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Abstract. In this paper, we give a necessary and sufficient condition for the strong conver-
gence of an implicit random iteration process with errors to a common fixed point for a finite
family of asymptotically quasi-nonexpansive in the intermediate sense random operators and
also prove some strong convergence theorems using condition (C') and the semi-compact con-
dition for said iteration scheme and operators. The results presented in this paper extend
and improve the recent ones obtained by S. Plubtieng, P. Kumam and R. Wangkeeree, and
also by the author.
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1. INTRODUCTION

Random nonlinear analysis is an important mathematical discipline which is mainly
concerned with the study of random nonlinear operators and their properties and is
needed for the study of various classes of random equations. The study of random fixed
point theory was initiated by the Prague school of Probabilities in the 1950s [11,12,27].
Common random fixed point theorems are a stochastic generalization of classical com-
mon fixed point theorems. The machinery of random fixed point theory provides a
convenient way of modeling many problems arising from economic theory (see e.g. [19])
and references mentioned therein. Random methods have revolutionized the financial
markets. The survey article by Bharucha-Reid [6] attracted the attention of several
mathematicians and gave wings to the theory. Itoh [14] extended Spacek’s and Hans’s
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theorem to multivalued contraction mappings. Now this theory has become a full
fledged research area and various ideas associated with random fixed point theory are
used to obtain the solution of nonlinear random system (see [2-5,13,15,23,24,28]). In
2001, Xu and Ori [29] introduced an implicit iteration process to approximate com-
mon fixed points of a finite family of nonexpansive mappings. This process proved to
be the main tool to approximate common fixed points of various class of mappings
in deterministic operator theory. Zhao and Chang [31] studied convergence of the
modified implicit iteration process to common fixed point of a finite family of asymp-
totically nonexpansive mappings. Sun [26] proved necessary and sufficient conditions
for convergence of an implicit iteration process to a common fixed point of asymptot-
ically quasi-nonexpansive mappings. Latter on Chen et al. [8], Osilike [16] and Osilike
and Akuchu [17] studied an implicit iteration process to approximate common fixed
points of continuous pseudocontractive mappings, asymptotically pseudocontractive
mappings and strictly pseudocontractive mappings respectively (see also [7,10,30]).

In 2007, Plubteing et al. [20] studied the implicit random iteration process with
errors which converges strongly to a common fixed point of a finite family of asymptot-
ically quasi-nonexpansive random operators on an unbounded set in uniformly convex
Banach spaces. They gave necessary and sufficient condition of the said scheme and
mappings and also they proved some strong convergence theorems.

The purpose of this paper to study an implicit random iteration process with
errors and to give necessary and sufficient conditions for strong convergence of this
iteration process to a common random fixed point of a finite family of asymptotically
quasi-nonexpansive in the intermediate sense random operators in separable Banach
spaces and also prove some strong convergence theorems for said iteration scheme
and operators in separable uniformly convex Banach spaces. The results presented in
this paper extend and improve the recent ones announced by Plubtieng et al. [20] and
Saluja [21].

2. PRELIMINARIES

Let (2,3) be a measurable space (X-sigma algebra) and let C' be a nonempty subset
of a separable Banach space X. A mapping ¢: Q — X is measurable if ¢~1(U) € ¥ for
each open subset U of X. The mapping T: {1 x C' — C'is a random map if and only if
for each fixed x € C the mapping T'(-,x): Q@ — C is measurable and it is continuous
if for each w € Q the mapping T'(w,): C — X is continuous. A measurable mapping
£: Q — X is a random fixed point of a random map 7: 2 x C' — X if and only if
T(w,&(w)) = &(w) for each w € Q. We denote the set of random fixed points of a
random map T by RF(T).

Let B(zg,r) denote the spherical ball centered at xy with radius r defined as the
set {z € X : ||z — x| <}

We denote the n-th iterate T'(w, T (w, T (w,...,T(w,z)...,))) of T by T"(w, x).
The letter T denotes the random mapping I: Q x C' — C defined by I(w,z) = z and
T0 =1.
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Let C be a closed and convex subset of a separable Banach space X and the
sequence of functions {,,} is pointwise convergent, that is, &, (w) — ¢ := (w). Then
the closedness of C' implies that £ is a mapping from € to C. Since C is a subset of a
separable Banach space X, if T' is a continuous random operator then, by [1, Lemma
8.2.3], the mapping w — T(w, f(w)) is a measurable function for any measurable
function f from Q to C. Thus {&,} is a sequence of measurable functions. Hence
&: Q — C, being the limit of the sequence of measurable functions, is also measurable
[3, Remark 2.3].

