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ON TWO THEOREMS REGARDING EXPONENTIAL
STABILITY

Pham Viet Hai

There are two remarkable results in the theory of stability of dynamical sys-
tems which were obtained by E. A. BARBASHIN in 1967 and R. DATKO in
1970. After the seminal researches of DATKO and BARBASHIN, there has been
a great number of works devoted to this results. For the case of discrete-time
systems analogous results have been obtained. This paper will give the new
versions which unify the discrete-time versions of BARBASHIN’s theorem and
DATKO’s theorem.

1. INTRODUCTION

The theory of semigroups of linear operators has been developed extensively
and the results have found many applications. In recent years an increasing interest
in the study of evolution equations has been developed. The interest arises from a
need to extend classical results on ordinary differential equations. In this paper, we
consider the exponential stability of linear skew-evolution semiflows, generated by
a new class of evolution equations. The used method is the integral condition. We
associate a linear skew-evolution semiflow to an integral condition and then study
the exponential stability in the neighborhood of this integral inequality. Since the
present paper is closely related to previous articles we briefly recall some results
proved in references.

One of the most famous results was given by R. DATKO. DATKO’s theorem

states that an evolution family {U (t, s)} is uniformly exponentially stable
t>5>0
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if and only if there exists b € N (the set of all continuous, non-decreasing func-
tions ¢ : Ry — Ry with ¢(0) = 0 and ¢(t) > 0 for each ¢ > 0) such that

o0
sup f b(|U(7, s)z||) dr < oo for every x € X. We have a weaker result as follows.
s>0 s

Theorem 1. An evolution family {U(t7 s)} N is uniformly exponentially stable
t

>s>0

o0
if and only if there exists b € N such that supf b(J|U(T,s)]]) dr < 0.
s>0 5

Theorem 1 can be interpreted as the uniform DATKO’s condition. Analo-
gous results for discrete-time case were first obtained by K. M. PRzYLUSKI, S.
RoOLEWICZ and Z. ZABCZYK in [12], [15]. An interesting idea has been presented
by NEERVEN in [9], where he introduced the theory of Banach function spaces.
He proved that a Cy-semigroup is exponentially stable if and only if all its orbits
lie in a certain Banach function space over R;. Another approach was given in
[11] where P. PREDA, A. PocaN and C. PREDA characterized the uniform ex-
ponential stability of evolution families in terms of existence of some functionals
on sequence (function) spaces. In fact, they are merely generalizations of Banach
sequence (function) spaces in [8]. Using functionals on sequence spaces, the authors
generalized discrete-time versions due to K. M. PrzYLUSKI, S. ROLEWICZ and Z.
ZABCZYK.

Theorem 2. An evolution family {U (t, s)} is uniformly exponentially stable
t>

>s>0

if and only if there exists F € .F such that Ap = {ac € X:supy s o F (p(z, 0, ) <
oo} is a set of the second Buaire category, where % is the set of all functionals
F: 8 — [0,00] with the properties

1. F(s1) < F(s2), for every s; < sa.

2. There exists a ¢ > 0 such that F (a)({n}) > ca, for every (a,n) € RY x N.

3. lim F (aX{O ,,,,, n}) =00, for all a € R

n—oo
Here X4 denotes the characteristic function of a set A.
Recently, Theorem 2 has been improved in [5] for a more general case.

Theorem 3. The linear skew-product semiflow mg = (g, 00) is uniformly expo-
nentially stable if and only if there exists F' € % and a non-decreasing sequence
(tn) C Ry such that:

1. §:=sup (tpy1 — tn) < 0.

2. The set Ap := {x € X :supy , F(p(z,0,n,.)) < oo} is of the second Baire
category, where

(10(1‘,0,7747]) = {

|1Do(0,t;)x||, forje{0,...,n},
0, for j ¢40,....,n}.
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It is worth mentioning that in (uniform) DATKO’s condition, the integrand
is the first parameter of the evolution family. Integral characterizations with the
second parameter as integrand were first introduced by BARBASHIN. BARBASHIN’s
theorem states that an evolution family {U (t,s) }t> o is uniformly exponentially

¢
stable if and only if sup f U, 7)|| dr < oo. In fact, he formulated it for non-
t>0 o

autonomous differential equations in the frame work of finite dimensional spaces:
(1) U'(ty=A)U(t),U(0) =1, fort >0,

here A(.) and U(.) are quadratic matrices. I is the identity matrix of the same order
as A(t) and the mapping t — A(t) is continuous. This theorem was the starting
point for the article [7], where the discrete-time version of BARBASHIN theorem was
given.

