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ON CHROMATIC EQUIVALENCE
OF A PAIR OF K,~-HOMEOMORPHS

Abstract. Let P(G,)\) be the chromatic polynomial of a graph G. Two graphs G and
H are said to be chromatically eugivalent, denoted G ~ H, if P(G,\) = P(H,\). We
write [G] = {H|H ~ G}. If [G] = {G}, then G is said to be chromatically unique. In this
paper, we discuss a chromatically equivalent pair of graphs in one family of K4-homeomorphs,
K4(1,2,8,d, e, f). The obtained result can be extended in the study of chromatic equivalence
classes of K4(1,2,8,d,e, f) and chromatic uniqueness of K4-homeomorphs with girth 11.
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1. INTRODUCTION

All graphs considered here are simple graphs. For such a graph G, let P(G,\) (or
simply P(G)) denote the chromatic polynomial of G. Two graphs G and H are
chromatically equivalent (or simply y-equivalent), denoted by G ~ H, if P(G,\) =
P(H,\) (or simply P(G) = P(H). A graph G is chromatically unique (or simply
Xx-unique) if for any graph H such that H ~ G, we have H = @G, i.e, H is isomorphic
to G. A Ky-homeomorph is a subdivision of the complete graph K. Such a homeo-
morph is denoted by Ky(a,b,c,d, e, f) if the six edges of K, are replaced by the
six paths of length a, b, ¢, d, e, f, respectively, as shown in Figure 1. So far, the
chromaticity of Ky-homeomorphs with girth g, where 3 < g < 9 has been studied
by many authors (see [5,9-11,18]). In 2004, Peng in [9] published her work on
the chromaticity of K4-homeomorphs with girth six by considering her result on the
chromatic equivalence pair K4(1,2,3,d,e, f) and K4(1,2,3,d',¢’, f'). Dong et. al
in [6] summarized the above result. In 2008, Peng [11] investigated the chromatic
uniqueness of K4(1,3,3,d, e, f) with exactly one path of length one and with girth
seven. She accomplished this, first by establishing the chromatic equivalence pair
of K4(1,3,3,d,e, f) and K4(1,3,3,d’, ¢, f') in [12]. She then solved the chromatic
equivalence of such families of graphs (see [12-14]) and finally, in [11], she provided the
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a
Fig. 1. Ka(a,b,c,d,e, f)

necessary and sufficient condition for this type of K4-homeomorph to be chromatically
unique. S. Catada-Ghimire et al. in [1] investigated the chromaticity of one family
of Ky-homeomorph with girth 10. For the purpose of completing their on going
research on Ky-homeomorphs with the said girth, they published their results on
three chromatic equivalence pairs of K4-homeomorphs in [2, 3] and [4] which are
summarised as follows:

Let G = K4(1,b,c,d,e, f) and H = K4(1,b,¢,d', ¢, f') be non-isomorphic but
chromatically equivalent. Then {G, H} is one of the following pairs:

whenb=V =2andc=¢ =7

(K4(1,2,7,0,i+8,i+ 1), K4(1,2,7,i 4+ 2,4,i + 7)1},
{K4(1,2,7, i+ 1,i +8), K4(1,2,7, i+ 7,i,i + 2)},
{K4(1,2,7 i+ 1,i +3), K4(1,2,7,i +2,i + 2,0},

whenb=b =3andc=c =6

{K4(1,3,6,i,i+1,i+4), Ks(1,3,6,i+2,i+3,9)},
{K4(1,3,6,i,i+7,i+1),K4(1,3,6,i+2,i,i+6)},

whenb=0 =4andc=c =5

(K4(1,4,5,4,i+6,i+ 1), Ka(1,4,5,i+2,4,i+5)},
{K4(174a 5,Z,Z+ ]-a { + 5)7 K4(174a 5,Z+ 27Z+ 471)}

Our main aim is to provide a result which can be extended in the study of the
chromatic equivalence of K4(1,2,8,d,e, f) (as shown in Fig. 2). Such results are an
indispensable tool in the study of the chromatic uniqueness of K4-homeomorphs with
girth 11.
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1
Fig. 2. K4(1,2,8,d,e, f)