Let T: © x C — C be a random operator, where C' is a nonempty convex subset
of a separable Banach space X.

Definition 2.1. (1) Mapping T is said to be an asymptotically nonexpansive random
operator if there exists a sequence of measurable mappings h,: Q — [1,00) with
lim h,(w) =1 for each w € Q, such that for x,y € C, we have

n—oo

1T (w,x) — T"(w,y)|| < hn(w)|z—y| for cach w € Q. (2.1)

(2) T is said to be asymptotically quasi-nonexpansive random operator if for each
weN, Gw)={zreC:z2=T(w,z)} # 0 and there exists a sequence of measurable
mappings h,: Q — [1,00) with lim h,(w) = 1, for each w € Q, such that for z € C

n—oo

and y € G(w), the following inequality holds:
T (w,z) —y|| < hp(w)l|lz—y| for each w e Q. (2.2)

(3) T is said to be asymptotically quasi-nonexpansive in the intermediate sense
random operator provided that T is uniformly continuous and

limsup  sup (||T"(w,x) —yll =z — yH) <0 for each w € Q, (2.3)
n—oo zel, yeG(w)

where G(w) ={x € C: 2z =T(w,z)} # 0.

Definition 2.2. The modified random Mann iteration scheme is a sequence of func-
tions {&,} defined by

nt1(w) = (1I—ap)én(w)+ apT™(w,&n(w)) for each w € Q, (2.4)

where 0 < o, <1, n=1,2,..., and & : 2 — C is an arbitrary measurable mapping.
Since C'is a convex set, it follows that for each n, &, is a mapping from Q2 to C.

Definition 2.3. The modified random Ishikawa iteration scheme is the sequences of
functions {&,} and {n,} defined by

Enr1(w) = (1 — an)én(w) + anT™ (W, mn(w)),
Mn(w) = (1 = Bn)én(w) + BnT" (w,&n(w)) for each w € Q, (2.5)

where 0 < a,,0, < 1, n = 1,2,... and &: Q2 — C is an arbitrary measurable
mapping. Also {{,,} and {n,,} are sequences of functions from § to C.
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Now we define an implicit random iteration process with errors.

Definition 2.4. Let {71,T5,...,7n} be a family of random asymptotically
quasi-nonexpansive in the intermediate sense operators from 2 x C — C, where C' is
a closed, convex subset of a separable Banach space E. Let F = ﬂfil RF(T;) # 0,
where RF(T;) is the set of all random fixed points of a random operator T; for each
i€{1,2,...,N}. Let &: Q — C be any fixed measurable map, then the sequence of
function {&,} defined by

&(w) = anéo(w) + AT (w, & (w)) + 71 fr(w),
& (w) = a2y (w) + FoTo(w, &2(w)) + 72 fa(w),

Ev(w) = anén-1(w) + BnTN (w, €N (W) + v v (w),
En1(w) = ant1En (W) + By TT (@, En41(W)) + Yv41 a1 (W), (2.6)

bon(w) = aanban—1(w) + Bon Ty (w, &an (W) + Yon fon (W),

bon11 (W) = aant1€an (W) + Ban+1T5 (w, Eant1(W)) + Yant1font1(w),

is called the implicit random iteration process with errors for a finite family
of asymptotically quasi-nonexpansive in the intermediate sense random operators
{T,Ts,...,Tn}.

Since each n > 1 can be written asn = (k—1)N+4, where i = i(n) € {1,2,..., N},
k = k(n) > 1is a positive integer and k(n) — oo as n — oo. Hence the above iteration
process can be written in the following compact form:

E(w) = on€no1(@) + BaTh D (@,60 (W) + Ynfalw) foreach n>1, (27)

where {a,}, {Bn}, {7} be three appropriate real sequences in [0,1] such that
ap + Bn+ v =1forn=1,2,... and each {f,(w)} is a bounded sequence in C.
In the sequel we need the following lemma to prove our main results.

