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Abstract. In this paper, we give some necessary and sufficient conditions for an implicit it-
eration process with errors for a finite family of asymptotically quasi-nonexpansive mappings
converging to a common fixed of the mappings in convex metric spaces. Our results extend
and improve some recent results of Sun, Wittmann, Xu and Ori, and Zhou and Chang.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that X is a metric space and let F(T;) = {x €
X : Tz = z} be the set of all fixed points of the mappings T; (i = 1,2,...,N)
respectively. The set of common fixed points of T; (i = 1,2,..., N) denoted by F,
that is, F = N, F(T}).

Definition 1.1 ([4,5]). Let T: X — X be a mapping.

(1) The mapping T is said to be nonexpansive if
d(Txz, Ty) < d(x,y), Va,y € D(T).
(2) The mapping 7T is said to be quasi-nonexpansive if F(T) # () and

d(Tz,p) < d(z,p), Vze D(T), Vpe F(T).
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(3) The mapping T is said to be asymptotically nonexpansive if there exists a sequence
kn € [1,00) with lim,,_, k, = 1 such that

d(T"z, T™y) < kpd(z,y), Vz,ye€ D(T), VneN

(4) The mapping T is said to be asymptotically quasi-nonexpansive if F(T') # @) and
there exists a sequence k,, € [1,00) with lim,,_, k, = 1 such that

d(T"z,p) < kpd(z,p), Vxe D(T), Vpe F(T), ¥n e N.

Remark 1.2. (i) From the definition 1.1, it follows that if F/(T") is nonempty, then
a nonexpansive mapping is quasi-nonexpansive, and an asymptotically nonex-
pansive mapping is asymptotically quasi-nonexpansive. But the converse does
not hold.

(ii) It is obvious that if 7' is nonexpansive, then it is asymptotically nonexpansive
with the constant sequence {1}.

In 2001, Xu and Ori [16] have introduced an implicit iteration process for a finite
family of nonexpansive mappings in a Hilbert space H. Let C be a nonempty subset
of H. Let Ty, T, ..., Tx be self mappings of C' and suppose that F = ﬂf\il F(T;) # 0,
the set of common fixed points of T;,7 = 1,2,..., N. An implicit iteration process
for a finite family of nonexpansive mappings is defined as follows: Let {¢,} a real
sequence in (0,1), zg € C:

1 =tixo + (1 —t1)Tha,
To = t21’1 + (1 - t2)T2x27
zy =tyen—1+ (1 —tn)Tnew,

N1 =typizy + (1 —tvp)Tion g,

which can be written in the following compact form:
Ty =tnTp_1+ (1 —ty)Tnan, n>1, (1.1)
where T}, = Tj(moany- (Here the mod N function takes values in the set {1,2,..., N}.)

In 2003, Sun [12] extend the process (1.1) to a process for a finite family of asymp-
totically quasi-nonexpansive mappings, with {a,} a real sequence in (0,1) and an
initial point xg € C, which is defined as follows:

r1 =120+ (1 —oq)Thzq,
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o = agz1 + (1 — ag)Thxa,

N =anyryn-1+ (1 —an)Tnzy,

2
zN+1 = ant1Zy + (1 —ant1) T TN 41,

2
Ton = aonTon—1 + (1 — aon) TN 22N,

3
Ton+1 = aant+1Z2N + (1 — aoni1)T7 Ton 41,

which can be written in the following compact form:
Tp = anp_1 + (1 —ap)TF,, n>1, (1.2)

where n =(k—1)N+1i, i€{1,2,...,N}.

Sun [12] proved the strong convergence of the process (1.2) to a common fixed
point in real uniformly convex Banach spaces, requiring only one member T in the
family {T; : i = 1,2,..., N} to be semi compact. The result of Sun [12] generalized
and extended the corresponding main results of Wittmann [15] and Xu and Ori [16].

The purpose of this paper is to study the convergence of an implicit iteration
process with errors for a finite family of asymptotically quasi-nonexpansive mappings
in convex metric spaces. The results presented in this paper extend and improve
the corresponding results of Sun [12], Wittmann [15], Xu and Ori [16] and Zhou and
Chang [17] and many others.

For the sake of convenience, we also recall some definitions and notations.

In 1970, Takahashi [13] introduced the concept of convexity in a metric space and
the properties of the space.