2. PRELIMINARY RESULT

In this section, we give the following known result used in the sequel.
Lemma 2.1. Assume that G and H are x-equivalent. Then:

(1) V(@) = [V(H)|, |E(G)| = |E(H)]| (see [7]).
(2) G and H have the same girth and same number of cycles with length equal to
their girth (see [15]).
(3) If G is a Kq-homeomorph, then H must itself be a K4-homeomorph (see [16]).
(4) Let G = K4(a,b,c,d,e, f) and H = Ky(a',V,,d' e, '), then:
(i) min {a,b,c,d e, f} = min {a’,b',,d' €, f'} and the number of times that
this minimum occurs in the list {a,b,c,d, e, f} is equal to the number of times
that this minimum occurs in the list {a', V', ¢, d' e, f'} (see [17]);
(i) if {a,b,c,de, f} = {d, V', ,d' €, f'} as multisets, then H = G (see [18]).

3. MAIN RESULT

Lemma 3.1. Let G = K4(1,2,8,d,e, f) and H = K4(1,2,8,d', ¢, f'), then:

(1) P(G) = (—1)*"1[s/(s — 1)?][-s*"! — 5% — 5% — 53 — 52 + 25+ 2 + R(G)|, where
R(G) _ 7Sd756 7Sf756+1 7Serl+Sf+2+Se+3+Se+8+5f+9+5d+10+5d+e+f,
s=1—= X\, x is the number of edges of G.

(2) If P(G) = P(H), then R(G) = R(H).

Proof. (1) Let s =1 — X. From [17], the chromatic polynomial of K4-homeomorphs
Ky(a,b,c,d,e, f) is as follows:
P(Ki(a,b,e,dye, f) = (=1)" s /(s = 1)?][(s* + 35 +2) — (s + 1)(s” + 5" + 5 + 57 +
+5¢ + Sf) + (Sa—i-d + 5b+f + Sc—i—e + 5a+b+e + Sb+d+c + Sa+c+f + 5d+e+f _ Sw—l)].

So when a = 1,b =2 and ¢ = 8, we have
P(K4(1,2,8,d,¢e, f) = (—1)" s /(s—1)?][(s>+35+2) — (s+1)(s+8%+ 5 +s+5+5 )+
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+(Sd+1 4 Sf+2 + Se+3 + Se+8 4 Sd+10 4 Sf+9 + Sd+e+f _ Szfl)] —

= (=1 s/(s—1)?|[-s" 1 — 57 — 58 — 53 — 52 4+ 25+ 2 — 5% — 5 —5f —soHL _sfHLL
+5f+2 + Se+3 + Se+8 + Sf+9 + Sd+10 + Sd+e+f] —

= (=1)"1[s/(s = 1)?][-s"L — 57 — s® — 5% — %2 + 25+ 2 + R(G)], where

R(G) — —Sd — g€ — Sf _ Se+1 _ 5f+1 + Sf+2 + Se+3 + 56-’1-7 + Sf+9 + Sd+10 + 5d+e+f
as required.
(2) If P(G) = P(H), then we can easily see that R(G) = R(H). O

Theorem 3.2. Let Ky-homeomorphs K4(1,2,8,d,e, f) and K4(1,2,8,d',¢', ') be
chromatically equivalent, then we have

K4(1,2,8,i,i+9,i+1) ~ K4(1,2,8,i+2,i,i+8),

K4(1,2,8,i,i+1,i+9) ~ K4(1,2,8,i+8,i,i+ 2),
Ku(1,2,8,i,i+1,i+3) ~ K4(1,2,8,i + 2,0 + 2, ),

where i > 1.