Lemma 2.5 ([18]). Let {an}, {bn} and {5, } be sequences of nonnegative real numbers
satisfying the inequality
Ap41 < (1+6n)an+bn7 n > 1

If 220:1 O0p < 00 and Zzozl by, < oo, then lim,_ o a, exists. In particular, if {a,}
has a subsequence converging to zero, then lim, . a, = 0.

Lemma 2.6 ([22|). Let E be a uniformly convex Banach space and0 < a <t, <b <1
for allm > 1. Suppose that {x,} and {y,} are sequences in E satisfying

limsup ||z, || <7, limsup ||ly.| <7, nh_}rrgo ltnxn + (1 = tn)ynl =7,

n—oo n—o0
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for some r > 0. Then

lim |z, — yn| = 0.
n—oo

3. MAIN RESULTS

Theorem 3.1. Let E be a real separable uniformly convexr Banach space, C' be a
nonempty closed convexr subset of E. Let {T;}Y.| be N wuniformly L-Lipschitzian
asymptotically quasi-nonexpansive in the intermediate sense random operators from
OxC —C. Let F = ﬂf;l RFE(T;) # 0. Let {&,(w)} be the sequence defined by (2.7).
Put

Aw) = max{_ swp (7006 (@) = €@ - [6:() - € )

\/0:2’6]}. (3.1)

Assume that >0~ | Ap(w) < 00, Yoo | n < 00 and {a, } is a sequence of real numbers
in (s,1 —s) for some s € (0,1). Then:

(a) limy— oo [|6n(w) — E(W)|| exists for all w € Q,
(b) limy, o0 d(gn(W), F) exists, where d(gn(w)7F) = infﬁ(w)EF Hgn(w) - {(CU)”,
(¢) limy,— o0 [|€n(w) — Th(w, &n(w))]| = 0 for each w € Q.

Proof. Let £(w) € F, where ¢ is any measurable mapping from Q to C. Using (2.7)
and (3.1), we have

160 (@) = EW)Il =lNambn-1(w) + BTy (w, €n(w)) + A fulw) = EW)I, (3.2)

where n = (k — 1)N + i, k = k(n), and T,, = T;(mod N) = T;. This implies that

1€n (@) = E@)I| < an |€n-1(w) = EW)II + Bn | T (w, n(w)) — EW)|[ +
+ 9 [[fa(w) = W) <

< an n-1(@) = €)1+ Bu  n(w) — £ + An(w) )+

+ 9 [ fn(w) = EW)] = (3.3)
= an [[§n-1(w) = EW)ll + (1 = an =) lgn(w) = EW)ll +

+ BnAn(w) + [ fa(w) — W) <
< ap [|§n-1(w) = E(W) |+ (1 = an) [[§n(w) = E(w) ][+

+ An (@) + 7 [falw) = €@,
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which on simplifying, we have
1
16n (W) = E@)Il < [I€n-1(w) = €@ + —An(w)+

n

l’; 1 fo(w) = EW)]| < (3.4)

< noa (@) = €@ + - An(w) + 2201

n

where M = sup,,>; ||fn(w) — §(w)]], since {fn(w)} is bounded sequence in C. Since
0<s<a, <l-s<1,it follows from (3.4) that

Jenfe) = 6@ < Nena() -+ {3an) + 2k @9

Since, by hypothesis,

i ) < oo and Zvn<oo
n=1 n=1

we have
fZA +fZ’yn<oo

In (3.5) taking the infimum over all £(w) € F, we have

U\ F) < dlepa() P+ {40+ T (5.6)

s
It follows from Lemma 2.5 that

lim ||€,(w) — &(w)]] and  lim d(&,(w), F) exist.

n—oo n—o0

Without loss of generality we can assume that

lim_|[£n(w) = (W)l = d, (3.7)

n—oo

where d > 0 is some number. Since {||§,(w) — &(w)||} is a convergent sequence and so
{&:(w)} is a bounded sequence in C.
Observe that

