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Abstract

A non-linear time-varying dynamic model is developed to study torsional dynamic behavior of a typical multi-mesh gear
train. The physical system consists of M shafts (M >2) coupled to each other by M —1 gear pairs. The discrete dynamic
model includes the gear backlash clearance, gear mesh stiffness fluctuations, and torsional flexibilities of the shafts. In
addition, the gear tooth modifications and typical manufacturing errors are included in the form of periodically time-varying
displacement functions applied at gear meshes. A multi-term Harmonic Balance formulation is used in conjunction with
discrete Fourier Transforms and a Parametric Continuation technique to obtain the steady-state period-n motions. Direct
numerical integration results are used to demonstrate the accuracy of the harmonic balance predictions. Effects of key system
parameters are also studied.
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U displacement vector
z number of gear teeth
Nomenclature S kronecker delta
A dimensionless frequency
K dimensionless mesh stiffness
List of Symbols: 0 rotational displacement
® frequency
b half length of backlash Q  nominal angular velocity
c damping coefficient ¢ damping ratio
e gear transmission error
f external force Subscripts:
g discontinuous displacement function
HBM Harmonic Balance Method c characteristic quantity
| polar mass moment of inertia eq  equivalent
J Jacobian matrix i gear or shaft index
k gear mesh stiffness i,n  natural mode I
M Monodromy matrix m mesh
m mass, frequency multiplier S shaft
p relative gear mesh displacement
Q number of discrete time points Superscripts:
q discrete time interval
R number of harmonic components considered in the rms  root-mean-square value
solution T matrix transpose
r base radius
S matrix form of non-linear algebraic equation set
T torque
t time
u displacement harmonic amplitude
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1. Introduction

Gear system dynamics has been a major research topic
for the last two decades since both fatigue life and noise
behavior of a gear set are impacted by its dynamic
behavior. The dynamic response of the gear system shown
in Figure 1 will be studied in this paper. The system is
formed by M parallel shafts, coupled to each other by
M —1 gear meshes formed by 2M —2 gears. Input and
output shafts are connected to rigid inertias representing
prime mover (input) and output inertias, respectively. This
configuration can be found in a wide range of automotive
(manual, automatic and  continuously  variable
transmissions), aerospace (rotorcraft drive trains), marine,
wind turbine and industrial applications.

Figure 1: An M-shaft gear train configuration considered in this
study

A number of dynamic models were proposed in the
past to describe the dynamic behavior of multi-shaft gear
system. Most of these models were linear time-invariant
type as the gear backlash and mesh stiffness fluctuations
were both ignored [1-10]. Such simplifications allowed a
larger number of degrees of freedom to be included in the
models since Eigen Value and Modal Summation
formulations were suitable. Shaft and bearing flexibilities
and combined transverse-torsional motions of gears were
all included in these models to study larger scale gear-
shaft-bearing systems. In some cases, the case deflections
were also included in the form of a case stiffness matrix
[10]. While these models offered guidelines towards the
design of gear systems with favorable shaft and bearing
arrangements, they brought limited insight to the behavior
at the gear mesh. Another group of models [11-14]
included the mesh stiffness fluctuations in the form of a
parametric excitation while still assuming no tooth
separations. These studies focused on the instabilities
caused by parametric excitations and predicted primary
and parametric resonances, resulting in regions of unstable
motions with infinitely large amplitudes. These models as

well were not capable of describing the non-linear
behavior observed in recent experimental data [9,15-18]
due to backlash-induced tooth separations.

Models of Kahraman and Blankenship [16,17] included
both the gear backlash and mesh stiffness fluctuations on a
single spur gear pair, and exhibited a softening type
nonlinear behavior for a single gear pair due to apparent
tooth separations. They also demonstrated that their single
gear pair model correlates well with experimental data.
Most recently, these authors [19,20] proposed a nonlinear
time-varying dynamic model of the system shown in
Figure 1 for a case of three shafts and two gear pairs. The
system was reduced to a two degree of freedom definite
model by using the relative gear mesh displacements as the
coordinates and assuming rigid shafts. Dimensionless
equations of motion were solved for the steady state
period-1 motions [19] and period-n sub-harmonic motions
[20] by using a multi-term Harmonic Balance method
(HBM) in conjunction with discrete Fourier transforms
and a parametric continuation scheme. These solutions
were shown to compare well with the direct numerical
integration solutions.  Floquet theory was applied to
determine the stability of the steady state solutions. An
example gear train was used to investigate the influence of
key system parameters including alternating mesh stiffness
amplitudes, gear mesh damping, and torque transmitted.

