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ON THE MAXIMUM LIKELIHOOD ESTIMATOR
IN THE GENERALIZED BETA REGRESSION MODEL
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Abstract. The subject of this article is to present the beta — regression model, where we
assume that one parameter in the model is described as a combination of algebraically
independent continuous functions. The proposed beta model is useful when the dependent
variable is continuous and restricted to the bounded interval. The parameters are obtained by
maximum likelihood estimation. We prove that estimators are consistent and asymptotically
normal.
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1. INTRODUCTION

It is often encountered in practice that the dependent variable takes values only from
a finite interval (see [1] and [4]). In this paper we deal with this case as we examine the
problem of maximum likelihood estimation for the beta distributed regression model.
The maximum likelihood estimators for beta models have been recently studied in
Ferrari and Cribari-Neto [1], Cribari-Neto and Vasconcellos [3], Rydlewski [4,5] and
Souza et al. [7]. The linear regression model is widely used in applications to analyze
data that are considered to be related to other variables. It should not be used in
models where the dependent variable is restricted to the interval (0, 1). Moreover, this
paper analyses the problems where variables may be time dependent. The dependance
on time might be described by a cyclic function, not by a linear function.

Our results are not covered by Wei’s monograph on exponential family nonlinear
models (see [9] pp. 2-3).

Maximum likelihood estimation for different nonlinear models, as well as references
to the relevant literature, are given by Seber and Wild [6].

The Generalized Linear Model applied to beta regression is widely discussed in
[3]. However, in [3] the authors do not prove that there exists exactly one maximum
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likelihood estimator in the model. The application of small sample bias adjustments
to the maximum likelihood estimators of these parameters is discussed in [1].

The paper is organised as follows. In Section 2, we describe a model. Section 3
contains results on the existence and uniqueness of the maximum likelihood estima-
tor. In Section 4, we discuss the asymptotics of the model. Section 5 contains some
computational aspects of the developed theory.

2. MODEL DEFINITION

The proposed model is based on an assumption that the dependent data is beta
distributed. The beta density is given by

m(y,p,q) = )yp‘l(l—y)q‘l, 0<y<l, (2.1)

B(p,q

where p > 0, ¢ > 0 and B(:,-) is the beta function. The mean and the variance of y
are, respectively,

_ b
E(y) = m (2.2)
and
Var(y) = Pa (2.3)

P+ p+aq+1)

It is also common to define the above model in terms of precision parameters. Hence,
if we define ¢ = p/(p+ ¢) and ¢ = p + ¢, then we have

p(l—v)

E(y)=¢ and Var(y) = 1o

In this parametrization the beta density is given by

1

ﬂ-(ya 2 ¢) = —y@¢*1(1 - y)(17@)¢717 0< y < 17 (24)
B(QD¢, (1 - SD)QS)
where 0 < ¢ < 1 and ¢ > 0.
Let y1,...,yn be independent, beta-distributed random variables observed at the
design points t1,...,t,. We have the following model of the mean

E(y;) = ¢(t;),
and the variance

() (1 = (t;))

Var(y;) = 110 ;

j=1,...,n,

where ¢ is a sum of algebraically independent continuous functions. The ¢;’s may be
interpreted as time points. The unknown precision parameter ¢ is independent of ¢;.
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The model is useful if the response is restricted to the interval (a,b), where a < b,
because we could then model (y —a)/(b — a).
We consider the special case of the model where

0<y; <1, j=1,...,n, (2.5)
and

P
o(t;) = K0(t;) + M (5@ + ’; ay, sin #tj + f, cos Q;jﬂt]) ,

where functions of t; are continuous and algebraically independent and we assume
that 0 < p(t;) < 1for j =1,...,n. The function 6(-) is responsible for the modelling
of the trend. Such a model has been developed in our previous work [4].

