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be the Galois module

M & (peq )®k

and we take M (—k) to be the Galois module
. ok
M @ Hom (1., L7/Z) .

These modules are isomorphic to the typical Tate twists of M, but such isomorphisms

usually rely on some choice of isomorphism
~ 1
Meg — %Z/Z
There is a canonical element of

Jtey © Hom (ueo, %Z/Z) .

If ¢ is any generator of f.,, this element is ¢ tensored with the map sending ¢ to % We

can define a natural canonical map
M — M(—1)(1)
by tensoring with this element. For duals, we will use the notation
MY = Hom(M, jic,).

Take p to be a prime of F', write G, for the absolute Galois group of F,, and write /, for

the inertia subgroup of G,. If IV is a finite G\, module, we have a perfect pairing

H2—i(Gp, N) X _I—_P'(Gp7 Hom(N,F:)) N HQ(GP,F:) inv, Q/Z
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from local Tate duality for z = 0,1,2. If NV is unramified at p and p does not divide the

order of M, the case ¢ = 1 restricts to a well-defined, non-degenerate pairing
(5.14) inv, : H'(I,, N)%/% x H'(Gy/1,, Hom(N, F, )) — Q/Z
coming from the inflation-restriction sequence

0— HY(Gy/I,, N) = H'(G,, N) — H'(I,, N)“/T» — 0.

The final surjection of this last sequence follows from the fact that G, /I, = Z has coho-
mological dimension one, which implies that H2(G,/I,, M) is zero.
Choose an inclusion

L F— F,.

This induces an inclusion

Gy — Gp.

The image ¢*G), is the decomposition group of a unique prime p of F'. Given such an p, we

write G 5 for its decomposition group in G'r. Consider the composition
inv, : H*(0'Gy, F) — H*(G,, F, ) — Q/Z,

where the first map is the group change homomorphism (5.1) corresponding to (¢, t*).
Given a second inclusion ¢, we can find some 7 in G so ¢t; = ¢ o 7. We then always have

a commutative diagram
=X
H*(Gpp, )
lﬂ; \

invb1

H* Gy F) —5 Q/Z.
In particular, if G5 = GF5, we find that the maps inv, and inv,; coincide. We thus have
a well-defined map

H* ' (Gpg, M) x H (Gpp, M) — Q/Z
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depending only on the choice of p and not on the specific choice of ¢ for evaluating inv.

Definition 5.1. From this pairing, we get an isomorphism
H?*(Gpz, M) — Hom (HO (Gpg, M) ,Q/Z) ~ M(_l)GF,a'
We then define a map

inVM’Fﬁ : HZ(GF,M) — M(—l)G _

Fp

as the composition of this map with the restriction map.
Given an archimedean place v of F’, and given an associated decomposition group G gz

in Gz, we can extend this definition to give maps

iIlVM’F’g . H2(GF,M> — M(—l)g

Fo:

Definition 5.2. The Frobenius element is a canonical topological generator for Gy /1.

Write Frobpgp for its image in Gr3/Ipp. For 7in G, we have
(5.15) Froby7p = 7 o Frobppo 7! in Gr/lp5.
If L/F is a finite extension, we also have

(5.16) Froby, p = (Frobrp)™,

where m is the degree of the extension of residue fields corresponding to Lynz/Fp. In
particular, if this extension is unramified at p, then m is just [Lpny, : Fyp).

Evaluation at Frobgp defines an isomorphism

ker (H'(Gpg, M) = H'(Ipg, M)) — (M'r7),,
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We define a map

fors g ke (H' (G, M) = ' (Tnp, M) — (M),

Fp

as the composition of the restriction map with this isomorphism.
Assume that M is unramified at p and that p does not divide the order of M. From

(5.14), we have an isomorphism
Hl(IF’E, M) —2—) Hom (Hl(GRﬁ/[Fﬁ, MV>, Q/Z) —:—> M<_1)GF,5'
We write
by g o H' (Gp, M) — M(—1)%F5

for the composition of this with the restriction map. Note that this definition is prone to

sign errors coming from the skew commutativity of cup product.

For K a finite extension of F' and 7 in G, we have the commutative diagrams

toar x5

fb* —
ker (fbh x5) Mey ; HY(Gg, M) —=2 M(—1)%xs

(5.17) |- l , |- . E

fb T K. 19 K, Tp _
ker (fb}kM,TK,’Tﬁ) M MGK,TE HI(GTKa M) M) M(_l)GK’TP

HQ(GK’ M) Vs K p ]\4(_1)(‘%(’ﬁ
and ln lT
HZ(GTK’ M) an]\/I,TK,TE M(-l)GK,TE

Finally, given a homomorphism p : M — N of Gy modules, we note that we have a

commutative diagram

mVM,F,E

H?*(Gp, M) M(=1)g,.;
(5.18) lp* lp@ld
HQ(GF,N) mvy Kp N(—l)GF,E,
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and we can write down simlar diagrams for fb and fb*.

Proposition 5.3. Take F' to be a number field and take M to be a finite G p-module. Take
p to be a prime of F' so that M is unramified at p and so the order of M is indivisible by p.
Take K/ F to be a finite extension that is unramified at p. Take P to be a prime of F over p,

and take B to be a subset of G so that
oc—=opnNK

gives a bijection between B and the set of primes of K dividing p.
The canonical restriction map H (G, M) — H' (G, M) and corestrictionmap H' (G, M) —

HY(GF, M) then fit into a commutative diagram

ker (fb}‘w F’ﬁ) —= ),y ker (fb}kw K’Tﬁ) —% 5 ker (fb}ﬁw F’ﬁ)
.19 [ons 6. Jons

> > _
Mg, D, s May ., Mg, .,

where the T component of the first map in the second row is
mos T (1 + Frobgp + -+ + (Frobpﬁ)[KK”TE:F"H) m
and the T component of the second map is
m +— 7 'm.

We also have a commutative diagram

H2(GF,M) L) HQ(GK,M) L) H2<GF,M)
(5.20) linVM,F,E l@T invar K - linVJ\/I,F,E
M(—Dep; — DrepM(—Voy.; — M(—1)ay;

Fp P F.p

whose bottom row is as in (5.19).
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Finally, we have a commutative diagram

HI(GF,M) L) HI(GK,M) L) H1<GF,M)

| |- ics |Pis

M(—1)%5 — @, M(—1)%x5 — M(—1)Crs

TEB

where the T component of the first map is
m — Tm
and the T component of the second map is
m o~ (1 + Frobpp + - - + (Frobpﬁ)[KK“TF:FP]_1> T im.

Proof. The form of the restriction map for fb is a consequence of (5.16) and (5.17). For
corestriction, we turn to the double coset formula (5.4). We see that B is a set of represen-

tatives of

Gr\Gr/Gpg.

We then have

G G GrppnG, -1 -1 G
res¢, o cord (o) = Z corGgg Kor lo resGﬁTﬁmGK(gb).

TEB

The group Gpp/lry is procyclic, so we can calculate this using (5.13), the inflation-
restriction sequence, and the fact that inflation commutes with corestriction.

If K/F is inert at p, we have
inv (corg§§(7)> =inv(y) for ~ € HQ(GK%EX).
We can apply (5.11) in the form of the identity

(5.21) inv (gb U resﬁf{’jﬁ(@) = inv (corg‘;’z(qﬁ) U 1/1)
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for ¢ € H*(Gk 5, M) and ¢ € H°(Gp 5, M"). Together with (5.17) and the double
coset formula, the compatibility of inv with corestriction follows. The compatibility with
the restriction map comes from considering the same identity with ¢ in H°(G .5, M)
and ¢ in H*(Gp.5, M).

Applying (5.21) for ¢ in H' (G .5, M) and ¢ unramified at p in H' (G5, M) gives
the form of corestriction on fb* as a consequence of the form of restriction on fb and the

double coset formula. We can similarly find the form of restriction of fb*. U

5.3. Poitou-Tate duality. We collect the parts of the nine term Poitou-Tate exact sequence
we need; see [51, Theorem 3.1] and [41, 8.6.10]. Take F’ to be a number field, and take M
to be any finite Gz-module. For any place v of F', choose a corresponding subgroup GG, of

G; if the place is a finite prime p, this equals G5 for some choice of p over p.

e Note that, when composed with the natural projection
Me,; — Mgy,
the maps inv,; 5 do not depend on the choice of p over p. Given
v € H*(Gp, M),
we have that
(5.22) > vy ps(y) =0 in Mg,
e Consider the pairing

1 2'G.. M) x T H\Go. M¥) - Q/Z
vof F vof F

given by
((B0)o: (@u)o) = > inv, (¢ U 1hy),

where []' denotes the restricted product with respect to unramified cohomology.
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Then this pairing is nondegenerate, and the image under the restriction map of
H' (G, M) in the left product is precisely the anihilator of the image of H'(Gr, M)
in the right product.
e In particular, take #” to be a finite set of places of F' containing all infinite places,
all places dividing the order of M, and all places for which 7, has nontrivial action

on M. Choose a subgroup
wc [ HY(G.. M).
veY
The above pairing then allows us to define a surjection
H Hl(Gva MV) — HOHI(I/V, @/Z)7
veY
and this then gives a non-degenerate pairing

HY(Gp, M) D, H(Gy, M)
ker : y oY ’ X H'(1,, M)/
(e o @ an

x cok (Hl(GF, MY) — Hom(W,Q/2Z) x P H'(L,, MV)G”“”> — Q/Z.
&Y

Part 2. Bilinear character sums
6. MAIN RESULTS FOR BILINEAR CHARACTER SUMS

In this section, we give a general bilinear character sum estimate. Our starting point is
the following result of Jutila [21, Lemma 3]: there is some absolute constant C' > 0 so that,
for any Ny, N, > 3, and for any sequence of complex coefficients a 4 indexed by integers

of magnitude at most one, we have

IN

d 1 3
— . . 2 4. M 3
6.1) S w(f)] o (o ),
0<e<Np |d|< N2
e odd, squarefree | squarefree
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where (£) denotes the Jacobi symbol, the bimultiplicative generalization of the standard
Legendre symbol. This bilinear estimate fits into the theory of large sieve inequalities, with
the standard reference being [19, Chapter 7].

Jutila’s result has been sharpened and generalized substantially since it first appeared.
Thanks to work of Heath-Brown [17], the exponents on /V; and /N, on the right side of (6.1)
can be lowered to within € of the optimal values. Bilinear estimates of more general charac-
ters have also been found. Goldmakher and Louvel [14] directly extended Heath-Brown’s
work to quadratic Hecke families, which are certain collections of order-two Hecke charac-
ters defined over a general number field /. Follow-up work generalized this to higher-order
characters [3].

In parallel, Friedlander et al. found that estimates of bilinear sums of characters over
number fields could be combined with estimates of short character sums to find the spin
distribution of prime ideals in that number field [10, Proposition 5.1]. As part of this
program, several bilinear character sum estimates have been derived over the last few years,
with a particularly streamlined form of the argument given in [29, Proposition 3.6].

The result we give in this section is an adaptation of the argument in [10] to our more
general framework. Usually, such estimates do not make the dependence on the underlying
fields (in our case, the field extension K/ F’) explicit. In our case, making this dependence
explicit is worthwhile, as this stronger form of the result has an application to our work in
later sections.

This section is largely self-contained, though we will make use of Notation 2.2 and

Propositions 2.4 and 2.13.

Notation 6.1. Take K /F' to be a Galois extension of number fields, and fix an integer
eo > 2. We assume K contains i, .
For any set of places ¥ of F', take K (7') to be the maximal abelian extension of K of

exponent dividing e, ramified only at places over 7.
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Write Ak for the magnitude of the discriminant of K, write nk/r for the degree of
K/F, and write np for the degree of F'/Q. Take nx to be the degree of K over Q.

Given a number field L and an ideal a of L, we will denote the rational norm of a by

NL(Cl>.

Definition 6.2. Given a set of places %, of F' and a prime p of F outside ¥;, a tempered

function will be a real-valued class function
¢ : Gal (K(% U{p})/F) — [-1,1]
so that ¢ has zero mean value on cosets of
Gal (K (7 U {p}) /K (%))
Given a function tempered ¢, for (p, ;) and another prime q of F', we define

0 if g € % U {p} orp|A
¢p(CI) =
¢y (Frobq) otherwise.

Theorem 6.3. There is some absolute constant C' > 0 so we have the following:
Take K/ F, ey, Ak, ng, nr, and ng,r as in Notation 6.1. Take ¥ to be a set of places
obeying the conditions of Notation 2.2. For each prime p of F' outside ¥y, take ¢, to be a

tempered function for (p, %;).

Then, given N1, Ny > 1, we have

(6.2) > ST Gup)| AN Ny (N7 + Ny @)

p€% 9¢7%
N1<Np(p)<2N1 |N2<Np(q)<2N2

with

. Cn
A= (elfo‘ log 2AK> N
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and
(

a=9N1/Bnk/p+2) if ng/piseven

| 1/Bnk/r +3)  otherwise.

Remark 6.4. If 7, does not obey the conditions of Notation 2.2, we can add at most
C -log Ak
places to it so it does, per the proof of Proposition 2.4.
We will adopt some notation of Weiss.

Definition 6.5 ([54]). Given a number field L and a nonzero integral ideal b of L, take
I(b) to be the set of ideals of L coprime to b and take P(b) to be the set of principal ideals

represented by a totally positive element equal to 1 mod b. A Dirichlet character mod b

will then be a homomorphism from /(b)/P(b) to C*.

Example 6.6. Suppose we are in the situation of Notation 2.2. Choose primes q, p, outside
75, and take L to be the subfield of K on which Frobgp, acts trivially. Take k to be the
minimal positive integer so
a™(po, ﬁ)k
is a single root of unity, as opposed to a class of many roots of unity.
Then there is some Dirichlet character x of L mod q N L and some complex constant ¢

so that, for any prime p ~ p, not over g N L or any prime of 7%, we have
a"(p,q)" =c-x(pNL)
The above theorem will follow as a consequence of the following proposition.

Proposition 6.7. There is some absolute C' > ( so we have the following:
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Take L to be a number field of degree ny, and of discriminant with magnitude Ap. Take
F' to be a subfield of L of degree ng. For each prime p of ', choose some nontrivial
Dirichlet character x, of L mod p - Or, and some complex constant c, of magnitude at most

one. Then, for N1, Ny > 1, we have

2

§n
> ST gw(@)| < NNp(Clog2Ap)™ + e AY LNy

N1<Np(a)<2N; [N2<Np(p)<2N2

Here, the inner sum is over primes of F', and the outer sum is over integral ideals of L.

We will prove this by a smoothing argument. A previous version of our argument used
a fairly complicated smoothing, producing a slightly larger « for ng/r > 1. These im-
provements will not make our final result stronger, so we wil instead use as smoothing
considered by Weiss. We would like to thank Jesse Thorner for pointing out the relevance

of [54].

Proof. In [54, Section 3], Weiss chooses an absolute constant A, defines a function

(
A ifjz] < AT

m:R—=R by m@)=q14 if|z]=A"

\ 0 otherwise,

and takes 7 to be the k' convolution power of 7;. The functions 7 () are symmetric
and satisfy 1 (z) < ng(y) for 0 < y < z, as can be proved inductively. The central limit

theorem then gives that there is some absolute ¢ > 0 so that, for £ > 1, we have
ne(z) > c- k™2 forall z € [—c,d].

Weiss then defines Hy(x) to be n;(log x) for positive x.
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From these estimates, [54, Lemma 3.4] implies there is some absolute C' > 0 and some
function

h:RZ0 — RO

that is at least one on [1/2, 1] so that, for any y > 1, any squarefree integral ideal b of F,

and any nontrivial Dirichlet character y defined mod b, we have

;h (NLy(a)) x(a) < exp(Cnyp) - ow(b) Ai/él . NL(b)3/4 and

Z h (NLy(a)> < exp(Cny) - k(L) -y + exp(Cnyp) - gu(b) . Aiz/4 _ NL(b)3/4.

a

Here, x(L) is defined to be the residue of the Dedekind zeta function for L at s = 1. From
[33], we have the bound
k(L) < (C-log2Ap)"t

for some absolute C' > 0. Now, we can bound the expression of the Proposition by

2

Si(y)| T e

a No<Np(p)<2N2

Z Z h (%&')) Xp1 (Cl) ) XPQ(a)

N2<Np(p1),Np(p2)<2N2 | N1<Np(a)

IN

3/4 24 5L
< Ny Ny (C-log2Ap)" + exp(C-ng) Ay - N, 7,
where the first term in the sum comes from the diagonal terms and the second comes from

the off-diagonal terms and the error term of the diagonal terms. This gives the theorem. [J

We will need the following simple degree estimate for extensions of local fields.

Proposition 6.8. Take p to be a prime number and take K, to be a finite extension of Q,,.
Take 1 so the residue field of K, has p" elements. Take e; to be a positive integer indivisible
by p, take s to be a nonnegative integer, and define ey to be eip®. Then, if L,/ K, is an

abelian extension of exponent dividing e, the inertia subgroup of Gal(L,/K,,) has order
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dividing

3rs

€ P

Proof. From local class field theory, we can write the inertia subgroup of L,/K, as a
quotient of
Ok, /(Og,)®,

so we need only prove that ep®* is an upper bound on the size of this group. Taking k,, to

be the residue field of K),, we know that &k / (k) has order dividing e;. Now suppose a

is an element of O that maps to one in k,. Hensel’s lemma implies that
x° —a=0

has a solution for x in Ok, if

a =1 mod p**;

see [7, Theorem 7.3], for example. This gives the proposition. U

From this result, we find that
[K(%) : K(@)] < egK/F(SnFH%D.

The degree of K () over K is bounded by the size of the class group of K, which is
bounded by
C - A (log 28 k)™

for some absolute C. This can be found by combining the upper bound of [33] with the

lower bounds on regulators in [11]. We then get that

6.3) [K(#) : F] < e§™ - A} - (log 28 4)"% - e "7,
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7. PROOF OF THEOREM 6.3

For Ny, Ny > 1, take So(%#, N1, Vo) to be the maximum value attained by the sum (6.2)
over all sequences of tempered functions. Given a prime p of F', p will be some fixed prime
over p in F.

Take S1(75, N1, N2) to be the maximal value of the sum

Z Z q(p)

N1<Np(p)<2N1 | N2<Np(9)<2N2

p~pg q~do
over all choices of primes p,, q, outside #; and not ramifying in K/ F" and over all choices

of sequences of tempered function ¢,. We have
(7.1) So(¥6, N1, No) < [K (%) : FI2- 81(¥, N1, Na).
From (6.3), this implies
So(Yo, N1, No) < €510 A - (log 2A )< - Sy (¥, Ny, No).

Next, from Proposition 2.13 and using the fact that % obeys the conditions of Notation
2.2, we see that, if p ~ p, and g ~ q, and assuming p # ¢, we can write ¢,(p) as a linear

combination of the symbols

ap.q) = [ @ @79

T€Gal(K/F)

where £ varies over functions from Gal(K/F) to Z/eyZ for which a"(p, 7q)"(") is a well-
defined root of unity for all 7.

If a is any function of this type, we see that the average value of

o(p,q)a(p, g
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as p varies has magnitude at most one. This allows us to conclude that the coefficient of any
individual a has magnitude at most one. In addition, since ¢ is tempered, the coefficient of
the trivial symbol is zero.

If we then take S5( %5, N1, N2) to be the maximal value of the sum

Z Z Cq - a(ﬁa a)

N1<Np(p)<2N1 |N2<Np(q)<2N2

p~po q~do

over all p,, qq, all nontrivial symbols a as above, and all sequences ¢, of complex coeffi-

cients of magnitude bounded by one, we get
(7.2) Si(%o, N1, Na) < ™" - So(#5, N1, No).
We then get
So(%, Ni, Na) < €SV Ay - (log 28 1) - So(¥5, N1, Ny)
for some absolute choice of C' > 0. From reciprocity on the terms o™, we also have
(7.3) Sa (%, N1, No) = So( %, No, Ny).