Theorem 4. The linear skew-evolution semiflow 7 is uniformly exponentially stable
if and only if there exist F' € H(N), K > 0, b € N and a non-decreasing sequence

(tn) C Ry such that sup F (pp(8,m,n,.)) < K, where
n, m, €N, f€ ©

b(||® t t; t; 0 ] 0,...
o0, m,m, 5) = (I0(m +tu,m +t5,0(m + t;,m O)), for j € {0,....n},
0, for j ¢ 10,...,n},
and H(N) is the set of all functionals F : S — [0, 00] with the following properties
1. F(s1) < F(s2), for every s1 < sa.

F (aX
2. lim inf,~ o M
n—o00 o

= OQ.

The goal of this paper is to present the most general approach for both
discrete-time versions of BARBASHIN’s condition and uniform DATKO’s condition.
Thus, we extend the results in [7], [12], [15].

2. FUNCTIONALS ON SEQUENCE (FUNCTION) SPACES

In this section, the notations & and M stand respectively for the set of all positive
sequences and functions. We write s1 < s9 if $1(j) < s2(7) for every j € K. Here

K — N, if 51,85 € S,
| Ry, if 51,80 € M.

This section is devoted to the basic material on functionals on sequence (function)
spaces and their basic properties needed in the sequel. In each definition, illustrative
examples will be discussed.



On two theorems regarding exponential stability 243

Definition 1. Hj, (N) is the set of all functionals F : S — [0, 00| with the following
properties

1. F(s1) < F(s2) for s1 < sq,

2. there exists ¢ > 0 such that

(2) F (OéX{n+k,...,n+k+q}) > ca, for every a > 0,
3.
(3) nh_}rr;OF (aé\f{o,wn}) =00, for every a > 0.

Among the important properties of the family Hy, ,(N) is the following.
Proposition 2. For each L > 0 and F € Hj,, 4(N), we have

F(tX
lim inf M = 0.
n—oo re (0, L] T
F (tXyp

Proof. Let a, := inf,. ¢ 1] ——5— "}). Then (a,) is a non-decreasing se-
T

quence. We need to prove that

(4) nh_}n;@ an = 00.

Assume that (4) does not hold. If follows that there exists an a. € (0, 00) satisfying

a, = lim a, = sup,c yan < co. For each n € N, by the definition of infimum,
n—roo

F
there exists 3,, € (0, L] such that ( ) < a,+ %ﬂ Now let n > k+gq.

Using (2), we obtain

1 > F(ﬁnX{O,,n}) > F(ﬁnX{nfq,m,n}) CPn €

R 52 = 2 52 " B

which implies

(5) nzu}cfﬂ Bn > 0.

On the other hand,

6 inf = i 0.
(6) W P = min B>

Combining (5) with (6), there exists 8. := inf, e y 3, > 0. Using this, we have

F (B, X0

n

Taking the limit of both sides of the above inequality as n — oo we obtain a
contradiction to the condition (3). This completes the proof. g



244 P.V. Hai

Definition 3. Hj ((Ry+) is the set of all functionals G : M — [0, 00] with the
following properties

1. G(f1) < G(f2) for f1 < fa,

2. there exists ¢ > 0 such that

7 G (aXtk ntk > ca, for every a >0,
[n+k, nt+k+q]
3.
(8) lim G (a)([o, n]) =00, for every a > 0.
n—oo

Definition 4. H(N) is the set of all functionals F : S — [0, o] with the properties:
1. F(s1) < F(s2), for every s1 < sa.

F (aX,  pem
2. lim infpen, a>0 ( {n,-oont }) = 0.
m—0o0 [0

Similarly, we define the family H(R) as follows

Definition 5. H(R ) is the set of all functionals G : M — [0, 00] with the prop-
erties:

1. G(f1) < G(f2), for every f1 < fa.

G aXn n+m
2. lim infpen, o> 0 M = 0.
m—ro0 (0%

EXAMPLE 6. A trivial example of a functional on sequence space which lies in Hy, 4(N)
and H(N), is the series Fi(s) := Zs(j).
j=0

EXAMPLE 7. An example of functionals on sequence space which lies in Hy, 4(N) (but not
in H(N)), is given by F» : § — [0, 00] and

Fafs) 1= (ﬁsu))( I (1+50)-
=0 j=k+1

One can easily check that F5 lies in Hyy1, (N) but does not lie in H(N).