In our model we substitute for ¢ a function of variable ¢;, which depends on the
multidimensional parameter A. Precisely, we use a set of m algebraically independent
continuous functions. Consider

PIAE) =D Agfi(t), (2:6)
k=1

where A = (44,...,A,,) and p(A,t) is modelling the parameter p of the beta distri-
bution for each of the observations. Let yq,...,y, be independent beta distributed
random variables, where each variable has the p parameter in equation (2.1) given by
the expression in (2.6). Let E(y;) = ¢(t;) for j = 1,...,n. Then, it follows from the
aforementioned assumptions that the expected value of y; has the following form

Bly) =Y owfelty), j=1,....n,
k=1

with ar = Ar/¢, where 0 < ¢(t;) < 1. Absolute continuity of the random variables
guarantees that 0 < ¢(t;) < 1, a.e. with respect to the Lebesgue measure.

In order to model the parameter p = ¢p we take m algebraically independent
continuous functions.

To estimate the parameters we will use the maximum likelihood estimation. In
our beta regression model, the likelihood function has the form

L(yh"'vynatla"'vtn7A7¢) =

- 1 p(A,t;)—1 d—p(A,t;)—1 (2.7)
= y; (L) TR
e ey LA

where B(-,-) is the beta function. Hence, the logarithm of the likelihood function is

log L = Zlong =
j=1

B (2.8)
= Z—log B(p(A,t;),6—p(A, ;) +(p(A, t;)—1) log y;+(d—p(A, t;)—1) log(1—y;).
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We can carry out a reparametrization analogous to the one described at the beginning

of this section. Let a = (a1, ..., ;). Then,

p(A,t; “

platy) =28 S s
k=1
Obviously
log L(¢a,¢) = »_log L;j(¢a, ¢),
j=1

where

log L;j (¢a, ¢) = —log B(¢p(a,t;), o(1 — ¢(a,t;)))+
+(9p(a,t;) — Dlogy; + (¢(1 = p(a, t;)) — 1) log(1 — yj).

Later on, we will prove that the maximum likelihood estimator is determined uniquely.
Ferrari and Cribari-Neto [3| defined a regression structure for beta distributed re-
sponses that differs from (2.4). Our model is equivalent to the model developed by
Ferrari and Cribari-Neto [3] through reparametrization
Al Am
o (8 ).
" ¢ ¢
However, in [3] the proof of uniqueness and existence of the maximum likelihood
estimator has not been established. Furthermore, the results established in [3] does
not include explicit proofs of consistency and asymptotic normality. The proofs are
also absent in [7].

3. MAXIMUM LIKELIHOOD ESTIMATION
Lemma 3.1. The function log B(z,y) is a strongly convex function of x and y.

Proof. Let x1,x2,y1,y2 > 0 and let A € (0,1). We obtain

Bz + (1= Nag, M\ys 4 (1 — Nyg) = [ P+ =Nea=lq _ gy nt(=Nya—1g,

—

0
:/ [szlq(l _ s)yrl]’\ [Swzfl(lfs)yzfl}l—kds.
0

In light of the Holder inequality with Holder conjugates % and ﬁ we get

B (Azy + (1= Mg, Ay + (1= Nye) <
L A 1 11—

S /Swlfl(l . S)yl*lds /81271(1 _ s)yzflds

0 0
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Thus
Bz + (1 —Nag, dy1 + (1 —Nys) < B (1‘1,:1/1)/\ B (2, 2/2)1_)\

and finally we have
log B(Az1 + (1=A)z2, Ay1 + (1=N)y2) < Alog B(w1,y1) + (1-A) log B(w2,y2). (3.1)
Equality in (3.1) holds if and only if there exists a nonzero constant ¢ € R such that
572711 —s)¥27l = ¢ (s”“'l_l(l - s)yl_l)

for s € [0,1]. In other words, the equality is valid if and only if z; = x2 and y; = ys.
The proof of the lemma is complete. O

Lemma 3.2. Let [¢,d] be a closed and bounded interval. Let fi,..., fm be a set of
continuous algebraically independent functions on [c,d]. The set of all parameters A
of the form (A,..., Am,®) € R™TY such that for any t € [c,d],

0< > Apfr(t) < Mo (3.2)

k=1
is non-empty, closed and convex in R™+1,
Proof. Proof of this lemma can be found in [5]. O

Lemma 3.3. Let f1,..., fm : R — R be a set of algebraically independent continuous
functions. The set a of all parameters a = (aq, ..., qy) € R™ satisfying the equation

0< Zakfk(t) <M (3.3)
k=1

for any t € R is non-empty and compact in R™.
Proof. Proof of this lemma can be found in [5] as well. O

The proof of the next lemma is similar in spirit to that of Lemma 3.3 for the
gamma regression model in [5]. Although these proofs run along similar lines, there
are subtle adjustments necessary to fit the argument to each new situation.