These earlier models [19,20] were limited in several
aspects: (i) they considered only a 3-shaft, 2-gear pair
configuration, (ii) the torsional flexibilities of the shafts
were not included in the model resulting in same vibration
amplitudes for two gears mounted on the same shaft, and
(iii) the input and output inertias were not included. This
paper aims at generalizing these previous models [19,20]
by considering any number of shafts, and including both
the torsional shaft flexibilities and input/output inertias.
The model will include N +1 inertia elements (N +1
degrees of freedom) where N =2M -1, with |, and Ins
representing input and output inertias, respectively. The
multi-term HBM that was used successfully for the three-
shaft system [19,20] will be extended here as well as for
the steady state periodic solutions of this M-shaft system
including both period-1 and period-n sub-harmonic
motions.

2. Dynamic Model Formulation
A dynamic model of a segment of the M-shaft gear

train of in Figure 1 is shown in Figure 2. Equations of
motion of the overall system are given as:

1101 (F) + ¢ Py (F) + ky 1 () =Ty (F) (1a)
120 (F) — ¢y Py () — Ky P (E) + 122 P2 (F) + 1ok (T2 (£) =0
(1b)

InOn () +cn P () + kn Pn (D)

+INCN- Pn-) () + rn -y kn-y )TNy (©) =0

(1c)

Ins10n41 (@) — oy P () —kn Py () =T () (1d)
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where N=2M -1 an overdot denotes differentiation
with respect to time t, and

O (1) — 0.1 (0, n=odd,
M0, (£) + rna6na (£) +8,(F), n=even.

ﬁn(f)={ (2)

Figure 2: Torsional dynamic model of a segment of the the gear
train shown in Figure 1

Here, Pn(f) with n=odd represents torsional shaft
deflections between two gears (or a gear and a rigid disk)
and p, (f) with n=even represents relative displacements
at a gear mesh formed by gear inertias n and n+1 along
the line of action. r, and r,,; are the base circle radii of
the gear pair formed by gears n and n+1. Torsional shaft
flexibilities are represented by the torsional stiffness and
damping coefficients, k, and ¢, (n=odd) as shown in
Figure 2. The flexibility of a gear mesh is modeled by a
periodically time-varying mesh stiffness k,(t) (n=even)
that is subjected to a nonlinear displacement function
On (t) representing the gear backlash clearance

Pn(®)—by. Pn(t)>by
On (f) =40, ‘ﬁn (f)‘ < Bn
Pn® +bn, Pn(t) <-by , n=even 3)

In addition, ¢, and 2b, are the gear mesh damping
coefficient and amount of backlash at the gear mesh n
(formed by gear inertias n and n+1, n=even),
respectively. Finally, &,(t) in Figure 2 and equation (2)
represents the so-called static transmission error excitation
at the mesh of gears n and n+1 that accounts for
intentional gear tooth profile modifications and
manufacturing errors.

The system shown in Figure 2 is semi-definite with a
zero-valued natural frequency. This rigid body mode can
be eliminated by using P,(f) as the coordinates. Also
defining a characteristic length b, and a characteristic

frequency g, such that

o P, n:odd,
p”(t)_{ﬁn(f)/bc, n:even,

en () =&, (f)/be (4a,b)

and a dimensionless time t= gl dimensionless form
of equations (1) can be written as

Py (t) + 2801, Py (1) — 28,01, P, (1) (5a)
+ 0)121 P, t) - 0)1221(‘2 Mg 2 = f1 ®

Py (1) = 28 5105, Py (1) + 28 5,05, P, (1) + 28 53055 P5 (1)
- w221 P (1) + 0)222’(2 09, + 0)223 ps(t) =&, (1)

(5b)

pn + 2éln(nfl) a)n(nfl) p(nfl) + 2§nn a)nn pn
. 2
=28 101y P pnynsy Pensty T @nnonyKinyy ® 9

+w§n P, - a)r?(ml)’((nﬂ) (t)g(m) =0,
n=35,N-3

(50)

pn - 2§n(n—l)wn(n—l) p(nfl) + 2§nnwnn pn
I 2
+28 1041 @ (ns1) Pty — @rgngy Peny)
2 2 .
+wnnKn (t)gn + wn(2n+1) p(n+1) = en (t)r
n=4,6,..,N-2

(5d)

Pn () + 28N (N-p©ON(N-2) P(N-1) () + 28 v o P (1)
+ O (2K (- DI O+ ojn Py () = Fy ().
(5e)