EXAMPLE 8. An example of functional on sequence space which lies in H#(N) (but not in
Hy, ¢(N)), is given by F3 : S — [0, 00] and

Fy(s) == s((G+ 1)k +q+1)).
3=0
One can easily check that F3 lies in H(N) but does not lie in Hjy, 4(N).

EXAMPLE 9. Our last example is a functional G : M — [0, co] which lies in Hy, (R4) and

H(R,). It is given by G(f) := Tf(r)dr.
0
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REMARK 5. It is clear that H(N) C H(N), H(R}) C H(Ry) and Ho, o(N) = %, Ho, o(R4) =
q.

Throughout this paper, the notation Ss stands for the set of all non-decreasing
sequence (t,) € S provided that ¢ := sup,, cy(tnt1 — tn) < 00.

3. LINEAR SKEW-EVOLUTION SEMIFLOWS

As mentioned above, we prove the main results for linear skew-evolution semi-
flows. So we next come to the basic notations of linear skew-evolution semiflows.
Let X be a Banach space, £(X)-the space of all bounded linear operators of X
into itself and T := {(¢,s),t > s > 0}. We denote the norm of vectors on X and
operators on £(X) by |||, and (©,d) is a metric space.

Definition 10. An evolution semiflow on © is a continuous mapping o : TXO — O
with the properties

1. o(t,t,0) =0, for all 0,t.
2. o(t,s,o(s,r,0)) =oa(t,r,0), forallt >s>r>0,0 € O.

EXAMPLE 11.

1. Given a semiflow o9 : © X Ry — O, we can define an evolution semiflow o : T'x © —
© as o(t,s,0) :=o0(0,t —s).
2. The mapping o(t,s,0) := % 0 is also an evolution semiflow, where © = R.
S
Definition 12. Suppose that o is an evolution semiflow on ©. An evolution cocycle
over evolution semiflow o is an operator-valued function ® : T x © — L(X) with
the following properties:

1. ®(¢,t,0) = I, the identity operator on X, for all (t,0) € Ry x O.
2. O(t,r,0) =d(t,s,0(s,7,0))P(s,7,0), forallt >s>r >0 and f € O.

3. In addition, there are M,w such that ||®(t + s,s,0)z|| < Me“t|z| for all
(t,s,0,2) e RZ x © x X.

Definition 13. The linear skew-evolution semiflow, associated with the above evo-
lution cocycle, is the dynamical system © = (0,®) on €& = X x © defined by
T:XXxOxT—=XxXx0O,

w(x,0,t,8) = (D(t,s,0)x,0(t,s,0)).

Throughout the paper, we denote the constants M, w defined in Definition
12.

EXAMPLE 14. One can easily verify that Cp-semigroups, evolution families and linear
skew-product semiflows are particular cases of linear skew-evolution semiflows.
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ExXAMPLE 15. The classical example of an evolution cocycle arises as the solution operator
for a variational equation. Suppose that ¢ is an evolution semiflow on the compact metric
space © and {A(0) : @ € ©} be a family of linear operators on X. If an evolution cocycle
(., .,0)z solves the variational equation

u'(t) = A(o(t,to,))u(t), t > to
then the pair m = (®, o) is a linear skew-evolution semiflow.

EXAMPLE 16 (See [7]). Let m = (®,0) to be a linear skew-evolution semiflow on £. We
can define some linear skew-evolution semiflows in the following ways.

1. The pair g = (Pg, o), where Pg(t,s,0) = e_ﬂ(t_s)@(t,s,ﬁ), is also a linear skew-
evolution semiflow on £.

2. If P: o — L(X) is a strongly continuous bounded mapping, there is an unique
linear skew-evolution semiflow 7p = (®p,op) on & such that

¢
Dp(t,s,0)r = P(t,s,0)x + / O(t,7,0(7,5,0))P(co(7,s,0))Pp(T,s,0)xdr,

fort >s>0and (0,z) € © x X.

