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ENUMERATING SET PARTITIONS BY THE NUMBER
OF POSITIONS BETWEEN ADJACENT
OCCURRENCES OF A LETTER

Toufik Mansour, Mark Shattuck, Stephan Wagner

A partition II of the set [n] = {1,2,...,n} is a collection {B1,..., B} of
nonempty disjoint subsets of [n] (called blocks) whose union equals [n]. Sup-
pose that the subsets B; are listed in increasing order of their minimal ele-
ments and 7w = w172 - - - T, denotes the canonical sequential form of a parti-
tion of [n] in which ¢ € By, for each ¢. In this paper, we study the generating
functions corresponding to statistics on the set of partitions of [n] with k
blocks which record the total number of positions of m between adjacent oc-
currences of a letter. Among our results are explicit formulas for the total
value of the statistics over all the partitions in question, for which we provide
both algebraic and combinatorial proofs. In addition, we supply asymptotic
estimates of these formulas, the proofs of which entail approximating the size
of certain sums involving the Stirling numbers. Finally, we obtain comparable
results for statistics on partitions which record the total number of positions
of 7 of the same letter lying between two letters which are strictly larger.

1. INTRODUCTION

A partition 11 of the set [n] = {1,2,...,n} is a collection {By, B, ..., By} of
nonempty disjoint subsets of [n] whose union equals [n]. The elements of a partition
are called blocks. We assume that By, Bs, ..., By are listed in increasing order of
their minimal elements, that is, min B; < min By < --- < min B. The set of all
partitions of [n] with k blocks is denoted by P(n,k) and the set of all partitions
of [n] by P(n). The cardinality of P(n,k) is the well-known Stirling number of the
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second kind [11], which is usually denoted by S, 5. The cardinality of P(n) is given

by B, = Z Sp,k, the nth Bell number, which satisfies the recurrence relation
k=0

n—1
-1
7=0

with initial value By = 1. Any partition II can be written in the canonical sequential
form ® = mime---m,, where i € By, for each i (see, e.g., [4, 8]). From now
on, we identify each partition with its canonical sequential form. For example, if
IT = {1,4},{2,5,7},{3}, {6} is a partition of [7], then its canonical sequential form
is m = 1231242 and in such a case we write II = 7.

In this paper, we consider statistics on P(n, k) which record the total number
of positions between adjacent occurrences of a letter as well as statistics which
record the total number of positions of the same letter lying between two letters
which are strictly larger. For other statistics on finite set partitions, see, e.g.,
[2, 5,9, 12]. To aid in our analysis, we will represent a partition 7 = wy7g - - - 7, of
[n] with exactly k blocks as a set of points (;,),7 = 1,2,...,n, in the lattice Z2. We
will call this picture a graph representation. For example, the graph representation
of the partition 7 = 1231242 € P(7,4) is given below in Figure 1.

In fact, a set A of points in the first quarter of the lattice ' W
Z? is a graph representation for a member of P(n,k) if A
contains only points of the form (j,i) such that 7 < i, j =
1,2,...,kand ¢ = 1,2,...,n, with at least one point on each
vertical line and no two points on the same horizontal line.

In this paper, we study the ordinary generating functions
corresponding to the aforementioned statistics on P(n, k). Sev-
eral of our results are readily expressed in terms of Stirling 01 2 3 4
numbers of the second kind and Bell numbers. Among the
results are explicit formulas for the total value of statistics on

S N W bk OO
L[]

Figure 1.

P(n,k) and P(n), for which we provide both algebraic and combinatorial proofs.
In addition, we also provide asymptotic estimates of these formulas, the proofs
of which entail finding the approximate size of certain sums involving the Stirling
numbers.

2. MAIN RESULTS

Having drawn the graph representation of a partition 7 of [n], we say that
the two points (j,4) and (j,4') lying on the vertical line x = j have j-distance
m if there are m points in the interior of the subset of the first quadrant of Z2
bounded by the line segment between (j,4) and (j,¢') and the horizontal lines
emanating in the positive direction from these points. For instance, the points
(2,2) and (2,5) have distance 1; see Figure 1. We denote the total sum of the
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j-distances between any two adjacent points lying on the line x = j in the graph
representation of the partition = by d;(m). For example, if 7 = 1231242, then
dy(m) = da(m) = 2 and ds(m) = da(m) = 0; see Figure 1. Define dis(w) = Zdj(w)
i1
for any partition 7 of [n]. In our example, Figure 1, we have dis(mw) = 4. In other
words, the statistics d; (and dis) can be defined directly on the canonical sequential
form of the partition as follows. Let m = my---m, be any partition of [n] with
exactly k blocks. Two elements m;,7;; have j-distance m if m; = wy = j and
Hrms | s > 4,0 < s <i'} =m.

Putting this in subword terminology, the statistic d; records the number of
occurrences of the generalized pattern 1-2-1 in which the 1’s correspond to adja-
cent occurrences of the letter 7, which implies that the dis statistic records the total
number of occurrences of the pattern 1-2-1 in which the 1’s correspond to adjacent
occurrences of the same letter. For information on the enumeration problem of gen-
eralized patterns, see, e.g., [1] (for strings), [7] (permutations), [6] (compositions),
or [5] (partitions). The statistics d; and dis also have an interpretation directly
in terms of sets. Suppose II = {Bj,Bs,...,Br} € P(n,k), where the blocks are
arranged by increasing size of minimal elements, and let B; = {b1,bq,...b,}, with
by < by < --- < b,. For each consecutive pair b;, b;11, 1 < ¢ < r — 1, consider
the number of elements ¢ in [n] occurring in blocks of II to the right of B;, with
b; < ¢ < bj+1. Doing this for each pair b;, b;11, and adding the resulting numbers,
yields d; and repeating this for all blocks B;, and summing over j, yields dis.