Definition 1.3 ([13]). Let (X, D) be a metric space and I = [0,1]. A mapping
W: X x X xI — X issaid to be a convex structure on X if for each (z,y,\) € X x X xI
and u € X,

d(ua W((E, Y, >‘)) < )‘d(uv l’) + (1 - )‘)d(ua y)
X together with a convex structure W is called a conver metric space, denoted by
(X,d,W). A nonempty subset K of X is said to be convez if W(x,y,\) € K for all
(z,y,\) e K x K x I.

Remark 1.4. Every normed space is a convex metric space, where a convex structure
W(z,y,z;a,8,7) = ar+PBy+~z, forall x,y,z € E and o, 8,7 € I with a+ 5+~ = 1.
In fact,
d(u, W(z,y, 20, 8,7)) = |lu — (e + By +72)|| <
Sallu—z|+Bllu—yll+~vllu—zl=
= ad(u,x) + fd(u,y) + vd(u, z), Yue X.
But there exists some convex metric spaces which can not be embedded into
a normed space.
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Example 1.5. Let X = {(z1,22,23) € R® : 21 > 0,25 > 0,23 > 0}. For z =
= (x1,22,23),y = (Y1,Y2,y3) € X and o, (3,7 € I with a + 3+ v = 1, we define
a mapping W: X3 x I* — X by

W(z,y, 2z, 8,7) = (ax1 + Byr + v21, axa + By + V22, ax3 + Bys + v2z3)

and define a metric d: X x X — [0,00) by

d(z,y) = |11 + 22y2 + z3y3].

Then we can show that (X,d, W) is a convex metric space, but it is not a normed
space.

Example 1.6. Let Y = {(x1,72) € R? : 21 > 0,22 > 0}. For each x = (21, 72),y =
(y1,y2) €Y and X € I. We define a mapping W: Y2 x I — Y by

Arixs + (1 — /\)y1y2>
Ay + (1= Ny

Wi ) = (a1 + (1= A,
and define a metric d: Y x Y — [0,00) by

d(z,y) = |1 — y1| + |z122 — y1y2|.

Then we can show that (Y, d, W) is a convex metric space, but it is not a normed
space.

Definition 1.7. Let (X,d, W) be a convex metric space with a convex structure W
and let T1,75,...,Tn: X — X be N asymptotically quasi-nonexpansive mappings.
For any given xg € X, the iteration process {z,} defined by

x1 = W(zo, Thz1,u1; 04, 81, m),
zny =W(rn_1,TvzN,un; an, BN, YN),

2
tyy1 = W(@n, TEeN 41, UN+1; ON 41, BN 11, YN +1),

2 .
zon = W(zan—1,Tixan, Uan; @an, Bon, Von ),

3 )
Ton41 = W(xon, T TaN+1, UaN+1; C2N+1, B2N+1, V2N+1),

which can be written in the following compact form:
Tn :W(xnthr?(modN)xnaun;a’n76naryn)a nZ 17 (13)

where {u, } is a bounded sequence in X, {o, }, {6n}, {7n} are three sequences in [0, 1]
such that a, + 8, +7, = 1 forn = 1,2,.... Tteration process (1.3) is called the implicit
iteration process with errors for a finite family of mappings T; (i =1,2,...,N).
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If u, = 0in (1.3) then,
LTy = W(xn—laT::(modN)mn§ a?L?ﬂn)a n>1, (14)

where {a,}, {B.} are two sequences in [0, 1] such that o, + 8, =1 forn =1,2,....
Iteration process (1.4) is called the implicit iteration process for a finite family of
mappings T; (i =1,2,...,N).

Proposition 1.8. Let T1,T5,...,Tn: X — X be N asymptotically nonerpansive
mappings. Then there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such
that

ATz, T]'y) < kpd(z,y), Yn>1, (1.5)

for all x,y € X and for eachi=1,2,... N.

Proof. Since for each i =1,2,..., N, T;: X — X is an asymptotically nonexpansive
mapping, there exists a sequence {k‘,(f)} C [1,00) with k) — 1 as n — oo such that

A(T72, TPy) < K)d(@, ), V> 1.
Letting
kp = max{k(M k2 kMDY,
therefore we have {k,} C [1,00) with k,, — 1 as n — oo and
d(Tlz, Ty) < kDd(z,y) < knd(z,y), Yn>1,
for all z,y € X and for each ¢ =1,2,..., N. O

The above theorem is also holds for asymptotically quasi-nonexpansive mappings
since an asymptotically nonexpansive mapping with a nonempty fixed point set is
called an asymptotically quasi-nonexpansive mapping.