Proof. Let G = K4(1,2,8,d,e, f) and H = K4(1,2,8,d’,¢', f'). We now solve for the
equation R(G) = R(H) to find G and H which are not isomorphic. From Lemma 3.1,
we have

R(G) — _Sd_se_sf_se-i-l _5f+1 +5f+2+Se+3+86+8+5f+9+5d+10+8d+e+f,
R(H) _ —sd/ o Se' o Sf’ o Se’+1 o Sf’+1 + Sf’+2 + Se’+3 JrSe’+8 JrSf’+9 JrSd’+10 +
Sd/Jre/Jrfl.

Let the lowest remaining power and the highest remaining power be denoted by
Lr.p. and h.r.p., respectively. From Lemma 2.1 (1), d+e+ f =d +¢€ + f'. We
obtain the following after simplification: (Note that our assumption in the following
steps of the proof is R (G) =R;(H), where 1 < j <18.)

Rl(G) —_ 7Sd Sf e+1 Serl 4 Sf+2 + Se+3 4 Se+8 4 Sf+9 + Sd+10

Rl(H):fsdlfs _ g 7Se+17Sf+1+Sf+2+se+3+Se+8+sf+9+sd+10

Let us consider the h.r.p. in Ry1(G) and the h.r.p. in Ri(H). We have max
{e+8,f+9,d+ 10} = max {e' +8, f' +9,d" + 10}. Without loss of generality, we
will consider only the following six cases.

Case 1. If max {e+8, f+9,d+ 10} = e+ 8 and max {¢/+8, f'+9,d' + 10} = ¢’ + 8,
then e = ¢’. Thus, we can cancel the following pairs of terms in the equations R;(G)
and Ry(H): —s® with —s¢', —s¢t! with —s¢' 1, s¢+3 with s¢'+3 and s¢8 with ¢ *8.
Therefore, the l.r.p. in R;(G) is d or f and the Lr.p. in Ry(H) is d’ or f'. So, d = f’
ord=d or f= f’orf—d’ We havee =¢ andd+e+ f=d +¢ + f'. So, we
know that {d,e, f} ={d’, €, f'} as multisets. From Lemma 2.1 (4(ii)), G = H.
Case 2. Ifmax{eJrS f+9,d+10} = f+9 and max {e'+38, f'+9,d' + 10} = f'+9,
then f = f’. We can deal with this case in the same way as case 1, thus, G = H.
Case 3. If max {e+38, f+9,d+10} = d+10 and max {e'+38, f'+9,d'+10} = d'+10,
then we can deal with this case in the same way as case 1. So, we have G = H.
Case 4. If max {e+8, f+9,d+ 10} = e+ 8 and max {e'+ 8, f'+9,d' + 10} = f'+9,
then e + 8 = f/ 4+ 9, that is

ff=e—1 (3.1)
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fromd+e+ f=d +¢e + f/, we have
d+ f=d +¢ —1. (3.2)

Consider the l.r.p. in R;(G) and the lr.p. in Ry(H). From Lemma 2.1(4(i)), min
{d,e, f} = min {d’, ¢, f'}. Without loss of generality, let min {d,e, f} = d. The
following subcases need to be considered.

Subcase 4.1. If min {d,e, f} = d and min {d’, €', f'} = d’, then d = d’. Thus, we can
consider this case the same way as case 1. So, G = H.

Subcase 4.2. If min {d,e, f} = d and min {d’, €', f'} = ¢/, then d = ¢’. From Eq.
(3.2), we have d’ = f 4+ 1. Note that f' =e—1 (Eq. (3.1)). We can write R;(G) and
Ry (H) as follows:

RQ(G) — —Sd g€ — Sf _ Se+1 _ Sf+1 +Sf+2 +se+3 _,’_Se+8 +Sf+9 +5d+10

RQ(H) — _5f+1 _ Sd _ se—l _ Sd+1 —s®+ 56+1 + 5d+3 + Sd+8 + Se+8 + Sf—l—ll.

After simplifying Ro(G) and R2(G), we have

Rg(G) — 7Sf _ Se+1 + Sf+2 + Se+3 + Sf+9 4 Sd+10

R3(H) — 78671 _ Sd+1 4 Se+1 + Sd+3 4 Sd+8 + SerH.