EXAMPLE 17. Let {U (¢, s) }+>s>0 be an evolution family and {P(6)}¢ ¢ o a bounded strongly
continuous family of idempotent operators with the property that

POYU(t,s) = U(t,s)PH), t > s >0, €0
then the pair 7 = (®, o) defined by
o(t,s,0) = 0, ®(t,s,0) = P(O)U(t,s), t > s >0, €0
is a linear skew-evolution semiflow.

Definition 18. The linear skew-evolution semiflow 7 = (®,0) is said to be uni-
formly exponentially stable if there exist K,v > 0 such that |®(t+ s,s,0)z| <
Ke " |\z|| for all (t,s,60,z) € RZ x © x X.

The next two lemma contain key arguments for what follows.

Lemma 6. If there exist two constants p > 0 and ¢ € (0,1) such that |2 (p+m,m,
)| < c forall (0,m) € © x N then the linear skew-evolution semiflow m = (®,0)
is uniformly exponentially stable.

Proof. See [4], [6]. O
In the following, instead of sup,, ,,e n, e o We write sup.
Lemma 7. If there exist 6 > 0 and (¢,) € S5 satisfying the hypotheses

1. lim ¢, = o0,
n— o0

2. 0 :=sup ||®(c, +m,m,0)| < o0,
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then the linear skew-evolution semiflow m = (®,0) is uniformly bounded.

Proof. First, we prove that sup,cp+ sup,,ey [|®(t +m,m,0)|| < co. Indeed, for
each t € R, we consider the two following cases. The first case is ¢t < ¢g. In this
case, we always have [|®(t +m,m,0)| < Me“. The second case is t > ¢y. Since
nh—>Holo ¢n, = 0o we can find an n € N such that ¢ € [¢,, ¢,41]. Thus we have

|®(t +m,m, )| < Me?t=e)||®(c,, +m,m, )| < Mlewnt1=en) < Mpewd,

In the next step we prove that sup,cp+ Sup,ep+ [|®(t + s,5,0)||. For each pair
(t,s) € R , we also consider two cases. The first case is t < 1. In this case,
we always have |®(t+ s,5,0)|] < Me** < Me“. The second case is t > 1. Then
t+s>1+[s] >s. Wehave

Dt +s,85,0) = (t+5,1+ [s],0(1 +[s],5,0) (1 + [s], s,0).

So,
[D(t+5,5,0)| < [[®(t+ 5,14 [s],0(1 + [s],5,0)[ [ (1 + [s], 5, O)
< MU [0t + 5,1+ [s], 0 (1 + [s], 5,60))|
< Me* ||t + 5,1+ [s],0(1 + [s],5,0))]]
< Me® max{Me“, Mle“°}.
This implies the desired result. O

4. MAIN RESULTS

In this section, some necessary and sufficient conditions for uniform exponen-
tial stability are given in terms of the existence of some functionals on sequence
spaces. We present how discrete methods can be used in order to characterize the
asymptotic properties. We start with a characterization regarding the family H(N).

Theorem 8. The linear skew-evolution semiflow m = (P, o) is uniformly exponen-
tially stable if and only if there exist o, ,K,L1,Ly > 0; (ay) € Sa, (bn) € Sp;
be N and F € H(N) such that

1. i (a; +bj)
j=0
2. sup F (¢p(0,m,n,.)) <K < oo,
3. sup || ®(ay + by +m, an + b +m,o(a, +b; +m,m,0))|| < Ly,
4. sup ||®(a, + m,m,0)| < Lo,

where

d n j s g ) j ) ) ) ' P ’
on(0,m,m, ) = b(||®(an + b; +m,a; +m,o(a; +m,m,0))|) fO?”j' e {0 n}
0, for j ¢4{0,...,n}.
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Proof. Necessity. Suppose that 7 = (®,0) is uniformly exponentially stable and
let K, v be two constants given in Definition 18. We have

K(n+1)

el/?”L

SO0+ 5 +m,j +mo(+mm,0)]| <3 Ke™n =

Jj=0 j=0
1 1

SK——i—K‘l——‘.
v v

Thusweonlytakeaj:bj:j;a:ﬁ:l;K:K%JrK‘lfH;LIZLQZK;

F(s)=> s(n); k=q=0;b(t) =t.
n=0
Sufficiency. Since Y (a; 4 b;) > 0 there exists £ € N such that as + by > 0. Using
=0
the hypothesis (2) of Definition 4, we can fix the natural number k; > ¢ such that
Ko
(9) F (aX{n ,...,n+k1}) 2 1\’
(2L1L2 )
for every n € N and « € Ry. For all arbitrary j € {0,..., k1}, we have

®(ak, + by, +m,m,0) = ®(ag, + bk, +m,ag, +b; +m,o(ag, +b; +m,m,0))
®(ag, +bj +m,a; +m,o(a; +m,m,0))®(a; +m,m,0).