Here, dimensionless mesh stiffness functions are
defined as i, (f)=1+k,(@)/k, (n=even) where  and
k,() are the mean and alternating components,

respectively. An overdot denotes derivative with respect
tot. The other dimensionless parameters are defined as:

O -TUO/F1): Iy O=Tya®l0f ), (6aD)
gn (®), n=odd,
t) =
o) {gn(t)/bc, n=even, (6c)
@, n=odd,
2 I og
Dn(n-1) ri
. ngl ., n=even,
Ihogbe
(i+ ! )Lg, n=odd,
In lha OFs
®ppn =3 5 5 =
(ri*rni)k%, n =even,
In Tha ¢
(6d,e)
Taknabe
In1o
2 n+1®c
Onn+1) = r +|Z
it n=even,

2
Insogbe
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Mcnab
Lﬁlc’ n :odd’
21, ®n(n-1) O¢
Qn(n—l) = rec (vag)
n-n-l . n=even,
21, ®n(n-1) Oc be
C
%(i+ Ly S n-odd,
In Thi Omog
Cnn = r2 r2 c
L+l 20 n=even,
I Ini” ®Oppoe
Fn+1Cna1 Bc n=odd
c 2lpyg0¢ ®n(n+)
n(n+l) =
(1) M+1Cn+1 . n=even.
2lpyg0¢ ®n(n+1) be
(6h.i)

3. Multi-term Harmonic Balance Solution

The multi-term Harmonic Balance method is based on
the assumption that the external excitations f_(t) and

e, (t), time-varying coefficients  (t), the steady-state
solutions p_(t) and nonlinear functions ¢, () are all

periodic. These functions are given in Fourier series form
as:

K
Kn () =1+ 3 [k cos(hm, At) + k| sin(hm, At)]
h=1

n=even (73.)
r

en(t) = El(”) + Z[Eg‘) cos(rmp At) + Egr‘)ﬂ sin(rm, At)
r=

n=even ' (7h)

L
fo () = £ + >[50 cos(eAt) + 157, sin(LAD)]
/7

n=12..,N_ 70
Pn —u(”) +Z[u(”) cos(:2% )+u(”)+15in(%), n=12,...,N
(7d)
n=vi e Z[v(”) cos(%) +vih sm(r—At)
n=even l
(7e)

Here, A=70Q/o, is the fundamental dimensionless
frequency of the stiffness (tooth pass frequency) of a
chosen gear mesh, where z and Q are the number of teeth
and rotational frequency of one of the gears forming the
mesh, and the integer multipliers m, (n=even) are defined
to include commensurate stiffness frequency ratios of the

various gear meshes. In equation (7d),
1 1 1 N N N) T
u=uf? uf) ufdy )y ™ g ug)

are unknown coefficients of the assumed solution, and 1

is the sub-harmonic index required to find sub-harmonic
motions. Defining ¢ = At/n, substituting equations (7)

into equation (6), and enforcing harmonic balance, the
following set of N(2rR+1) non-linear coupled nonlinear

algebraic equations are obtained:

S(U,V, A) =0 (8)

where vectors u, v and S have dimension N(2R+1).
For n=odd, the elements of S vector are given as
(relLR])

"
n) _ 2 (n-1) 1 (n-1) 2 ,(n)
S,V = @y "™ +3 E A EYOTH

h=1
(n+1) 1 2 (n+1) (n) (ga)
n(n+1) [v,\"7 += > Z@h 1- 17,
h=1
rA rA
(n _ 2,,(n) (n-1)
Szr _7( n ) |"|2r +2gn(nfl)mn(n -1) n |"|2r+1

rA rA
(n) (n+1)
+2§nnwnn u2r+1 2é/n(ml)a)(n)(ml) uzril
n n
(n) (n) 2 (n-1)
+w nUzr — fzm, +a)n(n—1)[ Dy
l H
+= (x3n
h=1

1 H
(n 1) (n+1) (n+1) (n+1) (n 1)
n(n+1)[q) " E Z (rn w20 +xon ™)1,

(n-1) (-, 0-D)]

(n-1)
W2y KoY

h=1
(9b)
rA rA
(n) _ 2, (n) ("-1)
S2r+1 _(7) Usria _Zgn(nfl)wn(n -1) —U;
n n
rA rA
(n) (n+1)
724/nn nn 7 — Uy, +2§n(n+1)a)(n)(n+i) n Uz,
(n) (n)
+wnnu2r+1 f2r+l
(n-1) 13 (n-1), 2(n-1) ( 1) ( -1)
n n- n n- n
+a)n(n—1)[ [D5r) +— Z ((xan w3 + Koha ¥ )i
h:l
2 (n+1) (n+1) (n+1) (n+1) (n+1)
— @5, [ P17 + (w35 + Ko 'v )l
h:
(9c)