Let F,(r;q1,q2, - . .) be the joint generating function for the number of parti-
tions of [n] with exactly k blocks according to the statistics dy,da, .. .; that is,

Fu(riqrge,..) = > " [ a™,

k>0 w j>1

where the internal sum is over all partitions of [n] with exactly k blocks. Sup-
pose that there are j + 1 occurrences of the letter 1 within a member of P(n, k),
their positions being denoted by 1,41,1%2,...,%;. From the definitions, we obtain the
recurrence relation

(2)  Fu(riqiqe,-..) =rFu_1(r;92,43, . .)

n—1

Z Z ij—j—1
+r (Fnlj(T;QQaq37"') q7 ! )7

=1

2<i1 << <i;<n

with the initial condition Fy(r;q1,¢2,-..) = 1. We must first simplify the rightmost
sum in (2) above.

Lemma 2.1. Let a, ; = Z 2%~ for all 0 < j < n. Then
2<iy <ig<-<ij<n

Jj—1

i T ijgc)j T ingg)j Z (n 1 ;j H)(l )

=0
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Proof. Direct calculations lead to

n

— i;—1
an,j = E E z

2<iy <ig<--<ij_1<n—1 i;=ij_1+1

- 2 xijflil_% 2 !

2<iy <ig<-<ij_1<n—1 2<iy <ig<-<ij_1<n—1
T x

"o fn—2
— ap g —— .
11—z R j—1

n

Using the initial condition a,; = and iterating the above recurrence, we

obtain

x7 2" n—1—j+1 i
an’j:(l—w)j_(l—x)jz< i )“‘”f)’

=0

as claimed. O

Combining Lemma 2.1 and (2) yields

(3) Fo(riqi,q2,...) = 1F0_1(r5q2, 03, - . )
n—1 Jj—1 . . n—j
1 n—1—j+1 q
+r Fo_i_i(riq2,q3,...) | ————— — < ) > ,
j; 1 ]( 2,43 )<(1—Q1)J ; i (1_q1)]—1

with the initial condition Fy(r;qi,q2,...) = 1.
Define F(t,r;q1,q2,...) = Z F.(r;q1,q2, .. .)t". Multiplying (3) by t" and

n>0
summing over all n > 1, we get

rt
4 F(t,r; )=14—F(t,r;
() (aT7Q1aQ27 ) +1_t/(1_q1) (7Taq27q37 )

I )

n>0 =0 i=0
rt
=1+———F(t,r
+1_t/(1_q1) (77"7(127%” )
rt2qq - "~ (m+i qr
- t" Fon(7502,3, - - ( . )—
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rt
:1+7Ftaraan7
Tt g )
7"t2q1 . tn,k n—k ki .
-1 th gt Fe(riga,q3,-..) Y ———r T )
rt
:1+7F t7’r‘; s e
1—t/(1—q) ( q2,93 )
Tthl n n k—|—2
_—1—q1z tkqlka(r;qg,qg,...)Z =) nZ( ) 1—q1)1
k>0 >0 =

, "¢ + 1
Using the fact that » —Z (m Z)(1 —q) = A= (=t —q)’

nZO( —q)"

we obtain the following result.

Theorem 2.2. The generating function F(t,7;q1,qs,...) satisfies

(1 — QI)F(

F(t,r;q1,q2,...) =1
(t,rq1,G2,- - .) +1—q1—t

B tq r lq S
(1—ﬂﬂ—q1—ﬂ [ A

ta r;42,43, - . )

2.1. The statistic dzs

Let F(t,r;q) = F(t,r;q,q,...). Theorem 2.2 gives

rt(1 —q) rt2q tq
Flt,rig) =1+ D p riq) — F :
(t,r;q) +1_q_t(,n® A-ni—g—p  \iz¢")

which is equivalent to

1—q—t rt’q qa .
Ftrd =y a9 ~ (1—t)(l—q—t—rt(l—q))F(l—t’T’q)'

Applying this recurrence relation an infinite number of times, we obtain the follow-
ing result.

Theorem 2.3. The generating function F(t,r;q) for the number of partitions of
[n] according to the statistic dis is given by

S CYHEa ooy

j>0H L—q—t(1—¢)[](1 —q—t(1+rg —rg+t))

i=0



Enumerating set partitions by the number of positions between. . . 289

REMARK. Theorem 2.3 for ¢ = 1 implies

1V 3420 3% (1 V(1 — g
> = . . .
=0 [Ta—g-t—g))[[(1—g—t(+rg —rg+h))
=1 1=0

o J+3
=30 lim — ! =yt
i>0 =1 1—4 >0 1>
7= H(l—t(}gnl ) 7= H(l—z’t)

i=1 -4 i=1

which gives us the familiar fact (see, e.g., p. 34 of [10]) that the generating function for
the number partitions of [n] with exactly k blocks is given by

tk
T =2 St
[Ta—a "=*

i=1
where S, is the Stirling number of the second kind.
When ¢ = 0 in Theorem 2.3, we get

1—t '
Ft.r0)=3——7 Z(l—t)’

7>0

k-1
and hence 2"~! members of P(n) with zero dis if n > 1. This also follows directly
from the definitions since partitions m = 7y7g - - - 7, for which dis(w) = 0 must be
non-decreasing.