Remark 1.9. We see, from the proof of the preceding proposition, that

i(k'n —1) <00 = i(k’g) —1) < oo,
n=1 n=1

foralli € {1,2,...,N}.

2. MAIN RESULTS

In order to prove our main result of this paper, we need the following lemma.

Lemma 2.1 ([7]). Let {a,}, {bn} and {r,} be sequences of nonnegative real numbers
satisfying the inequality

Ap41 < (1 + rn)an + bn7 n > 1.

If Zzozl b, < o0 and ZZO:1 r, < 00. Then:
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(a) limy, oo an exists.
(b) Ifliminf,, o a, =0, then lim,_, a, = 0.

Now we state and prove our main theorems of this paper.

Theorem 2.2. Let (X, d, W) be a complete convexr metric space. Let Ti,
To,....,Tn: X — X be N asymptotically quasi-nonerpansive mappings. Suppose

F = ﬂfil F(T;) # 0. Let {un} be a bounded sequence in X, {an}, {Bn}, {n}
be three sequences in [0,1], {an} C (5,1 — s) for some s € (0,1) and {k,} be the
sequence defined by (1.5) satisfying the following conditions:

(i) Qp+Pn+m =1 Vn2>1;
(i) 32,7 (kn — 1) < 005
e o0
(i) Yoo g v < 00.
Then the implicit iteration process with errors {x,} generated by (1.3) converges to a

common fized point of {T1,Ts, ..., Tn} if and only if

lim inf Dg(2,, F) = 0,

n—oo
where Dy(y,F) denotes the distance from y to the set F, that is, Dy(y,F) =
inf,erd(y,2).

Proof. The necessity is obvious. Now, we will only prove the sufficient condition.
Setting k, = 1+\,, with lim, oo A, = 0. Since Y 2 | (kn—1) < 00,80 Y0 | A,y < 00.
For any p € F, from (1.3), it follows that

d('rnvp) = d(W(xn—la Tg(modN)xn7un; O{n,ﬁn,’}/n),p) S
< ay, xn—l7p) + ﬁnd(T:(modN)xnap) + 'Ynd(unap) <

d(
< and(Tp-1,p) + Bu(l + A\n)d(20, ) + Ynd(tn, p) < (2.1)
d(xn,l,p) + (1 - an)(l + )‘n)d(xmp) + ’Ynd(unap) <

d( p)+

< ap
< apd(xp_1, (1= an + An)d(2n, p) + Ynd(Un, p)
for all p € F.
Therefore we have
An Tn

Since 0 < s < @, < 1 — s, it follows from (2.2) that

>\n n
d(an.p) < d(war.p) + d(wn.p) + 2 duwn,p). (23)

Since 270111 An < 00, there exists a positive integer ng such that s — \,, > 0 and
An < 5 and for all n > ng.
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Thus, we have

A’I’L n
d(xn,p) < (1 + 5 )d(xnfl,p) + SjA d(tn, p)- (2.4)

It follows from (2.4) that, for each n = (n — 1) N + 4 > ng, we have

2\, 29
d(n,p) < (14+ =2 )d(wno1.p) + —d(un,p). (2.5)
s s
Setting b,, = 2’;“, where n = (n—1)N +14,i € {1,2,..., N}, then we obtain
2M
d(xn,p) S (]- + bn)d(xnflap) + T’Yna VP € fv (26)
where, M = sup,,~; d(un, p). This implies that
2M
Dy(xpn, F) < (14 by)d(xp—1,F) + — o (2.7)

Since Y07 A < o0, it follows that > b, < oo and Y .-, v, < 0o, thus from
Lemma 2.1, we have
lim Dgy(z,,F)=0.

n—oo
Next, we will prove that {x,,} is a Cauchy sequence. Note that when z > 0, 1+ < €7,
from (2.6) we have