Given a positive integer t, take S (75, N1, IN3) to be the maximal value of
t

Z Z Cq - a(ﬁv ﬁ)

N1<Np(p)<2N1 | N2<Np(q)<2N2

p~pg q~do
Holder gives

t—

(7.4) So(¥, N1, Na) < (2npN1) T - Say(Yo, Ni, No)t.

o+
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Take S3(75, N1, N2) to be the maximal value of

> > &l
N2<Np(a)<2N2 |[N1<Np(p)<2N;
p~po
over all choices of the field L intermediate to K/F, all choices of nontrivial Dirichlet

characters x, mod p - Oy, and all choices of the complex constants ¢, of magnitude at most

one. The above proposition then gives
3n
Sa(#6, N1, No) < Ny - Ny - (C - log 2A5)™ + exp(C - ng) - A¥*. N]T2mwr

Take L to be the minimal extension of £ for which LNy, is inert. Via Example 6.6, there
is some choice of sequence of Dirichlet characters x, defined mod p - Oy, and coefficients

c, of magnitude at most one so that

Sot(7, N1, No) = E E C;)'Xp (@ ...qNL).
Tys-50:~g N1<Np(p)<2N;
N2<Np(q1),--,Nr(q:)<2N2 P~pg

Using Holder a second time gives

1/2
So.1(%, N1, Na) < (QNQnF)t/Q . <t! : 253(%7N172kN2t)> :
Assuming 1 <t < 10ng,r, we then have
3n
o (%, N1, Na) < (egn )™ -(C-log QAK)”K/Q-A?;(/8~<N§ N g NY?ONTE K/F).

Still assuming 1 < ¢ < 10ng/r, we have

3 . .
So(%, N1, Ny) < A% - (eg-ng - log2A)9™ - Ny - N, - <N1 2% NN

ol
W

=
N+
v
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Using reciprocity to assume N, > Ny, the optimal choice of ¢ is

t =
[3ng/r+ 1]  otherwise.

With this, the theorem follows. O

Part 3. The Base Case I: Linear Algebra
8. TWISTABLE MODULES AND SELMER GROUPS

With current methods, it is far easier to control the distribution of 2-Selmer groups in
quadratic twist families than the /-Selmer group for any ¢ > 2. Admirable progress has
been made in other cases using methods from the geometry of numbers (see e.g. [2]), but
determining the distribution of higher Selmer groups is largely an intractable problem.

The exception at 2 is a consequence of the fact that +1 and —1 are equal in fields of
characteristic two but not in fields of any other characteristic. Because of this, if F'is a
number field, Y a homomorphism Gr — =+1, and N a Gr module, when we define a

quadratic twist NX and an isomorphism
By : NX = N
of abelian groups so that
By(on) = x(0)oBy(n) foro € Gp,n € NX,
we find that 3, induces an isomoprhism

(8.1) NX[2] 2 N[2]



of Gp-modules. In particular, as x varies, the 2-Selmer group of NX can be seen as a

subgroup of the fixed ambient space
H'(Gp,N[2])

for all x. To find the distribution of 2-Selmer groups, we just need to understand how the
portion of this space cut out by local conditions changes as the local conditions themselves
change.

This can be generalized to twist families of higher degree. In general, for degree ¢*-
twists, we can prove base case Selmer results about a portion of the /-Selmer groups. We

turn to the notation we need now.

Notation 8.1. Throughout this part, K /F will denote a fixed Galois extension of number
fields, and ¢* will be a fixed power of a rational prime ¢. We assume K contains .

In addition, we will take 7 to be a set of places of F.. We assume this set of places is
large enough that the conditions of Notation 2.2 are satisfied for (K /F, (*, ¥;). In particu-
lar, we assume it contains all archimedean places and all places over /.

IF will denote a cyclic Gal(K/F)-module of order ¢*.

Definition 8.2. Given Notation 8.1, a twistable module will consist of the following:

e A topological group N isomorphic to some finite power of Q,/Z,,

e A continuous action of the absolute Galois group G of ' on N that is ramified
only at the places in 7;, and

e An embedding of [F into the group of continuous automorphisms of N so that the
conjugation action of GG on the automorphism group agrees with the action of G

on [F. We assume that a generator ¢ of [ satisfies

gkfl + CQék71 + . + C(f_l)ékfl)N _ 0
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Writing w for the ideal generated by (¢ — 1) in Z[F], we will assume that G i has trivial

action on N[w?].

Definition 8.3. Given x € H'(Gp,TF), the twist NX of N will be a topological group

isomorphic to N under a non-equivariant isomorphism
By : NX — N
so that, for alln € NX and 0 € G, we have
By(on) = x(o)aby(n).

We note that (3, restricts to a G p-equivariant isomorphism

generalizing (8.1).

We define the set of admissible twists
Xp C H! (Gp,F)

to be the set of y so that, for all primes p of F' outside ¥;, x is ramified at p only if the

image of x under the natural map
HI(GF,F) — Hl(GF,F/[F)

is ramified at p. If ¢ has order /, this set of twists is all of H (G, F).

We represent the ramification of an element y of Xz using the squarefree ideal

br(x) = H p.

p€7%0
X is ramified at p
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There are many possible ways to order these ideals. Writing Np/q for the norm from F' to

Q, we settle for the function

hr(Xx) = Nro(hr(x)).

Taking
F(—1) = Hom(pex, F),

and taking F'(IF(—1)) to be the minimal extension of F' so G'p(r(—1)) acts trivially on F(—1),
we note that all primes dividing h(x) split completely in F'(F(—1))/F if x is in Xp.

For H > 0, we write Xy (H) for the subset of X of twists of height at most H.

A choice of local twists indexed by ¥ will be a tuple (x,)cv,, Where X, is chosen from
from H'(G,, F). Given a choice of local twists, we write Xz((,),) for the subset of Xr
whose restriction to G, gives ¥, for v in %, and we take Xp(H, (xy),) to be the set of

twists in this set of height at most H.

Example 8.4. In the most important case of F = £1, we have
Xp = HY(Gp,£1) = F*/(F*)?

In this setting, the height of d in F'*/(F*)? is the product of the rational norms of all
primes of F outside %, where F(v/d)/F ramifies.
In the specific case of F' = Q, we can represent any element of Q* /(Q*)? by a square-

free integer

do-p1-..pr,

where d is divisible only by the primes in ¥} and the p; ... p, are distinct primes not in
%o. The height of this twist is then p; . . . p,..

In this context, a choice of local twists is equivalent to a choice of dy, a choice of the
value of p; ...p, mod 8, and a choice of whether p; ... p, is a quadratic residue or not at
the odd primes in 7.
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Definition 8.5. For each v € ¥ and each y, in H'(G,,F), fix an (-divisible Z[F|-
submodule W, (x,,) of H(G,, N).
Now suppose Y is an element of X . For each place v of F' outside %}, define a subgroup

W,(x) of HY(GF,, N) as follows:

e If y ramifies at v, take

Wy (x) = 0.

o If x does not ramify at v, take
Wu(x) = im(Hl(Gv/Iv,N) - Hl(Gv,N)),

We then define the Selmer group Sel(NX, (W,),c%,) by

Sel(NX, (W,),) = ker (HI(GRNX) H & I(/VGU?;(])VX)) )

and we supress the (1), in this notation if it is clear what local conditions we are using
(or if they do not matter).
For m > 1, we define the w™-Selmer group Sel*” (NX, (W,),) to be the subgroup of

H'(Gp, N[w™]) mapping to Sel(NX, (W,),) under the natural map to H'(Gr, NX).

Example 8.6. Given a topological group /N isomorphic to some power of Q,/Z,, and given
a continuous G p-action on NV that is ramified only over the set of places 7{, we can define a
twistable module N ®z, Z[(], where ¢ denotes a primitive ¢ root of unity. The geometry
of this module and its generalizations is fairly well understood (see [34]). If L/F is a
Galois degree (-extension, if y : Gal(L/F) — ({) is a nontrivial homomorphism, and if
A is an abelian variety over F', we find that (A ®z, Z,[(])X can be given the structure of an

abelian variety AX over F' of dimension (¢ — 1) dim A, and that we always have
rank(A/L) = rank(A/F) + rank (AX/F) .

There are similar compatibilities between L-functions of A and its twists [35].
86



In this case, the limit of the standard ¢*-Selmer groups of AX can be written in the form
Sel ((AX[£]), (Wa)w)

where

W, = ker (H'(G,, AX[(™]) = H'(G,, AY)) forv € %,

Remark 8.7. In the next proposition, we will find that a certain portion of the />°-Selmer
group of a degree ¢ Galois extension of number fields can be written as the Selmer group
of a twistable module. We hope to extend this to find statistics of the algebraic K'-groups
K5Oy as L varies through a similar family, giving evidence for the Cohen-Lenstra-esque
conjectures of [20]. These objects are related to Selmer groups defined from Tate twists
Q¢/Z¢(m) [53], but the precise nature of their relationship will need to wait for future

work.

Proposition 8.8. Tuke L/F to be a degree { Galois extension of number fields, and take x
to be a nontrivial homomorphism from Gal(K / F) to Z[(], where ( denotes a primitive (*"
root of unity. Take

ClYL = Hom (C1 L, Q/Z).
Take N = Q;/Z[C] to be a twistable module with a trivial G action and with ( acting
via multiplication. For v a place of F', take

HY(G,/I,,NX) if L/F is unramified at v
W, =

0 otherwise.

We assume that

82  ker [ H'(Gp.pue) = [ H'Gop)x [[ H'(L )

v of F, vjfoo v of F, viloo
vram. in L/F vunr. in L/F

is zero.
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Then we have an exact sequence
0 — (C1YL[¢>])SE/E) 5 C1YL[>°] — Sel(NX, (W,),) — 0

of Gal(L/F)-modules.

Proof. Write G = Gal(L/F'). From Shapiro’s lemma, and specifically (5.8), we have an

isomorphism

HY(G,, Ny)
ClVL[(®] = ker | HY(Gp, Np) — i
e (106030 T et )

of Gal(L/F') modules, where Ny = Q,/Z,[G]. Choosing a generator o of GG, we have a

map

(0-1)

N() (O' - 1>N0 =~ NX,

Call this composition . We calculate
m (H' (Gu/1,, Ng*)) = W,

for all v in F'. From (5.9), we have an exact sequence

0 — CIVL[¢>*]CE/F) 5 CIVL[0*°] — ker <H1(GF, N9 = ]

vof F

HY(G,, N¥) )
77*(H1(GU/]U7N({I))) .

We then just need to prove this last sequence is surjective on the right.

To this end, we recall that we have a surjection
Norm
No — Q¢/Z,

given by adding the coefficients of each [07]. We then have an exact sequence

m@Norm

0—F, = Ny 5 Qu/Zy ® NX — 0.
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For v not dividing ¢ or co, we get

HY(G,/I,,F,) if L/F is unramified at v
()T HN G/ 1, No*)) =
HY(G,,TFy) otherwise.

Surjectivity then follows as a consequence of the Cassels-Tate pairing and the assumption

that (8.2) is zero. L]

8.1. Tamagawa ratios. We wish to understand the distribution of the Selmer groups Sel”’( NX)
as x varies. As was observed in [24], the average size of these groups can tend to infinity as
the number of prime divisors of hz(x) grows, with the authors showing this tendency for
quadratic twists of elliptic curves over (Q with one nonzero rational 2-torsion point. This is

part of a general trend that necessitates us defining Tamagawa ratios.

Definition 8.9. Take 7" to be a Gr-submodule of N[w]. Given x € Xp, we define the

Tamagawa ratio 7 r(x) by

#H(Gp,, N/T
H /TIw])

Tnr(x TGy, N

plhr(x)
Proposition 8.10. Given (K/F, %,,F) as in Notation 8.1, there is some C' > 0 so we have
the following:
Suppose N is a twistable module defined with respect to (K/F, %, F). Given a G-
submodule T of N|w), take

lrx : Hl(GF,T) — Hl(GF,N[W])

to be the map coming from the inclusion of T in N|w|. Then, for x in Xg, we have

-1
(8.3) 175 (Sel”(N¥)) | > Twr(x (H #H'( GU,T)>
vEY
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Proof. Take 71 to be the set of primes of F' dividing h. The space on the left hand side of

(8.3) is at least as large as
(8.4) ker (yT/F(% un) — [[ H(G.T) x [] Hl(Gv,NX)) .
veEY veEN

For v in 77, we have an exact sequence

0— H°(G,,T) = H*(G,, N) = H°(G,, NX/T)

— HY(G,,T) — H'(G,, NX).

Writing U, for the image of H'(G,,T) in H'(G,,, NX), we then find that

#H"(G,, N(w]

_ #HYG,,T)-#H(G,, N[w])
#Us (G, NJTW])

= BHG T) - #HOGo, NjTep) 71 (G TE1)

To prove the second equality, we note that the set of invariants H°(G,, T) has the same
size as the set of coinvariants H'(G,/I,, T) since G, /1, is procyclic.

We also have

#Sr (KU 1) > [ H(G,, T(-1))

vEY]

by the unpacking hypothesis. We then get the proposition by comparing the size of the

domain and image of the map in (8.4). U

In particular, we always have the lower bound
|Sel“(NX)| > ¢-maxrTyr(x)

for the size of the Selmer group of NX, where the maximum is taken over all G z-submodules
of N|w] and where ¢ depends just on V.

This bound tends to be fairly sharp, in the sense of the next theorem.

Theorem 8.11. Given (K/F, %y, F) as in Notation 8.1, there is some c¢,C > 0 so we have

the following:
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Suppose N is a twistable module of corank g > 0 defined with respect to (K /F, ¥, F).

Then, for H > 30 a positive real number satisfying

g < c-logloglog H,

we have
Sel¥(NX
(8.5) > %(()) <exp(Cg?)- Y 1L
XEXFp T INTX XE€XFp
h(x)<H h(x)<H

We will prove this theorem in Section 14.2.

Remark 8.12. We can rewrite Theorem 8.11 to give effective bounds on C' that explicitly
depend on K/F, ¥, and F. We have no particular use for this sensitivity in our applica-
tions, so we have opted for the easier form above and in the remaining theorems of this
section.

On the other hand, we have a use for sensitivity in g. One of our main goals is to find
the probability that Sel”(/NX) has a certain rank as x varies through a family. We will find

this probability by computing the average size of
Sel“(N®™)X

over this family, where m varies in some interval {0, ..., s}. In order for the error bounds
on this rank distribution to decrease as H increases, we need to allow s to grow as some

unbounded function in H. This forces us to keep track of the effect of g.

8.2. Dual modules and base-case Selmer groups. Fix a twistable module N defined

with respect to (K /F, %y, F). In this section, we will consider dual twistable modules.

Definition 8.13. The topological group

W = Hom (N, pip=) .
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has a Gy action defined by
ts op(c't) foro € Gp.
We can also definie an action of IF on W by
(Co)(t) = o(C1).
Writing ¢ for the image of ¢ under o in [, we can calculate

a(¢(¢)) = (7(o(0))

using the fact that the action of Gy on F agrees with the conjugation action of G on
End N. The module W is a free Z, module.

We define a corresponding torsion module by
(8.6) NY = (W @ Q)/W.

The action of IF on W extends to an obvious action on W ® Qy, and subsequently to an
action on NVV. We then have that N is a twistable module with respect to the K/ F,F, ;.

We will also need to consider the module
N'=NY/(N"[t/w]).

If G acts trivially on FF, this module is isomorphic to N’.

We have a natural nondegenerate (G p-equivariant pairing
(8.7) Nlw] x N'w] — .
We also have a natural map
N[w?]/N[w] ® F J{F == N[w]
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given by (z,() — (¢ — 1)xz. We will use this pairing in (8.9) below.

Notation 8.14. Take S to be a finite set. For s € S, take p, to be a prime of F' not over
75, and take p, to be a prime of F over p,. Any element of H'(G, F)/III;(F,F) ramified

only at #; and the primes p, can be uniquely written in the form

(3.8) X =Xo+ Z B pp. (2s),

ses
where the z lie in F(—1)“#7: and x lies in % ;#(%). (We note that twisting by I1I; (F, F)
does not affect local behavior, and hence has no effect on the structure on the w-Selmer
group of NX). For this twist to lie in Xp, each x, must either be zero or a generator of
[F(—1). In the former case, we can disregard p,. So we assume the latter case, which forces

us to assume

(F(=1))7F% = F(-1)

for each s € S. Write o, for the projection of Frobgp, to the Galois group
Gy = Gal(K (%) /F(F(-1))),

where F'(F(—1)) is the minimal extension of F' for which G p(r(_1y) has trivial action on
[F(—1), and where K (%) is the maximal abelian extension of K of exponent dividing ¢*
ramified only over ;.

The w-Selmer group of NX evidently contains I1I; (F, N[w]). Modulo this group, the

Selmer group of NX with x in the above form is a subgroup of
Intp(HU{ps © s €5},
and any element in this set can uniquely be written in the form

(89) ¢ ¢0 + Z sBN[w] Fp, QS UIE‘ xs)a

seS

where ¢, is an element of (N [w?]/N[w])? and ¢y lies in Lyp)/r (%)
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Take
(5;< € ExtéF(N’[w2]/N’[w], N'[w])

to be the class of the extension
0— N’[w] — (N’)X[wQ] — N’[w2]/N’[w] — 0.

Taking the notation

Z =@ H° ((0.), N'[w?]/N'[w]) ,

seS

we then define a bilinear pairing
(8.10) () H(Gp, M) % — {Z]Z

by
(¢7 (Ts)s) L Zinvmg,F,ﬁs (Qb U (reSGRES 5;( U Ts)) )
seS

where the outer product is the cup product from (8.7) and the inner is the Yoneda product.

Proposition 8.15. Take all Selmer conditions as in Definition 8.5. Given ¢ in the form

(8.9) and x in the form (8.8), and supposing ¢ obeys the local conditions at all places of
Yo, we find that
¢ € Sel” NX

if and only if

(0, (1)) =0 forall (ry)s € R.

We will prove this proposition in Section 10.2. Write

2 = @HO ((os), N[w’]/Nw]) .
seS
Via (8.9), we can think about the pairing defined above in the form

(8.11) (¢, (TS)S>X = ((gs)s (TS)S>X + (o, (Ts)5>07x’
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where the first pairing is defined on 2 ® %, and the latter pairing is defined on .y, r (%) ®
X.

8.3. Tuple sets of twists and moment estimates. For fixed S and (o;)s, we can choose
a fixed basis for 2, %, and #n.j,r( %), and consequently think about the pairings ( , ),
and ( , )o,, as matrices that change with y. To prove base-case Selmer results, we will
need some kind of equidistribution statement about these matrices and their kernels.

More specifically, suppose () is fixed in @, F(—1), and (o), is fixed as above. We

will take X to be a nonempty set of tuples of primes
(P.)ses, P, aprime of F not over % so that Frobpp, = 0.

For each tuple (p,), in X and each pair of distinct indices s, s, in S, we require p,, and
p,, to be over distinct primes of . Fixing x,, we then can consider the set of twists of the
form (8.8), where (p,), varies over the tuple set X. We will sometimes refer to this set of
twists also with the symbol X.

Our main tool for proving rank distributions is to find estimates on sums of the form

(8.12) #%Z ) exp (2m (<¢o, re)s), + ((@s)s: (r)s) ))

XEX (gs)s€21 (r5)sEZ

for certain subsets 2; of 2. It is most useful to this by fixing ((¢s)s, (75)s) and considering

the sum

(8.13) D ((@s)s: (7))

xex

e In some cases, we can prove that (8.13) is negligible. In these circumstances, we
will call ((¢s)s, (7s)s) an ignorable pair.

e We can also find some subcollections of 2; x # where (8.13) has magnitude # X

for any choice of ((gs)s, (75)s), but there is substantial cancellation of these sums

across the subcollection. In these case, we will call ((¢s)s, (7s)s) a cancellable pair.
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e In other cases, the choice of ((¢s)s, (rs)s) may be from a subcollection of pairs
where we have little control on the sums (8.13), where the size of the subcollection
depends on (o;)s and is generically of negligible size. We will call these pairs
generically negligible.

e Outside these cases, we find that (8.13) equals #.X. These give the main-term

pairs, and estimating (8.12) amounts to counting the number of main-term pairs.

9. FAVORABLE TWISTS AND THE MAIN THEOREMS

Take K/ F as in Notation 8.1, and take Gy = Gal(K/F(F(—1))). Recall the notation of
Tamagawa ratios from Definition 8.9. Fix a twistable module N. We call a twist y € Xp a

favored twist of N if, for any G p-submodule 7" of N|[w], we have
Tvr(x) <1,
with equality if and only if
9.1) dim H°((¢), N/T[w]) = dim H°((¢), N[w]) for o € G,.