which implies that there are (n B 1) members of P(n, k) with zero disifn >k > 1

Corollary 2.4. The generating function for the total dis over all the partitions of
[n] is given by

P e 21<Z)
]>0£[0 =2

Proof. Let F/(t,r;1) = din(t,r;q) lo—1 . Theorem 2.3 implies

F'(t,r;1) = lim — Yy (=) (L =g =)
EA MO —g—t =g —-q—t+r¢ —rg™h))

=1 i=0

Vi(t;q),
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where

-2 1 i=11—t—

j P
J 1—g L+rg (i —(i+1)q)
Vi(t,riq) =L — - T
it 30) 1—qg—t 1—¢q +Zl—q—t(1+rq — rqitl)

By the preceding remark, we get

it
(5) "(t, ;1) Z I hmV(t r;q).
=0

On the other hand,

hmV(trq)—j +r(j+1)_¥_¢}in1 — 1—g
. J - i—1
d [ 1—1iq"t
=j+r(+1)—= - lim —
I gq—) dg \ 1 - ¢41=¢

Hence, by (5),

- j
, _ ritt 9 . J
F'(t,r;1) = - j +r(g+1)—g+tzl_it
720 H(l — it) i=1
=0
i 1
rits r(7+1) 2
= - 1) — t
j A+ 1—(j+1)t+zl—it
720 H(l — it) i=1
=0
(2)
iti +1)2¢ L\ 2
_ r 2 r(Jj . ) +tz :
1=+t —1—it
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as claimed. O

The above corollary, together with the fact that

tk
=D Suat",
[[(t—at)y n=*

1=1
yields the following result.
Corollary 2.5. The total dis over all the partitions of [n] with exactly k blocks is
given by

k

N\ n—1
£(05)
=2 2 ji=k

This formula can be simplified; for this and later purposes, we convert the or-
dinary generating function to an exponential generating function, which has several

advantages. This can be achieved by means of a partial fraction decomposition:
one has

foralln>k>1.

rit
S RO
j=0 H(l _ it) i=1 i>0 H(tq _ Z) i=1
i=1 i

]~
=l
IS
< N
~

I

<

.
-
T
VRS
H[\)s
~

for certain a;(r) and b;(r) that depend only on r. In order to determine these values,
we need the expansion around u =t~ = m for fixed m: for j > m, one has

fre o\

=1

.
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B G Vo S (RN < el S TS
(m =D —m)!(u—m) % m—i

%—FZJ:@—FOW—W@)

I (M) (a)- ()
~(m 1Mr—)w—mY(uEm+Z; TR
i#Em

= (=1 , @) A +242mj—4m -
~ (m =D —m)!(u—m) (u—m 4 +0( ))
B rj(—l)jfm(;) (=177 (j2 = j 4 2+ 2mj — 4m)

T DG A0 -l —m) O

Hence, we have

oy PV )

B (m=D1G-m)!  (m-1)! = k! (m—1)! "

jzm
and, similarly,

me=T(r2 — dmr + 3m? — 5m + 2)

bu(r) = = 4(m—1)!

Now we can pass on easily from the ordinary generating function

Z ((t—alj(—r)jﬁ ) Zaj Z (k+1)j tk”—i-Zb ijtk+1

i>1 i>1 k>0 i>1 k>0

to the exponential generating function

ktk+1
(k+1)!

k+1)jF¢k+
Son S S+ Su0

i>1 k>0 k>0

— Y 0 eﬂtyt—l +Zb

j>1 j>1
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This can be simplified to obtain

Zaj —thl)—’—l-&-Zb

j>1 j>1 J

edt — 1

J 771 . . .
_Z () ettt —1)+1 ere_r(r2—4jr+3j2—5j+2) edt —1

— = ——y ‘
= G- J = A - ! j
rie "elt (j—Drie (et — 1)
NI
—92)! ]
= 2(5 —2)! = 25!
Z (r? —4jr + 352 =55 + 2)rie " (eIt — 1)
1l
=1 4!
et e (r?2 —4jr + 352 — 35)rie " (eIt — 1)
= ¢ -2 451

Jj=1

_ e ey 3 rite (e — 1)
2 47!

>0
ritle eJ75 —1) 3rie="(elt —1)
+ - . 1 - . a1
% R
2,2t 2 2
_ e 26 er(e=1) _ TZ (eT(et—l) — 1) + 72 (eter(et_l) — 1) — 3% (e%er(et_l) - 1)

2
= e (2t = 9)e +4e’ — 1),

Extracting coefficients implies that the total dis over P(n, k) is given by

k(k—1)(2n — 3k k—1)(4n —bk+2 n—k+1
( I )Snfl,k + ( I )Sn71,k71 + ———Sn-1k-2.
4 4 2
Simplifying this, using the recurrence S, = kSp_1x + Sn—1,k—1 several

times, yields the following result.

Theorem 2.6. The total dis over all the partitions of [n] with exactly k blocks is
given by

(n+1—k)Sni1r— [(;) + n] Sk
2 b

foralln>k>1.

n

It is well known that S, ,, = L

o+ O((k — 1)™) for fixed k; hence one has the

following immediate corollary.
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Corollary 2.7. For fized k, the total dis over all the partitions of [n] with exactly
k blocks is asymptotically

(k — 1)k"
4%!

and the average dis over all such partitions is therefore asymptotically

(k — 1)(571731@) o (n <kkl>") |

For the total over all partitions of [n], without restrictions as to the number
of blocks, one simply has to set » = 1 to find the exponential generating function
1

76T (@ = 3)e* 14’ —1),

(2n — 3k) + O(n(k — 1)),

and again extracting coeflicients yields the following result.