For n=even, the elements of S are given as (r <[1,R])

_ 18
Sl(n) = _mr21(n—l)ul(n Y +(°r21(n+1)u1(n+1) +‘”ﬁn [Vln) +EZ‘P(hn)]u

h=1
(9d)

rA rA -1
sgy =—(?)2U(”)+(*)ZE§?3/mnn) (a0 . Ry
2 0D

rA rA
+2anmnn Ugm + 2Cn(nJrl (Dn(n+1) Ugrﬂ) (Dn(n 1)u2r

+‘Dn(n+1)ugr "“Dnn[c]:)(n +* Z(K(n)‘l’z(n) g?])ﬂ (n))]

(%)
2 (n) 2E (n-1)
2r+1 ‘(*) 2ril +( ) 2(r/m T 26 n(n—l)‘”n(n—l) u2r
rA 1) 2 (n-1
_ZC mn®nn —— ( -2¢ n(n+1)03n(n+1) T (rr1+ ) _‘Dn(n—l)uzr:ﬂ)
1)
+°3n(n+1)”2rr]:1) + ok [q’zm 2 Z(KZh ‘|’3rh + K2h+lw4(n))]

()

In equations for s and s(N), j (2R +1), the terms

having indices less than one or larger than N,
respectively, must be omitted. In addition, parameters i,

¢ and @ in equations (9) are defined below
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vi) = Vg(?mmn_rm + Vg(]r)mmn+r)+1 - Vg(?—hnmn)ﬂx (10a)
w2y = Vg(]r)mmn—r) + "g(?mmnﬂ) + Vg(?—hnmn) , (10b)
VENS _Vg(]t)mmn—r)u + Vg?r)wnmn+r)+1 + Vg(?—hnmn)ﬂy (10c)
w4 = Vg(]})mmn—r) - Vg(]l)mmnﬂ) + Vg(?—hnmn) . (10d)
o = K(zrgl/nmn)vgr? + K(zrgl/nmn)ﬂvéml . (10e)

M _ym (M (n)
(D2r =Vor V1 K2(r/nmn)y

m _ (n)..(n)
(D2r+l =Voru tV1 K2(r/r|mn)+1

(10f,9)

In later steps, the selection of A as a control parameter
to solve for the elements of u using Newton-Raphson
iteration method poses difficulties The determinant of the
Jacobian matrix also approaches zero near the bifurcation
points. This can be avoided by switching to another
unknown as the control parameter, leaving the
dimensionless frequency A and the other elements of the
solution vector u as unknowns to be determined. In order

to implement this, u is expanded to U=[u", ugglz)]T

where Ugglz)

equation is added to equation (9)

=A . Accordingly, the following dummy

N 1 *
S§R3—2 = “%I) -u (11)

where @) _ (N) _ 4 or the values of the indices
i TU2Rr42)

je[L,2R+1] and je[1,N] define which element is chosen

as a control parameter, and u* is a numerical value
prescribed to the control parameter .

The coefficients of the nonlinear displacement
functions Vi(") are represented in terms of ui(“) and Ugglz
(ne[L,N],ie[L2R+1]) by using
transforms. The values of the Pn(t) and gn(t) at the
discrete time t = Qp (qe[0,Q-1]) are given as

Discrete  Fourier

R
2mr .27
Png :ul(”) +Z[ug;) cos(ZZ q)+ug;)+lsm( Ty
r=1

Q Q
" (12a)
Pnq (t)—by, Png (t) > by
Ung =10, ‘pnq(t)‘ <bn .
Png(t)+bn.  Png(t) <-by n = even
(12b)

Here, o =(2an/QA) where Q is the total number of the
discrete points. The coefficients of g, (t) are determined
by using the inverse Fourier transforms such that
(remRr]))

Q-1
1
n
V1( ) = Q 2 9ng
a=0

Q1
2 27r
Vi =23 g cos(*- 9
Q4 Q

Q-1

2 . 2nr

VP ==X Ongsin(=5 )
Q05 Q

(13a-c)

These (" values and the Newton-Raphson recurrence
formula

gm —ym-1 _ [J 71](m—l) g(m-1) (14)

are used to solve equations (9) for U, where
uM-Dand uM are the previous and the current iteration
values of the vector U, respectively, and [Jfl](mfl) is the
inverse of the Jacobian matrix of the vector s estimated at
the previous point (m-1). Elements of the Jacobian
matrix J for this model are defined in Appendix A. The

Floquet theory is used to determine the stability of the
steady-state motions as describe in reference [19].