Lemma 3.4. Ezactly one of the conditions specified below is true

(i) forallj=1,...,n
vi = anfu(ty);
k=1

(i)

d
lim — 1 .
S a5 og L(¢a,p) <0
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Proof. In the beta regression model we have

hm — log L(¢a, ¢) = hm— log L;(¢a, ¢
Ooq,)g( Zg

p—00

= Jlim 22 Z(flogB@so(a,tM(l — pla,t;)))+

+ (¢p(a, t;) — 1) logy; + ((1 — p(a,t;)) — 1) log(1 — y;)).

Let w; = ¢(a,t;). Consequently

log Lj(¢a,¢) = —log B(dw;, p(1 —w;)) + (¢w; — 1) logy; + (¢(1 —w;) — 1) log(1 —y;).
We take advantage of the B function property in order to get
log L (ga, 9) = — log D{¢w;) — log T(9(1 — w;)) + log T(6)+
+ (pw; — 1) logy; + (o(1 — w;) — 1) log(1 — y;).

Hence

d d d
@long—(m,(b) = —@logf(mv]) 10 log D(¢(1 — w;))+

+ % logT'(¢) + wjlogy; + (1 —w;)log(l —y;) =
= —w; ¥ (gw;) — (1 —w;)¥(P(1 — w;))+
+ U(¢) +w;logy; + (1 —wj)log(l —y;),

where U(y) = % log T'(y). Using the well-known equality

lim (¥(y) —logy) =0,

Y—0o0

we obtain

d
hﬂm dgb log Lj(¢a, ¢) = —wjlog w;—(1—w;) log(1—w;)+w; log y;+(1—w;) log(1—y;).

Define
h(y) = wjlogy + (1 — w;) log(1 — y).
The function h takes the largest value at y = w;, and hence

JE&Z 4g 108 Li(9a,9) <

and if for at least one j € {1,...,n} we have y; # w;, then we obtain

lim Z p” log L; (¢a, ¢) < O

¢—>oo
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Lemma 3.5. The function log L(¢a, @) as a function of the parameter ¢ is strictly
concave.

Proof. Tt suffices to show that function

log B (¢p¢(a,t;), o(1 — w(a,t;)))

is strongly convex for at least one j € {1,...,n}. Strong convexity now follows
from the definition of convexity and the Holder inequality, like that of the proof
of Lemma 3.1 O

Let J € R"™™ be a real matrix

At o fat)

Aty oo s falte)

Parameters Ay and A; are defined to be orthogonal if the (A, A;) component of the
Fisher information matrix is zero. Note that if the functions f; and f; are orthogonal,
in the sense that fi(¢;)fi(¢t;) = 0 if and only if k # [ for j = 1,...,n, then the
parameters A and A; are orthogonal.

Lemma 3.6. If n—the number of observations is sufficient, i.e., n > m, and the rank
of the matriz J is mazimal, i.e., rankJ = m, then the function log L(A1,..., Am, @)
1s strictly concave.

Proof. Tt follows from Lemma 3.1, that the function log B(z,y) is strictly convex. The
function

logL(Ala < -7Am,¢) =

= —log B(p(A,t;), 6—p(A, )+ (p(A, ;) — 1) log y;+ (¢ —p(A, t;)—1) log(1—y;)
j=1
is concave as the sum of concave and linear functions. As we have assumed, that the
rank of the matrix J is maximal, the intersection of all hyperplanes
p(A,t;) =p(A1,..., An,t;) = const
is at most a single point. Following the same lines as the last paragraph of the

proof of Lemma 3.1, we find out that for the above fact it suffices to prove that
the log L(A1, ..., Am, ¢) function is strictly concave. O
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Theorem 3.7. Let n > m and let for a given t1,...,t, € [c,d] the rank of matriz J
defined in (3.4) be mazimal. Then for given t1,...,t, € [c,d] with probability 1 there

~

exists exactly one (A, p) € A such that

L(A,¢) = (Arf(lggAL(A,cb),

where L is the likelihood function defined in (2.7).