Theorem 2.8. The total dis over all the partitions of [n] is given by

2n+7 3 2n+1
TBTL+1 - ZBn+2 - TBn~
. Bn+1 n nloglogn . .
Since B = Togn ( o > (see [3]), one obtains an asymptotic formula
n og n

for the mean.

Corollary 2.9. The average dis over all the partitions of [n] is asymptotically
n? 2loglo
Lo ("gzg”) _
2logn log”n

2.2. The statistic m-distance

Our aim in this subsection is to study the generating function G(t,r;q) =
F(t,r;q,1, 1,...), which is the generating function for the number of partitions of
[n] with exactly k blocks according to the statistic 1-distance. Theorem 2.2 gives

rt(1 —q) rt’q tq

G(t, =1 7Ft, ;1) — F sl ).

gy =143 = Pl - aa—g = \i=e”

By the ¢ = 1 case, we get
rt(1 —q) ritd rt2q ritig?
G(t,r;q) =1

(,T,q) +1_q_tz J 1_q_tz ’
IZ0TT(1 — it) 3>0H(1—t1+zq))

i=1

which implies the following result.
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Theorem 2.10. The generating function for the number of partitions of [n] with
exactly k blocks according to the statistic 1-distance is given by

tqj+1

320 f[(l —it) f[(1 —t(1+iq))

i=1 =0

For instance, the generating function for the number of partitions 7 of [n]
with exactly k blocks and dy(7) = 0 is given by

rt rits
G(tﬂ“;O):l—&-l_th ,

20T -t

which implies that the number of partitions of [n] with exactly &k blocks and having

n—1

zero dy is given by Z Sjk—1 if n >k > 1. Thus, the number of partitions of [n]

j=k—1
n—1
with zero d; is given by Z Bj if n > 1, where B; is the j'* Bell number. This
=0

is also apparent from the definitions since members of P(n, k) with zero d; must
start with n — j 1’s for some j, k — 1 < j < n — 1, and have no other occurrences
of 1.

Differentiating the generating function G(¢,7;q) with respect to ¢, setting
¢ = 1, and finding the coefficient of r* yields

k koG~
(6) [r*] (dqu@’T;CI) |q_1) Tk : Z (1 *;)ft’

which implies the following result.

Corollary 2.11. The total di over all the partitions of [n] with exactly k blocks is
given by

k n—1
SMlGE=1> S,
i=2 j=k

foralln>k>1.

Corollary 2.11 may be extended to find the total d,, over all the partitions
of [n] with exactly k blocks as follows. At first, delete all the letters 1,2,...,m —1
from the partition 7 and denote the resulting partition by 7’. Then counting d; (7”)
over all possible partitions 7’ yields the following result.
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Corollary 2.12. For alln > k > 1, the total d,, over all the partitions of [n] with
exactly k blocks is given by

n—ji n—ja Nn—jm-1 | m—1 n—j k+1-m n—"Jjm
E § .. § H ( ; 5) E (z _ 1) E Z'n_]m—JSj’k+1im ,
11=0 i2=0 im—1=0 | s=1 s =2 j=k+1-m

where js =141 + - +is_1 + S.

As in the case of the statistic dis, it is possible to derive a simpler formula for
dy as well as its asymptotic behavior by means of exponential generating functions.
In a totally analogous manner, one obtains the partial fraction decomposition

koo, ; ; .
r (i—1)t rie" B rie " (j—r—1)
DR S DR S ol e

21T (1 — it) = §>2 j>1

ktk

and as an immediate consequence the exponential generating function

Z rle™™  eIt(t—1)+1 ere_r(j—r—l) et —1
. _ ' ° .2 - . _ ' . .
= (1 -2)! J = G- j
Since the sums do not evaluate directly to elementary functions, we differen-
tiate with respect to ¢ (which merely means a shift of coefficients) to obtain, after
some simplifications,

S P e -

L tedt — - N ) gt 2 Lt r(e*—1)
G=2) te G=1) et =ref(te’ —e" + 1)e .
j=2 Jj>1

Extracting coefficients implies that the total d; over P(n,k) is given by
kE(k—1)(n—k—1)Sp—2r+(k—1)2n—2k —1)Sy_o k-1 + (n — k)Spn—2,k—2,

which may be simplified using the recurrence for S(n, k) to obtain the following
result.

Theorem 2.13. The total di over all the partitions of [n] with exactly k blocks is
given by
(n — k)Sn,k — (n — I)Sn—l,k,

foralln>k>1.

Furthermore, one has the following asymptotic result which parallels Corol-
lary 2.7.

Corollary 2.14. For fized k, the total di over all the partitions of [n] with exactly
k blocks is asymptotically
(k—1)(n—k—1)k"!
k!

+O0(n(k—1)"),
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and the average dy over all such partitions is therefore asymptotically

bt o (2.

From the exponential generating function

el(te! — e + 1)eet*1

that results when » = 1, one also obtains the following theorem for the total d
over all partitions of [n] which parallels Theorem 2.8.

Theorem 2.15. The total di over all the partitions of [n] is given by
(n + l)Bn - Bn+l - (n - 1>Bn71-

Corollary 2.16. The average di over all the partitions of [n] is asymptotically
n+ O(n/logn).