4, Results

A three-shaft gear train (6-DOF semi-definite model) is
considered as the example system. It consists of two gear
pairs of identical dimensionless parameters connected to
each other and to the prime mover and load inertias via
torsionally flexible shafts. The dimensionless parameters
are calculated by using equations (6) and the dimensional
parameters listed in Table 1.

Table 1. Dimensional parameters of the example gear pair

In order to limit the size of the parameter study, mostly
harmonic mesh stiffness functions with amplitude

K(zz) :Kf) —0.3 are considered (K =1 in equation (7)).
This corresponds to a spur gear pair with an involute
contact ratio value of 1.7. A constant external input torque
of T,=150 N-m (L=0 in equation (7)) corresponding to
f,(t) = fl(l) =11,000 and £, (t)= fl(5) =4f1(1) is considered.
All gears are assumed to be free of profile errors so that all
ei(t)=0. A characteristic length of p,=30um is
considered that represents half magnitude of the gear
backlash so that b, =h,=1.0. A characteristic frequency

we =9,870 rad/s is used. In addition, the fundamental

mesh frequencies of both gear pairs are considered equal
(m2 :m4:1) unless specified. The values of the mesh

damping coefficients ¢; (i=2,4) in Table 1 are such that
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they correspond to a damping ratio of ¢ _=0.05, given
G =2 JKimmi g WHETe m;;.q = liiea /(62 Vg +12400) -

Similarly, the values of shaft damping coefficient C;
(i=1,3,5) correspond to a shaft damping ratio of ¢ =0.01.

The results in the following sections will be presented
in the form of pgfms) and p[(lrms) versus the dimensionless

frequency A. Here p(™) is the root-mean-square (rms)
amplitude to p;(t) defined as p(ms) ={ZL[A§D]2}1/2
where  A®) ={[ugr)]2+[ugr)+1]2}1/2 is the r-th harmonic
amplitude. pgms) and pgfms) are of primary interest here

since these parameters represent gear mesh displacements
that are directly proportional to dynamic gear mesh forces.

4.1. Multi-term Harmonic Balance versus Numerical
Integration

Figure 3 shows period-1 (=1 in equation (7)) HBM
solution pgms) and pgfms) as a function of A for a system

having (2 - (" 0.3, £, 11000, and k3 =1.010)® N-

m/rad. The thick and thin solid lines denote the stable and
unstable harmonic balance motions for R=6. Figure 3
also shows the stable and unstable HBM solutions for the
corresponding linear time-varying system (b, =b, =0) as
thick and thin dashed lines, respectively. In addition, the
direct numerical integration results for both nonlinear and
linear systems are represented by square symbols. As
shown in Figure 3, the 6-term HBM solutions match well
with the numerical integration solutions for both the
nonlinear and linear cases. The range of A includes
primary resonances at A=wy, =096 and A=op, =186

as well as a super-harmonic resonance A =gy /2=0.48,
where ®an and op 5 are two of the natural frequencies.

Both the nonlinear and the corresponding linear models
result in the same vibration amplitudes at frequencies
where tooth contact is maintained all the time and hence,
the gear backlash nonlinearity is not a factor. As A
approaches  natural  frequencies ®an =096 and

wpp =1.86 primary resonances with characteristic

softening-type nonlinear curves are obtained. This is
solely because the teeth loose contact during a portion of
the meshing cycle [19,20]. The softening upper branch of
the primary resonance at ®qn =096 also exhibits a

hardening type curve sloped to the right. This corresponds
to the back collisions (contact at the unloaded tooth flank)
in addition to tooth separations, which is more clear for

pgfms). It is also noted in Figure 3 is that there is a range

of A in which no stable period-1 motions are found. This
corresponds to the parametric resonance at A=2am,, AS

it will be illustrated later, this range is dictated by period-2
sub-harmonic motions.

Figure 3: Comparison of period-1 multi-term HBM (R =6 ) and

. R . 2 4
numerical integration results for K =1, P =xf =03,

£ =11,000, and ks =108 N-m/rad. (—) Stable and (—)
unstable solutions of the nonlinear model, (- - -) stable and (---)
unstable solutions of the corresponding linear model, and (O)

numerical integration solutions. (a) pgms) and (b) pf;rms)

4.2. Influence of Torsional Shaft Flexibility

In Figure 4, effect of k3 on period-1 Pi(rms) is
illustrated. In order to understand this figure better, the
variation of the natural frequencies of the corresponding
linear time-invariant system are plotted in Figure 5 against
the torsional stiffness k, of the shaft connecting the gear

pairs to each other.