Consider the term —s?*! in R3(H). Since the min d,e, f = d, —s?*! cannot be
cancelled by any of the positive terms in R3(H). Thus, —s%t! must be equal to —s/
or —s“T in R3(G). Note that max e+ 8, f+9,d+10 = e + 8, so e + 8 > d + 10,
that is, e + 1 > d +3 > d + 1. Thus, —s*t! #£ —sd+1,

If —s?*! = —s/ | then d + 1 = f. Thus, R3(G) and R3(H) can be written as
follows:

Ry(G) = —stt1 — getl 4 gd+3 4 ge+3 | gd+10 4 od+10

Ry(H) = —s¢=1 — gdt1 4 go+l 4 gd+3 4 gd+8 4 gd+12

After simplifying R4(G) and R4(H), we have

Rs(G) — 7Se+1 + Se+3 + Sd+10 + Sd+10

Rs(H) — 786—1 + Se—i—l + Sd+8 + Sd+12.

Thus, we have

_56+1 + 56-’1-3 + 5d+10 + 5d+10 — _Se—l + 56+1 + 5d+8 + Sd+12.

Therefore, we have e = d + 9. At this point, we acquire the following equations:
e=d+9, ff=e—-1=d+8,d =f+1=d+2, ¢ =d. Let d=1i Therefore,
we obtain the solution, where G is isomorphic to K4(1,2,8,4,i+ 9,7+ 1) and H is
isomorphic to K4(1,2,8,i+ 2,4, + 8).

Subcase 4.3. If min {d,e, f} = d and min {d’,¢’, f'} = f/, then d = f’. Note that
max {¢/ +8,f +9,d +10} = f'+9. So, f'+9 > d + 10. This contradicts min
{d,e, '} = f.

Case 5. If max {e+38, f+9,d+10} = f+9 and max {e'+8, f'+9,d'+10} = d' + 10,
then f +9 =d' + 10, that is,

d=f-1 (3.3)
fromd+e+ f=d +¢e + [, we have
e+d+1=¢€+f". (3.4)

Consider the l.r.p. in R;(G) and the Lr.p. in Ry(H), where min {d,e, f} = min
{d’, €', f'}. Without loss of generality, let min {d,e, f} = d. The following subcases
need to be considered.
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Subcase 5.1. If min {d,e, f} = d and min {d’, €', f'} = d’, then we deal with this case
the same way with case 1. So, we get G = H.

Subcase 5.2. If min {d,e, f} = d and min {d’, €', f'} = ¢’ , then d = €¢’. From Eq.
(3.4), we have f’ = e+ 1. Thus, we can write R;(G) and Ri(H) as follows:

RG(G) — —Sd —g¢— Sf —getl Sf+1 + Sf+2 + gét3 + get8 + Sf+9 + 5d+107

RG(H) — 7Sf71 _ Sd o Se+1 o Sd+1 _ Se+2 + Se+3 + Sd+3 4 Sd+8 4 SeJrlO + Sf+9 .

After simplifying R¢(G) and Re(H ), we have

R7(G) = _g¢ —gf —gft1 + gf+2 4 get8 4 Sd+10,

Ry(H) = —s/—1 — gl _ get2 4 od+3 | 48 | cet10,

Consider the term —s?*! in R;(H). Since max {e +8,f+9,d+ 10} = f +9, we
have f +9 > d+ 10, that is, f+1>d+2>d+ 1. So, f +1 # d+ 1. Thus, —s%*!
in R7(H) must be equal to —s° or —s/ in R7(G). If —s%*! = —sf  then d + 1 = f.
From Eq. (3.3), we have d = d’ and

Rg(G) = _g°% — Sd+1 _ 5d+2 + Sd+3 + gét8 + 5d+107

RS(H) — —Sd _ 5d+1 _ get2 + 5d+3 + Sd+8 + gé+10

It is easy to see that d = e. Note that d = ¢/, so e = ¢'. From d+e+f =d' +¢e'+ f/,
we have f = f/. Thus, G = H.