2.3. Combinatorial proofs

In this section, we provide direct combinatorial proofs of Corollaries 2.5 and 2.11
and Theorems 2.13 and 2.15. To do so, we first consider some additional statistics
on P(n,k). Let m = myma---7m, € P(n, k). Define the statistic £ by ¢(7) :=¢ — 1,
where ¢t denotes the position in 7 corresponding to the rightmost 1, 1 <t < n. The
total £ on P(n,k) is easily computed.

Lemma 2.17. The total ¢ over all the partitions of [n] with exactly k blocks is
given by (n — k)Spk for alln >k > 1.

Proof. Assume k > 2 and induct on n > k, the n = k case clear. If n > k and
A= AA2--- A, € P(n, k), then considering the cases (i) A, = 1; (ii) A, > 1, with
AMAg - A1 € P(n — 1,]()), or (111) An = k, with MqAg--- M1 € P(TL — ].,k — 1),
implies that the total ¢ value over P(n, k) is given by

(n — 1)571,1)/c + (k‘ — 1)(7’L —-1- k)Sn—Lk + (n — k‘)Sn,kal
= (ﬂ - k)(snfl,kfl + kSnfl,k) = (n - k)sn,kv

which completes the induction. O

We define two more statistics as follows. If # = my7y -7, € P(n,k), then
let o(m) denote the number of distinct elements of {2,3, ..., k} which occur to the
left of the rightmost 1 in 7 and let 8(7) denote the number of positions to the right
of the rightmost 1 in 7 and not corresponding to the initial occurrence of a letter.
For example, if 7 = 1232134252 € P(10,5), then a(n) = 2 and B(7) = 3.

Lemma 2.18. The total « over all the partitions of [n] with exactly k blocks is
equal to the total B for allm >k > 1.
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Proof. If a(r) denotes the number of distinct elements of [k] occurring to the
left of (and including) the rightmost 1 in # € P(n, k), then a(r) = a(r) — 1 and
B(m) = (n— k) — ({(r) + 1 — a(m)), from the definitions. Thus, the total « over
P(n, k) equals the total § if and only if

Yo (am-1)= > (n—k-(lr)+1-a(r)),

TEP(n,k) w€P(n,k)

which reduces to Z ) = (n—k)S,, i, the statement of the previous lemma. O
wEP(n,k)

We now provide a direct proof of Corollary 2.11 as follows. First let ()
denote the total number of positions in m € P(n, k) corresponding to letters greater
than 1 and not corresponding to an initial occurrence of a letter. Then the total
over P(n, k) is given by

Zk: ((i —-1) gznusﬁ,ﬁ).

i=2 =k

To see this, suppose ¢ and j are given, where 2 < ¢ < k < j <n — 1, and consider
those members of P(n, k) which may be expressed uniquely as

(7) 7 = 7izy,

where 7’ is a partition with ¢ — 1 blocks, z is a non-empty word in the alphabet [i]
of length n — j whose last letter is greater than 1, and y is a possibly empty word.
Note that there are (i — 1)i" 177 choices for the word  and S; choices for the
remaining letters m’iy which together constitute a partition of a j-element set into
k blocks. Thus, the total v over P(n,k) may be obtained by finding the number
of partitions which may be expressed as in (7) for each ¢ and j and then summing
over all possible values of 7 and j, which yields the expression above.
Furthermore, from the definitions and Lemma 2.18, we may write

t() = t(dr) — (@) + ¢(8) = t(dr),

where ¢ of a statistic denotes its total taken over P(n,k), which implies that the
total dy over P(n,k) is as in Corollary 2.11. O

This proof may be extended to explain Corollary 2.5 as follows. We first
generalize the prior statistics. For each i € [k — 1], let a;(m) denote the number
of distinct elements of the set {i + 1,7 + 2,...,k} which occur to the left of the
rightmost ¢ in 7 = mmg---m, € P(n,k) and let §,(7w) denote the number of
positions to the right of the rightmost 7 in 7 that do not correspond to an initial
occurrence of a letter but are larger than i. Note that a; and 3, are o and 3 when
i = 1. For each i, note that the total a; over P(n, k) equals the total 3,, by Lemma
2.18, upon deleting all occurrence of 1,2,...,7 — 1 within members of P(n, k) and
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then considering oy and (3; on the resulting partitions, much like as in the proof of
Corollary 2.12 above.

Given ¢ € [k — 1] and w € P(n, k), let v,(w) denote the number of positions
of m greater than ¢ and not corresponding to an initial occurrence of a letter. Then

(8) kft(%) _ zk: <<;) Sinljsﬁk)

i=1 i=2 =k

To see this, first fix ¢ and j, where 2 < i < k < j < n — 1, and consider the set
of all ordered pairs (,a), where m = 7’izy is a member of P(n,k) which may be
expressed as in (7) above and a is a positive integer strictly less than the last letter
of z. Then the right side of (8) gives the total number of ordered pairs as i and j
vary over all possible values. By definition and similar reasoning, ¢(,) equals the
total number of ordered pairs (7,a) where a = i for each ¢ € [k — 1], which gives

(8)-
From the definitions and the fact that t(«;) = ¢(3;), we may write for each
ielk—1],

;) = t(di) — t(e) + 1(B;) = t(ds),

which implies

k—1 k—1
tdis) = 3 t(d) = 3 t),
i=1 i=1
from which Corollary 2.5 follows from (8). O