160 (@) = €@l =llangn-1(w) + BuT} (W, & (W) + Y fa(w) — EW)] =
=[1BalTf (. €n (@) =€) + Tu(fa(w) = &n-1(w))]+ (3:8)
+ (1= Bn)lEn-1(w) = §(w) + M (fn(w) = &nr(W)]]l-
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From Y7 | 7, < oo and (3.7) it follows that

limsup ||&n—1(w) — (W) + Yn(fo(w) — Eno1(w))]] <

< limsup ([}€1 () ~ €@)]| +
msu (3.9)
90 (@) — Ea@)]]) <
S d7

and hence

lim sup ||T7’f(w,§n(w)) — (W) + Y (fr(w) — §n—1(w))H <

n—oo

< liﬂsolip ( HTf(wwfn(W)) - f(w>H +

+ 0 @) = Enr @] ) <

(3.10)
< timsup ( [l6(w)) — §@)[ + Au() ) +
o limsup (0 1) = &0 (@] ) <
<d,
where n = (k — 1)N + 1.
Therefore, from (3.7)—(3.10) and Lemma 2.6 we have that
Jim | T (w, €, (@) = €1 (@) =0 (3.11)

for each w € (.
Moreover, since

I (@) = En—1(w)]l =
= [|anén-1(w) + BTk (@, &0 (@)) + Y fn (@) — &1 (w)]| =
= [|Ba[TE (w, €0 (@) = o 1(@)] + Yl fn(w) — €1 (W)]]| < (3.12)
< B | TE(w, (@) — n 1 ()| +

+ Y (@) = En 1 @)1

hence by (3.11), we obtain

lim (|6 (@) — 1 (@) = 0 (3.13)
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for each w € Q and ||€,(w) — &€41(w)]] — 0 as n — oo and for each w € Q and [ < 2N.
Now, for n > N, we have
1€n-1(w) = Tn(w, Ea (@) < ||€n—1(w) — Ty (w, €n N+
| T3 (@, €n (@) = Tu(w, & (W) <
< Jlgn-1(w) = T (w, én )|+
+L|}T’f Hw, &) = &nl@)] <

< [|én-1(w) = TF(w, &n(w))|| + (3.14)
+LHTJf Hw, (@) = TN (w, énn(@))]| +
+L[||T::iv<w,£n_w<w>> (@) +

+H§n ny—1( H

Since for each n > N, n = (n— N) mod N. Thus T,, = T,,_n, therefore

[[€n—1(w )* n(w; En (W) <
< [|€n-1(w) = Ty (w, &n(@))|| + L? [|€n(w) = €n-n (@) +

3.15
+1L HT’“ V(@ €N (@) = En-ry—1 (@) + 1
+L HE(n—N)—l(w) - gn(w)H .
Using (3.11) and (3.13), we obtain
T [[€0-1() = Tuw, (@) = 0 (3.16)

for each w € ). Now

1€n(w) = Tn(w, En())| < [I€n—1(w) = En(@)I + [€n—1(w) = To(w, En(@)Il - (3.17)
By (3.13), (3.16) and (3.17), we have

lim ||§n(w) - Tn(wafn(w))H =0 (318)
n—oo
for each w € Q. This completes the proof. O

Theorem 3.2. Let E be a real separable uniformly convex Banach space, C
be a nonempty closed conver subset of E. Let {T;}Y., be N asymptotically
quasi-nonexpansive in the intermediate sense random operators from 1 x C — C.

Let F = ﬂfvzl RF(T;) # 0. Let {&,(w)} be the sequence defined by (2.7). Put

M) = max{ s (T W) — @) - €nw) — €W )

&(w)eF, n>1

VO:iGI}.
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Assume that Y07 | Ap(w) < 00, 0% v < 00 and {ay} is a sequence of real num-
bers in (s,1 — s) for some s € (0,1). Then the sequence {&,(w)} converges to a
common random fized point of random operators {T; : i =1,2,..., N} if and only if
liminf,, . d(§,(w), F') = 0.

Proof. If for some £ € F, lim,, . [[€n(w) — §(w)]| = 0 for each w € €2, then obviously
liminf,, ., d(&,(w), F) = 0.
Conversely, suppose that liminf, . d(§,(w), F)) = 0. Then we have
lim d(&,(w), F) =0 for each w € Q.