Thus,
[®(ar, + bk, +m,m,0)|| < L1La[|®(ak, + bj +m,a; +m,o(a; +m,m,0))].
This implies that

P(ag, + bg, +m,m,0
<Pb(9;m;k1,-)2b<” (ax, L11L2 )|>X{O,...,k1}-

Hence we have

P(ag, + bg, +m,m,0
/czF(sob(e,m,kl,.»zF(b(' Lo, L ”')X{o,...,kl})

Sy T
dt

LiLy

)
2Ly Lo

This leads us to the following estimate:

(10) 1@ (ar, + bk, +m,m, 0) <

N | =

for every (0,m) € © x N, taking into account that ag, + bx, does not depend on
0, m. On the other hand, we have ap, + bx, > a¢ + by > 0. Using Lemma 6, we
have that m = (®, 0) is uniformly exponentially stable. O
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Using Theorem 8, we can prove the following result.

Theorem 9. The linear skew-evolution semiflow 7 = (®,0) is uniformly exponen-
tially stable if and only if there exist o, B, K > 0; (an) € Sa, (bn) € Sg; b€ N and
F € H(N) such that

1. (a; +bj)
0

J

2. sup F (¢p(6,m,m,.)) <K < o0,
where

b(l[®(an + b, » Aj ) j ,m, 0 ) ‘ yeeey gy
op(0,m,m, §) = ([[®(an + bj +m,a; +m,o(a; +m,m,0))[) for]' € {0 n}
0, forj ¢{0,...,n}.

Proof. Necessity. This part of the proof is similar to that of Theorem 8 and hence
is omitted.

Sufficiency. Since Z (a; +b;) > 0 there is £ € N such that a; + b, > 0. From the

=0
hypothesis (2) of Definition 4, we can fix k > ¢ such that
Ko
11 F(aX, > —
( ) (Oé {n,..., n+k}) = b(1)7

for every n € N and a € R;. We divide the proof into three cases depending on
the convergence of sequences (a,, ), (bn).

Case 1. sup a, = .
ne N
In this case, we show that ||®(a, + by +m,m,0)| is uniformly bounded. Indeed,

for each n € N, there are two subcases which may occur. The first subcase is n < k.
It is clear that

(12) 1B (ar + br + m,m, 0)]| < Me=(t00),
The second subcase is n > k. For all arbitrary j € {0,...,k}, we have

®(an, + by, +m,m,0) = ®(an, + by, +m,ay + bj + m,o(a, + b; +m,m,0))
®(ay, +bj +m,a; +m,o(a; + m,m,0))®(a; +m,m,0),

which implies
1@ (an + bk +m,m, 0)]
< M ®rbs) Hq)(an + bj +m,a; + mva(aj + m,m,@))H Me*®
< M2 W F) || D (ay, + by +m, a; +m,o(a; +m,m,0))|.

We can rewrite

op(0,m,n,5) > b ( M?2ew(ar+by) ’
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or
[|[®(an + br +m,m,0)||
gﬁb(e, m,n, ) >b ( M2ew(ak+bi) X{O7"'1k}.

From (11), we can follow

|®(an + bk +m,m,0)|
K2 Fanto,mon, ) = 7 (o (1oLt
S b [®(an + bk +m,m,0)\ K
= M2 Tonton) b(1)’

This yields
(13) [®(an + b + m,m, 0)|| < M2e=(@rtbr),

(12) and (13) lead us to use Lemma 7 for ¢,, := a,+bg. Thus, there exists L > 0 such
that sup [|®(t + s,s,0)|| < L < co. Using Theorem 8, 7 is uniformly exponentially
stable. We now consider the next case.

Case 2. A :=sup, cyan < 0o and sup b, = oo.