We call T" a cofavored submodule of N|w] if (9.1) always holds. We will denote the set
of favored twists of N by X'y, and those of height at most H by X'y (H). Given local
twists (X )ver, We define Xi (H, (xo)o) as the subset of X'y (H) restricting over %; to
(Xv)o-

For favored twists, the Selmer group Sel” NX tends to be small, with its average size
decomposing as a sum of terms indexed by cofavored modules. For this reason, we will
restsrict our attention mostly to modules with a positive proportion of twists. The next

definition is key.

Definition 9.1. Given a twistable module N as above, we call N potentially favored if

_ #XEN(H)
lim ————~
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Alternatively, we call NV potentially favored if

e For any submodule 7" of N[w] fixed by G, we have

> dim (o), Nlw]) = Y dim H((0), (N/T)[w]), and
ce€Go oe€Go
e There is some function
w : Gal(K/F(F(-1))) - R

so that, for any submodule 7" of N|w] fixed by G, we either have

> w(o) - dim H((o), Nw]) > > w(o) - dim H'((0), (N/T)[w])

ceGo oc€Go

dim H°((c), N[w]) = dim H°({c), (N/T)[w]) forall o € G.

We call the set of functions w that obey the second property the superlatives for N. N has

a superlative if and only if it has a favored twist.
Remark 9.2. We will prove that these definitions are equivalent as part of Proposition 14.6.

Given an exact sequence
0=>7Z" —=7" —=>7""™—=0,
we get an associated sequence of twistable modules
0 — N9 — N®" — NO»=™ 5 ()

by tensoring with V. We call any such exact sequence a basic exact sequence.

I would like to thank David Yang for his help in finding the following proposition.
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Proposition 9.3. Suppose N, and N, are twistable modules. Then, if N, and N, are
potentially favored, and if w : Gy — R is a superlative for both, then Ni & N, is

potentially favored and has w as a superlative.

Proof. Take Ni, N>, and w as in the statement of the proposition, and take 7" to be a

submodule of N; & N,. Taking the quotient of the exact sequence
0— N1 = Ny &Ny Ny — 0
by T' gives the exact sequence
0— Ny /o HT) = (N1 @® Ny)/T — NoJm(T) — 0.
The associated long exact sequence gives
dim H°((o), (N, © Ny)/T[w])
< dim H°({c), N1/t (T)[w]) + dim H°({c), Ny/7(T)[w])
for all o in GGy. Then

> w(o) - dim HO((0), (N1 & No)/T[w))

< Z w(o) - dim H({o), N1/t (T)[w]) + Z w(o) - dim H°({o), Ny/7(T)[w])

c€Go c€Go

<Y w(o) - dimH'((0), Mi[w]) + Y _ w(o) - dim H((o), Nafw])

e c€eGo

=" w(o) - dim H({o), (N} ® No)[w)).

ce€Go

If the first and last entries in this sequence are equal, the positivity of w forces

mmm@JM@MMmm:mgmwmm@MmpﬁmmG@



So w is is a superlative for Ny & N,. Applying this argument for the superlative 1+ ew with

€ approaching zero shows that N; & N, is potentially favored, giving the proposition. []

Remark 9.4. Given a twistable module N, a nonnegative integer a, and a G p-submodule
T of N®%[w], we see that the logic of the above proposition gives that there is some se-
quence of G p-submodules 77, ..., T; of N{w] and some sequence of nonnegative integers

ai,...,a; with sum a so that

dim H’({c), N®/T) < " a;-dim H°((0), N/T;) forall o € Gj.

i<y
This gives a useful upper bound for the function o +— dim H°({c), N®%/T) in the case

that 7" is not cofavored.

Given twistable modules /V; and N,, write d,, v, for the connecting map
0o, + H'({0), Ni[w?]/Ni[w]) — H'((0), Ni[w])
coming from the exact sequence
0 — Ni[w] = N;[w?] — N;[w?]/N;[w] — 0.
Given a G'p-equivariant map 5 : N;[w] — Na[w], we can lift 5 to an equivariant map
Bt M[w?]/Nifw] — Np[w?]/Naw]
via

Ala) = B¢~ ).

We say [ commutes with the connecting maps if we have

9.2) SNy © B = Pi0b,n, foroe G
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Proposition 9.5. Take N, and Ns to be potentially favored modules sharing some superla-
tive w. Suppose the only cofavored submodules of N; are 0 and N;[w] for i = 1,2. Then
the cofavored submodules of N1 @ Ny are 0, 0 @ Ny[w], (N7 @ Ny)|[w], and those modules
of the form

{(z,8(x)) : =€ Mw]}

where 3 . Nijw] — Nolw| runs over all the G p-homomorphisms that commute with the

connecting maps.

Proof. Choose a cofavored submodule 7" of N; & N,, and consider the standard exact
sequence

0—>N2L>N1@N21>N1—>0

From the argument of the previous proposition, we see that . ~!(T") is cofavored in N, and
7(T) is cofavored in N;. If .~!(T) is nonzero, it is Ny|w], and we find that T is either
0@ Na[w] or (N7 & Ns)[w]. So we assume it is zero.

If 7(7) is also zero, T is zero, so we can assume 7(7") is N7 |w]. Then T is the graph of
amap [ : Njjw] — NpJw]. This graph is a Gp-submodule if and only if 3 is linear and
G p-equivariant.

Following the logic of the previous proposition, we find that, since 7" is cofavored, the

connecting map
9.3) H°((o), Ni[w’]/N1[w]) — H'({0), Na[w])
corresponding to the sequence
0 — Nalw] = (N1 @ Na)/T)[w] = Ni[w?]/Ni[w] — 0
is zero for o in Gy. To see this, take x in Ni[w?]/N;[w] fixed by o. Its preimage in

(N1 @ Ny)/T[w] consists of all elements in the class of (z, 3x). Applying (0 — 1) to this
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element yields the class

o (0 —1)Bx — Blo — 1),

which is trivial if and only if 5 commutes with the connecting map. So 7T is the graph of a
function 3 that commutes with the connecting maps.
Conversely, we find that the graph of any GG -homomorphism [ that commutes with the

connecting maps is cofavored in N; & N,, and we have the proposition. U

Remark 9.6. In the context of the above proposition, we find that the kernel and image of
any GG p-homomorphism that commutes with the connecting maps are cofavored. From the
assumptions of the proposition, we find that the set of such homomorphisms consists of
the zero map and isomorphisms.

In particular, the set of G r endomorphisms of /V; [w| that commute with connecting maps
form a finite division ring, and hence a finite field of characteristic £ by Wedderburn’s the-
orem. The set of G’ homomorphisms from N [w] to Ny[w] that commute with connecting

maps is then either 0 or a one-dimensional vector space over this field.

Under some technical assumptions, we can now classify the cofavored submodules of
modules of the form N®™, We will actually go a little further than this, proving the fol-

lowing proposition:

Proposition 9.7. Take Ny, ..., N, to be potentially favored modules sharing some superla-

tive. Suppose we have the following:

e Fori < r, the only cofavored submodules of N; are 0 and N |w].

e Fori < r, the only G g-automorphisms of N;|w| that commute with the connecting
maps are 0,1,... 0 — 1.

e Fori,j < r withi # j, there is no Gp-isomorphism of N;w| and N;|w)| that

commutes with the connecting maps.
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Then, for ay, ..., a, nonnegative integers, the cofavored submodules of
(9.4) NP @ - NP

are those of the form

9.5) A @ Nw|@ - B A ® N, |w],

: a; :
where A; is a vector subspace of IF, for i <.

Proof. We work by induction on ) . a;. From Proposition 9.5, the result holds for this
sum at most two. Now take a > 3, and suppose every cofavored submodule of (9.4) takes
the form (9.5) for > . a; < a. Then suppose ) . a; = a, and take 7" to be a cofavored
submodule of (9.4).
Suppose that N; = 0 for some j where a; > 0. Then the image of 7" under the map
P N = PN
i i#]

is cofavored, and takes the form (9.5) by the induction step. Thus 7" also takes this form.
So we may assume the N; are nonzero.

Choose any direct sum of basic exact sequences
(9.6) 0— PN PN PN 0.
with >~ a; > >, b; > 0. We claim that we can assume that .~*(7") is zero and that
9.7) 7(T) = @ NOei=bify],

First, suppose (1 (T') is nonzero. It is cofavored, and hence can be written in the form (9.5)

by the induction step. There is then some other direct sum of basic exact sequences

(9.8) 0= PN L PN I PN =0
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with > . ¢; > 0 so that

D Nl = (D).

The module 7.(T") is cofavored, and hence expressible in the form (9.5). T equals its
preimage in €, N;”*'[w], and is hence also expressible in this form.

Now suppose (9.7) fails to hold. The module 7(7") is cofavored, and hence expressible
in the form (9.5). The same holds for the preimage 7' (7(T'))[w]. We now choose (9.8) so

that
e (@ NF%) = 7Y (7(T))[w] 2 T.

Because (9.7) does not hold, we have that Y, a; > >, ¢;, so ¢ *(T) is expressible in the
form (9.5) by the induction step. But 7" = ¢.(:;*(T')), and hence is also expressible in this
form.

We have now reduced to the case where, given any direct sum of basic exact sequences
(9.6) satisfying >, a; > >, b; > 0, we have ¢ '(T") = 0 and (9.7). But in this case, we

must have
dim T =) (b; — a;) - dim N;[w]
forall by,....b, >0 sothat » a;>» b >0.

Since ), a; is at least three and the dim V; are all positive, it is easy to prove that this

statement cannot hold. We have thus proved the proposition. U

9.1. Main base-case results. Our main results will be concentrated in two main cases,

depending on whether /V has an alternating structure.

Notation 9.8. Choose (K/F, ¥;,F) as in Notation 8.1. We assume that F is trivial as a

Gal(K/F)-module. Fix a generator ¢ of IF and take w = 1 — (.
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Take N to be a potentially-favored twistable module, and choose local conditions (W),
as in Definition 8.5. We assume that these subgroups are ¢-divisible and are preserved by
the action of (,.

We assume that the only cofavored submodules of N are 0 and N|w]; if this condition,
we call N uncofavored. We also assume that the only G p-automorphisms of N|[w] that
commute with the connecting maps are 1,...,¢ — 1.

For each m > 0, we have a natural nondegenerate pairing
P, : Nw™ @ N'[w™] = peo

If there is no nonzero G p-equivariant homomorphism 3, : N{w| — N’[w]| that commutes
with the connecting maps, we say that N is in the non-alternating case.

Otherwise, suppose there is a G p-equivariant isomorphism
B:N— N

of Z[¢] modules so that P,,(z, 5(x)) = 0 for all m > 0 and all z in N[w™]. If £ = 2, we

suppose there is some G'p-equivariant map e : N[2] — +1 that satisfies
9.9) e(x +y) = e(x)e(y)Ppgs1(z, fy) forall z,y € N2,

where my is chosen so N[w™] = N[2]. From this information, we can construct a qua-

dratic form
(9.10) qu : H'(H,N|w]) — H*(H,F")

for all closed subgroups H of G'i. This is the form given in Proposition 3.2 for ¢ = 2, and

can be defined as the cup product

qu (@) = —3¢ Up, B¢
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for ¢ £ 2.
Given this information, we say that NV is in the alternating case if, for v € %y and m > 0,

the preimage of W, under
HY(G,,N[w™)) — H'(G,, N)
is its own orthogonal complement under the pairing

(¢, ¥) = ¢ Up,, Bi().

Definition 9.9. For m > 0 and N and (W,), in the alternating or non-alternating case, we

take IV, ,,, to be the preimage of IV, under

H'(G,, Nw™]) = H" (G,, N).
Then, for y,, € H'(G,,F) chosen for v € ¥, we define
N, (x0)w)

=ker | H'(Gp, Nlw]) = [ H(Go, Nw)/Wor(xo) x  []  H'({0), N[w])

vEY UGGF(M[]C)

We always have

SN, (X)) € Sel”(NX).

Supposing y is ramified at at least one prime, the connecting map dx associated to
0 — N[w] = NX[w?] = N[w] =0
gives an injection

Snx.ap : HY(Gp, N[w]) = w™ 'Sel“™ (NX).
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For m > 0, we take
7om(NX) = dimg, W™ Sel*” (NX) — dimg, H*(Gr, N[w]).
Choose x € Xp. Per an observation of Wiles [55], the formula

(9.11) ro (NY) =1y (N')Y) = Y dim W, (x) — dim H(G,, N[w])

vEH
follows from Poitou-Tate duality and the global Euler-Poincaré characteristic formula of
Tate, with this particular statement a special case of [41, 8.7.9]. (We note that, in the
enumeration of places, each pair of complex embeddings of /' corresponds to one place in
%.)

The basic linear-algebraic idea of the various heuristics describing Selmer groups is that
Sel“ NX and Sel” ((N')X) should behave like the kernel and cokernel of some large matrix
with entries selected uniformly at random from F,. The difference in dimension between
the kernel and cokernel of this matrix is of course the difference between the number of
rows and columns of the matrix, so Wiles’ formula frequently appears in these predictions.

Because Sel” NX always contains . (N, (), ), we will need to adjust the matrix heuris-

tics accordingly. So define

ur/c(Na (Xv)v) :dimym(Nla (Xv)v) - dlmym(N, (Xv)v)

+ Z (dlm Wv,l(Xv) — dim H0<Gv7 N[w])) .

VEY

Theorem 9.10. Suppose N is a twistable module with local conditions (W,),, in the non-
alternating case. Given € > 0, there is then C' > 0 so we have the following:
Fix (X )y, and take
ro = dim (N, (x)o)-

We assume Xp(H, (xv)v) is nonempty for sufficiently large H.
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Suppose H > C'. Then, for r > 0, with notation as in Definition 1.15, the difference

# {X € X%YN(Ha (Xo)o) + Tw(NX) =1+ TO} Mat

9.12 _ P
( ) #XfFa,VN<H7 (Xv)v) £y uge (N, (Xv)v)

(r|o0)

has upper bound
(log log H)~/4+e,

If
#X 'y (H)

lim ——————= =1

we can instead bound (9.12) by
~1
exp? (% log® H) .

We will prove this in Section 14.3.

Example 9.11. The case k£ = 1 of Theorem 1.16 follows as a consequence of this result and
Proposition 8.8. Taking /V as in that Proposition, we see that N is in the non-alternating
case. N|w]| is one dimensional, so it is uncofavored and has no automorphisms besides
scalar multiples. To apply the theorem to Sel“ NX, we then just need to show that N[w] and
N’[w] have no isomorphism commuting with boundary maps. But recall that we assumed
that 1150 does not lie in F'. For ¢ odd, this implies N[w| and N'[w]| are not isomoprhic. If
¢ = 2, the unique isomorphism does not commute with the boundary maps.

We thus just need to show that (8.2) holds for 100% of twists of N. In light of the

Grunwald-Wang theorem, this will be a consequence of Proposition 12.5, part 5.

We have a similar result for the alternating case, where . is always zero. We require a

little more notation:

Definition 9.12. Given N in the alternating case, we say N is in the parity-invariant case

if, for some (or every) choice of local twists (), such that Xz(H, (x,),) is nonempty
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for sufficiently large H, the parity of r,,(/NX) does not depend on the choice of x from
XF<H7 (Xv)v)-

We will consider parity invariance in greater detail in Section 14.1.

Definition 9.13. Givenn > j > 0, take
PM(j]n)

to be the probability that a a uniformly selected alternating n x n matrix with coefficients
in [, has kernel of rank exactly j. The is zero unless j and n have the same parity, in which
case it equals

1 +25=n®=2mg) . (gn 1) (=l 1) .. (0 — 1)
(=11 =1)---(L=1) - (7 =1) (L2 =1)--- (L2 —=1)

We also will define

PM(j|200 +b) = lim PM(j|2n+b) and
n—oo

PMY(j | 00) = = (PM(j | 200) + P(j | 200 + 1)) .

DN | —

Theorem 9.14. Suppose N is a twistable module with local conditions (W,,), in the alter-
nating case. Given ¢ > 0, there is then C' > 0 so we have the following:
Fix (X )y, and take
ro = dim Z(N, (xo)o).

We assume Xp(H, (X)) is nonempty for sufficiently large H. In the parity-invariant case,
take ko € {0,1} to be the parity of r,(NX) — ro for x from this set of twists. For r > 0,
define

PM(r|200 + ko) in the parity-invariant case
P(r) =
PAY(r | o0) otherwise.
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Now suppose H > C'. With notation as in Definition 1.15, the difference

#{X GX%}’N(H, (Xo)o) + Tw(INX) :7”—1—7’0} _

9.13
O A5 (H, (X))

P(r)

has upper bound
(loglog H)~Y/4+e,

If
#X 'y (H)

lim ——————~ =1

we can instead bound (9.13) by
-1
exp? (% log® H) .

We will prove this in Section 14.3.
As a consequence, we get the case k = 1 of our main result for abelian varieties, which

we state below. Here, we take the notation ryx (A) from the introduction.

Theorem 9.15. Take A to be an abelian variety over a number field I, and take ¥ to be
a set of places of F' that include the archimedean places, the places dividing 2, and the
places where A has bad reduction.

We assume that A has a polarization defined over F' of odd degree. We further assume
that A[2%] is potentially favored and uncofavored, that A[2] has no nonidentity automor-

phisms commuting with the connecting maps, and that we have an identity
9.14) ker (Hl(GF, A2]) — H H'({o), A[2])> =0.
ceGp
Choose a set of local twists (X )vev,- If A/ F is parity invariant (see Section 14.1), take
b € {0,1} so ro( A has parity b for all x in Xp((xo)o)-

Then, given k > 1, and given any sequence of integers

rg 2Ty 2o 20

- — Y
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we have

. #{X%’VA(H, (Xo)v) : T2(AX) =g, . ror(AX) = Tor }
H—roo #X%,VA(H7 (Xo)w)

_ PA]t(/er "I“zk—l) . PA]t(/er_l ‘T2k—2) L

PAlt(w!Qoo +b) in the parity invariant case
coes PAY(ry |ry)

PAY(r5|00) otherwise.

We will now apply this theorem in the special case of elliptic curves.

9.1.1. Technical conditions for elliptic curves. For our theorems to apply to an elliptic
curve I over a number field F', we need £ to be potentially favored, uncofavored, and we
need that £/[2] has no nonidentity automorphism commuting with the connecting maps. In
the case of F' = (Q, we will find that these conditions are satisfied by the curves satisfying
Assumption 1.2.

We can find ¢y, ¢3, c3 in F(E[2])* and a, b in F so that FE is isomorphic over F' to
v =2 tar+b= (v —c)(r—c)(r—c3)
Take e; to be the point (cy, 0), and take e to be the point (cz, 0). The connecting map
E[2] —» H'(Gr), E2))
can be given in the form

€1 > €1 Xej—co + e - X(03—cl)~(cz—cl)

€ > €1 - X(03—02)~(01—02) + €2 Xeg—ey s

where x. : Gr, — [, denotes the quadratic character associated to Fi(v/c)/Fy; this
calculation can be done directly, and is the content of [47, Proposition X.1.4].

We now split into cases.
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Example 9.16. Suppose F' = F'(E[2]). We find that £ is uncofavored if and only if none

of the isogenous curves

E/f{er), E/(ea), E/{er+es)

has full rational two torsion. This is equivalent to the condition that £ has no rational
cyclic 4-isogeny. Given the above form of the connecting map, this condition is equivalent

to saying that none of

(9.15) (3 —c1) (ca—c1), (e3—c2) (c1—c2), (c1—c3)(ca—c3)

are in (F)2. If E is not uncofavored, there is then ¢ € F\{0,+1} and d in F* so that £
is isomorphic to

dy? = z(z — 1)(z — ).
Equivalently, the non-uncofavored F have j-invariant in the set

{28 : (i(_cf—z_tg : F\{O,:I:l}}.

