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APPROXIMATION METHODS FOR A CLASS
OF DISCRETE WIENER-HOPF EQUATIONS

Abstract. In this paper, we consider approximation methods for operator equations of the
form
Au+ Bu = f,

where A is a discrete Wiener-Hopf operator on I, (1 < p < oo) which symbol has roots on the
unit circle with arbitrary multiplicities (not necessary integers). Conditions on perturbation
B and f are given in order to guarantee the applicability of projection-iterative methods.
Effective error estimates, and simultaneously, decaying properties for solutions are obtained
in terms of some smooth spaces.
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1. INTRODUCTION

In [9] projection-iterative methods were developed for operator equations (considered
in Banach space {,(N) (1 < p < 00)) of the

Au+ Bu = f, (1.1)

where A is a Toeplitz operator (or, in other terminology, a discrete Wiener-Hopf
operator), B is considered as a perturbation of A, and f is a given element. The
methods were adopted for the general situation of equations in which A need not be a
Fredholm operator, that means that the symbol A(z) of A vanishes on some points of
the unit circle. However, in [9] there was exclusively considered the case in which the
roots those belong to the unit circle can be only of integer multiplicities. The purpose
of this work is to extend the results of [9] to the general case of arbitrary multiplicities
(not necessary to be integer positive numbers) for the roots of A(z) lying on the unit
circle. This case is also interested by itself and in applications (in this respect, see
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[15,16] and [20]), but, on the other hand additional difficulties occur in its analysis.
We would like to mention the works [1,2,11,14] and [15] for the standard texts on
analysis of Toeplitz operators and [11,16-18] and [20] in which (purely) projection
methods for Wiener-Hopf equations are developed. We note also [19] for an overview
on recent results on this topic.

The paper is organized as follows: in Section 2 (Preliminaries) we recall
projection-iterative methods proposed and developed in [9] for abstract operator
equations. These methods are applied in Section 3 to discrete Wiener-Hopf equations
mentioned above. In Section 4 we illustrate the obtained results by considering some
concrete examples for which error estimations with optimal constants are given.

2. PROJECTION-ITERATIVE METHODS. PRELIMINARIES

In this section we consider the projection-iterative methods developed in [9]. For
a convenience, we present the approximation procedure and the main result about
solution existence, convergence of methods and effective error estimation. We discuss
the following class of perturbed operator equations

Au + Bu = f, (2.1)

where A and B are linear bounded operators in a Banach space E, and f is a given
element in E. We assume that the operator A is invertible on the left, i.e. ACDA =1T.
It should be stressed, however, that in general the operator A(—Y may be unbounded
but Dom(A(-1) 5 Ran(A) (Dom(A(—b) denotes the domain of A(-1) and Ran(A) is
the range of A). Moreover, we require that f € Ran(A4) and Bu € Ran(A).

Next we introduce a family of operators (in general unbounded) L, (7 > 0) with
the property that for each 7 > 0 the operator L, is one-to-one, i.e. KerL, = 0, and
Lo = I (cf. [4], Assumption 4). On the domain D, = Dom(L,) of the operator L,
(t > 0) we introduce a new norm

lulr = || Lrul, u€ Dr.

(Il - || stands for the norm of the space E). The norm |u|, turns the linear manifold
D, into a normed space, which we denote by E,. Clearly E, = E.

Without any loss of generality we assume the monotonicity of the norms |- |, with
respect to the parameter 7, i.e. for 7/ > 7 > 0 there holds

uly <|uly, uweE.. (2.2)

The above condition implies in particular that in case L. is a closed operator the
space E, is complete.

We will give conditions on A and B such that the corresponding equation (2.1)
can be reduced to an equation of the form

u—Tu=g, (2.3)
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for which the projection-iterative method may be applicable. To this end, we intro-
duce several assumptions, which connect the family (L) with the operators A and B.