For every n € N, we also consider two subcases to show the uniform boundedness
of || ®(an + b, +m,m,0)||. The first subcase is n < k. It is clear that

(14) @ (an + by + m,m, 0)|] < M2e=(ar+b),
The second subcase is n > k. For all arbitrary j € {n — k,...,n}, we have

®(ay, + by, + m,m,0) = ®(a, + b, +m,a, +b; + m,o(a, +b; + m,m,0))
®(ay, +b; +m,a; + m,o(a; + m,m,0))®(a; +m,m,0).
So
[®(an + by +m,m, 0)|
< Me#®n=b) || ®(ay, + bj +m,aj +m,o(a; +m,m,0))| Me*%
< M2ew(.A+B(n7j)) Hq)(an + bj +m, a; +m, 0’((1]' +m,m, 9))”
< MZew(A+BE) |®(an +bj +m,a; + m,o(a; +m,m,0))].

It is easy to conclude that

)
ev(0,m,n,.) > b ( V2w (ATAE) Xin—k,..n}-
Thus we obtain

[®(an + bn +m,m,0)]
K=F (@b(evmana )) > F (b < M 2ew(A+BE) X{n—k,...,n}

(18l s mm 0 K

Y

M2 ew(.A—i—Bk)
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The last estimate is equivalent to
(15) [ (an + by, + m,m, 0)| < M2 ATk,

According to Lemma 7, there exists L > 0 such that sup ||®(t + s, s,0)|| < L. Using
Theorem 8, 7 is uniformly exponentially stable. We now consider the final case.
Case 3. A :=supa, < oo and B :=supb, < co.

We have

(16) || ®(an + by +m, an + b; +m,o(a, +b; +m,m,0))|| < Me@bn=bi) < pfewB,
(17) |®(an, +m,m,0)| < Men < Me* A,

(16) and (17) show that we can use Theorem 8 for the case L; := Me*B and
Lo := Me®“#. This completes the proof. [l

The following corollary is immediate.

Corollary 19. The linear skew-evolution semiflow m = (®,0) is uniformly expo-
nentially stable if and only if there exist o, B,KC > 0; (ay,) € Sa, (by) € Sg; be N
such that

n
(18) supr (I1®(an +b; + m,a; +m,o(a; +m,m,0))||) <K < co.
=0
REMARK 10. From Corollary 19, we have two important remarks as follows:
1. If b; = 0 then Corollary 19 is BARBASHIN’s condition.
2. If a; = 0 then Corollary 19 is uniform DATKO’s condition.

Next we replace the family H(N) with Hj, 4(N) to obtain similar results as
Theorem 8 and Theorem 9.

Theorem 11. The linear skew-evolution semiflow m = (®,0) is uniformly expo-
nentially stable if and only if there exist o, ,KC, L1, Ly > 0; (ap) € Sa, (bn) € Sp
and k,q € N; F € Hy, 4(N) such that

[ee]

1. (aj + b]) > 0,

=0
2. sup F (¢(0,m,n,.)) <K < oo,

3. sup || ®(an + by +m, an +bj +m,0(a, +b; +m,m,0))|| < Ly,

4. sup [|®(a, +m,m,0)] < Lo,

5. sup ||®(an + by, +m,m,0)|| < Ls,

where

|®(an +b; + m,a; + m,o(a; +m,m,0))|, forje{0,....,n},

@(Q,m,n,j){o, forj ¢ {0,...,n}.
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Proof. Necessity. Suppose that 7 = (®,0) is uniformly exponentially stable and
let K, v be two constants given by Definition 18. We have that

S . . . = _ Kn+1
Y ®(n+j+m,j+m,o(G+m,m,0)] <) Ke Vn:%
=0 = e
1 1
SK—+K‘1——.
v v

Thusweonlytakeajzbj:j;a:ﬁ:l;lC:K%—i—K‘l—H;Ll =Ly=Ls=K;

oo}

F(s)= Zs(n); k=qg=0.
n=0
Sufficiency. Since Z (a;j +bj) > 0 there exists £ € N such that a, + b, > 0.

=0
Using Proposition 2, we can choose ng > ¢ such that

F(rX n
(19) F(rXo...n0)) {T‘;"“ ) > 4KL2L2,
Ls . .
for every 7 € | 0, .l For all arbitrary j € {0,...,no}, we have
1L2

D(an, + bpy +m,m,0)
= (I)(ano + bno + M, G, + bj +m, U(ano + bj +m,m, 9))
@ (an, + b +m,a; + m,o(a; +m,m,0))®(a; +m,m,0).