We now check for a nonidentity automorphism commuting with the connecting maps.
From Remark 9.6, we can restrict our attention to the isomorphism 7' sending e; to es to
e1 + e2 back to e;. We calculate that this commutes with the connecting maps if and only
if all three entries in (9.15) are all in —(F*)?. Taking ¢; = 0, ¢co = 1, c3 = A, we must

have zg, 21 € F'* so
_ .2 2 2 2 _
A=—25, 1=-A=—2z] = —z —2 =1

This is impossible unless there are xg, k1 In F' so /{3 + m% = —1 is solvable, so this case

cannot happen for F' = Q. Suppose now that this equation has a solution over F'. We can
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then parameterize the F points of the conic 2 + 2z} = —1, with the map

(o, 11) = (20, 21) = (

—/iot(% -+ 2/€1t0t1 —+ :‘iot% /ilt% + 2H0t0t1 — Hlt%
to + 13 ’ tg + 1

giving a birational map from P! (F') to this locus. We then find that the elliptic curves in

this exceptional form are isomorphic to some curve of the form

—kot? + 2k tot t2)?
dyQ:w(m—1)<x+( oo + 2kitots + Koti) )

(t§+131)?

These curves are uncofavored unless F’' contains v/ —1, in which case none are uncofavored.

Example 9.17. Suppose F'(E[2])/F is a Z/3Z extension. The only proper G p-submodule
of E[2] is 0, so E is uncofavored. The isomorphism 7" is G p-equivariant, so we need to
check that it does not commute with the connecting maps. Taking o to be a generator of

Gal(F(E[2])/F), we note that any curve in this case can be written in the form

(9.16) E: y2 = (x — %02(1 + %oz) (x — %oz + %Ua) (m — %croz + %02(1)

with « an element of F'(E[2]) of zero trace. We then find that T commutes with the
connecting maps if and only if a/o« is a square in F'(E[2]). As in the full 2-torsion case,
this forces k3 + k% + 1 = 0 to have a solution over F'(E[2]), and hence over F from the
theory of Hilbert symbols, eliminating the case ' = Q.

To give a particular example, take F' to be a number field containing Q(u3), and take b

to be any element of /' that is not a cube. Then, if we consider the elliptic curve
E:y? =2+,

we find that the extension F'(FE[2])/F is of degree 3, and the map 7" commutes with the
connecting maps. This corresponds to the choice « = —({ — 1)% in (9.16), with ¢ a

primitive third root of unity, and we see that a/o« lies in u3 and is hence a square.
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This exception is exceptional, of course, as this elliptic curve has complex multiplication
by Z[u3]. If ¢ is a primitive third root of unity in this order, we find that either ¢ or (?

restricts to 7" on E[2].

Example 9.18. If F'(F[2])/F is quadratic, E can be given the equation
E:y*=x(2® + Az + B).
Taking the quotient by ((0,0)) gives the isogenous curve
Ey:y? = z(2® — 2Ax + (A% — 4B))

(see e.g. [23]). We have that E is uncofavored if and only if F(E|[2]) # F(FEy[2]), which

is equivalent to the condition
F (\/43 - A?) L F (V—B) .

E is potentially favored if Ey[2] is not a trivial G module, which occurs if —B is not
a square in F'. We find that F) is potentially favored, and is uncofavored if £ is also
uncofavored.

In this case, the isomorphism 7" is non-equivariant. Then, under the partial two torsion
case of Assumption 1.2, Theorem 9.15 and Proposition 14.6 give the £k = 1 case of the

following:

Theorem 9.19. Suppose E/Q is an elliptic curve that fits into the second case of Assump-
tion 1.2. That is, suppose we can find rational numbers A, B so that E can be given the
equation

E:y* =x(2® + Az + B),

where we assume that none of —B, A*> — 4B, —B (A2 — 4B) are rational squares. Take ¥,

to be a set of places including 2, oo, and the places where E has bad reduction
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Take X™ (H) to be the set of squarefree integers of the form dy - p . .. p. of magnitude
at most H, where dy is divisible only by primes in ¥, where py, . . ., p, are distinct primes

outside ¥y, and where
# {z <r : p;splitsin Q (\/A2 — 4B> /Q} > # {z <r : p;splitsin Q(\/—B)/Q} :

Take X5 (H) to be the complement of X™ (H) in the set of squarefree integers of magni-
tude at most H.

Then we have
. #X fav (H)
lim

LSS
Hosoo X1 (H)

Further, for 1/2 > € > 0, we have

# {d € X™(H) : ry(EQ) > (loglog H)l/Q_E}

(9.17) thl)o ZX () =1.
Finally, given k > 1 and any sequence of integers
rg 2Ty 2> 2 roe 20,

we have

i #{d € X®(H) : ro(EY) =1y, ... rox(EY) = rox}

im
H—00 #Xfav(H)
= PM(ry | Tor—1) - P (ror } Tok—2)+ v+ P (ry ‘ r9) - PAY(ry ], 00)

Example 9.20. If F'(E[2])/F is an S5 extension, we have that the automorphism 7 is non-
equivariant, and E is vacuously uncofavored. From this, Theorem 9.14 always applies in

this case, finishing the verification of the £ = 1 portion of Theorem 1.10.

10. BASE-CASE SELMER CONDITIONS
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10.1. Dual modules. In Section 8.2, given a twistable module N, we introduced N and
N’, two reasonable definitions of a dual twistable module. We now give some of the basic
properties of this definition.

Take a, ¢ to be nonnegative integers. If the ideal (¢“) of Z[F] contains w®, we have an

isomorphism
NY[w®] = Hom (N[(]/N[€°/w®], pe)
$®z — (t— o)
If b is at most a, this gives an isomorphism
NY[w*]/NY[w’] = Hom (N[(°/w’] /NL¢/w®], pee) -
In particular, we have an isomorphism
N'[w] =N"[(]/N"[¢/w] =Hom (N[w], p)
pR1 +—— (t — o(1)).
That is to say, we have a natural nondegenerate (& p-equivariant pairing
Nw] X N'[w] — pu.

This defines (8.7).

Proposition 10.1. Take x to be an element of H'(Gp,F). Then, using the notation of

Definition 8.13, the composition
BW,X BJ—\;»X
WX —= W = Hom (N, piy) —=— Hom (N, f1p)

is equivariant under the action of Gg. In particular, we have natural G g-equivariant

isomorphisms

(N) = (N)Y and (N')X = (NY).
115



Proof. Take ¢ in WX, g in G, and t in NX. Our goal is to prove

T (Bux B (D)) (E) = By (B (0(9)))(1).

We note that, in [, the condition that  is a class of cocycles implies

x(o) " =ox(e).

In EndN, this implies that oy (0 ~!)o~! equals x (o). We then have

(B (B (6)))(®) = 0 [Brn (Bu(9)) (07'1)]
=5 [B(8) By (07'))] = 0 [Bwx(9) (x(07)o ™ Br(t)]
=0 [Bwa(¢) (07 x(0) 7 B (1)] = 0 (Bwi(¢)) (x(0) ™' Bric(t)
= X(@) (@ (Bwn(0) Brx(®) = Bwa(08) (B (1))
= B Buin(09)(2),

as claimed.

Given a closed subgroup H of G, we can define connecting homomorphisms

(10.1) oy : H° (H, N[w?]/Nw]) — H'(H, N[w]),

(10.2) 8y H° (H, N'w*]/N'\w]) — H'(H, N'[w])
associated to the exact sequences

0 — Nw] = N[w?] = N[w?/N[w] — 0,

0 — N'[w] = N'[w?] = N'[w?]/N'[w] — 0.
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We can alternatively take  to be the class of the above extension in Extg; (N [w?]/N[w], N[w]),
s0 0 becomes the composition of restriction with a Yoneda product, with a similar defini-
tion for ¢§'.

The following proposition is essential in the proof of Proposition 8.15, though it will

also have uses for / the absolute Galois group of a number field.

Proposition 10.2. Take N and H as above. Under the cup product
H'(H,Nw]) x H'(H,N'[w]) — H*(H, p2)

coming from the composition of (8.7) with the inclusion p, — 2, the image of 0y is

annihilated by the image of 0.

Proof. We first note that we have a natural pairing
(, )1: N[fw] x N'[tw] — e

that satisfies

0t t')y = (e, 0"y for t € N[{w],t' € N'[tw],

where the latter pairing is (8.7). Writing U; for the associated cup product, and using the
notation

L: Nw] = N[tw] and ¢: N[wl] -5 NJw],
we have
¢ Uy 1. =L,0U¢ for ¢ € H'(H,Nwl]), ¢ € H'(H, N'[w]).
Take 6; p to be the connecting homomorphism associated to

0 — N[w] = N[tw?] -5 N[w?]/N[w]
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and the group H. Then 6y = ¢, o 0; . From the above, it is then enough to prove that the

images of 0, y and ¢, 04’ annihilate each other. But ¢, 0d’; factors through the composition
H° (H, N'[w*]/N'\w]) = H'(H,N'[w]) = H'(H, N'[w?)),
of maps from the long exact sequence, and is hence zero. This gives the proposition.  []
We have a pairing
P : N[w?/N[w] x N'[w] — Hom([F, 1)
t p@1— ((=o((C-1)9p)
and another pairing
P': N[w] x N'[w?]/N'lw] — Hom(F, 1)
t bz — ((=o((C-17)

We denote the associated cup products by Up and Upr.
The rationale for our level of detail in these constructions is that it is necessary to prove
the following somewhat obnoxious proposition. We note, however, that there is a method

to circumvent the use of this proposition in our proof; see Remark 10.6.

Proposition 10.3. 7Take N and H as above, with H a procyclic group with topological

generator o. Define a pairing

Pr: N[w?]/N[w] x F — N[w]

t C — (C_l)t?

and write Ug for the associated cup product. Given o € G, take




If 0 = 2, there is a unique submodule of order two of F, and we will write x_ for the image
in H'(H,F) of x_1 under this embedding.
Then, for x in H® (H, N|w?]/N|w]) and " in H® (H, N'[w?]/N’[w]), we have

(zUp x—1) Upr &' if € =2
[EUP (5}11'/ = —(SHZL’ Up/ {L‘/ +

0 otherwise

in H'(H, Hom(TF, y)).

Proof. Take = and 7’ as in the proposition. Lift z to an element ¢ of N|[w?] and %t of
N[lw?], and lift 2’ to an element f ® % in N'[w?]. By replacing f with the alternative lift

o' f, we note that the class = Up 872" is represented by a cocycle sending o to
¢— f((C=Dzt) =0 " [f(e(C=D7t)] -
The class dyx Upr 2’ is represented by the cocycle sending o to
¢ f(C=D(e=1)5t) = f((C=Dogt) = f((C—=D3t),

and the sum of these is

(—  f ((C — 1)0%t) — o1 [f (G(C — 1)%t)} .

We suppose that [ has order 2. This then simply equals

L (o = 1) f(ot) = f(x-1(0) = 1)),

which agrees with the claim of the proposition.
Otherwise, take a in (Z/(*Z)* so 0¢ = ¢® for ¢ € F. Since [ has order greater than
two, we find that f (o(¢ — 1)¢) is valued in /i, so the map

C— o (0l 1) — 1f (ol¢ 1))
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is a coboundary of Hom(FF, 11,). We are then interested in the class of
¢ F(((C=D) =3¢ = 1) o7t).
Using the binomial theorem on ((¢ — 1) + 1)%, we see

(C-1)—=2(¢"=1) :_%((g)@_nu (g)(c—1)3+...>.

Mod w?, only the first term contributes.

Suppose ¢ = 2. The above class is then
C'—> f(%l(c_l)2%t)a

which from the definition of a can be shown to agree with (x Up x_1) Upr 2/, as a is 1 mod
4 if and only if o fixes v/ —1.

Now suppose ¢ > 2. As before, the difference takes the form
(—  f(=52(¢—-1)%01t).
Writing ¢ for this map, we see this satisfies
1(Q)" =a(¢") = a(¢)” for be (Z/0°T)",

the first equation coming from ¢ being a homomorphism and the second coming from a

direct calculation. In particular,

Since ¢ > 2, this implies q is trivial, and we are done. U

10.2. Selmer conditions. Take N a twistable module over (K/F, #;,F) as above. We

will take the notation

M = Nw] Q=N[w2]@)7[w] R = N'lw*]/N'[].



Given a twist x in H(G,F), the map 3, gives G equivariant isomorphisms
By : NX[w] = N[w] and B, : NX[w?]/NX[w] = N[w?]/Nw].
The connecting map (10.1) for NX can then be given as a map
oym - H (H, Nw?]/N[w]) — H'(H, N[w]).
For ¢ in H°(H, N|w?]/N|w]), we calculate that this satisfies

(10.3) Ov.11(q) = 0m(q) + qUr X,

with the cup product defined as in Proposition 10.3.

We can similarly define &' ;; for the twist (NVX)', and it obeys an analogous relation to
(10.3).

We will work in the situation of Notation 8.14, so S is a finite set, (p,) are a set of

primes indexed by S, and (o), is the accompanying set of Frobenius elements in
Gy = Gal(K (%) /F(F(-1))).

Recall that, for a given twist x we defined a pairing between H'(Gp, M) and Z =
D. R'“s). We now prove that this pairing can be used to check local conditions at the

primes indexed by S.

Proof of Proposition 8.15. For s € S, we find that

¢ - 5X7GF,ES (QS) = ¢ —qsUx — 6GF,ES (QS)

is unramified at p,. The Selmer condition is satisfied at p, if and only if this is also zero.

Via local Poitou-Tate duality, it is enough to check that

<¢ ~ OxGirg, (qs)> U =0
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is zero in H*(Gpy,, ) for all ¢ in H'(Gpyp,, M'[w]). We also know that this pairing is
zero if 1 is unramified.

We note that the composition

!

5’“ Fp res
H°(Grg., N'w’]/N'w]) RLTIN H'Y(Gpp., N'lw]) — H'(Irg,, N'[w])

is surjective; this follows as a consequence of (10.3) and from G 5_having trivial action
on [F(—1). From Proposition 10.2, we then find that the local condition at p, is satisfied if
and only if

oU 5;001:,5@ (rs) =0 forall ry € H(Grp,, R).

From this, the proposition follows. 0

We now will consider the pairing

(Do @R
in more detail. We have an isomorphism

tp: R——>Hom(M @, )
PR 5 r— (tRC—o((C—1))).

This is the map corresponds to the pairing P’ defined before Proposition 10.3.

We will need the following notation:

Notation 10.4.

e 0y, 01,09 will denote elements of Gy = Gal(K (%) /F(F(—1)))
e For each oy, fix a prime q,,, of F not over % so that Frob Fd,, Projects to o.
e For each pair (01, 03), take B(0y,02) to be a set of representatives in Gal(K /F') of

(o1)\Gal(K/F) /(o).
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We assume that the class containing the identity is represented by 1.

e For any oy, take By, (o) to be the subset of B(oy,0p) of elements 7 for which
77! represents the same class. We assume the set B(0y, 0p) is chosen so any 7 in
Biny(00) satisfies

7% € {0p).

e The map sending the class of 7 to 7! acts freely on B(0g, 0¢) — Bin(00). Take
Bi2(00) to be a subset of B(0y, 0¢) — Bin(00) containing one representative from

each orbit of this action. We choose the set B(oy, 0¢) so we have
B(0g,00) = Bin(00) U By /2(00) U B1/2(00)_1
Proposition 10.5. In the above context,

<(QS)S7 (Ts)s>x

:Zinvps < 2,7, (€5 Ur Ts) U 0y Grp (TS)>

seS

- ZLR Ts QS Up IL‘S) ®x8) ®a’rllc(ps7ps)
ses

+ > U Y ((Ta = ¢5) Ur 7o) @ 7, @ a (B, By)
s,teS TE€B(0s,0¢)

= Z invy, (5X01GF,ES (gs) U BN 1) rp, (s Ur xs))

sesS

+ Z LR<TS U Z th - Qs UIF Txt) ® Tg ® anc(psvpt)
s,tes TE€B(0s,0¢)

Proof. We first note that Proposition 10.2 allows us to rewrite {(¢s)s, (s)s), in the form

Z inv,, rg. (((b — Oy, G, (QS)) Ud, Gry, (7’5)>

seS
— ZinVM,F,ES ((¢ — 0y, G, (qs)) U (rs Ur ‘B%fﬂﬁs(xs))) _
s€S
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This allows us to use the same strategy for the second claimed identity in the proposition
that we use with the first identity.
We will need one basic properties of the symbols £". Take M;, M,, M3 to be three

Gal(K /F) modules of exponent /, and take p and g to be primes of F not over %,. Choose
my € Ml(—l)GF'E, mo € Mg(—l)GF’H, ms € M3 ’7,
and take
C1 = %?\ZhRﬁ(ml), Cy = %‘]‘\ﬁth?ﬁ(mZ), C3z = Ms3.
Given a permutation i1, is, i3 of {1, 2, 3}, take

G _
Tivinis - (M1 ® Ma) (=1)g,; @ My — (M, @ My, @ M) (—=1)ap3,

to be given by the correct permutation of coordinates. Then, for any such permutation,

invar, e, e, 5 (G U, U cy)

Ty in,is <£?\Z®M2/F(5, q)(m1,ma) ® 63) ifi; <1

—Tiyinsis ( Mo/ r P, 3) (M1, ms) ® C3> if iy > 1.
This is best verified at the level of cocycles. The appearance of a minus sign is a conse-
quence of the skew commutativity of cup product.

We have a commutative diagram

Nw]® R®F W N N[

l 87
R®N[w]®lﬁ‘ﬂHom(N[w]@F,ud@(N[w]@]F) Lo,

where the vertical map is given by transposing the first two coordinates and the final hor-

izontal map is the standard pairing. We note that the minus sign in the map (Id, —¢y) is
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essential for this diagram to commute, as we have

(C=12) (5) =0 (¢ =1 (5))
Having noted this, the proposition is a consequence of Proposition 2.11. U

Remark 10.6. An attentive reader may note that the second identity of the proposition can
alternatively be proved as a consequence of the first identity, Proposition 10.3, and the sixth
part of Proposition 2.12. Because Proposition 10.3 is counterintuitive, we have decided this

redundancy in our presentation is worth preserving.

The full form of Proposition 10.5 has a couple important uses, as we will see in the sub-
sequent sections. However, the following consequence will tend to be far more important,

as it lets us easily characterize ignorable pairs.

Proposition 10.7. In the above situation, choose s € S, and take X, to be a set of primes
of F not over ¥, whose Frobenius elements project to 0. Fix ¢o, (qs)s, (vs)s and (x,), as

above, and take
(¢, (rs)s)x [Ps = P

to be the result of the pairing after replacing each p in (8.9) and (8.8) with p. Define

(

-1 ifs#t, 7€ Blos,00) or s=1t, 7€ By(os)

c(t,7) = —% ifs=1t, 7€ Bl(os), and { # 2

\O otherwise.
Then there is some Cy € 37/ Z so

<¢v (Ts)s>x [ﬁs = ﬁ]

= Co+ Y e(t,7) - talrs — ) U (g5 — 7¢1) Up 2, @ 71, @ a2(F, )
t,T

forallp € X,.
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Proof. This follows from the previous proposition and the reciprocity properties given in

Proposition 2.12. O

10.3. Some cancellable pairs. In this section, we will give one basic recipe for construct-

ing cancellable pairs ((gs)s, (rs)s) in the context of (8.12).

Notation 10.8. With /V as above, take M to be a G submodule of M, and take
B My — N'[w]

to be a Gp-equivariant homomorphism. We assume this map is alternating, in the sense
that

B(q)-q=0 in p, forallq e M.

Taking @, to be the subset of N|[w?]/N|w] corresponding to M; under tensoring with F,
we write /3 for the corresponding map 3 : Q; — R.

We call (M, B) cancellable if there is some oy € G and some ¢4, qp € Q§U°> so that

() © B = B0 05y )(qa) Uas # 0 in H'({00), F)

Given (M, 3), we can define a quadratic form

fo: @ H((0s), Q1) — Z/Z

by
5 ((as)s) = ((@s)s, (B(as))s ), »

where Y is chosen from a fixed tuple set of twists X as in Section 8.3. Per Proposition 10.7,

this form does not depend on Y, so the associated pairs (¢s)s, (3(gs))s are not ignorable.

But, if My, § is cancellable, the pairs tend to be cancellable; if 2, is a vector space of
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small codimension in the domain of f3, we tend to find that the sum

> o))

(QS)segl

1s small.

To prove this, will prove that the associated bilinear form

Bs - @D H ((0,), Q1) @ D H((0,), Q1) — 1Z/2

seS seSs

given by

Bs((q15)s, (q25)s) = Fs((q1s + @2s)s) — f3((q1s)s) — fa((qas)s)
- <<q15)5’ <B(QQS))5>X + <(QQS)87 (B(Q1s))s>x

has large rank.