Figure 4: Influence of the shaft stiffness ks on period-1 HBM
solutions for k -1, K(ZZ) =K(24) =0.3 and fl(l) =11,000; (a) Pérms)

and (b) Pﬁrms). (—) Stable and (—) unstable HBM solutions
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Figure 5: Variation of natural frequencies ®in (i=a,b,...,e) of the
corresponding linear time-invariant system with ks

Two of the natural frequencies are ®d,n = ®e,n =6.65
regardless of the value of k3. For the system defined in

Table 1, these modes are dominated by the deflections of
the shafts connecting the prime mover and load inertias to

the respective gears and ©dn=~+vki/li/oc  and
wen ks /g /o;  where k; and ks are torsional
stiffnesses of these shafts, and I; and lg are the inertias of
the prime mover and the load. For smaller values of ks,
say ks <10° N-m/rad, the two gear pairs are dynamically
uncoupled and each gear pair acts independently as single
gear pairs. In this case, ®an ~0, ®pn ~Ks/May /wc and

ocn ~+/ka /My /wc, where my; and ms4 are equivalent
masses of the first and second gear pairs, and k, and ki

are the average mesh stiffness values. Since both gear
pairs of the example system have the same dimensionless

parameters, ®@b,n =©cn *1.86 for small values of k3. On
the other hand, for k, >108 N-m/rad, the two gear pairs
are connected almost rigidly and ©an=096 and
opn =186 while @cn is clearly outside that frequency
range of interest (A €[0,3]). Finally, at intermediate shaft
stiffness values, say ki3 =5(10)°, all three natural

frequencies ®an, @bn and ®c,n are non-zero and within
the frequency range considered. Therefore, resonance
peaks should be expected at these frequencies. Figure 4

considers four different ks values, 2(0)* N-m/rad (very
soft), 5(0)° and 106 N-m/rad (intermediate), and 108 N-
mirad. (very stiff). When ks =2(10)* N-m/rad, the two

gear pairs are dynamically uncoupled, and since both gear
pairs of the example system have identical dimensionless

parameters, pS™ = p{"™) both having primary resonance
peaks at oy, =®c, =1.86. On the other hand, a stiffness

value of kj =108 N-m/rad is large enough to provide an

almost rigid connection between gears 2 and 3 such that
B5(t) = 0,4(t)- According to Figure 4, the first gear mesh

natural frequency is approximately twice the second
natural frequency ®bn~20an =186 As a result, two
primary resonances at A=®an =096 and A=wp, =1.86
as well as a super-harmonic resonance A=w,,/2=0.48

are evident in Figure 4 when k; =108 N-m/rad. For the
other two values ks =5(10)° and 108 N-m/rad, the primary

resonances are observed at A=®an, A=op, and

(rms)

A=wcn. The Py resonances are more significant at

A~oan and A=ogn while pi™ exhibits a large

softening-type resonance near A ~wp,. Super-harmonic

peaks at one-half of the natural frequencies are also
present. In addition, the period-1 solutions are unstable in
certain A ranges, most of which correspond to the
parametric instabilities due the gear mesh stiffness
fluctuations.

4.3. Influence of Other System Parameters

Influence of the mean force transmitted by the gear
train on the steady state period-1 response is shown in
Figure 6. The values of the constant dimensionless forces
18 =4t®  where f9=11,000, 7400 and 3700
correspond to input torque values of T; =150, 100 and 50

N-m, respectively. The response curves are in agreement
with previous observations on single gear pairs [15,16,17],
and three-shaft system results [19,20]. Increasing the
constant torque applied does not prevent tooth separations

from occurring. Larger £, and £ values result in
higher amplitudes of p{™) and p{™). The primary
resonant peak at ®an ~0.96 exhibits only a softening type

behavior for f1(1)=3,700 while the amplitudes are
significantly larger for the other two torque values to

initiate back collisions and a hardening type curve
following the typical softening behavior.