2M
d(xn-i-mvp) < (1 + bn-i-m)d(xn-i-m—lap) + T'Yn+m <
2M
S eanrmd(anrmflap) + T’Yn+m S

b [ bmsmo1 2M 2M
S e rrie d(xn-‘rm—%p) + 77n+m—1:| + T’Yn-i—m S

2M
< e(bn+7n+bn+’m.71)d(mn+m727p) + Tebwrm [’7n+m + '7n+m71] <

IA

< e(bn+m+bn+m_1+...+bn+1)d(xmp)+

2M
+ Te(bn+m’+bn+m_l+m+bn+2)[r)/n-‘r’m + Yn4+m—1 + ...+ ’Yn-l,-l] S

(2.8)
ntm IM cwnim
< X bz, p) + Tezkinw Y us
Jj=n-+1
- IM centm T
< ezk:n+1 bkd(ﬁn,p) + TeZk:nJA b Z o7 <
j=n+1
n+m 2M ntm
< eXk=ni1d g + = 0 <
< i {de,) + 55 Y ) <

j=n+1

IM n+m
<MI d ny - j )
< {(:v p)+ = Z%}<00

j=n-+1
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n+m

for all p € F and n,m € N, where M’ = eXr=nt+1% < o0, Since lim,,_, o Dy(xpn, F) =
0 and Zfbozl Yn < 00, there exists a natural number n; such that for all n > nq,

13 i S €&
oy w4 > %< g
j=ni+1

Dd(.%‘n,]:) <

Thus there exists a point p; € F such that d(xy,,p1) < z77, by the definition of

Dg(zy,F). It follows from (2.8) that for all n > ny and m >0,

d(fnervxn) S d(anrmapl) + d(xnvpl) S
oMM "X oMM "X
’YJ + M/d(xnlapl) +
j=ni1+1 j=ni1+1
€ +2MM/ S'E gy E +2MM’ S-€_
4M’ S 8M M’ 4M’ S 8M M’

S M/d(xTIl)pl) +

Vi<

This implies that {xz, } is a Cauchy sequence. Since the space is complete, the sequence
{z,} is convergent. Let lim, .. x, = p. Moreover, since the set of fixed points
of an asymptotically quasi-nonexpansive mapping is closed, so is F, thus p € F
from lim,, o Dg(2n, F) = 0, that is, p is a common fixed point of the mappings
{T1,T5,...,Tn}. This completes the proof. O

If u, = 0, in Theorem 2.2, we can easily obtain the following theorem.

Theorem 2.3. Let (X,d,W) be a complete convex metric space. Let Ti,
To,...,Tn: X — X be N asymptotically quasi-nonexpansive mappings. Suppose
F= ﬂfil F(T;) #0. Let o € X and {an}, {Bn} be two sequences in [0,1], {k,} be
the sequence defined by (1.5) and {ay,} C (s,1 — s) for some s € (0,1) satisfying the
following conditions:

(i) an+pPn=1, VYn>1;
(i) 3 (b — 1) < oc.

Then the implicit iteration process {x,} generated by (1.3) converges to a common
fized point of {T1,T5,...,Tn} if and only if

lim inf Dy(x,, F) = 0.

n—0o0
From Theorem 2.2, we can easily obtain the following theorem.

Theorem 2.4. Let (X,d,W) be a complete convex metric space. Let Ti,
To,....,Tn: X — X be N quasi-nonexpansive mappings. Suppose F = ﬂf\;l F(T,)#£0
and xg € X. Let {u,} be an arbitrary bounded sequence in X, {an}, {Bn}, {1} be
three sequences in [0, 1] satisfying the following conditions:

(1) an+ﬂn+7n =1, Vn > 1;

(i) {an} C (s,1—s) for some s € (0,1);
(iil) Y00 v < oo.
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Then the implicit iteration process with errors {x,} generated by (1.3) converges to a
common fized point of {T1,Ts,...,Tn} if and only if

lim inf Dy(z,, F) = 0.

n—oo
Remark 2.5. Our results extend and improve the corresponding results of
Wittmann [15] and Xu and Ori [16] to the case of a more general class of nonexpansive
mappings and implicit iteration process with errors.

Remark 2.6. Our results also extend and improve the corresponding results of
Sun [12] to the case of an implicit iteration process with errors.

Remark 2.7. The main result of this paper is also an extension and improvement of
the well-known corresponding results in [1-11].

Remark 2.8. Our results also extend and improve the corresponding results of Zhou
and Chang [17] to the case of a more general class of asymptotically nonexpansive
mappings.
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