Proposition 10.9. In the context of Notation 10.8, suppose (M, 3) is cancellable. Then

the bilinear form Bg has rank at least

%(#{SGS: 05:00}—1),

with oo chosen among the tuples (0, qa, qp) demonstrating that (M, B) is cancellable.

Remark 10.10. This lower bound on the rank of B could be improved without too much

effort, but we have no need for such an improved estimate.

Proof. If no sy satisfies o5, = 0y, the statement is vacuous. So choose an s, so that the set
So = {s €S —{so}: 0s=00and xs = x,, mod p - F(—l)}
has maximal cardinality. In particular, this set has size at least the rank bound given in

proposition statement.
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For s; € Sy, define elements

(

qa if s =5
E4(s1) = (¢))s with ¢ = —qa if s = s
\O otherwise;

(

qgg ifs=s
E(s1) = (¢})s with ¢, =

0 otherwise.
\

We claim that

0 ifs =
(10.4) Bs (E*(s1), EP(s)) s 7 porm e

= (0 otherwise.

This will imply that Br has rank at least | S|, giving the result.
The claim (10.4) is a consequence of Proposition 10.5 and Proposition 2.12. First, sup-

pose that s; # so. Then, using the abuse of notation BEB (s2), we have

<EA(31)7BEB(32)>X

- LR(B(QB)) U Z T4A U TZs, ® Lsg & (agc(ﬁsyﬁsl) - &2c(5527]380))

T7€B(00,00)

and

(Ep(s2), BEa(s1))

X

= LR(B(QA)) U Z T4B U TZs, 02y Lsg X (a?—c(ﬁslvﬁsg) - a?—c(ﬁsovﬁsl))'

T€B(00,00)

Per Proposition 2.12, these sum to zero.
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Now, for the case s; = sy = s, we calculate

<EA(S)7 BEB(S)>X
= invy, (B3 15, (04 Ur ) U, ., (Blan))
- LR(B(QB)) U qa ) T X T ® arllc(ﬁwﬁs)

+ LR(B(QB)) U Z Tqa U TZs ® Tsg ® (agc (Es?ﬁs) - a?-c(ﬁsv ﬁso))

T€B(00,00)

and

(Eg(s), BEa(s))
= —inv,, <5xo,GF,as (94) U B, r5, (B(QB)D

+ LR(B(qA)) U Z T4B ) T ® Tsq ® (a?—c(ﬁsaﬁs) - aic(ﬁsmﬁs))‘

T7€B(00,00)

The second and third terms of the first expression canel with the second term of the second
expression, with the extra appearance of a}°(p,, p,) merited by the unusual property given
as the final statement of Proposition 2.12, part six. The first terms of each expression sum
to something nonzero by the assumption of the proposition, giving the claim (10.4) and

finishing the proof. O

The above proposition admits a converse, where B3 can be proved to be of small rank
if 5 commutes with the connecting maps. In the examples we consider, this situation will
only arise when (3 can be lifted to an alternating map from the divisible module N to N’,

where more specific propositions can be made.

10.4. Main-term pairs. Proposition 10.9 admits a converse, where Bg can be proved to
be of small rank if 3 commutes with the connecting maps. Such a statement is insuffi-
cient for our purposes, as forms of small positive rank and the zero form will contribute

differently to moments. Instead, in the special cases we can handle, we want to prove that
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non-cancellable (M, ) give rise to main-term pairs. The two cases we are interested in

are the alternating and non-alternating case of Section 9.1.

Proposition 10.11. Suppose N is a twistable module in either the non-alternating case
or the alternating case. Choose x € X, and recall the boundary maps 0¢,., ¢, defined

above. Then, for x € Xp, we have
Ov.Gr (HO(GF,N[wQ]/N[w])) C Sel”(NX).

Furthermore, if ro is H*(Gp, N'|w?]/N'|w]), and if ¢ has the form given in (8.9) and

satisfies the local conditions at ¥, we have

<¢7 (T0)3>x =0,

where (rg)s denotes the tuple whose s coordinate is r for all s € S.

Proof. The first part is immediate from the definitions. For the second part, we note that,

for v € ¥,
¢ U 5;{,Gv (7’0) - O,

as a consequence of the assumption that W, is /-divisible. The part then follows from

Poitou-Tate duality, and in particular from the fact that (10.5) is the zero map. U

This deals with all the main terms that appear in the non-alternating case. In the alter-
nating case, we have extra main-term pairs.

We first make the following observations. First, given a twistable module N with Selmer
structure (W,),, the module N®* is also a twistable module with a standard choice of
Selmer structure in (W,7*),. The natural analogue of the pairing ( , ), for this direct sum

is a pairing ( , ) ye. , defined by

<(¢17 s 7¢a)7 (Tlsa T2gy - - - pras)s>N@a,X - Z<¢z; (Tis)s>'

i<a
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Proposition 10.12. Suppose N is in the alternating case, and take
B:N— N

to be the equivariant alternating isomorphism given in Notation 9.8.
Given any nonnegative integer a, and given a symmetric a X a matrix T’ with coefficients

in Zy, we can define an alternating map
Br: N N® ~ N ze 22 BT N ® ze (NEBG)/_
Take x as in the notation (8.8), and choose

¢ ¢O+Z MEDa Far QS UIE' xs)~

seS

We assume this obeys the local conditions for N®* at all places in V. Then

(6. (Br(@),) yeu, = 0.

Proof. A symmetric matrix over any ring can be written as a sum of matrices LL' with
L another matrix defined over the ring. By decomposing the matrices in this way, we find
that it suffices to prove the proposition in the case a = 1 with gy = .

Take ¢ to be the form defined in (9.10). We now claim that

invy, 5, (9U) ., (B(@))) = —inv (g5, (9))

To do this, we first note that

Crs, (5X’GF5S (a:)) = 9Gry, (¢ - Ox.Gryp, (gs)) =0,
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as a consequence of Proposition 3.3 and the fact that ¢ — 0, ¢ 75, (gs) is unramified. From

Proposition 3.2, we then get that

Gr, (8) = = (& = g, (6)) U b, (0

and this gives the claim. The proposition then follows from the definition (8.10) and

Poitou-Tate duality, in the specific sense that the sum

(10.5) Y inv, : B2 (GF, FX) s Q/Z

vof F

is the zero map. U

10.5. The space Q((gs)s). Take N to be a twistable module as above, with notation as

throughout this section. We do not assume that we are in either case of Section 9.1.

Definition 10.13. Given (¢s), in 2, we take Q((g;)s) to be the subspace of () spanned by

elements of the form
Tiqs — T2q; for s, t € .S, 7,7 € Gp.

If Q; is a G submodule of @, we take Q7 to be the orthogonal subspace of R with respect

to the natural pairing

QxR — (F/UFQF /IF)".

We then take

‘%(Q1> = @HO (<03>7 Qi—) .

seS

Taking M, to be the natural image of (); ® I in M, the exact sequence
(10.6) 0— M/M; — (N/M)[w] - Q1 —0
gives rise to a connecting map

PH : HO(H7Q1) — Hl(Ha M /M)
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for any closed subgroup H. We take

1) = @ ker ps.)

seS

The long exact sequence applied to (10.6) gives

HO Nle
H# /M [w])

1o #2@) =1L (o, 3an )

seS

In addition, from the commutative diagram with exact rows

M — Nw] ——— Q

| 0 T

we have a commutative square

HY(H,Q) —*~ H'(H, M/M,)

! I

HO(H,Q) —2 s HY(H, M)

for any closed subgroup H, where the vertical maps come functorially from the standard

inclusion and projections. For s € S, we note that
ker (H'(Gpg,/Ip5,, M) — H'(Grg, /Irs,, M/My))  and - H'(Ipg,, Mi)%res
anihilate each other with respect to the natural pairing
HY(Grz, /Ips,, M) @ H(Ipg,, N'w]) — H*(Gpg,, F ).

We then have the following:
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Proposition 10.14. Suppose we are in the situation considered above, and take ()1 a G -

submodule of Q) as above. Choose (qs)s € 2 so that qs € Qy forall s € S. Then
<(qs)sa (Ts)s>x =0 fOr all (Ts)s S %(Ql)

if and only if (,), € 2o(Qy).

Proof. Given the above discussion, this follows from Proposition 10.5. Ul

11. IGNORABLE PAIRS

We have already seen two of the types of pairs (gs)s, (75)s that appear in the moment

calculation (8.12). In this section, we consider ignorable pairs, where the sum

Z<(q8)87 <TS)S>X

x€X
can be forced to be small. Our techniques for forcing this sum to be small come from ana-
lytic number theory, and this somewhat limits what we can say. Ideally, given Proposition

10.7, we would be able to say that (g)s, (rs)s is ignorable whenever

(rs — 107¢) - (qs — T0q:) # 0

for some choice of distinct s, € S and some choice of 7y € Gp. For the tuple sets
that come from decomposing X (H), this is too strong. Instead, we take the following

notation.

Notation 11.1. Take a twistable module N, an indexing set S, and a set of (; elements
(0s)s as above. Furthermore, fix a partition of S into three disjoint subsets Sy, Sped, and

Sie-
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Definition 11.2. Given ((g,)s, (75)s) in 2 x %, we say that the pair is ignorable by the

large sieve if there are distinct indices s, ¢ in Speq U Sy, and there is some 7 in G so that
(11.1) (rs — 7ore) - (¢s — Toqt) # 0.

We say the pair is ignorable by Chebotarey if there is some s € S, satisfying

(11.2) (rs —71rs) - (qgs —7qs) =0 forallT € G

and there is some ¢ in S, and 1) in G so (11.1) holds.

If either condition is satisfied, we call ((gs)s, (75)s) ignorable.

Remark 11.3. The reasonability of this definition comes from Proposition 10.7. The condi-
tion (11.2) is needed because the Chebotarev density theorem is believed to be insufficient

to prove equidistribution results for most kinds of spin, which are the terms of the form

a?'c (ES7 ﬁs) *

The slight complication of the definition of an ignorable pair makes the resultant theory

substantially more cumbersome. We turn to it now.
11.1. Characterizing non-ignorable pairs.

Definition 11.4. Given (g;), in 2, we call sy € S, a pariah index for (g;)s if there are not

disjoint subsets .51, S, of Si, — {so} and some choice of
(als)5651 € @FZ and (CLQS)SESQ S @Ff
SEST SES2
satisfying
dare=) ap=1 and > a1ge= Y s = Gs,.
SEST SES2 SEST SES2

We denote the set of pariahs by Spar((¢s)s)-
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We call sy an m/l pariah index if s lies in Syeq U S); and the condition given above is

satisfied with S}, replaced by Sieq U Si,. We denote the set of m/l pariahs by Sy, par

The possibility of pariah indices make bilinear sum computations more annoying than
they might otherwise be. Fortunately, there cannot be too many of them, and their impact
on the general moment (8.12) can typically be made negligible. We will return to this

second claim later, but the first claim follows from the next proposition.

Proposition 11.5. Taking g to be the corank of N, and given (q;)s in 2, we have

#Spar((gs)s) <29+ 2

Proof. This statement is vacuous if Sj, has fewer than g + 2 elements. So we assume
#Slg 2 g + 2.

Choose sy € S, and choose a sequence sy, ..., s, € Sj, so that

sy — Gsgs -+ -5 Gsy — Gsg

gives a basis for the [Fy-vector space spanned by all elements of the form ¢, — ¢; with
s, t e Slg-
Take Sj, = Sig — {50, - .-, s, }. Choose t; in Sj,, and choose a sequence t1, ...t € Sy

so that

Qt; — Qtoy - -+ qtrx — Gty

gives a basis for the space spanned by all elements of the form ¢; — ¢; with s,t € llg'

We then have r < g and 7’ < ¢, and we also have

Spar((gs)s) € {s0, ..., 8-} U{to,... . ty},

giving the proposition. U
The same proposition holds for Sy, ,.r using the same logic.
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Definition 11.6. Given S’ C S and (¢,)s € 2, take
Q(S") = QY (as)s)
to be the vector subspace of Q((g;)s) generated by the elements
T1qs — T2q; for s,t € S’ 11,7 € Gp.
Given (g;)s, take
Snpar = Slg — Spar; Sminpar = Stg U Smed — S, par-

We call (gs)s unlawful if Q(Shpar, (¢5)s) is a proper submodule of Q(S, (¢s)s)-
Proposition 11.7. In the above situation, suppose the pair ((qs)s, (1s)s) in 2 x Z is not
ignorable by the large sieve. Then the equation

U(1iqs — Toq) = Tars — Tory forall s,t € S', 1,7 € Gp
defines GG p-equivariant homomorphisms

Dinnpar © Q(S") = R/Q(Sig U Smed)L with S" = S npar
Tt Q(S) — R/Q(Smnpar)™ with S" = Sig U Smed,
with L' npar alternating.

Ifthe pair is also not ignorable by Chebotarev, the same equation defines G p-equivariant

homomorphisms

Topar : Q(S') — R/Q(S)* with S" = Shpar

I' :Q(S) = R/Q(Supar)™ with S' =S,

with Iy, alternating.
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Remark 11.8. If (g), is not unlawful, these four maps are all equal.

Proof. Assume to start that ((gs)s, (7)s) is non-ignorable by the large sieve.
Given

a: Sped U Sig — Fy  satisfying Z as =10

SESmed USlg

and any function 7 : S — G, we have

(11.3) Y amr || D ama | =0,

Sesmeduslg SESmeduslg
as this sum can be rewritten in the form
- E AsQy (7_57'5 - ’7}7",5) : (qus - tht)'
{szt}gsmcduslg

If so € Sig U Smea 18 not an m/1 pariah index, we can choose S, Sz, a1, and as as in

Definition 11.4 so that we have

Qs = Z A15q4s = Z A25(s-

s€S1 s€Ss

Choosing 7 € G, we can show

Tsg — E CL15T7"3> : (qgo - E alsTQS) = 07
SEST SEST
E A15TTs — E a25T5> : < E A2sqs — E alSqu> = 07
seSq s€Sy sESy seS,
—TTs + E a2srs> : <_7—QS0 + E CLZSQS) =0
s€Sa SESy

by applying (11.3) three times. But these sum to give

(11.4) (Tsg = TTso) = (sg — Tqso) =0 for 5o € Spppar, T € G
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Take val : F/[Gr] — Fy to be the homomorphism sending [o] to 1 for all o in Gg. For

S’ a subset of S, define

1(8") = {ms)s c PF(Gr] - > val(a,) = 0} .

Repeating the argument used to prove (11.3) and applying (11.4) as necessary, we can
show that, for all (as)s € I(Smanpar)s all S1 € Smed U Sig, all Sg € Sinpar, and any 7 € G,

we have

TTrs; — Tsg -+ Z AgTg : T(qs; — (sg + Z Qs = 0.

Sesm,npar SeSm,npar

By taking the difference with the case given by s; = sg, 7 = 1, we get

(Trs1 - r50> . Z (s = - Z QT : (TQS1 - QSO)-

SESm,npar SESm,npar

Except in the case where Sy npar 1S €mpty, we can sum some number of identities of this

form together to show

(11.5) Z alrg | - Z asqs | = — Z asrs | - Z alqs

sesmeduslg SESm,npar SESm,npar SesmedUSlg

for all (cv)s € I(Smnpar) and ()5 € I(Smeda U Sig). If S npar is empty, (11.5) is vacuously
true. The existence and equivariance of I'y, 5o and I'y,; follow from this equation, as does
the alternating property of the former map.

If ((gs)s, (75)s) is also non-ignorable by Chebotarev, we can conclude from (11.4) that
(7'7’51 - rso) ' (TQSl - qSO) =0 forall s1 € 57 So € Snpara T € GF

Following the same argument as before, we find

(11.6) (ZO@%)- o | == D am -(Za;qs>

s€S SESnpar SEShpar s€S
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for all (a)s € I(Shpar) and () € I(S). The existence and equivariance of Iy, and I’

follow from this equation, as does the alternating property of the former map. U

11.2. Counting non-ignorable pairs. For our first result, we will fix (¢,), € 2 and give

upper bounds on the number of non-ignorable pairs that contain it.

Proposition 11.9. There is a C' > 0 determined from just (K/F, %,,F) so we have the
following:
Take N to be a twistable module of corank g, and take all other notation as above.

Choose (qs)s € 2, and write M(S’) for the image of

Q(S", (gs)s) @ F

in M for any subset S’ of S. Then the number of (r)s € % 50 ((qs)s, (7s)s) is not ignorable

by the large sieve has upper bound

exp(Cg®) - [ #H((0s), M/M(Smea U S)) - [ ] #H((0.), M).

SESmeduslg 5E€Ssm

The number of (rs)s € Z so ((qs)s, (rs)s) is not ignorable (by either large sieve or Cheb-

otarev) has upper bound

exp(Cg®)- [T #H°((os), M/M(S)) - [ #H((0.), M/M(Sig U Shea))
SGSlg S$E€Smed
T #H((0s), M/M(Sypur)).
SESsm
Proof. We first note that, for any G submodule ); C @) and any 0 in G p(p(—1)), we have

#H' ((00), Qv) = #H° ((00), M/(Q1 ©F)).
This follows from the existence of an equivariant perfect pairing

M ® R — Hom(F, p,),
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from the fact that oy fixes F(—1), and from the standard equality

# (Qf)wo} = # (QlL)@O) .

To bound the number of () that are not ignorable by the large sieve, we use the exis-
tence of the map I'y, yp.r. Having fixed this map and the value of 7, for some sy € S npars

there are
#HO (<Us>7 Q(Srned U Slg)J_)

consistent choices of 7, for each s in Sy ppar — {So}. The choice of Iy ppar, the value of
r, at the m/l pariahs, and the value of r,, can then be absorbed by the exp(Cg?) term.
Accounting for the possible values of r for s € S, gives the first estimate.

For the second estimate, we need three of the homomorphisms from Proposition 11.7,
using I', Iy npar, and T'ypye to constrict the possibilities of 7, for s in S, Sped, and Sig

respectively. With this setup, the proof follows as before. U
Definition 11.10. We will write Sj, for the set of s in S}, for which o, equals 1.

The jury indices are key to bounding the number of unlawful (¢,), we need to consider,

as we will see in the next proposition:

Proposition 11.11. There is a C' > 0 determined just from (K/F, %,,F) so we have the
following:

Write g for the corank of N. Take (i, and Qax to be G p-submodules of Q), with Qi
properly contained in Q) .y, and write M, ;,, and M. for the corresponding subspaces of
M. Recall the notation 2,(Q)1) from Definition 10.13.

Then the number of (¢s)s in Zo(Qmax) that satisfy

Q (Snpar) g Qmin
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has upper bound

(1 + #Slg)cg . eXp(CQQ) . E(_#Sjury + #Ssmusmed) -dim Qmax/Qmin

R LA AL/ E)
Mmin C©M1C Mmax #HO <<05>7 (M/Mmax)[w])’

seS

with M, varying over all G modules containing M;, and contained in M, .

Proof. Given a subspace M; of M, take £, to be the maximal subspace of N[w?] satis-

fying
w (%Ml) = Ml.

Applying the definition of py from Definition 10.13 with Q); = Qnax, We find that the

intersection

ker ,O<US> N HO(<JS>7 Qmin)

is identified as the kernel of the connecting map

H0<<05>7 Qmin) — H1<<Us>> M/Qmax)
corresponding to the standard exact sequence
0 — M/Mmax — %Mmin/Mmax — Qmin — 0

In particular, this intersection has size

#HO (<O-S>7 %Mmin/Mmax)
#H? ((05), M/Mnax)

After absorbing the choice of pariah indices into the (1 + |Sig|)“? term using Proposition

11.5 and absorbing the choice of ¢, at the pariahs and some basepoint into the exp(C'g?)
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term, we find that the count of (¢s)s € Zo(Qmax) satistying Q(Sppar) € Qmin 18 at most

H #HO (<US>7 %Mmax/MmaX)
$E€SsmUSmed #HO (<05>7 M/Mmax)

. H #HO (<Us>v %Mmin/Mmax)
#H ((05), M/Mmax)

(1+ #Slg)cg -exp(Cg?)-

We now claim that, for all G p-modules M satisfying My, € M; C M., and all s, we

have
(11.7) #H® ((05), 5 Muin/Minax) < #H° (o), SM1/My).
We first note that the standard inclusion gives us an inequality
#H® ((04), £ Miin/Mimax) < #H® ({06), M1/ Minay) -
Next, from the long exact sequence associated to the exact sequence
0 — Muyax/My — LMy /My — My /Mypax — 0
and the equality

#H()((Us)a Mmax/Ml) = #H1(<03>a Mmax/M1>7

we get the inequality
#HO (<Js>: %Ml/Mmax) S #HO (<05>7 %MI/MI) .