Proof. The proof proceeds along the same lines as the proof of Theorem 3.7 in [5]. O

4. CONSISTENCY AND ASYMPTOTIC NORMALITY

Let 6 € © be now a set of parameters. J,, () is the observed information matrix at 6.
We should make some assumptions.

(AN 1) Let the true parameter 6y € int ©.
(AN 2) Let

1
—Jn(0) = K(0), n — 400,
n
uniformly in N(§), where N (§) is a neighbourhood of the true 6 with radius §

and K () is some positive definite matrix. The assumption is widely accepted
(2,9].

Theorem 4.1. Under (AN 1) and (AN 2), the mazimum likelihood estimator in the
beta—regression model is strongly consistent.

Proof. We show that

36" > 0Vé € (0,0%] In" € NVn > n*V0 € ON(0) : P (I,(0) — 1.(6p) <0) =1, (4.1)
where [,,(-) is the log-likelihood for n observations, N(0) = {0: |6 — 6o <},
ON()={6:]6 — ol = 0} and N(6) ={0: |60 — 6o < 6}

It means that 6,,, that maximizes [,,(#) must be inside N(J). Because 6 < 6* and

¢ is arbitrarily small, we get §n — 0y a.e.
Let A = % and Taylor theorem gives us that

1,(0) — 1,(00) = SATT (8) + %52/\7“1;;(5"»,

for some t,, € [0,1] is B, = 000 + (1 — £,)6. (4.1) is equivalent to

36% > 0¥ € (0,6 In* € NVn > n*V0 € ON(5) :

P (iATz;(eo) < %&T (fz;;(én)) /\) =1 (4.2)
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Let J, be the Fisher information matrix from n observations. Define R, (6,) =
1”(6) + Jn(6,). In our model R, (6,,) = 0 and consequently we obtain

36* > 0V6 € (0,6%] 3n* € Nvn > n*vh € ON(5) :
p (L (6o) < RN @)N) =1
n Vo 2n e '

Function J,(#) is continuous in 6y and assumption (AN 2) gives us

Ve > 0301 > 03n, € NV € N(61)Vn > nq :

l)\TJn(é)))\ - )\TK(HO))\‘ < ‘1)\TJn(9))\ — ATK(H)/\’ +[ATK ()X — ATK (60)A] < e.
n n

Let ¢ = Amin (K (8p)) be the smallest eigenvalue of matrix K (6p). From inequality
Amin (K (60)) < ATK (00)A, for ATA = 1, we obtain

1
(i) Ve > 030; > 03n; € NVO € N(6,)Vn > ny : E/\TJH(G)/\ >c—eas.

We need to prove that (ii) limy— 400 A1, (60) — 0 a.s., for any A, ATA = 1.
It is true due to the Strong Law of Large Numbers and inequality

(\TE,(00))° < NN = NP
From (i) and (ii) we obtain
1 1
Ve>036*>03ny eNVOEN(6*)Vn>ny : ﬁ)\T (=1"(0) X = EATJ,L(Q)A >c—€ae.
Now we have 6,, € N(6%), for n > na. (ii) gives us that

1 1
Ve > 036* > 0V6 € (0,6%] In™ > noVl € N(§)Vn > n" : 5/\Tl;l(90) < 56(0 —€) a.e.

which completes the proof. O

We will concern asymptotic normality.
(AN 3) Let 6 >0

max_||[V,,(0) — I| — 0,
0€U, (6)

where V() = —Ji 2 (60)1(8)J * (6y) and
U, (5) = {9 €07 (00) (6 — bo) < 5\|} for n € N.

The following lemma is an adaptation of Lemma 1 in [2].



770 Jerzy P. Rydlewski and Dominik Mielczarek

Lemma 4.2. Under assumptions (AN 1)—(AN 3)
T 2y N0, 1), n— oo,

where J,, = Jn(60), I, =1],(60) and symbol 2, means convergence in the distribution.