Figure 6: Influence of mean load transmitted on period-1 HBM
@ =$ =03 and kg =108 N-m/rad; (—)

Stable and (—) unstable HBM solutions. (a) Pérms) and (b)

(rms)

Py

solutions for K =1, ¥

Likewise, the super-harmonic resonance amplitudes at
A=04,/2=048 jn Figure 6(b) and at A=®pn/2=0.93
in Figure 6(a) are increased significantly when the torque
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is increased. The parametric instability regions near
A=204n and the jump-up frequencies are not influenced
by the values of fl(l) and fl(5) values. Figure 7 illustrates
the influence of the gear mesh stiffness amplitudes on
period-1 motions. The mesh stiffness harmonic
amplitudes of a spur gear pair depend primarily on the
involute contact ratio (a parameter representing the
average number of engaged tooth pairs). Four values of
harmonic mesh stiffness amplitudes x? =«{? =0.42, 0.3,
0.2 and 0.1 are considered in Figure 7 corresponding to
involute contact ratios of 1.5, 1.7, 1.8 and 1.9,
respectively. In this figure, the mesh stiffness amplitudes
appear to influence the period-1 response in several ways.

. 2 2 L
(i) Increased K(2)=K51) values result in increased

response amplitudes as well.  This influence is more
significant than the one shown in Figure 6 as not only the
amplitudes but also the degree of nonlinear behavior is
influenced. When K(zz) :Kff) values are low, say 0.1, a
minor softening type resonance peak is observed near
A=wy,=0.96 in Figure 7(a) while the primary resonance
peak near A=owp, =1.86 is linear. For ng) =K512) =02,
both primary resonance peaks become non-linear (tooth
separations). For k) =«® >0.3, back collisions are also
initiated near A=w,,=0.96, (ii) The super-harmonic
resonances at A=w,,/2=0.48 in Figure 7(b) and at
A=0p,/2=0.93 in Figure (7a) become significantly

larger when K(ZZ):KE;Z)

K(22)=K512) amplitudes are observed to enhance the

parametric resonances as well. While there is no unstable

region of period-1 motions for ng) =K512) =

is increased. (iii) Larger

0.1, a wide

band of unstable motions is observed for K(ZZ) = ng) =0.42
within A €[1.65,2.15].

(1] 1 2 £

Figure 7: Influence of harmoh\ic mesh stiffness amplitude on
period-1 HBM solutions for k3 =108 N-m/rad and fl(l) =11,000;
(—) Stable and (—) unstable HBM solutions. (a) p{™ and (b)
p‘(1rms)

Next, higher harmonic amplitudes of the periodic mesh
stiffness functions in equation (7a) are also considered to
illustrate their influence on the steady-state period-1
motions. In Fig.(8), the five Fourier harmonics of the mesh
stiffness functions ,1) & «,@) are considered to

represent an involute contact ratio of 1.5. It was shown in
reference [18] that a mesh stiffness function could be
approximated to a rectangular waveform which becomes a
square wave for an involute contact ratio of 1.5. In this
case, even harmonic amplitudes are zero and the first three
non-zero harmonics are K@ =l —0.42,

@ == 0141, & B=il)=-0085 (K=5 1in

equation (7). In this case, the rms response curves exhibit
not only the primary resonances near A=®an and

A=opn and super-harmonic resonance near A=®an/2
and A =, ,/2 as discussed earlier, but also additional

-1 1 1 1
resonance peaks at A=3%an» 39,0 ®an and 5%bn due
to the higher harmonic terms of the mesh stiffness

(2 =x{? =-0141 gng «{f) =«{g) =-0.085),

Influence of gear mesh damping ratio ¢ s

investigated next in Figure.9. The steady-state period-1
solutions are shown for Cm =0.05, 0.03 and 0.01. The

value of the gear mesh damping is observed to affect the
response amplitudes, level of nonlinear[19] behavior
exhibited and the width of parametric instability frequency
bands. The system with low damping values demonstrates
larger amplitudes, dominant primary & super-harmonic
resonances as well as wider frequency ranges of
instability.
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Figure 8: Period-1 HBM solutions for periodic (k =5)
mesh stiffness amplitudes Kg_z) = K(24) =042
k@ =™ - 0141, and «@ =« =—0.085 for f®=11000
and k=10 N-m/rad; (—) Stable and (—) unstable
HBM solutions. (a) Ps™ and (b) p{™

Figure 9: Influence of mesh damping ratio Cm ON period-1 HBM
solutions for , =108 N-m/rad and fl(]-) =11,000: (—) Stable and
(—) unstable HBM solutions. (a) ¢ =0.05 (b) ¢, =0.03 and
(©) ¢y =0.01

The dimensionless mesh (tooth pass) frequency was
defined in equation 7(a) as m;A, where m; is a multiplier
introduced to handle the cases when the mesh frequencies
of individual gear pairs are not equal. The results shown
up to this point considered m, =my =1 indicating that the
gear mesh frequencies of both gear pairs are identical.
This implies gears 2 and 3 that are connected by the shaft
of stiffness ks have the same number of teeth, but
different modules. In general, however, this may not be
the case. Two different situations are illustrated in Figures
10 and 11 to demonstrate the changes in steady state
response when my #my.