Combining this with the previous inequality gives (11.7).

To finish the proof of the proposition, we note that we also have

1

0 1AL . A A
#H (<JS>7 mem/MmaX) Z #Qmax/Qmin

’ #HO (<0-s>7 %Ml/Mmax)

for all M; as before, with equality when o, = 1. U
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11.3. Bounding moments using non-ignorable pairs. We now turn to finding bounds

for the expression (8.12).

Notation 11.12. Fix a twistable module N, and take X to be a tuple set of twists defined
with respect to an indexing set S = Sgn U Simea U Si and G-tuple (o), as in Section 8.3.
Take ¢ g to be the maximum value taken by the expression

(11.8) €

x| 2 e (2 (@) 0):),)

x€X

as (gs)s, (rs)s varies over pairs that are ignorable by the large sieve. If there is no pair
ignorable by the large sieve, take c g = 0.

Similarly, take ccpeb to be the maximum value this expression takes over pairs ignorable
by Chebotarev, again taking ccpe, = 0 if there is no such pair.

These maxima are always at most one.

Fix ¢g in “a/p (7). Our goal is to find upper bounds for

(11.9) #%Z ) exp <2m (<¢o, re)s), + ((@s)s: (o)) ))

XEX (¢s)s€21 (15)s€EX

for various subsets 2, of 2. We note that, if 2, is a subset of 2; so that
g+ 2, =2, forall g€ 2y,

and if 23 is a set of representatives of the quotient 2 / 25, we can bound (11.9) by

(11.10) #o@z 29T Y e (27rz (<¢0, (ra)), + {(g5)s: (rs)s>x>> .

XGX (qs)s€23 (rs)s€EX

Proposition 11.13. There is a C > 0 determined just from (K/F, %,,F) so we have the
following:
Take N and X as above, and choose a G p-submodule Q) of (). Taking

0@1 = {( ) €2: Q( medUS]ga (QS s) :Qm,l}7
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the sum (11.9) has upper bound
Tty (X) -exp (Cg?> + Cg- #Sm) - |X| + exp(Cg-#5) - as - | X],

where My, denotes the subspace of M associated to Q) and T, M, (X) equals the Tam-

agawa ratio Ty, (X) for any x chosen from X.

Proof. We start by applying (11.10) with 2, taken as the subset of 2 of elements that are
zero outside Sy, and with 25 taken as the subset of 2 of elements that are zero outside
Smea U S)g. Taking 25 to be the subset of 25 for which there is no element (r;), in %(Qm,)

supported over Spyeq U Sy for which

<¢0’ (T5)8>X + <(qs)s> (Ts)s>x 7é 0

for any (or all) y € X, we find that the sum (11.10) remains unchanged if we replace 25

with 24. From Proposition 10.14 and (10.7), we can bound the size of 2} by

H°((0), (N/Mp))[w
1 #H((05), (N/M)[w])

exp(Cyg) - #HO((o)), M/Mp;[w])

SeSmedUSlg

But, fixing (¢s)s in 25, we can bound

(11.11) # Z > exp <2m (<¢0, rs)s), T ((@s)s, (7s)s) ))

XEX (rs)sEX

by
(< >7 M/ ml)
HY ((05), M)

using the first part of Proposition 11.9 and the definition of ¢ 5. Taking products gives the

s |X| + exp(Cq®) - ] ##

SESmedUS’]g

proposition. U

We next show that, in cases where there are many jury indices, the contribution of un-

lawful (gs), to (11.9) is fairly small.
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Proposition 11.14. There is a C > 0 determined just from (K/F, %,,F) so we have the
following:
Take N and X as above, and choose G g-submodules Q) in, Qmax 0f Q 50 Quax properly

contains Quin, wWith M i,, M.« the associated submodules of M. Take

Ql = {(QS)S €2 Q(Su (QS)S) = Qmax; Q(Snpar(<QS)s>7 (QS)S) = Qmin} .

Then, for any Ggp-module M, containing M,;, and contained in M.y, the expression

(11.9) is at most
(1+ #S)Cg . exp(Cg2) . (= #Sjury + 29 SsmUSinea) - dim Qmax/Qmin s (X) -1 X]
+ exp(Cg - #5S) - (eLs + Ccnev) * | X]-
Proof. Given (g;)s € 2, there is a subset Sy of S, of size at most O(g) so that Q(Shpar)

equals Q(Sp N Sypar) and so, for every sg in Sy N Spypar, there are disjoint subsets Sy, So of

So — {50} and functions

a; : S; — F, satisfying Z a;=1for1=1,2

sES;

so that

Qsy = Z A1s4s = Z A254s-

SEST SES2

This can be proved by the same greedy algorithm argument used for Proposition 11.5. By

adjoining another O(g) indices from S to .Sy, we can additionally force

Q(S7 (qs)s) = Q(SU7 (qs)s)
For any such Sy, define 25(Sy) to be

{(g5)s € 2 : gs=0fors €5y, qs € Qmin for s € Sig, ¢s € Quax for s € S}.
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Taking 2, to be the set of tuples ((qs)s, SO) so that (gs)s is in 2, and S is a subset of at

most O(g) indices satisfying the requirements given above, we see that

(((hs + q2s)s So) €2 if ((q1s)s; So) € 2, and (q2)s € 22(S0).

We can then consider the set of equivalence classes of .2, mod the union of the 2(S).

Take 25 to be a set of representatives for this set of equivalence classes. We then have
#9s < (1+#8)° - exp(Cg?)

for some C' as in the proposition statement, since this bounds the number of ways to choose
So and the values of ¢, at S.

So, fixing ((¢1s)s, So) in 23, we can reduce to bounding
#% Z Z Z exp (27?2 <<¢0, Ts) > +< s + q1s)s, (Ts)s> )) .
XEX (gs)s€22(S0) (rs)s€ER
Since Z5(.Sy) is a vector space, this is bounded by
R DYDY > ew (27 ({(@)ss (r)2),)) -
XEX (gs)s€22(50) (rs)s€

Take 2, to be the subspace of (gs), in 25 so that

<(q8)87 (Ts)s>x =0

for all (rs)s in Z(Qmax)- The above sum is then unchanged if we replace 25 (.Sy) with 2,

and we have

#5@/2 S (1 +#S)Cg . eXp(CQZ) . ‘g(*#sjury‘i’#smeduslg)'diQOax/Qmin

#H" ({o5), (N/My)[w])
11 #HO ): M/ Muax)

sES

from Proposition 10.14 and Proposition 11.11.
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Now take (gs)s € 2. Then (11.12) can be bounded by

X ~ 4
(CLS + CCheb) . |X| + J%é_% . eXp(CQQ) . E#Ssmusmed‘dlmQmax/Qmm H #HO(<05>, M/Mmax)

s€S
via Proposition 11.9. The proposition is proved by combining this with the estimate on the

size of 25 and the size of 2. O

Having dealt with the case that we do not have access to the Chebotarev density theorem,
and having dealt with unlawful (g;)s, the remaining case we need to deal with is the full

case.

Proposition 11.15. There is a C' > 0 determined just from (K/F, %, F) so we have the
following:

Take N and X as above, and choose a G r-submodule (), of ), with M the associated
submodule of M. Taking

0@1 = {(qS)S : Q(S7 (QS)S> - Q(Snpar<(QS)s)a (qS)S) - Q1}7
we can bound (11.9) by
exp(Cg*) - Twvon, (X) - | X]
+ exp(C’g . #S) . (CLS + CCheb) . |X|

Proof. Take 2] to be the subset of (¢5)s in 2 so that

<q§0, (rs)s>x + <(qs)s, (rs)s>x =0 forall (ry)s € Z(Q1).

We can restrict (11.9) from 2, to 2] without changing its value.
We can bound the size of 2/ using Proposition 10.14 and (10.7) and can use the second

part of Proposition 11.9 to estimate (11.11). This is enough to prove the proposition. [
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For Proposition 11.14 to be useful, we need Sj,y to be large and for S, U Speq to be
small. If we pull this out as an assumption, the previous two propositions can be combined

to the following useful form.
Assumption 11.16. With notation as above, we say Assumption 11.16 is satisfied if

(11.13) #{seS: os=00}> for all oy € Gy

2|G|

and

S
#Ssm U Smed S %

Proposition 11.17. There is a C' > 0 determined just from (K/F, %, F) so we have the
following:

Take S = SsmU Smea U Sig and (o) s obeying Assumption 11.16. Take N to be a twistable
module defined with respect to (K| F, ¥,,TF), and define crs and ccye, as in Notation 11.12.
Take Q) to be a G submodule of (), with My the associated submodule of M. Defining

2(Qo) ={(gs)s € 2 : Q((4s)s) = Qo},

take 2 to be a subset of 2(Q). Take ¢ in r/p( %), and take X as above.

Then, if 2(Qo) is nonempty, the sum (11.9) has upper bound

9
exp<092>~TN,Mo-% NX] 4+ oxp (O — £5) - Taan (X) - X

+ exp(Cg - #S) - (cLs + cenev) - | X

11.4. Estimating moments using non-ignorable pairs. If the twistable module N is in
either the alternating or non-alternating case of Notation 9.8, we have additional control on

the general moment (8.12) coming from our work on main-term pairs in Section 10.4.

Proposition 11.18. Given (K/F, %,,F), with F trivial as a Gal(K/F') module, there is

some C' > 0 so we have the following:
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Take N to be a twistable module of corank g with local conditions (W,,), that is either in
the alternating case or non-alternating case. Take ny,ns to be nonnegative integers, and
take

N, =N®  N,=N®2 N,=N, & N,.

These all carry standard Selmer structures induced from N. We use the notation My, (),
etc.

Choose a nonempty index set S = Sy U Spea U S, Sequences (05)s and (x5)s, and a
tuple set of twists X so Assumption 11.16 holds.

Taking the notation

# =P H((0.), Ro), 2=EPH"((0.), No)

ses seS

QNO,_:,_(Ql) = {(qS)S €2: Q((QS)S) - Ql})7
QNO(Ql) = {(qS)S €2: Q((QS)S) = Ql}a

we take 2 to be a subset of 2 n,(Q1). We assume either that

e There is no [ : My — N{|w] so (My, ) is cancellable, in the sense of Notation
10.8; or
o The space 2, is the intersection of 2n,(Q1) with a coset of 2y, +(Q1) of some

subspace of codimension at most |S|/8|G1|.

Choose ¢y € Sriy r(Y0). We assume that, for (qs)s in 24, the element

¢ ¢O+Z%N[W]Fp qs UFxs>

seS
satisfies the local conditions at all v in ¥,
For any (qs)s in 24, the projection of qs to Q2 does not depend on the choice of s. We

also presume it does not depend on the choice of (qs)s from 2. Call this element m5(2).
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For each og € G4, we can consider the composition
yMo/F(”f/o) — yMg/F(/y/O) e H1(<‘70>7 My).

If po — 0¢ (m2(21)) is nonzero under this composition for some o, then
1 .
e S Y ew (2m. <<¢0, (r)s), + (@), (rs)s>x>)
X€X (q.s)segl (7’5)56«%

is zero. Otherwise, taking

%nl (n1+1) inthe alt. case

h—
0 in the n-alt. case,

the difference between (11.14) and

na 1 21
(#H(Gr, M))™ - (#H(Gr, R)) -fb-#jN—M-lX!

has magnitude at most
exp (ng — #73) | X] 4+ exp(Cgo - #S) - (eLs + coneb) - | X,

where gy = g - (n1 + na).

Proof. Via Proposition 10.11, we see we can adjust the set of ¢ under consideration by
dqp(m2(2y)) without changing any pairings. So we may as well assume that 7o(2;) is
Zero.

Under this assumption, if ¢y does not vanish on M, when restricted to some (o), we
choose sy so o, equals oy using Assumption 11.16, and we note there is some choice of
rsy € R s0, if (15)s equals r, at sy and otherwise equals 0, we have

<¢07 (Ts)s>x 7é 0.
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From this, we find (11.14) is zero in this case. So suppose ¢g does vanish on M, when
restricted to any (o).

For any positive constant C' determined from (K/F, %, F), the statement is vacuous if
S| is smaller than C'gy. So we assume that | S| is at least this large.

Take 2] to be the subset of (¢s)s in 21 where

Q(Sapar((4s)s) (a5)s) = Q.
Via Proposition 11.14, replacing 2; with 2/ changes (11.14) by at most
(Cgo = %2) - Trear (X) - |X].
For (gs), in 2 and a non-ignorable pair ((gs)s, (rs)s), we have a map
I': Q1 — R;.

defined as in Proposition 11.7. We then find that the value of ry — I'(¢,) projected to R;
does not depend on s € S. Calling this value ry, we find from Proposition 10.11 that (7;)
and (ry — rg), give equal pairing values.

We next note that, if (), is in @, H((o5), R2), we have

<¢7 (Ts)s>x =0

for all ¢ from 2, and all x in X.

We then find (11.14) is within the error stated for the proposition of

H (#HO(<US>, R))_"1 - H(Gp, R)™

seS

DS e (2mi (60, (D)), + (@) (12)5),))

' xeX (QS)segi

where I" ranges over alternating equivariant maps from (), to R;.
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We next claim that we can restrict that sum over I' to homomorphisms that commute
with the connecting maps, in the sense of Section 9. Outside, (M;,I") is cancellable, so
we can assume that 2, comes from a coset 2, of small codimension in 2y, (¢ ). From

Proposition 10.9, we have a bound

>3 e (2mi- ({60, (O, + (@) (7)), ) )| < exp (Cgd = 12)-1X |24l

XGX (QS)SGQQ

From Proposition 11.11, this statement still holds when we replace 2 by 2.

But, by applying Proposition 9.7 to the graph of a map from M ®™ to R®"™, we find that,
in the non-alternating case, the only I' that commutes with the connecting maps is the zero
map; and, in the alternating case, the I" are the (b different 3 considered in Proposition

10.12. Applying this proposition then finishes our proof. U

Part 4. The Base Case II: Gridding
12. GRIDS OF TWISTS

12.1. Grids of ideals.

Notation 12.1. Fix (K/F, ¥, FF) as in Notation 8.1. We take &2 to be the set of primes
of F outside ¥; that split completely in the extension F(F(—1))/F. We write K (%) as
before, for the maximal exponent ¢ abelian extension of K ramified only over 7;, and we

write

G1 = Gal(K(%)/F(F(-1))).

We will take G /~ to be the set of equivalence classes of G; under conjugation by Gal(K (%) / F).

Take H to be a positive real number satisfying log® H > 1. We define

a(H) = exp (exP(3) Glog(S) H> ) and ao(H) = exp® <§log(3) H) _
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For 7 a nonnegative integer, we then define
Pi(H)={pe P : a(H) a(H)' < Npgp) <ao(H) a(H)"}.
If C is a class of G /~, we will also define
Pi(H,C)={pe P(H) : Frobp=C}.
We also take the notation

imed(H) = {exp(?’) <%log(3) Hﬂ )

Definition 12.2. With (K/F, #,,F) and H as above, take S to be a finite set partitioned as
Ssm U Smea U Sig. For s € Sy, take p, be a prime in & satisfying Np/g(ps) < ao(H). For

5 € Smea U S, take i, to be a nonnegative integer. We make the following assumptions:

e For s; # sy in Sgy, ps, and p,, are distinct.
e For 51 # 59 in Spea U St 15, and i, are distinct.

o For s € Sped U Sig, 518 in Speq if and only if 45 < imeq(H ).

Taking the notation

Ps if s € Sy
oo
gis (H) ifse Smed U Slg,

we define a set of ideals X of F' by

(12.1) X—{Hps : pSEXsforseS}.

s€S
If X contains no ideal of norm greater than /1, we will say that X is an unfiltered grid of
ideals of height H.
Now, suppose that the tuple

(H7 S? (p5)5655m7 (is)sesmeduslg)
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defines an unfiltered grid of ideals of height H. For s € S, take C; to be an class of G /~.

For s € Sy, we assume that p, has Frobenius class C. Then, defining

{ps} if s € Sgm
X, =

c@i (H, CS) if $ € Speq U Slg7

s

the set X defined by (12.1) will be called a grid (or filtered grid) of ideals of height H.

Notation 12.3. Fix (K/F, %;,F) and H, and take all notation as above. Write .7 for the
set of squarefree products of primes in &. Given h € JZ that satisfies Np/g(h) < H, we
will write w(h) for the number of distinct prime divisors of b, and wqy,(h) for the number
of prime divisors of norm at most ay(H).

In addition, we will call § good if the following assumptions hold:

(1) (Not too many primes) We have
w(h) < (loglog H)?.
(2) (Inside a grid) There is a grid of ideals of height A described by the information

(Sv (pS)SeSsn‘H (iS)seSmedUS1g> (CS)S)

that contains .

(3) (Not too many small primes) We have

*100  and | Simea| < (log® H)%Jrﬁ.

Wl

| Ssm| < (log(z) H)

(4) (Enough primes) We also have

log(Z)H
S|=w > :
S1=00) =y
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(5) ((Cy)s is balanced) For any C' in GG1/~, we have

#{s€S,: C;=C} — :—g-#s < 483/4,

(6) (No Siegel zeros) Given x > 2, there is at most one positive squarefree integer
d;sie < x so the Dedekind zeta function associated to Q(/d, s.) has a real zero
particularly close to s = 1; we give a more precise specification for this potentially-

defined integer in Proposition 12.11. Taking
z = exp® (% log® H) ,

we assume that either £ # 2, that d, . does not exist, or that Ngg(ay, - ben) is
indivisible by d, e, Where by, is the product of the primes of h indexed by S, and
ay, is the product of all rational primes over the finite places of ;.

(7) (Prepared for higher Selmer work) Among the primes indexed by

{se Sy Cs={1}},

)2/3—1/100

there are at least (loglog H primes of norm at most

exp® <§ log® H>

1-1/100

and at least (log log H) primes of norm at least

exp® <% log(3) H> .
(8) ((Cs)s is not overbalanced) Given a nonzero function f : G/~ — 7 whose

magnitude does not exceed exp(® (% log(4) H ) , we have

> #51/4‘

> H(C)

seS
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Given an integer j satisfying 1 < j < 8, we will write J&,q;(H) for the set of b as
above that have the first j — 1 properties enumerated above but which do not have the j*

property.
We will need the following estimate on the number of ideals in J7.

Proposition 12.4. Take (K/F, ¥, ) as above, and write dg for the degree of F(F(—1))
over F. Fix some A > 0. Then there is some C' > 0 determined from this information so
that we have the following:

For x > C and r a positive integer no larger than A - loglog x, we have

dg" - log log z)7!
C-lxogx ) (dg (rogi%g!f) < #{h € A : w(h) =rand Npg(h) <x}

Cx  (dg'-loglogz) !

~ logz (r—1)!

The upper bound here is a special case of Proposition 13.1, which is given in the next
section. The lower bound is substantially more annoying, and I do not know of a good
way to prove it without invoking the methods of Section 5 of [48], and specifically without
using Lemma 5.1 of that paper.

This lower bound is important for our work because of the form of the following propo-
sition. To render the contribution of .77, ;(H ) negligible, we need to be able to compare

it with the main term provided by Proposition 12.4.
Proposition 12.5. Fix a real number 6, and take
k=1—exp(6) dg'.

In addition, fix some sufficiently small ¢ > 0. Then there is a real number C' > 0 determined
just from (K /F, %,,FF), 0, and € so that, for all H > C and j in {1, ..., 7}, we have

H
(12.2) > exp(5-w(b) + aj(h, H)) < W.Ej(ﬂ),
bG%ad,j(H)
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where we have taken

ai(b, H) = w(h) - (1 - ) log® H Ei(H) = exp (‘ (102 H)2)

We will prove this in Section 13.