So
[®(any + bng +m,m,0)|| < L1La || ®(an, +bj +m,a; +m,o(a; +m,m,0))].
This leads to

|®(an, + bny +m,m,0)]|
(20) ga(@,m,no, ) > ( s L10L2 X{O,...,no}'

Applying F on both sides of (20), we have
[ (ang + by + m,m, O)|

||q)(a"ﬂ0 + bno + mv mv 9
LiL

>

2
)”) 4KLIL3, using (19).

One can easily conclude that ||®(ay, + bp, +m,m,0)| < % On the other hand,

Gy + bny > ar+ by > 0. This means that all conditions of Lemma 6 work. Thus 7
is uniformly exponentially stable. O
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Theorem 12. The linear skew-evolution semiflow m = (®,0) is uniformly expo-
nentially stable if and only if there exist o, §,/KC > 0; (ap) € Sa, (bn) € S and
k,q € N; F € Hy, 4(N) such that

1. Z a; +bj)
7=0
2. sup F (p(0,m,n,.)) <K < oo,
where
Hq)(an + bj +m7aj +m70(aj +mama9))” ) fOT’j € {07 . --an};
0, forj ¢1{0,...,n}.

Proof. The techniques used to prove the necessity are similar to those used in the
necessity part of Theorem 11. Thus it remains to prove the sufficiency. We consider
the following three cases.

Case 1. supa, = co. For each n € N, there are two subcases. The first subcase is
n < k+q. Then

sa(eﬂm’n7]) = {

| ®(an + brtq +m,m, 0)| < Me@(@rratbrta)
The second subcase is n > k + ¢. For all arbitrary j € {k, ...,k + ¢} we have

D (an + bitq +m, ax +m,o(ar +m,m,0))
= ®(an + byyq +m,an +bj +m,o(an + b; +m,m,0))
®(an, +bj +m,a; +m,o(a; + m,m,0))®(a; +m,ar +m,o(ar +m,m,0)).
This yields
1®(an + briq +m, ax +m,a(a +m,m,0))|
< Me*P+a || ®(ay, + b +m,a; +m,o(a; +m,m,0))|| Me“
< M2t ) D, + by +m, ay +m, a{a; + mym,0)]],
It follows that

0@,m,n,.) > p(0,m,n, )X, e}

< |1®(an + brtq +m,ar +m,o(ar +m,m,0))|| X
- M2ew(artqtbrsq) ke kta}

We obtain
K> F(p(0,m,n,.))

[2(an +brq & m, ar +m, o(a + m,m, 0))]|
=1 << M?2ew(artqtbiq) Xik,... k+q}

C
> (i) 190 + birq + myai -+ m.o(ax + m,m,6)] .
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Thus,

KM 2 (aktqtbitq)

|®(an + bktq + m, ax +m,o(ar +m,m,0))]| < -

From
®(an+birqg+m,m,0) = ®(ay, +byprq+m,ap+m,o(ar+m,m,0))®(ar +m,m,8),
we have

H(I)(an + bk-‘rq +m,m, 9)” < H(I)(an + bktq + M, ax +m, U(ak +m,m, 9))”
x [|[@(ak 4+ m,m,0)|
(]CMQGW(ak+q+bk+q)
<

)Me”a’“.
c

Therefore,

M2 ew(@rrqtbitq)

|1®(an + bgtq +m,m,0)]] < max { ( ) Me‘”“’f,Me‘”(“’fﬂerk*q)} .

c

Using Lemma 7 for ¢, := a,,+bi4q, we get the uniform boundedness of ®(t+s, s, 6).
Assume that
sup [|®(t + s,5,0)|| < L.

We now use Theorem 11 for Ly := L and Ly := L.

Case 2. A :=supa, < oo and supb,, = 00.

Now we show that ||®(ay + b, + m,m,0)| is uniformly bounded. For each n € N,
there are two subcases which may occur. The first subcase is n < k + ¢. Then

1) 1@ (an + by + mym, 0)]| < M @+atbrra),
The second subcase is n > k + ¢. For all arbitrary j € {n — ¢, ...,n}, we have

D(ap + by, +m,m,0)
= ®(a, + by, + m,a, +bj + m,o(a, +b; +m,m,0))
®(an, +bj +m,a; + m,o(a; + m,m,0))®(a; +m,m,0).