In Figure.10, the response is shown for the case when
my =1 and my =2 where the primary resonances are near

the frequencies A~®an/My =096 A~wgn/my =048

A~opn/my; =186 gnd A~wpn/my =093 Astwo of the
primary resonance frequencies coincide,
Wan /My ~opn /My the period-1 response curves near
this frequency include several jump discontinuities. In
addition, back collisions are evident at the first two
resonance frequencies. As the second example, consider
a system having m, =3 and my =2 whose response is

shown in Figure 11. In this case, the primary resonance
frequencies are at A ~ ®an /My =032, A~ 0y, /my =048,

Axwpp/my =065 and Axep /m, =098 Since these

four resonance peaks are spaced closely within narrow
frequency range, the response curves become rather
complex with several bifurcations and stable and unstable
regions.

Figure 10: Period-1 HBM solutions due harmonic (K =1) mesh

2 4
0o«

stiffness amplitudes 0.3 for my =1, my =2,

fl(l) =11,000 and kg =108 N-m/rad; (—) stable and (—) unstable
(rms)

and (b) P4

(rms)

HBM solutions. (a) P;

4.4, Sub-harmonic Resonances and Period-n Motions

Several of the forced response curves shown earlier
included regions of unstable period-1 motions at the
parametric  resonance  frequency, A=20,, =1.92.

Although it was not shown in these figures, the same is
true for A~20,,=392 as well. In reference [20],

period-1 motions were shown to lose their stability at the
boundaries of these regions of instability to yield stable
period-2 motions. In Figure.12, stable and unstable period-
2 motions are shown near A ~ 204 and A ~ 200 5 - These

motions are obtained by setting n=2 in equation (7d,e)
and (9).
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Figure 11: Period-1 HBM solutions due to harmonic

(k —1) mesh stiffness amplitudes x5 =«5 =03 for m, =3,

my=2, fl(l):lLOOO and k3 =102 N-m/rad; (—) stable and
(—) unstable HBM solutions. (2) PS™ and (b) p{™

Figure 12: NI and Period-2 sub-harmonic HBM solutions due to
harmonic (K =1) mesh stiffness amplitudes K(zz) = K(24) =0.3 for
£\ =11,000 and ks =108 N-m/rad; (—) stable and (—) unstable

HBM solutions, (22) NI solution. (a) pé”“s) and (b) Pf;rms)

The amplitudes of the motions are very large such that
back collisions are also obtained in the form of period-2
motions. As these stable period-2 motions cover the entire
ranges of unstable perod-1 motions, any catastrophic
increases of amplitudes in these ranges are prevented
solely due to the gear backlash nonlinearity. Similarly, in
Figure.13, period-3 sub-harmonic motions are found to
exist near the parametric resonance frequency A~30,,

by setting r =3. These motions coexist with stable period-

1 motions. However, they form isolated islands which are
not connected to the period-1 motions, suggesting that the
system may not exhibit such motions unless disturbed
drastically.

Figure 13: Period-3 sub-harmonic HBM solutions due to
harmonic (K =1) mesh stiffness amplitudes K(Zz) :K(24) =03 for
fl(l) =11,000 and kg =108 N-m/rad; (—) stable and (—) unstable

HBM solutions. (a) Pgms) and (b) Pf;rms)

5. Conclusions

A non-linear time-varying torsional dynamic model of
multi-mesh gear train formed by M shafts coupled to each
other by M -1 gear pairs. The dynamic model included
the gear backlash nonlinearity allowing tooth separations
and back collisions, the gear mesh stiffness fluctuations,
and torsional flexibilities of the shafts. A multi-term
Harmonic Balance formulation in conjunction with
discrete Fourier Transforms and a Parametric Continuation
technique were proposed to obtain the period-n, steady-
state motions. The accuracy of solution method was
demonstrated through a comparison to the direct numerical
integration results.

A three-shaft, two gear-pair example gear train was
used to study the influence of the key system parameters.
The torsional stiffness of the shaft connecting the gear
pairs was shown to influence not only modal
characteristics of the system, but also the nonlinear
response. It was also shown that the gear mesh stiffness
amplitude, gear mesh damping ratio, the torque transmitted
and the ratio of the gear mesh frequencies all influenced
the forced response significantly. In addition to primary
and super-harmonic resonances of period-1 motions, the
sub-harmonic resonances of period-2 and period-3 motions
were also shown to exist foe the example system
considered.
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