12.2. Grids of twists. Take X to be a grid of height /' with associated index set S. Given
h= H Ps
ses
in this set, there are

#.5e 1p(%5) ((5_1#> s

twists defined mod 111, (F, IF) that satisfy hr(y) = b.
It would be best to consider this set of twists simultaneously, but these twists can vary in
their behvaior when restricted to the places in %, which is nonideal. The following setup

helps us remedy this situation.

Notation 12.6. Take (K/F, %, F) as before. For every conjugacy class C of Gal(K (%) /F')
that acts trivially on F(—1), fix an element oy,,(C') of Gal(K(%;)/F) in this conjugacy

class.
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Suppose X is a filtered grid of height H associated to the tuple (X )ses of sets of primes
and the tuple (C;)ses of conjugacy classes of Gal(K (#)/F). For s € S, we take Xy, to

be the set of primes p of F' such that p divides some prime in X and
Frobrp = o, (Cs) in Gal(K(%)/F).
Choose = € F(—1). For s € S, we define a subset Xy, s(z) of the module of twists
HY (G, F) /1L (F, F)

by

Ko@) = {Bpp, (1) © By € Xips
Given (Yo, (z5)s) in
(12.3) Far(h) x [[F(=1),
seS
we then take Xy (o0, (7s)s) to be the set of twists of the form
Xo + Z Xs forsome (xs)s € H Xiws(Ts).
seS sesS

The sets Xy, ¢ are infinite, but can easily be collapsed down to finite sets via the following

claim:

Proposition 12.7. In the above situation, given s € S and p,,, Py, in Xyp s, and given

x € F(—1)*, we have
]%C,F,ﬁls(m) - %C,F,EQS (z) # 0
if and only if

P NF(F(=1)) # Py, N F(F(-1)).

Furthermore, if this difference is nonzero, it is ramified at p,, N F'.
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Proof. This follows from the form of the construction of the sections 8™ and from (5.17).

l

From this, for z € F(—1) the map p — By’ ;(x) descends to a bijection
{FAFE-1) : P € Xipo} = Xuws

At this point, we have split the set of twists y for which hz(x) lies in X into several pieces

Xuw(Xx0, (T5)s). Our next claim is that these pieces do not overlap.

Proposition 12.8. Still in the context of Notation 12.6, suppose (10, (T1s)s) and (x20, (Z2s)s)
both lie in (12.3). Then the sets

th(Xl(b (xls)s> and XIW(X207 (1;23)3)

are either disjoint or identical.

Proof. Suppose these sets overlap. We can then find (p;,)s, (Pos)s in the product of the

Xpp,s S0 that

X10+Z%]FFP1 T1s) = X20+Z’3]FFP2 (2s)-

seS seS

There is then some tuple (75)scs of elements from G so that p,, = 7.p;, for all s. Then,

for (p,) in the product of the Xy, ,, the construction of B" forces

X0+ Y B (21) = Xao+ Y BEp 5 (),

ses seS

and the proposition follows. U

Proposition 12.9. There are positive real numbers C, ¢ > 0 determined just from (K /F, %, F)
so we have the following:
Take N to be any twistable module defined from (K /F, ¥, ). Fix (xo, (zs)s) in (12.3),

and take X to be a filtered grid of ideals of height H > C'. Then, defining c.s as in Notation
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11.12 for Xy (xo, (x5)s), we have
as < exp® (% log® H> )
In addition, if X contains no ideals in 76, ;(H) for j = 1,3, 6, we have

Cener < exp® (% log!® H>_ :

Proof. Suppose ((¢s)s, (7s)s) is ignorable by the large sieve. Then there are distinct indices

51, 82 In Speq U S} and an element 7 in G so that
(7s) — T07sy) - (@s; — T0Gs,) # 0.
Fix x5 € Xuw.s(zs) for s € S — {s1, s2}. For
(ﬁ17ﬁ2) < Xbp,81 X Xbp,827

define a twist x[p;, P»] by

X[P1,Pol = Xo + BE pp, (T5,) + BF pp, (Ts,) + Z Xs-

57#51,52
The set of twists of this form give a subset of X\, that is in bijection with Xy, 5, X Xy s,-

We denote this subset by Z;,, Our goal is to show that

S C- exp(3) (% 1Og(3) H) - . #th,sl : #th,s2-

Z exp (27rz' : <(qs)37 (Ts)8>x)

XGZIW

From Proposition 10.7, we find there are a sequence of elements a(p,), b(p,) of $Z/Z
indexed by primes from Xy, ., and Xy, ,, respectively and a sequence of elements ¢, €
F,(—1) indexed by

B (pr(Osn)a pr(081))

161



so that

((@)ss (r)s) 5, 5y = @) + b(B2) + D cral(By, po)

for all (p;,p,) in Xpp s, X Xpps,. By the ignorability hypothesis, we know the ¢, are not

all zero. From Proposition 2.13, for fixed p,, we can define a function
fs, : Gal(K (% U{p,NF})/F) = C

so that
f5,(Frobpp) = exp <2m - (Z cr - ay (P, ﬁz)) )

for primes p not dividing #; or p,NF for which Froby p projects to oy, (Cs, ) in Gal(K (%) / F),
and so that

flo) =0 if 0# 0w(Cs) in Gal(K(%)/F).

This function is furthermore of zero average on cosets of
Gal (K (% U {p N F}) /K (%))

so we can apply Theorem 6.3 to get the claim of the proposition.
Now suppose ((gs)s, (7s)s) is ignorable by Chebotarev. If the pair is also ignorable by
the large sieve, the above argument works. So we can assume it is not ignorable by the

large sieve. In particular, there must be some s; € Sy, 53 € Sim, and 79 € G s0
(7“51 - TOTSQ) ’ (qSI - Toqsz) 7é 0.
while we have

(Tsl - T’f’s) . (QS1 - TQS) =0 forall se€ Ssm U Smed7 TE GF
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Fix a choice of p, € Xy, s for s # s;. For p; in Xy, 5, , take

X[P1] = X0 + BF pp, (Ts,) + Z By r5(Ts)-
S$#s1
Then we can use Proposition 10.7 to write
(@) (r)a)y o = O+ D D erls) - a(Py.By)

SESsm TEB;

for all p, in Xy, ;. Here, the B are subsets of G/ representing double cosets, the ¢, (s) are

coefficients, and C' is some element of %Z /Z not depending on p,. If we take
Kgw=K(HU{p,NF : s€ Su}),
we find that there is a function
f:Gal(Ky,/F) — C

with zero average on the coset of Gal( Ky, /K (7)) containing oy, (CY, ) so that
o) = o (2ri- (3 S0 )
S€ESsm T
forp € Xyps,-
We now wish to apply Theorem 12.10. We can bound the degree ng,, of K,/Q by

C - exp(C - |Sym|), and we can bound its discriminant by
exp(C-|Ssm|)
<C -exp? <% log® H>> < exp® ((% + s+ €) log® H) :

with the last inequality true for sufficiently large H relative to the choice of € > 0, and
where we are using

#Sm < (log(2) H)%Jrﬁio.

163



From the assumption that X does not meet .#,q6(H), we get that the Dedekind zeta

function for K, has no real zero in the range

- 1),
nk,,! -logx

with 2 defined as in Notation 12.3.
We have bounds
2
nic! - logz < exp® (2log® H )

for all sufficient H. Then Theorem 12.10 applies, and the proposition follows.

12.3. The Chebotarev Density Theorem. We start by quoting the effective form of the

Chebotarev density theorem that we will use.

Theorem 12.10 ([32]). There are absolute effective constants C', ¢ so we have the follow-
ing:

Take L/ K to be a Galois extension of number fields, take ny, to be the degree of L over
Q, and take A to be the absolute value of the discriminant of L. Take ¢ to be a real valued

class function on G = Gal(L/K) of magnitude at most one.

e The Dedekind zeta function for L has at most one real zero in the interval

1/2 ifL=Q

1—a, 1] witha=
1/(4logAL)  otherwise.
If this zero exists, it is simple. Take [ to be this zero if it exists, and take By = 1/2
otherwise.
e Under the assumption

log N > 10nz(log Ap)?,
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we have

1 —c log N
> ¢(Frobp) — el (Z gb(a)) Li (N)| < Li (N®) + CnyNe “V ne |
p prime in K | | ceG
Ngo(p)SN

Stronger forms of this theorem are now known (see [52]), but this statement suffices for
our purposes. To use this theorem, we need some control on the Siegel zero (3. Our source

on this is [49].

Proposition 12.11. There exists an absolute effective constant ¢ > 0 so we have the fol-
lowing:
For any x > 2, there is at most one rational squarefree integer d, . of magnitude at

most x such that the zeta function associated to Q(\/d, sic) has a real zero in the interval

(1— c 1).
log

Furthermore, the integer d e satisfies

dysie > c-logx.

Finally, suppose K is a number field of degree ny and discriminant of magnitude at most x.
We assume K does not contain Q(/d si) if dy sie exists. Then the Dedekind zeta function

for K contains no zero in the interval

1—— 1),
ng!-logx

Proof. For the first part, suppose d;,dy < z are distinct squarefree rational integers other
than 1, and take L = Q(v/dy,/ds). L/Q is then a degree 4 extension of discriminant di-
viding 28(d;dy)?. Tts Dedekind zeta function is a product of the Riemann zeta function with
three Artin L-functions corresponding to the quadratic characters for Q(v/d;), Q(1/d>) and

Q(v/d;yds). These Artin L-functions are entire. Per the first part of the above theorem, the
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Dedekind zeta function for L has at most one zero in the range
(1 — (161og(4x))*, 1).

In particular, only one of the three mentioned L-functions can have a zero in this range.
The uniqueness of d, . follows by adjusting c. Its effective lower bound follows from [49,
Theorem 1], though this result was known earlier; this theorem actually gives the stronger,

still-effective statement

dysie > c(log z)?.

Finally, the result for K /Q is a direct consequence of [49, Lemma 8]. O

We note that the discriminant bound in the above argument comes from the following

three standard facts given e.g. in [40, Chapter 3.2]:

e Given an extension of number fields L/K, the different 0, /K s the ideal in Oy,

generated by all elements of the form

fole)

where « ranges over those elements of L for which L = K(«a) and f, is the
minimal monic polynomial with coefficients in O having « as a root.

e Given a tower of extensions M /L/K of number fields, we have

Or/k = O0nm/L - OL/K-

e The discriminant A,k equals Ny x(dr/x).

For a rational integer d, consideration of the polynomial 22 —d gives that, for a number field
K not containing v/d, K (v/d)/K has different dividing (2v/d). Then Q(v/d1, v/d3)/Q has

different dividing (4+/d;d>), and the discriminant bound follows.
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13. BAD GRIDS AND THE PROOF OF PROPOSITION 12.5

13.1. Preliminary results. We start with a couple of the propositions we need. We take
(K/F,%,F) as above.
Given this information, there are positive constants C, ¢ so that, for Cj a class of G1/~,

we have

C :
(13.1) E 1 - |Gal([|((£]//|0)/F)] -Li(z)| < Czexp(—cy/log )
pof F

Npop)<z
Frob p=Cj

for x > 1. Applying partial summation, we find that there is a function

CMenZGl/N%R

and a new pair of constants C', ¢ > 0 so that, for x > 3, we have

(13.2)

1 |Col
- | ) I
Z Nealr) ~ Ga(K () )] 8108 el Co)) < Cexpleylon )

Npgp)<z
Frob p~Cj

This is a generalization of one of the Mertens’ theorems. We will need a generalization
of one of the others as well, though we leave it as the following weak statement: there is

some C' > 0 so, for z > 1, we have

log Nryo(p)
(13.3) Yy R < ¢ loga
e Nesalp)
Npgp)<z

This can again be proved via partial summation. As a consequence of these statements, we

can use an argument due to Hardy and Ramanujan [16] to prove the following upper bound

Proposition 13.1. Take (K /F, %y, F) as above.Then there is some constant C' > 0 depend-

ing just on this information so we have the following:
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Take the notation 7€ and dg as before. Suppose we have integers v > k > 0 and real
numbers x,y > 2 satisfying

yk+1 Z x’

and take 7, (x,y) to be the number of ideals Yy in F of norm at most x that satisfy

w(h) = r and for which Y is divisible by at least k prime ideals of norm at most y. Then

Tre(x,y) < G (dy" - loglogy + C)* . (dg' - loglogx + C)r—k-1

Proof. From (13.2) and (13.3), we can follow [16] to show that there is some C' > 0 so

that
log x
(13.4) < dz'-loglogy + C
pezy Nro(p) log(@/Nrjo(p)) =
Npp(P)<y

for positive reals x,y satisfying /x > y > 2. The argument from [16] also gives the

inequality

1 T
< E _ I —
WT,O(J;?y) = Tr—1,0 (NF/Q(P)’ y) )

pe?
Npg(P)<vz

and we can then use this inequality and (13.4) to inducitvely prove

Cz  (dg'-loglogx + CO)t
< .
7T'r,O('T? y) = 10gl‘ (7’ B 1)| )

with (13.1) giving the case » = 1.

We also have the relation

1 T
< Z § -
Wr,k(x7y> = Lk Tpr—1,k—1 (NF/Q(p>7 ?/) )

peP
Npo(P)<y

which holds for £ > 0. Using the above estimate on 7, o as a base case, the full proposition

can be proved inductively from this relation and (13.4). U

We also need a basic estimate for the binomial distribution.
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Proposition 13.2. Choose p in the interval (0,1), take n a positive integer, and take

Xi,..., X, tobei i. d random variables with

1 with probability p
X; =
0  with probability 1 — p
Then there is a positive real number C depending on p but not on n so that, for any integer

C

a,

In addition, for § > 0, we have

Pr(ZXi — pn

i<n
Proof. The second part of this proposition is the form of Hoeffding’s inequality given as

> (577,1/2) < 2exp(—262).

[42, Theorem 1]. For the first part, assuming a and n — a are both positive, we use Stirling’s

approximation to say there is an absolute constant Cy > 0 so that

n B nn+1/2 -
(a)p (L=p)"" = Co- S = gyarie? (1= P)

1/2 1/2

pnye [((1—pn\"* n n
SCO'(?) < n—a ) .a1/2~(n—a)1/2Sco.al/l(n—a)l/w

with the last inequality a consequence of the AM-GM inequality. If

|CI, _pn‘ < %pn7

we can prove the claim of the first part of the proposition with C' = 2Cy(1 —p)~!p~. Oth-
erwise, we can apply Hoeffding’s inequality, getting a different C' that still only depends

on p. This gives the proposition. U

13.2. The proof of Proposition 12.5.
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13.2.1. The case j = 1 of Proposition 12.5. Take r > (log'® H)2. The contribution of the
portion of 7,41 with r prime divisors to (12.2) can be bounded by Proposition 13.1. This

contribution is at most

H  (dg'-loglog H+ C)!
log H (r—1)!

~exp ((1 —€) -r-logloglog H) ,

where we have absorbed the exp(¢ - w(bh)) term into the a; term by potentially shrinking e.

Via Stirling’s approximation, we can find some new C' so this is bounded by

lo

gH exp (r -Co+ (2— e)rlog(?’) H — rlogr)

< logH exp (r- Cy —erlogr) < % exp(—r),

with the last inequality holding for all » large enough (with respect to € and Cj). This gives

the 7 = 1 case of the proposition.

13.2.2. The case j = 2 of Proposition 12.5. For j = 2, we note that there are two reasons

an ideal b in .77 of norm at most H can fail to appear in a grid of ideals of height H:

(1) It can have more than one prime factor from some interval &;(H ), or

(2) It can share a space X as in (12.1) with an ideal of norm greater than H.

Our starting point is to note that there are constants Cy, C, ¢ > 0 depending just on F' so
that, for N > C}, the number of integral ideals of F' of norm at most NN is within C; N1~¢
of CyN (see [39] for a streamlined approach to this old result). From (13.2), we have

Z L < C- (loglog(aga'™) — loglog(aga’)) + C exp <—c\/log(aooﬁ)> :

peZi(H) Nera(p)

for some constants C', ¢ > 0 depending on F. Replacing C' as necessary, this expression

has upper bound
C

(loga)=1 +4°
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As such, the number of ideals of norm at most /7 with at least two prime divisors from

Z;(H) is bounded by
CH
((log )=t 4 0)2

for some C' depending just on F. Summing over all i, we see the number of ideals in

%adQ(H ) that are bad for the first reason listed above is bounded by

CN
exp®) (i log® H)

for some C' depending on F'. If the ideal b is in 7,4 2 for the second reason, we have
H > Npjo(h) > H - a0

Having already restricted w(h) to have upper bound (log'® H)2, the number of ideals sat-

isfying can be bounded by
CN

1—e€’
(exp(?’) (}l log® H) )

where C' depends on F' and the positive constant ¢ > 0. From this and the bound w(f) <

(log® H)2, we get the claim of the proposition for j = 2.

13.2.3. The case j = 3 of Proposition 12.5. We note that the prime divisors of h in a grid
that are indexed by Sy, are those that are of norm at most y, where y is a positive real
satisfying

loglogy = (log® H)'/3.

Those indexed by Sp,.q have norm at most y, where

loglogy < (log® H)'/?
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for sufficiently large H. We now claim that, for 3 either 1/2 or 1/3 and for € in the interval

(0, 1), there is some C' > 0 so, for H > C,

: dzt - (log® H)P + Cp)i -1
Z exp <% -log® H>( p - (log S )"+ ) < C-exp? (B -log® H)
i (10g® H)** 100 g

and
H (dzt - log® H + Cp)" CH
or) - & <
Z log H exp(dr) r! ~ (log H)*

r>0

The proposition for 7 = 3 then follows by multiplying these together and applying Propo-

sition 13.1. The latter claim follows simply from

J
eng °

Ta
A
and the former claim comes from applying Stirling’s formula again, so that the summand

at j is bounded by
exp <j~C’1+ (B +5) ~j~log(3)H—jlogj)
for some '] not depending on H. The estimate follows for sufficient j since
j > (log® H)PHYI0  andso  logj > (B +1/100) - log® H.

13.2.4. The case 7 = 4 of Proposition 12.5. The contribution to (12.2) from ideals in

Haa,a(H ) with r prime divisors is bounded by

H ) (eédﬁl . log(Z) H+ Co)r_l (log@) H>§+1(1)0 . <1Og(2) H> %—ﬁ—e 7
log H (r—1)!

where we are using the fact that these ideals do not have too many small prime divisors.

Assume that » > 1. Using Stirling’s approximation, there is Cj so this is bounded by

log H
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With r < log® H/log®® H, we calculate

log(Q) H- log(4) H

rlog® H — rlogr < 10g® 11

for H sufficiently large; this can be proved by noting that

o (L)
& log® H

increases for r in the range from 1 to
log® H - exp (—;)
log@) H

and decreases thereafter. The case j = 4 can then be demonstrated directly, with the

contribution from r = 1 handled separately.

13.2.5. The case j = 5 of Proposition 12.5. Given a grid X with associated indexing set
S, we can apply Hoeffding’s inequality and the Chebotarev density theorem, or specifically
Proposition 13.2 and (13.1), to say that the number of ideals in X with too few jury primes

is bounded by

1 —1
X] - (C cexp (—c|S["2) + |S] - exp® ((§ - e) log® H) )

for € positive and at most 5, for H sufficiently large relative to (K/F, ¥, F) and ¢, and for

c and C' also determined from this information. The rest follows from

log(2) H
log® H

1 1
31T 100

|51 >

and  |Sgm| < <10g(2) H>
13.2.6. The case j = 6 of Proposition 12.5. Suppose d, e exists for

z = exp® (% log® H) .
173



There is then an absolute ¢ > 0 so that
dysie > C- exp(g) (% log(S) H) )

Take d, to be the product of all primes dividing d, . that are not divisible by some prime

in #;. Then there is a ¢ determined from 7 so
do > c-exp? (% log® H> :

The ideals b in g 6(H) satisfy wen(h) < (log® H)3*+ 0. Taking k to be the number of
prime divisors of dj, we can assume k is then at most this large. We can then bound the

number of squarefree ideals of /' whose norm divides some power of dj by
([F:Q]+1)" <exp ((;'. (log® H)%+ﬁ> ,

where C' depends on F.

The number of ideals in 7,4 ¢(H) with r + k prime divisors is then bounded by

CH  (dg'-log® H +C)"
dy - log H 7!

- exp (C’- (log(z) H)%J“ﬁ) )

We can then bound (12.2) for j = 6 by

CH

O (0 o ) g )

5 (1o H + Oy
r>0 T! 7

and the part follows.