Proof. We will show that the moment generating function of the random variable
1
M J, 21!, converges to a standard normal distribution moment generating function

if ATA = 1. Let us fix 8 > 0 and A, ATA = 1. If 6, = 0 + 0Jn *\, n € N, then
0,, € U, (). The Taylor expansion of the log likelihood becomes

1 _
1n(0,) = 1,(00) + (0, — 00)T1, + 5(9” —00)T17(0,)(6,, — 6y),

where 0, = t,,0,, + (1 — t,)0 for t,, € [0,1]. We get

1 _ _1 2 _1
exp {ATJ;2 (—11(@,)) I 2 A(;} Ln(8,) = exp {5/\TJn 2 z;} Ln(9),
and
Txr (3 62 T =%
exp AT Va(Bu)AT ¢ Ln(00) :exp{5A I zzn}Ln(ao),

where L, is a likelihood function. The left side of the equality is integrable, because

exp {)\TVH(Q))\%} is a continuous function with respect to 6, and so it is bounded

on a compact line segment [y, 8,,]. This upper bound is not a function of y1, ..., Yn,
because J,,(0) = —1I/(0). Integrating the identity we obtain
Ty 7 3O T =37
Eo, exp { ATV (BN { = Eexp {5/\ I 2ln}.

Assumption (AN 3) and 6,, € U,,(6) give us

Ve > 0dn, € NVn > nq :

2 Ty 752
exp {)\TVn(Gn))\(;} — exp { AAID H =

— 52 52
Ty L — Y <e.
2 exp{)\ () A 5 } exp{ 5 }‘ €

Integrating the inequality, we obtain by the dominated convergence theorem

— 52 52
Ep, exp {)\TVn(Gn))\Q} — Fexp {2} , M — 00.

Therefore 52
_1
Eexp {5)\TJn 2l;} — Fexp {2} , M — 00,
when AT\ = 1. The theorem on the continuity of moment generating functions ensure

1
us that AJ,, 21/, A € R™*! is asymptotically standard gaussian. Because ) is arbitrary
such that ||A|| = 1, the proof is completed. O
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Theorem 4.3. Under (AN 1), (AN 2) and (AN 3), the maximum likelihood estimator
in the beta—regression model is asymptotically normal.

Jn ((?n — 90) Ly N (0, K7 (8y)) .

Proof. Taylor’s expansion of I/, (6y) around én, where 6 is the true parameter and §n
is a solution of the likelihood equations when the number of observations is n. We
obtain

~ ~

1, (00) = 1, (0n) + 1" (6)(B0 — On) = —11(03) (0 — b)),

where 07 = %0, + (1 — £)6,, for some t € [0,1]. We have also 6 — 6y, n — +00,
because 0,, — 6y. Rewrite our equation

Tl = {0} T T (B, o).

~ 1 _1

where

G = Jo 2 {11 (07)} I 2.

We shall prove that G,, — I,,11 a.e., n — +00. We already have

G = (iJn>é {iJn(GZ) - iRn(e:;)} (iJn)

where matrix R, (-) = 0 as in the proof of Theorem 3.7 From assumption (AN 2)

1
2

AN K () and <1Jn) — K2 (6),n — 400.
n n

Because gn — g a.e., so %JR(G,’;) — K(0p). We obtain G, — I,41, n — 400 a.e.
The preceding lemma gives us

NG (én - 90) =NV (o, K*%(oo)K*%(eo)) = N (0, K~1(60)) . 0

5. APPLICATIONS

This section contains an application of the beta regression model proposed in Sec-
tion 2. All computations were carried out using Mathematica 7.0. After computing
MLEs (maximum likelihood estimators), it is important to provide confidence inter-
vals and to perform some diagnostic analyses in order to check the goodness-of-fit of
the estimated model.