If —s%1 = —s° then d+ 1 = e and

Ro(G) = —sttl — g — gf+1 4 gI+2 | gd+9 4 gd+10,

Ro(H) = —s/—1 — g+l _ gd43 | gd+3 | (d48 4 od+11,

After simplifying, we have

_of _ f L g2 L gdF9 4 (dH10 f—1 4 (dd8 4 gd+11

Thus, we have f = d+9. We also have the equationse = d+1,¢' =d, f' =e+1=
d+2andd =f—-1=d+8 Letd=4i,then f=i+9, e=i+1,¢ =14, f'=i+2
and d’ =i+ 8. Thus, we obtain the solution, where G = K,(1,2,8,4,i+ 1,4+ 9) and
H = Ky(1,2,8,i+8,4,i+2).

Subcase 5.3. If min {d,e, f} = d and min {d’,¢’, f'} = f/, then d = f’. From Eq.
(3.4), ¢ = e+ 1. Note that Eq. (3.3) is f = d' + 1. We can write R1(G) and Ry (H)
as follows:

RIO(G) — —Sd — 5% — Sf e Sf+1 + 5f+2 + gét3 + gét8 + 5f+9 + Sd+10,
Rio(H) = —sf—1 — getl — gd _ get2 _ gdtl 4 gd+2 | getbd 4 get0 | (dH9 | of+9
After simplifying R10(G) and R19(H), we have
Ru(G) = _g¢ Sf _ Sf+1 4 Sf+2 + Se+3 + Se+8 4 Sd+107
RII(H) — 7Sf71 o Se+2 o Sd+1 + Sd+2 4 Se+4 4 Se+9 4 Sd+9 .
For the same reasons stated in subcase 5.2, —s%t! must be equal to —s® or —s/ in

R11(G). If —s™*1 = —5¢ then d+1 = e. We can write R11(G) and Ry;(H) as follows:

Rio(G) = —s¥1 — o — sFH1 4 gf+2 | gdtd | dt9 4 gd+lo,

Rig(H) = —sf=1 — g3 _ gdtl | gd+2 | dt5 4 (dt10 | od49

After simplifying, we have

_of gl 42 4 gdtd -1 (d43 | d+2 | dd5,

So, we get f = d+3. Wealsohave f' =d,e=d+1,¢ =e+1=d+ 2,
d=f-1=d+2. Letd=i,thene=i+1, f=:1+3,d =i+2, ¢ =i+2,
f' = i. Therefore, we obtain the solution, where G = K,4(1,2,8,i,4+ 1,i + 3) and
H = Ky(1,2,8,i+2,i+2,4).
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Case 6. If max {e+8, f4+9,d+10} = e+ 8 and max {e¢’+8, f/+9,d'+10} = d' + 10,
then e + 8 = d’ 4 10, that is,
d=e—2 (3.5)

fromd+e+ f=d +¢e + f', we have
d+f+2=¢+f. (3.6)

Consider the L.r.p. in R;(G) and the l.r.p. in Ry(H). We have min {d,e, f} = min
{d', ¢, f'}. Without loss of generality, let min {d, e, f} = d. The following subcases
need to be considered.

Subcase 6.1. If min {d,e, f} = d and min {d’, ¢, f'} = d’, then d = d’ and we can
deal with this case the same way as Case 1. Thus, we get G = H.

Subcase 6.2. If min {d,e, f} = d and min {d’,¢’, f'} = ¢/, then d = ¢’. From Eq.
(3.6), we have f' = f + 2. Thus, we can write R;(G) and Ry(H) as follows:

RIB(G) — 7Sd ¢ — Sf _ Se+1 o Serl + Sf+2 + Se+3 + Se+8 + Sf+9 4 Sd+10,

R13(H) — 756—2 _ Sd _ Sf+2 o Sd—i—l o Sf+3 + Sf+4 + Sd+3 4 Sd+8 + Sf+11 4 Se+8'
After simplifying R13(G) and R13(H), we have