Finally, this proof can be extended to explain Theorems 2.13 and 2.15 as
follows. Given m = mymg---m, € P(n,k), let b(w) denote the number of positions
i > 1 such that m; = 1. Then the total b over all members of P(n, k) is (n—1)Sp,—_1 1,
as there are S, _; j, occurrences of 1 in the it" position, taken over P(n, k), for each
i, 2 <1 < n. Since there are clearly (n — k)S,, x positions in all of the members of
P(n, k) which do not correspond to initial occurrences of letters, we see from the
definition that

t(’}/) = (TL - k)Sn’k - (’I’L — I)Snfl’k,

upon subtracting all non-initial 1’s. However, we have ¢(y) = t(d;), from the proof
of Corollary 2.11 above. Summing the expression in Theorem 2.13 over k yields

Theorem 2.15, upon noting Z kS(n,k) = B,+1 — By. O
k=1

REMARK. We may give another expression for the total di over P(n, k) as follows. Suppose

that = € P(n, k) is to contain exactly i 4+ 1 1’s for some 7, 0 < i < n — k, and that exactly

7 letters greater than 1 come after the final occurrence of 1 for some j, 0 < j <n—i—1.If

j < n—1—1, then we may write m = la1(3, where « is non-empty and contains i—1 1’s and

n —1—14— j letters greater than 1 and 3 is a possibly empty word having length j. There

are then (

n—2—j

1 )Sn,l,i,k,l such partitions, each having a d; value of n — 1 —14 — j.
i—
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Summing over all possible ¢ and j implies that the total di over P(n,k) is given by

n—k n—2—1i n—2 —] n—k n—1—1 i—1 +j
an—l—i,k—l Z ( i1 >(n1ij)—25n—1—i,k—1 Z < j )j
=0 =0

=0 Jj=1
n—k
n—1
= S —1—i,k— .
;l n—1—i,k 1<’L+1>

Equating this with the expression in Theorem 2.13 for the total di over P(n,k)
yields the following recurrence for Stirling numbers:

n—k
. -1
(’I’L — k)SnJC — (’I’L — 1)Sn—1,k = ; ZSn—l—i,k—l (”Z—F 1), n 2 ]C Z 1.

3. OTHER STATISTICS

Suppose m = w17y - - - T, i represented graphically as in Figure 1 above. We
will call a point P in the graph of 7 internal if there exist points in the graph both
above and below it lying to its right. In the partition pictured in Figure 1, only
the points (1,4) and (2,5) are internal. Note that a point (7;,%) belonging to the
graph of a partition @ = mwymy -« -7, is internal if and only if there exist j and k
with j < < k such that 7; < min{n;, 7, }. We will call the corresponding letter m;
in 7 an internal letter. Given m € P(n,k) and m € [k — 1], let int,, (7 ) record the

number of internal points of 7 whose z-coordinate is m. Then int(w Z int,

records the total number of internal points of 7. For example, if 7 = 123214331431 €
P(12,4), then inty (1) = 2, ints(w) = 1, intz(7w) = 2, and int(7) = 5.

Let F,(7;q1,q2,-..) be the joint generating function for the number of par-
titions of [n] with exactly k blocks according to the statistics inty, ints,...; that

is,
Fulriqi,ge,...) =Y > [T,

k>0 7 i>1

where the internal sum is over all partitions of [n] with exactly k blocks.

If n > 2, suppose that there are to be a total of j + 1 1’s in a partition of
[n], where 1 < j <n —1.If j =n — 1, then there is only one possible partition, so
assume j < n — 2. Suppose that j — k + 1 of the 1’s appear before the first 2 and ¢
of the 1’s are internal (so the partition ends in a run of exactly k —¢ 1’s). Then the
n—j7—3+1

i 1’s are to be distributed in n — j — 2 positions in ( ) > possible ways.
7

Thus, the total ¢nt; weight contribution is

Sy a(" ) (M e

k=0 i=0
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If n > 2, then we may write

(9) Fn(r;(h,q%'--)*r‘i’an 1(7’ 42,43, - )

n—2 J
]—3+z )
+TZF’IL 1—j5 7'(]2,6137 . Zq< )(.7 Z+1)
j=1 =0
Define F(t,r;¢1,q2,...) = Z FE.(r;q1, G2, .. .)t". Multiplying both sides of (9) by
n>0
t"™ and summing over n > 2 yields
rt?
(10)  Flt,rqua2...) =1+ 7 +rtF (7502, 03, )
J . .
n i(n—J =341\ . .
+th ZFn 1—j 7’(]2,(]37 . )Zq1< i )(]Z+1)
n>3 =0
Now
n—2 7 . .
" n—3—j+1%\,. .
I PILETTRR) D (RN [ASE
n>3 i=0
o1+
— Y anH e )Y d (" T Gz
n>0 i=0
n+1 n—j+2 . j—2—|—i
GO DILTCT RS Dt { e (R B R
n>0 j=1 1=0
& -2+
:rt2Zt]Fj(r;qQ,q3,...) Zt”Zqi( ; )(n—|—2—i)
j>1 n>0 =0

Observe that
n+1 . .
n ifJ—2+1 .
S Zq1< ; )(n+2 )
n>0 =0
—14+n j—2+1
— tnn+1 tzz tn 2
Seq () S Seee

n>0 >0 n>0

= (O—thl)f‘l _1> ’ ((1—;11)1‘1) <(12—_tt)2>7

so that (10) and (11) imply

2

rt
F(t,r5q1,q2,...) =1+ +rtF(t, 792,93, - . .)