An approximate (1 — «)100% confidence interval for 6, k = 1,...,m + 1 and

o € (0,0.5), has limits given by 0 + Qo (J;l(é\)kk)o'5, where J;1(8)* is the kth
diagonal element of J~1(6) and ¢+ represents the v quantile of the N (0, 1) distribution.
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The discrepancy of fit can be measured as twice the difference between the max-
imum achievable log-likelihood and that attained under the fitted model. In other
words, D(y,0) = 3.1 2(1;(0) — 1;(6)). We also have D(y,0) = >."_ (r4)?, where

=Jj j=1

v = sign(y; — 7;)2(;(6) — 1;(6))*°

The observation with a large absolute value of r;-i may be viewed as discrepant. The

r}i are called the jth deviance residuals. We shall also consider the residuals r; =

y;i — E(75)-
Example 5.1. We draw a sample of size 80 from a beta distributed random variable,
where p(A;,t;) =A; =1and ¢ =10, j=1,...,80.

MLEs of A1 and ¢ computed with Mathematzca 7.0 and Newton—Raphson method
are A1 = 0.964 269 and qﬁ = 11.6337. We have the following confidence intervals for A;:
(0.6189,1.3097), (0.7019,1.2668) and (0.7447,1.1838) for o = 0.01, a = 0.05 and o =
0.1, respectively. The confidence intervals for ¢ are (6.5600,16.7074), (7.7793,15.4881)
and (8.4086,14.8588) for a = 0.01, & = 0.05 and o = 0.1, respectively. We have
D(y,6) = 3.2104.

Example 5.2. We draw a sample of size 80 from a beta distributed random variable,
where p(Aq,t;) = Ai(sin %tj +1.2), where A1 =1 and ¢ =30, j = 1,...,80. In such
a way we could check periodicity in a shape parameter.

MLEs of A; and ¢ computed with Mathematica 7.0 and Newton-Raphson method
are A1 = 0.983251 and ¢ = 30.6473. We have the following confidence intervals for
Ap: (0.6356,1.3309), (0.7191,1.2474) and (0.7623,1.2043) for « = 0.01, @ = 0.05
and a = 0.1, respectively. The confidence intervals for ¢ are (17.4421,43.8525),
(20.6155,40.6791) and (22.2530,39.0413) for a = 0.01, @ = 0.05 and a = 0.1, re-
spectively. We also get D(y, ) = 0.1428.

Example 5.3. We draw a sample of size 80 from a beta distributed random variable,
where p(Ay,t;) = A1(|5 sin §t;] + 2), where A; =1 and ¢ = 10, j = 1,...,80.

MLEs of A; and ¢ (Z)mputed with Mathematica 7.0 and Newton— Raphson method
are A; = 1.02276 and ¢ = 9.66938. We have the following confidence intervals for Ay:
(0.6304,1.4151), (0.7247,1.3208) and (0.7733,1.2722) for o = 0.01, @ = 0.05 and o =
0.1, respectively. The confidence intervals for ¢ are (5.8447,13.4941), (6.7638,12.5750)
and (7.2380,12.1006) for @ = 0.01, @ = 0.05 and « = 0.1, respectively. We receive
D(y,6) = 0.8709.

Example 5.4. We draw a sample of size 40 from a beta distributed random variable,
where p(Ai,t;) = Aisin %tj + Ag%j + 2, where Ay = 1, Ay = 1 and ¢ = 1000,
7 =1,...,40. We consider periodical data with a trend.

MLES of A1, Ay and ¢ computed with Mathematica 7.0 and Newton-Raphson
method are A1 = 1.05728, A2 = 1.06575 and ng = 1141.7. We have the following
confidence intervals for A;: (0.1100,2.0036), (0.2654,1.8490) and the following for
Az (0.4200,1.7115), (0.5254,1.6060) for o« = 0.05 and o = 0.1, respectively. The
confidence intervals for ¢ are (709,1573.9) and (780, 1503) for a = 0.05 and o = 0.1,
respectively. We also have D(y, 8) = 0.5063.
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Note that the computed discrepancies are small. The following plots (Fig. 1) of the
residuals show no detectable pattern. However, the approximate confidence intervals
are not very satisfying. It is due to the fact that we have a relatively small number
of observations. R

Crucially, the differences 6, — 0 are relatively small. This is the main result of
this section, which motivates our approach.

When the number of parameters exceed 3 the computations of maximum likelihood
estimators do not give satisfying results or the computations are simply aborted.
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Fig. 1. Eight residuals plots for the four above examples. The left panels plot the residuals
against the index of observation, while the right plot the deviance residuals against the index
of observation
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