If this integer has k prime factors, there are at most

([F: Q]+ 1)
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If H3aa5(H ) is nonempty, we must have
k< (log(2) H)%J“ﬁ +Cy

for some C determined from F' and %;. We can then bound the number of ideals in this

)

for H > C, where C'is some constant determined from K, F’, #;. This is bounded by

class by
CH

exp(? <§ log® H)

‘ -
)

. exp <C . (log(Z) H>%+10

CH
exp? (% log® H)

1—e?
where C' depends now also on the positive constant €. The case j = 5 then follows from
wan(h) < (log® H)* o0,

13.2.7. The case 7 = T of Proposition 12.5. We will some variations of Proposition 13.1.

If \/x > yo > y1 > 0, we can follow the same argument as in [16] to show

log x
(13.5) < dg' - (loglogy, — loglogy,) + C.
pezy Nryo(p) -log(z/Nrjo(p)) = F ’ '
Nrpjop)<y

By starting with this and applying the same argument as Proposition 13.1, under the same
circumstances as the proposition, we find the number of ideals counted by 7, ;. (z,y) that
have exactly k£ prime factors less than y is bounded by

Cx (dg'-loglogy + C)* (dg' - (loglogz — loglogy) 4+ C) ™+~

13.6
(13.6) log = k! (r—Fk—1)!

We can also restrict the count to products of primes p satisfying Frobr p = 1in Gal(K (%) /F).

Writing d for the degree of this extension, the resulting number of ideals is

Cx  (d~'-loglogy + C)* (d~'- (loglogz — loglogy) + C)" "+
log © k! (r—k—1)! '
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Following a similar induction argument to Proposition 13.1, we find that the number of
ideals in 7 with exactly r; > 0 prime factors satisfying Frobr p = 1, of which exactly
k have norm less than y, in addition to 7, > 0 prime factors satisfying Frobpp # 1, is

bounded by

or (@5 =10 +0)" (0 dog (B2) +0)" T (at10g®y )
logz (r2 = 1)! (ry — k —1)! ' Ll :

The sum (12.2) over ideals with at most k& prime divisors of norm at most y satisfying

Frobp p = 1 is then bounded by

Cx
log x

- exp (e‘S : ((dﬁ?l —d YHlog?®z 4+ d7t - log (ng) + C))

logy

(ea A log® y + C)]

> .

J<k

The first part follows from this estimate, and the second part follows similarly.

13.2.8. The final case of Proposition 12.5. The case 7 = 8 will follow from basic proper-
ties of a multinomial distribution. Choose k£ > 2, and take X, X5, ... to be a sequence of
i.i.d. random variables valued in the set {1,. .., k}, writing p; for the probability than X
equals 7 for ¢ < k. We assume all these £ probabilities are positive. There is then C' deter-
mined from £ and the p; so that, for n > 0 and ny,...,n; summing to n, the probability
that

#{j<k: X;=1}=mny, ..., #{j <k : X; =k} =n4

has upper bound C' - p~2(*~1)

; this can be seen by applying Proposition 13.2 k£ — 1 times.
If by, ..., b are integers not all equal to zero, and if b is also an integer, we can apply
this result and Hoeffding’s inequality to say that, for € > 0, there is a C' > 0 so that the
probability of

Db #{i<k: X;=i}=b

i<k
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has upper bound C' - =2t
Now, take X to be an unfiltered grid of height H. The number of class functions f as in

part 7 of Proposition 12.5 is bounded by

exp <C’ - exp <% log® H>>

for some C' depending on the starting data. The number of ideals in 7%,q7(H) in X can
then be bounded by
X[ (log® H)~+e,

and from this we can finish the proof for j = 8, and hence can finish the proof of the

proposition. O

14. PROOFS OF THE BASE-CASE THEOREMS

14.1. The parity of Selmer ranks in grids. Take N to be a twistable module defined
with respect to (K/F, %, F), and take (W,), to be a set of local conditions in the sense of
Definition 8.5. We will assume that (N, (17/,),) is in the alternating case of Notation 9.8,
though for the theory below there is no need to assume that IF is a trivial G module or that

N 1is potentially favored and uncofavored.

Take
e:Gal(K/F(F(-1))) — Fy
to be the map defined by
(14.1) (o) = dim H((o), N[w]) mod 2.

Fix a set of local twists (Xy)yev,.- From [37, Theorem 6.6] and the subsequent discussion,

we know that there is ky € F so that, for x € Xz (00, (X)), We have

(14.2) dim Sel“(NY) = ko + »  <(Frobp).
plhr(x)
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Definition 14.1. We say that /V is in the parity-invariant case if

Z e(Frobp) =0 forall x € Xg (00, (1)pey) -
plor(x)

Following the argument of [37], the following always hold:

e If / > 2, N is in the parity-invariant case if and only if ¢ is zero.
e If / = 2 and ¢ is not a homomorphism, /N is not in the parity-invariant case.
e If / = 2 and there is some homomorphism from Gal(/K/F’) to [, that restricts to ¢,

then N is in the parity-invariant case.

The only remaining cases have ¢ = 2 and F(IF(—1))/F a nontrivial extension, which

forces | | to be divisible by four. We opt not to comment further on these cases.

Outside the parity invariant-case, we can show that about half the twists in Xz (H, (x,).)
have even Selmer rank, and about half have odd Selmer rank. This is easiest to show in
the transition from unfiltered boxes of twists, and relies on the following simple statistical

result.

Proposition 14.2. Given a finite abelian group A and € > 0, there is ¢ > 0 so we have the
following:

Take Ay to be a generating subset of A that contains 0. Choose a positive integer r > 0,
and take X1, . .., X, to be independent random variables valued in Ay so, for ag € Ay and
1 < r, the probability that X; takes value ay is at least €. Then, for all a € A, we have

Pr <Z X; = a) — A

i<r

< exp(—cr).

Proof. For a random variable X valued in A, take

X : Hom (4,C%) — C
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to be the associated characteristic function

¢ Y ¢(a) Pr(X = a).

acA
We then find
Pr(X =a)=|A""- Y ¢(—a)- X(¢)

¢€Hom(A,C*)

forall a € A. For X, X’ independent variables valued in A, we also have m =X X! ,

and we find
Pr (Z X; = ) =4 > é(-a) (H Xi<¢>>>
i<r ¢€EHom(A,Cx) i<r
From the assumptions on Ay and X, ..., X,, we know that there is some ¢y > 0 deter-

mined from ¢ so that
K@) <1-co

for all nontrivial ¢ and all ¢ < r. From this estimate and the previous equality, the propo-

sition follows. O

Proposition 14.3. Take N to be a twistable module in the alternating case but outside the
parity-invariant case. There are then real numbers c,C' > 0 so we have the following:
Take H > C, and suppose that X is an unfiltered grid of ideals of F of height H with
associated indexing set S = Sn U Sea U Sig. We assume this grid does not meet Hyq j(H)
forj = 1,3, 4. Take (x.)vey, to be a set of local twists chosen so X (00, (Xy)v) is nonzero.

Define € from N as in (14.1). Then

#{x € Xp(H, (xu)) = br(x) € X and 5,0, (p) =0}
#{X € XF(H7 (Xv)v) : hF(X) S X}

< exp(—c|5]).

N | —

Proof. Take A to be the abelian group

Fo @ (H HI(GU,F)> /yF/F<7/())-

vEY
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Take A, to be the subset of this group of elements of the form

(5(Fr0b P, (resGU By r, (x)) U) ’

where p varies through all primes of F not over %, for which Frobzp acts trivially on
F(—1), and where z varies through all generators of F(—1).
Because there is an alternating automorphism of N|w]|, we know that N|[w] has even

dimension as an [, vector space, so
g(1)=0.

Because of this, we find that A, contains 0. In addition, we find that the span of A, contains
[F5 60; this is an equivalent condition to N being outside the parity-invariant case. From

our assumptions on the bad ideals allowed in X, we can choose C' so that, for H > C,
|Smea U Sig| > 515
For s € Sieq U Sig, we have a natural map from

x €Xp : br(x) € X}

to Ay. By the Chebotarev density theorem, if we choose a twist uniformly at random from

this set, the probability that it maps to a given a € Ay has lower bound %\Ao\‘l so long as

H is sufficiently large. The result then follows from Proposition 14.2. U

14.2. Moment estimates on good grids of twists. We start by proving Theorem 8.11, a

coarse moment estimate on the size of Sel¥ NX.

Proof of Theorem 8.11. From Proposition 12.4, there is some ¢, C' > 0 determined from

K/F so that, for H > C,



where we have taken

k=1— (-1~ d:t.

We have the trivial bound
dim Sel”(NX) < Cg(1 + |5])

for C' determined from (K /F, %;,F). From this bound and Proposition 12.5, we find that
the contribution to the moment from twists in J%,q ;(H) is within the right hand side of
(8.5) for j = 1, 2 (twists with too many prime factors of their height and twists outside any
grid).

We deal with j = 3,4, 5, 6 next. In these cases, it is useful to split the sets of bad twists
into grids X,,. We can bound the sum of #Sel” NX over X\, using Proposition 11.13,
using Proposition 12.9 to bound the term ¢ s. Using these estimates, and using the fact
that there are at most exp(C'g?) choices of Qp, | in Proposition 11.13, the case then follows
from Proposition 12.5. We note that the case j = 3, in addition to the case 7 = 1 handled
above, forced us to assume that g is bounded by c - 1og(3) H.

Finally, if X, either a good grid or a grid from J%,q ;(H) with j = 7,8, we can bound
the sum of #Sel” NX over X,,, by exp(C'¢?)-# X,y using Proposition 11.17 for the unlawful
portion and Proposition 11.15, with our bound on ccye, coming from the second part of

Proposition 12.9. From this, we get the proposition. U

We now will focus on twistable modules /N in the alternating case and the non-alternating

case. The following notation is convenient.

Notation 14.4. Given integers n > j > 0 and a prime ¢, take gr,(j, n) to equal the number
of j-dimensional subspaces of IF;. We can calculate

(" — 1) — 1)L (R T)

gr(g,n) = (k= 1)1 —=1)... (0 —1)
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Given a twistable module NV, we define

X (H)
e IO

We will later prove that this limit exists.

Proposition 14.5. Tauke N to be a twistable module with local conditions (W,),, defined
with respect to (K/F, ¥, F). We assume that N is either in the alternating or non-
alternating case. Given € > 0, there is then c¢,C' > 0 so we have the following:

Take H > C, and take Xy, to be a grid of twists of height H. If Pry(N) = 1, we assume
that the associated grid of ideals does not meet 5,q ;(H) forj =1,...,7. If Ppy(N) < 1,
we instead assume that the associated grid of ideals is good. We also assume that X, is
a subset of X’;?fN. Write (X )ver, for the local twists found from restricting any element of
Xiw-

Take m to be a nonnegative integer that satisfies
m < (log® H)Y3<.

Then, defining

@ if N is in the alternating case

b(j) =
J - uge(N, (Xo)») otherwise,

and taking
oY _ Sel“ NX
SN, (Xo)v) + Oxcr (H(GFr,Q))
we find that
D #S) = Xl e (Gom) - 000
XEXiw j=0

has magnitude less than

exp (—(log log 1 )Y - [ Xl



Proof. We will consider the Selmer group on N®™ whose local conditions are given by

(WE™),. We will first use
(143) > (#Sel*N)" = > > #{p e Sel*(NT")X : Q(¢) = Qo},
XEXw QoCQO®™ xeXiw

with the sum being over G submodules of Q%™, where Q = N[w?]/N|w].

From Proposition 9.7, the cofavored submodules of N¥™ are those of the form
A ®F£ N[W],

where A is a subspace of F}". If T" is a G'p-submodule of N¥™[w] that is not of this form,
Remark 9.4 gives
7}V€Bm7T(XtW) < eXp(—(log lOg H)1/475).

From this, Proposition 11.17, and Proposition 12.9, we find that the contribution of non-
cofavored () to the right hand side of (14.3) fits in the error of the proposition.

So fix A C [}, and consider the sum

(14.4) > #{p Sl (NT")X : Qo) =A®Q}.

XEXlW

Taking j to be the rank of A, we may change bases so A = (FF;)’ & 0, which corresponds

to the splitting Ny = Ny & Ny with

N():NEBWL Nl :N@j, NQZNGBmij.

Y

Recalling the notation of Proposition 11.18, we take U to be the subset of (¢, (¢s)s) in

I Nolwl/F(Y0) © P, (Q1)

for which the element defined by

(I)(Qbo, <QS)3) = ¢O + Z %]}\?[WLF’ES (QS Ur xs)

seS
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satisfies the local conditions at %, and so that

¢0 — 0 (m2((4s)s))

projects to . (Na, (xv)v)- Take V' to be the subspace defined by the same condition in

W = N/ r (%) © 2ny 4+(Q1).

From Proposition 11.18, the difference between (14.4) and

# Nolwl/r(Y0) - #V
H#W

(14.5) (#H(Gp, N[W)™ ™ - (#H(Gp, N[W]))’ - 07 - | Xy

is bounded by
exp (—(log® H)' ) - | Xyl

for H sufficiently large, where by is j(j +1)/2 in the alternating case and is otherwise zero.

Take
W' = <EﬂNO[f.u]/F(/y/O) S” @ H0(<08>7 Ql)
seS
W = Snyr(%) & €D H ((04), Q).
SES
Then

WV = W/(VAW) = Fhwr(%)/S (Na, (xo)o) @ WV OWT).

Choose any y in X\, and take 7 to be the set of places where y ramifies outside 7. Then
W" is identified with #y, 1)/p(7 U %), and V N W" is identified with the kernel of the
map

e V) = [T H' (G Nile]) /Wil ™.

vEY
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Then W”/(V N W) has order equal to the image of this map. This image is identified
with

DJj

#yM/F(%) ' #I—I—Il(Fu M) ' Hyg‘// #Hl(]va M)GU/IU
#Jwr(anhaﬂf)—>[L€%}{%(%,AD/MQ(X)xIL&Vm%}{%L”AJﬂ

The proposition then follows as a consequence of (9.11). U

14.3. The proofs of the base-case Selmer rank theorems. We now finally justify the

double definition we gave of potentially favored twistable module.

Proposition 14.6. Suppose N is a twistable module defined from the data (K/F, ¥, F).
Take

(YU)JEG1

to be a multivariate normal distribution with covariance matrix X satisfying

dY1—d™Y)  ifo, = oy
201,02 =

—d? if o1 # 09,

with d equal to the degree of the extension G,. Take Py t,,(N) to be the probability that

> (1+e-Y,) - dim H((o), N[w])

oceGy

>3 (1+e-Y,)-dimH((o), (N/T)[w]).

oeGy

holds for all G p-submodules T of N|w] and all € > 0.
Then
Pfav(N) = PO,fav(N>-

Proof. Take X to be an unfiltered grid of ideals of height H that does not meet 70,4 ;(H)

for j = 1,3,4. It suffices to prove that, among the twists x in Xp (H , (Xv)v) satisfying
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H(x), the proportion which favor N is P, (/N) with error going to zero as H goes to infinity,
as we can use Proposition 12.5 to see that the set of remaining twists is negligible.

Take S = Sgn U Spea U S to be the indexing set of S, and take
S1 = Smed U Spg.

As a consequence of the Chebotarev density theorem, we can remove o(H) - |S|™! - | X}

primes from X for each s € S; to force

C
#p € X, : Frobp = o} = X, 0

for all s € S and any class Cy of GG;/~. Take X’ to be the product of these sets; we see
that X has at most o(H) - | X | ideals not contained in X'.
Define a random function
Y: G/~ = Z
by
Y(H)(C) =# {plh(x) : pe | X,, Frobp = C} ,

SEST

where b is chosen uniformly at random from X'. Equivalently, this is a multinomial distri-

bution where the probability of C'is |C'|/|G4|, and we consider the adjustment

Y'(C) =Y(C) - sl

|G1]
Per the multivariate central limt theorem (see [46, 2.7]), we find that the random function
C— |87V Y'(C)

converges to the random function

C Y Y,(C)

oceC
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as |S1| heads to infinity. The probability that a twist from X" is favorable with respect only

to the primes indexed by S is thus given by P, (V). Since

#Ssm =0 (#511/2> )
the same is true when we adjoin the primes in Sp,. U

Remark 14.7. With some additional work, this last proposition can be made to apply to

twists in sets Xp(H, (x»)») With local constrictions. The same probabilities are recovered.

To move from moments to ranks, we will follow the trend of the literature and use a brief
argument in the theory of holomorphic functions. In particular, the argument given below

is quite similar to the proof of Lemma 18 in [18].

Proposition 14.8. There is C' > 0 so we have the following:

Take ag, ay, ... and by, by, ... to be sequences of nonnegative real numbers, and take

F(z)= Z a;z" and G(z) = Zblzl

i>0 i>0
Choose € > 0, Cy > 0, a positive integer m, and a prime {.

e Suppose that we have
F(gm—&—l)’ G(em—l—l) S [Com—s—%mQ
and
|F(z) —G(z)| <€ forze{l,l,....0("}.

Then
la; — b;| < €™ (e + Kcom_%"#) for i > 0.

e Suppose that we have

F(€m+1)7 G(fm—H) S gcom-&-%mQ
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and

|F(2) — G(2)| <€ forze{£]l,+L, ..., LM}

Then

|ai — bz‘ S ng <€ + gComfémz) fO}" ) 2 0.

Proof. By replacing m with the nonnegative integer m — 1 if necessary, we can assume
that /" and G are holomorphic on an open disk containing the circle of radius /™!,

For the first case, we will make use of the definitions

i z
i) =TI (1-5).
2\ 1
Ri(z) = ( - E> “R(2) for j < k,
_ F(t) - G@)
HE) = F(2) = G2) = X~ By(2)
Jj<m
H(z) has zeros at 1, ¢, ..., /¥, and hence can be written in the form H,(z)R(z), where H;

is holomorphic on any open set where /' and G are holomorphic.

Since (1 — ¢/7*) is an integer for j > 7, we have the bound
; m fj 00 ~
m@)= 1] (1-5) = I1a-2) >0
i=j+1
for all j < m. This gives an absolute lower bound for the magnitude of R;(¢).

For i > 1, we have ¢! — 1 > ¢*~1. We consequently have

m(m—1)

R(z)| =[] ="
=0

for all 2 satisfying |z| = (™. For z on the same circle, we have

(m+2)(m+1)
2

|R;j(2)| </

for 7 < m, as follows from the estimate ¢/ + 1 < ¢+,
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From these estimates and the assumptions on F' and G, we find there is some absolute

C} > 0 so that, for all z satisfying |z| = ™", we have
|H\(2)] < G0+ <e + E‘%m“COm) .

Writing H;(z) in the form

E 2,

i>0
we have

¢ S g(—i-‘rCl)(m-i-l) . <€ _'_g—im? -I—C()m>

from Cauchy’s integral formula.

Writing

we see that
dldl < J[(1+27) < o

From this absolute bound, we can bound the i coefficient of the power series expansion
of H using the above bounds on c;. After noting that the coefficients of

F(#) - G()

D NI

j<m
are bounded by some constant times (m + 1)e, we can derive the bound for the coefficients
of the power series expansion of F' — G that is claimed in the proposition.
The second part follows the same argument starting from the alternative function
i z z
(2) ]:]0 a) 1+

(2
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Proof of Theorem 9.10 and Theorem 9.14. We will give the main argument in the non-

alternating case. Take

U = Ue (N, (Xo)o) -

We start by noting that, if we take
_ . Mat ST
G(’Z) - §>O nh—Ig)lo Pf,u (T|n) <

then, for m > 0, we have
G(U™) =) gr,(j,m) - ("7,
§=0

There is some Cj determined from u but not m so this has upper bound grm?*+Com for
m > 1.

Then, given a grid of twists X, of height /7 as in Proposition 14.5, we can apply Propo-
sition 14.8 with

m = (log(2) H)l/g’6
to say that
ALY € Xo ¢ Sel?NX =1 + 1o} — lim PM. £X,, < #X, exp (-(1og<2> H)1/4‘€> ,
n—oo ?

for H > C', where C' depends on N and .
Combining this with Proposition 12.5 then gives the theorem.
The alternating case is much the same, and only requires the observation that the Selmer

rank parity is constant for twists from X, which allows us to apply Proposition 14.8. []
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