1-—-¢
rt(1 —tq t
_rt(F(t,T;Q%QB,...)—l)—i—((l_t);) <F <1_%77’;QQ,(]3,...> —1),
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which yields the following recurrence for the generating function

H(t7T§Q17Q2a-~-) = F(t7T§(I17Q2a-~-) -1

Theorem 3.1. The generating function H(t,r;q1,q2,...) satisfies

rt rt(1 — tqq) t
H(tTQD(]Qv-”):l_t"' (1—t)2 H 1_tq1ar;q2aq37"' .

1-2¢

— 3t +t2’
ber of partitions of [n] with zero int value is an 1 if n > 1, where F,, is the Fibonacci

number defined by F,, = Frn—1 + Fr—2 if m > 2, with Fp =0, Fy = 1.

REMARK. Theorem 3.1 yields F'(¢,1;0,0,...) = which implies that the num-

3.1. The statistic int
Let H(t,r;q) := H(t,r;q,q,...) and F(t,r;q) := H(t,7r;q,q,...) + 1. Theorem 3.1
gives
rt rt(1 —tq) t
H(t,r;q) = H ;

and applying this recurrence relation an infinite number of times, we obtain the
following result.

Theorem 3.2. The generating function F(t,r;q) for the number of partitions of
[n] with exactly k blocks according to the statistic int is given by

riti — 1 —itq
1+Z H 2
]>11_ (= Da+1t 25 —[(i = 1)g +1]t)

Setting ¢ = 0 in Theorem 3.2 implies

Jgd
F(t,r;0) _1+Z 4

(1—t)%-1"

which implies that the number of partitions of [n] with exactly & blocks and having

n :f ; 2) if n > k > 1. This also follows directly from the

definitions. Note that a member 7 of P(n,k) for which int(r) = 0 must be of

the form m = a1 -+ - ap—108,_18k_o - - - 81, where o; is a non-empty string of the

letter ¢ for each ¢ € [k] and 3, is a (possibly empty) string of the letter i for each
k

zero int is given by <

i € [k — 1]. Conditioning on the value of m := Z |cv;| implies that the members of
1=1
P(n, k) with zero int have cardinality

i m—1\/n—m+k—2 B n+k—2
= \k-1 k—2 S\ 2%k—2 )
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n n—1
n+k—2\ _ 2n—-2-k\ _ . .
Note that gil ( ok 9 ) = gzo ( A ) = F5,_1, in accordance with the

last remark.

Differentiating the generating function F'(¢,7;q) with respect to ¢, setting
q = 1, and finding the coefficient of r* yields

k+1 k i —
(12) [r*] ((i]F(t,r;q) |q—1> =3 ! (1 —1kt +y 1_;) :
—it)

=1

which implies the following result.

Corollary 3.3. The total int over all the partitions of [n] with exactly k blocks is
given by

n—1 k n—1
S ETIS Y ((i -2))° i"—l—jsj,k> ,

j=k i=1

j=k
foralln>k>1.

Comparing this to Corollary 2.11, we also obtain the following trivial conse-
quence.

Corollary 3.4. The total int over all the partitions of [n] with exzactly k blocks is
always less or equal to the total dy over all such partitions.

Substituting ¢ = —1 into F(t,7;q) and collecting the coefficient of r* yields

(—DF 131+ (k- 1)t)
(102

)

k-3
(13)  [PM)(F(tr5-1)) =
1+ it)

) k>3’

(—
k—3 =
11

=1
which implies the following result.

Corollary 3.5. The partitions of [n] having ezactly k blocks and even int value
differ in number with those having odd int value by

n—1
(n—=2)-8kg+ (=DF 1Y (1) (i = 2)[Spiks — (k= 1)Sp_1-sx-3),
=3

foralln >k > 3.

We now provide a combinatorial explanation for the expression in Corollary
3.3 for the total int over P(n, k), rewritten slightly as

k n—1 k-1 /n-—1
> <(i -1) Z i"”&uk) - (Zinljsj,k)

i=2 k i=1 \ j=k
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Given i and j, where 2 < i < k < j < n — 1, consider those members of P(n, k)
which may be decomposed exactly as in (7) above except that now the last letter of
the word  must be less than i (instead of greater than 1). Note that, once again,
there are (i — 1)i" "'~ choices for the word = and S; choices for the remaining
letters 7'7y. Call a letter m; in a partition m = wymg - - - T, secondary if there exists
a letter to its left which is larger. The total number of secondary letters in all the
members of P(n,k) may be obtained by finding the number of partitions which
may be expressed as in (7) for each ¢ and j and then summing over all possible
values of 7 and j, which gives the first part of the expression above.

From the total number of secondary letters, we must subtract the total num-
ber of secondary letters which are not internal, i.e., those letters less than k for
which there is no strictly larger letter occurring to the right. Given ¢ and j, where
1 <i<k—-1<j<n-—1,consider all members of P(n, k) which may be decomposed
as

(14) T =1'ip,

where 7’ is a member of P(j, k) and p is a word of length n — 1 — j in the alphabet
[{]. Finding the number of partitions which may be expressed as in (14) for each i
and j and then summing over all possible values yields the total number of letters
within members of P(n,k) which are secondary but not internal. This gives the
second sum in the expression above, which we subtract to obtain the total int. [

While it seems that there are no nice formulas for the total int analogous to
Theorem 2.6 and Theorem 2.8 (the partial fraction approach leads to very com-
plicated exponential generating functions), one can at least again determine the
asymptotic behavior. For fixed k, note that the generating function is rational,

with a dominant double pole at % By means of the classical singularity analysis

[3], we get the expansion

th+1 1 -2 E—1 3—k—k?—kH,
_ o1
F )(1—kzt+;1—it> RO =t T kR —tk) (1),

[Ja—it

i=1

where Hj denotes the kth harmonic number, which yields

Corollary 3.6. For fized k, the total int over all the partitions of [n] with exactly
k blocks is asymptotically
knfl
k!