R14(G) = _g5% — Sf _ Se+1 _ Sf+1 + Sf+2 + 56-’1-3 + Sf+9 + 5d+107

Rua(H) = —5¢2 — gf+2 _ gdt1 _ oI +3 4 of+4 4 od43 | od48 | of+11

Consider the term —s9*! in Ry4(H). Since min {d,e, f} = d, —s¢*! cannot cancel
any negative term in Rq4(H). From max {e + 8, f +9,d + 10} = e + 8, we have
e+8>d+ 10, thatise+1 >d+3 > d+ 1. So, —s¥tl £ —s¢t1 Moreover,
e>d+2>d+1, thus, e # d + 1, that is —s® # —s%*1. So, —s¥*! must be equal to
—sf or —sf 1 in R14(G).

If —s?*! = —s/*1 then d = f. So, we have
Rig(G) = —s¢ — 58 — ot _ gl 4 gdt2 | 48 4 (a0 | gdt10,
Rig(H) = —s°2 — g2 _ gl _ gdt3 4 qdtd | gdt3 | od+8 | i1l

After simplifying, consider the h.r.p. in Ry5(G) and the h.r.p. in Ry5(H). We have
513 = 541 that is e + 3 = d + 11. This contradicts Ry5(G) = Ry5(H) since —s°
cannot be cancelled by +s9+8 in Ry5(H).
If —s%t1 = —s/ then d + 1 = f. Thus, we have

RIG(G) — _g¢ — Sd—i—l o Se+1 o Sd+2 + Sd+3 + Se+3 + Sd—i—lO + Sd—i—lO’

Rig(H) = —s72 — 543 _ gd+l _ gdtd 4 odb5 4 odb3 | cdi8 | 12,
After simplifying, consider the h.r.p. in Ri6(G) and h.r.p. in Rig(H). We have
513 = 5412 The term s9*8 in Rig(H) cannot be cancelled since there is no term
equal to it. This contradicts Ri6(G) = Ri6(H).
Subcase 6.3. If min {d,e, f} = d and min {d’,¢’, f'} = f/, then d = f’. From Eq.
(3.6), ¢’ = f + 2 and note that from Eq. (3.5), d’ = e — 2. Thus, we have

R17(G) — —Sd — 5% — Sf e Sf+1 + 5f+2 + gét3 + gét8 + 5f+9 + Sd+10,

R17(H) —_ _8872 _ 5f+2 _ Sd _ 5f+3 _ 5d+1 4 Sd+2 + 5f+5 + 5f+10 4 Sd+9 + se+8.
After simplifying, consider the term —s?t! in Ry7(H). For the same reasons stated
in subcase 4.2, —s?! can only be equal to —sf or —s/*! in Ry7(G).

If —s%t1 = —s/ then d +1 = f. So, we have
R18( e __ 5d+1 _ Se+1 _ Sd+2 + 5d+3 + 56-’1-3 + 5d+10 + 5d+107

G)=-s
Rig(H) = —s72 — s+3 _ gdtd _ gdtl 4 odb2 4 odt6 | cdi11 | cdt9,
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After simplifying, consider the h.r.p. in R15(G) and the h.r.p. in Ris(H). We have
563 = 5911 So, e +3 = d + 11, thus e = d + 8. There is no term s?*® which is
equal to the term s in Rig(G). This contradicts R1g(G) = Ris(H).

If —s%*!t = —s/*1 then d+ 1= f+1, that is d = f = f’. This case is the same as
case 1. So, we get the same result G = H. At this point, we have solved the equation
R(G) = R(H) and the solution is as follows:

Ku(1,2,8,i+9,i,i+1) ~ K4(1,2,8,i +2,4,i + 8),
Ku(1,2,8,i,i+1,i+9) ~ K4(1,2,8,i +8,4,i + 2),
K4(1,2,8,i,i+1,i+3) ~ K4(1,2,8,i+2,i +2,1),

where 7 > 1. The proof is now complete. O
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