Thus for any € > 0 there exists a positive integer N7 such that for n > Ny,

d(&n(w), F) < % for each w € Q. (3.19)

Again since Y~ Ap(w) < oo and Y 7 |y, < oo imply that there exists positive
integers Ny and N3 such that

o
Z Aj(w) < % for each n > Ny (3.20)
j=n

and
i’y' < foreach n> N3. (3.21)
7 6M -

Let N = max{Ny, No, N3}. It follows from (3.5) that

60@) ~ €@ < 6n1(0) — €@+ T An) + S (322)

Now, for each m,n > N and each w € €2, we have
[€n(w) = &m(@)l < ll&n(w) = EW)II + [[Em(w) — E(w)]| <
1 « M <
< Jen) €@+ Y A+ D i+

J=N+1 j=N+1
1 & M &
+Hlen@) —g@ll+ < D A +— D %<
j=N+1 j=N+1
2 < IM &
< 2en@) g+ Y AW+ — 3 <
j=N+1 Jj=N+1
e 2 s 2M  se
AT 2
<26—|—S 6—1—5 6M<E (3.23)

This implies that {&,(w)} is a Cauchy sequence for each w € Q. Therefore &, (w) —
p(w) for each w € Q, and p: @ — C, being the limit of the sequence of measurable
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functions, is also measurable. Now, lim,, o, d(&,(w), F)) = 0 for each w € Q, and the
set F' is closed, we have p(w) € F, that is, p is a common random fixed point of the
mappings {T; : i = 1,2,..., N}. This completes the proof. O

Recall the following definitions.

A mapping T: C — C where C is a subset of a Banach space E with F(T) # 0
is said to satisfy condition (A) (see [25]) if there exists a nondecreasing function
f:[0,00) — [0,00) with f(0) =0, f(r) > 0 for all € (0,00) such that for all x € C

l = Tz|| = f(d(x, F(T))),

where d(z, F(T)) = inf{ ||z — p|| : p € F(T)}.
A family {T;}, of N self-mappings of C with F = (X, F(T;) # 0 is said to
satisfy:

(1) condition (B) on C ([10]) if there is a nondecreasing function f: [0,1] — [0,1]
with f(0) =0, f(r) > 0 for all r € (0,00) and all z € C such that
- >
i [le = Tl 2 Fd(z, 7)),
(2) condition (C) on C (]9]) if there is a nondecreasing function f: [0, 1] — [0, 1] with
f(0)=0, f(r) >0 for all r € (0,00) and all z € C such that

[ = Thxl| = f(d(z, F))

for at least one Tj, 1 = 1,2,..., N; or in other words at least one of the T} s satisfies

condition (A).

Condition (B) reduces to condition (A) when all but one of the T7s are identities.
Also conditions (B) and (C) are equivalent (see [9]).

A random operator T': 2 x C — C is said to satisfy condition (A), condition (B),
condition (C), if the map T'(w,.): C — C is so, for each w € Q.

Let T: Q x C — C be a random map. Then T is said to be:

(i) a completely continuous random operator if for a sequence of measurable map-
pings &, from Q@ — C such that {¢,(w)} is bounded for each w € Q then
T(w, &, (w)) has convergent subsequence for each w € .

(ii) demicompact random operator if for a sequence of measurable mappings &, from
Q) — C such that {&,(w) — T(w,&,(w))} converges, there exists a subsequence
say {&n,; (W)} of {£,(w)} that converges strongly to some {(w) for each w € Q,
where £ is a measurable mapping from (2 to C.

(iii) semi-compact random operator if for a sequence of measurable mappings &, from
) — C such that lim,, .« ||{n(w) — T(w, &, (w))|| 0, for every w € Q, there exists
a subsequence say {&,,(w)} of {£,(w)} that converges strongly to some {(w) for
each w € ), where £ is a measurable mapping from € to C.

Senter and Dotson [25] established a relation between condition (A) and demicom-
pactness. They actually showed that condition (A) is weaker than demicompactness
for a nonexpansive mapping.
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Every compact operator is demicompact. Since every completely continuous map-
ping T: C' — C is continuous and demicompact, so it satisfies condition (A).