(k—1n+2—k*—EkH) + O(n(k —1)"),

and the average int over all such partitions is therefore asymptotically

oo (7))
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For the total over all partitions, regardless of the number of blocks, one has
to proceed differently: in view of Corollary 3.4, the total int is at most the total
dy, which is (n+1)B,, — B,,+1 — (n—1)B,,—1, by Theorem 2.15. On the other hand,

it is greater than
n k n—1
>3 (-9 T s ).

k=1 i=1 j=k

by Corollary 3.3. The partial fractions technique can then be applied to this ex-
t

pression to yield the exponential generating function e’(ef —1)(t—1)e® ~1, as in the

proof of Theorem 2.15 above. Extracting coeflicients yields the following theorem.

Theorem 3.7. The total int over all partitions of [n] satisfies
(n+1)B, — Bpy1 —2(n—1)B,,—1 <t(int) < (n+1)B,, — Byy1 — (n — 1)Bp—1,
t(int)

and so the average int is =n+ 0O(n/logn).
Proof. Simply note that the difference between the two sides of the inequality is
(n—1)By—1 = O(By, logn). Therefore,

t(int) (n+1)Bp, — Bpt1 — (n—1)B,_1 n

B, B,

O(logn) =n+ O(n/logn). O

3.2. The statistic int,

Setting go = q3 = -+ - = 1 in Theorem 3.1 and using the ¢ = 1 case implies that
the generating function G(t,r;q) := F(t,7;¢,1,1,...) for the number of partitions
of [n] with exactly k blocks according to the int; statistic is given by

Theorem 3.8. The generating function for the number of partitions of [n] with
exactly k blocks according to the statistic inty is given by

rt rt(1 —tq) R 1
G(t,r;q) =1 Tt _—

Setting ¢ = 0 in Theorem 3.8 implies that the number of elements of P(n, k)

n—1
having zero int; is given by Z (n—4)Sjk—1if n > k > 2, and hence the number

j=k—1
n—1

of elements of P(n) having zero int; is given by 14> (n — j)Bj if n > 2. This
j=1
also follows directly from the definitions since within a member of P(n) having zero
int1, the 1’s can only occur as runs at the very beginning or at the very end.
Differentiating the generating function G(t,7;q) with respect to ¢, setting
q = 1, and finding the coefficient of r* yields

d tk+1 1 k—1 1
(15) ["( -Gltra) lo=1 ) = (— — + — ) k> 2,
(dq ) .H(l i) 1—t & 1-(i+1)t

K3
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which implies the following result.

Corollary 3.9. The total int; over all the partitions of [n] with exactly k blocks is
given by

k n—1 n—1
Z ( Zinljsj’k> _ ZSj,ka
j=k

i=2 \ j=k
foralln>k>1.

The combinatorial proof above for Corollary 3.3 applies to Corollary 3.9 as
well. There are i"~'~7 choices for the word z, which now must end in a 1. Thus,
the first sum counts the total number of secondary 1’s over P(n, k). From this, we
subtract the total number of secondary 1’s which are not internal, which is given

n—1
by > Sjk (to see this, let i = 1 in (14)). O

=k
Substituting ¢ = —1 into G(t,7;q) and collecting the coefficient of r* yields

s . k=2,

[T -t

i=1

(16) (Gt —1)) =

which implies the following result.

Corollary 3.10. The partitions of [n] having exactly k blocks and even int; value
differ in number with those having odd int, value by

(n—1)-dk2+ Z(Z —2)[Sn—ik—2 + Snt1—ik—2],
i—3
foralln >k > 2.

Finally, let us determine the asymptotic behavior for the total int;. For fixed

k, we can again expand around the dominant pole ¢ = 1:

i
tht1 1 = 1
ﬁ(l— 2 <_1t+zl(i+1)t>

i=1

B 1 2(2k — 1)
T k-R(1—kt)?2 (k- 1)k- k(1 — kt)

+ O(1),

so that one obtains the following result.



Enumerating set partitions by the number of positions between. .. 307

Corollary 3.11. For fized k, the total inty over all the partitions of [n] with exactly
k blocks is asymptotically

=1 3k — 1 .,

and the average inty over all such partitions is therefore asymptotically

n  3k-1 +o(n E—1\"
ko k(k—-1) k '
For the total int; over all partitions of [n], one has to rely on estimates again.
First observe

k n—1 n—-1 k n-! —
Z ( Z n—1— jsjk> —Zsj,k :Z ( Zin1j5j7k> —2ZSj,k
j=k

i=2 \ j=k i=1 \ j=k j=k
and
n n—1 n—1 j
Zzsﬂ_zzs,k_zgj<z< )B_Bn
k=1 j=k =1 k=1

Furthermore, one finds, as in the proofs of Theorem 2.8 and Theorem 2.15 above,

n k n—1
3 (S s) ~o-va

k=11i=1

The following theorem is now immediate.

Theorem 3.12. The total inty over all partitions of [n] satisfies
(n — 1)Bn_1 — 2Bn S t(mtl) § (Tl — l)Bn_l,
t(intl)
B

n

and so the average inty is

= logn + O(loglogn).
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