From

[®(an + bn +m,m,0)|

< M=) || (ay, + bj + m, aj +m,o(a; +m,m,0))|| M,
< M2 4e“P=D) | ®(a,, + bj + m, a; +m,a(a; +m,m,0))|
< M2 A5 | B (a,, + by +m, a; +m,o(a; +m,m,0))|,
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we have

R

M2ew(At5q) ) Hr—gn)-

We obtain

|®(an + by, +m,m,0)]|
I 2 F << M2€w(A+5q) X{n_q7...,n}

c
- (M2ew(A+Bq)

V

Y 1@ (an + by +m,m, 0)] .

Thus,

M2 ew(A+B)
(22) HM%+%+mmﬂm§——%f—f

Since (22) and (21), we have

JCM 2 e (A+Ba)

|®(an + by +m,m,8)|| < max{ ,Me”(“’“+q+b’“+q)} .

c

Once again, using Lemma 7, we obtain the uniform boundedness of ®(t + s, s, 6).
From Theorem 11, we obtain the uniform exponential stability of .

Case 3. A :=supa, < oo and B :=supb, < co.

With the conditions above, we have

(23) [|[®(an + by +m, an + bj +m, 0(an + bj +m,m,0))[| < Me* =) < Me“?,

(24) |®(ay, +m,m,0)| < Meon < Me®4,
and
(25) @ (an + by 4+ m,m,0)| < Me@ntbn) < pfew(ATB),

We now use Theorem 11 for L := Me“’B; Lo := Me*# and Ly := Me*A+B) This
completes the proof. [l

The following theorems establish a connection between discrete-time versions
and continuous-time versions.

Theorem 13. The linear skew-evolution semiflow m = (®,0) is uniformly expo-
nentially stable if and only if there exist K > 0; b € N and G € H(R,) such that
sup G (np(0,m,n,.)) <K < oo, where

b([@(n+7+m,7+m,o(r+m,m,0)|), forrel0,n,

o (8, mm, ) = {0, for T ¢ [0,n].
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Proof. Necessity. Suppose that 7 = (®,0) is uniformly exponentially stable and
let K,v > 0 be two constants given by Definition 18. We have that

3

K K
< —

evn T v’

n n
/H<I>(n+T+m,T+m,o(T+m,m,9))Hdrg/Ke*”"drz
0 0
7 K
Thus we only take b(t) = t, G(f) := [ f(r)dr and K := .
0

Sufficiency. Let (a;), (b;) be two sequences given by a; := j, b; := j + 1. It is not
difficult to show that (a;), (b;) € S1. We consider the function a : Ry — R given

M262w
f(s,) Ry = Ry, Fi: S — [0,00] given by

fls,7)i=s([7]),  Fols) == G(f(s,)):

Because of the hypothesis G € H(R), we deduce that F € H(N). From the
equality

by a(t) := b(;) It is clear that a € V. For each s € S, we define two maps

®(n+1+[r] +m,[r]+m,o([r] +m,m,0))
=®(n+1+[r]+m,n+7+m,o(n+7+m,m,0))
S(n+71+m,7+m,o(r+m,m,0))®(r +m,[r] + m,o([r] + m,m,0)),

we have

[@(n + 1+ [r] +m, [7] + m,o((7] +m,m,0))|
M2e2w
<||®(n+7+m,7+m,o(r +m,m,0))| .

It is not difficult to show that
(26) K =G (p(0,m,n,.)) =G (f(¢a;-) = Fa (va(0,m,n,.)) .
Using Theorem 9, we obtain that 7 is uniformly exponentially stable. O

In the following we give a continuous-time version of Theorem 12.

Theorem 14. The linear skew-evolution semiflow m = (®,0) is uniformly expo-
nentially stable if and only if there exist K > 0 and k,q € N, G € Hy, ,(R) such
that sup G (n(6, m,n,.)) <K < oo, where

|[®(n+7+m,7+m,o(r +m,m,0))|, forTe€l0,n],

n(@,m.n,7) = {0, for T ¢ [0,n].

Proof. The rest of the proof is similar to that of Theorem 13 and is omitted. O

We can rewrite Theorem 13 as follows.
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Corollary 20. The linear skew-evolution semiflow m = (®,0) is uniformly expo-
nentially stable if and only if there exist K > 0 and b € N such that

sup/b(H@(n—l—T—i—m,T +m,o(r+m,m,0))])dr <K < .
0
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