Therefore to study strong convergence of {z,} defined by (3.1) we use condition
(C) instead of the complete continuity of the mappings 11,5, ..., T

Theorem 3.3. Let E be a real separable uniformly convex Banach space, C' be a
nonempty closed convexr subset of E. Let {T;}Y| be N wuniformly L-Lipschitzian
asymptotically quasi-nonexrpansive in the intermediate sense random operators as in
Theorem 3.1 which satisfy condition (C). Let F = ﬂf\il RFE(T;) # 0. Let {&,(w)} be
the sequence defined by (2.7). Put

Anw) = max{ s (T W) — @) - €nw) — E@)I )

((w)EF, n>1
VO:ieI}.

Assume that Y7 | Ap(w) < 00, Y00 vn < 00 and {ay} be a sequence as in The-
orem 8.1. Then the sequence {&,(w)} converges to a common random fixed point of
random operators {T; :i=1,2,...,N}.

Proof. By Theorem 3.1, we know that lim,, o ||€,(w) — §(w)]] and lim,, o d(&n(w), F)
exist. Let one of T}'s, say T}, 1 € {1,2,..., N} satisfy condition (A), also by Theorem
3.1, we have lim,, o [|€n (w) — Ti(w, & (w))|| = 0, so we have lim,, o0 f(d(&n(w), F)) =
0, for each w € Q. By the property of f and the fact that lim, . d(&,(w), F) ex-
ists, we have lim,,_,o, d({,(w), F) = 0 for each w € Q. By Theorem 3.2, we obtain
{&,} converges strongly to a common random fixed point in F. This completes the
proof. O

Theorem 3.4. Let E be a real separable uniformly conver Banach space, C' be a
nonempty closed convexr subset of E. Let {T;}Y.| be N wuniformly L-Lipschitzian
asymptotically quasi-nonexpansive in the intermediate sense random operators as in
Theorem 3.1 such that one of the mappings in {T1,Ts,..., TN} is semi-compact. Let

F = ﬂf;l RF(T;) # 0. Let {£n(w)} be the sequence defined by (2.7). Put

Anw) = max{ s (T @) — @) - €nw) — €W )

§(w)eF, n>1
Vo:iel}.
Assume that Y2 | Ap(w) < 00, Y00 vn < 00 and {ay} be a sequence as in The-

orem 8.1. Then the sequence {&,(w)} converges to a common random fixed point of
random operators {T; :i=1,2,...,N}.

Proof. For any given {(w) € F, we note that
lim60(w) — ()] = d. (3.24)
where d > 0. By Theorem 3.1, we know that
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for each w € Q. Consequently, for any j € {1,2,..., N},
[16n(w) = Togj (@, En (@) < (€ (w) = Enpj (@) +
F [1€n+5 (W) = T (w, Enges (W) +
F Tt (w; En (@) = T (W, &n (W)l <
< (A4 L) [[6n(w) = ntj (W)l +
+ [[€n+ (@) = Togej (W, & (W) — 0

asn — oo foreach w € Q and j € {1,2,...,N}.

Consequently, &, (w) —Tj(w, & (w))]] — 0 as n — oo for each w € Q and
j € {1,2,...,N}. Assume that T is a semi-compact random operator. Therefore,
there exists a subsequence {&,, } of {£,} and a measurable mapping &y: 2 — C such
that &,, converges pointwise to &. Now

i [|&,, () = T;(w, &ny (@) = [[€0(w) = Tj(w, &o(w))] = 0

n—oo
for each w € Q and j € {1,2,...,N}. It implies that & € F, and so
liminf,, . d(&,(w), F) = 0. Hence, by Theorem 3.2, we obtain that {&,} converges
strongly to a common random fixed point in F. This completes the proof. O

Remark 3.5. Our results extend and improve the corresponding results of Plubtieng
et al. [20] to the case of a more general class of asymptotically quasi-nonexpansive
random operators considered in this paper.

Remark 3.6. Our results also extend and improve the corresponding results of
Saluja [21] to the case of a more general class of asymptotically quasi-nonexpansive
random operator and implicit random iteration process with errors for a finite family
of random operators considered in this paper.
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