(i) There exists a number m > 0 and a constant a > 0 independent of 7 such that
for every 7 > 0 the estimate

|A(_1)U|T < alulr4m (u€Erim) (2.4)

holds for every 7 > 0.
(ii) There exists 7 > 0 such that

|AY Bul, < e(r)|ul, (ueE;) (2.5)

with 0 < ¢(7) < 1.
(iii) There exists an absolute constant b > 0 such that

|ACYBul, <bBlulr—e  (weE,_) (2.6)

if7>e>0.

A prototype of the above assumptions (i)—(iii) was introduced in [5] (see also [6]).

Let assumptions (i) and (iii) be satisfied. If f € E,, with 79 > m, then each
solution of the equation (2.1) belongs to E, for 7 < 79 —m. In addition, if (ii) is also
satisfied with 7 < 79 — m, then for each f € E;, (1o > m) the equation (2.1) can only
have a unique solution v and u € E, for every 7 < 79 — m (see [9]).

In what follows, E., denotes the set

Eoo =[] E.

7>0

Remark 2.1. Let assumptions (i) and (iii) be satisfied.

(a) If f € Ew, then each solution of the equation (2.1) belongs to E.
(b) In addition, if assumption (ii) is also fulfilled, then for each f € E., the equation
(2.1) may only have a unique solution u and u € E.

From the above arguments it is seen that under above assumptions, for f € E.
with 7 > m, the equation (2.1) can be reduced to

u—"Tu=yg, (2.7)

where
g=AYf and T=-ACYB, (2.8)

We are concerned with the approximate solution of the equation (2.1). The method,
which we apply, can be described as follows. Let (P,) be a sequence of bounded
projections acting on X with the property that P, — I strongly (I stands for the
identity operator on X) and ||P,|| = 1 for each n = 1,2,... We take an arbitrary
element uy € X, and define, successively, a sequence (u,) of elements of X by

Up = Thtn—1 + Prg (n=1,2,...), (2.9)
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where
T, = P,TP, (n=1,2,...).

If for each g € X the sequence of the approximate solutions (u,) converges in X to
a solution u of the equation (2.1), then one says that the projection-iterative method
is convergent in X.

We apply the projection-iterative method (2.9) to the equation (2.7) by supposing
that the projections P, on E commute with weights L., i.e.

P,L;,=L.P, for all n=12,... and T 2> 0.

The following theorem summarizes the projection-iterative methods for abstract
operators.

Theorem 2.2. [9] Let Assumptions (i), (ii) and (iii) be satisfied, and let (uy) be
the approximating sequence determined by the process (2.9) for the equation (2.7),
with the initial element ug chosen as above, i.e. ug € B for 7 as in assumption (ii).
If f eE,, (10 > T+ m), then (u,) converges in the norm of E, to the solution u of
(2.1) with the error estimate

s ul, < )

~1—c¢(7)
where c(7,€) is defined by (2.5) and
R, =(I-T,) "S,(I-T)"",

‘unfl _un|7'+ |Rng|7'7 (210)

where
Sp:=—-I1+P,—P,T(I - P,), n=12,....

Corollary 2.3. [9] Under Assumptions (i), (ii) and (iii), in the particular case of
P,=1(n=12,...), the standard iteration
Up =TUun_1+g (n=1,2,...)

for the equation (2.7), where f € Epy (10 > 7+ m; 7 as in assumption (ii)), with an
arbitrary initial element ug belonging to E,, converges in the norm E, with the error
esttmate

[un — ulr < Ap(1), (2.11)
where
Ap(7) = 1i(7c-27)|un—1 — Un|r (c(1) < 1).

As before, c(1) is determined by (2.5). The error in the norm of the primary space E
can be estimate as follows

[l — ul| <inf{A,(1): 0<7<T10—"m; ¢(T) < 1},
In particular, if f € Eo, then
lun — u|| <inf{A,(1): 7>0; ¢(r) < 1}.

(We assume that inf () = co).
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3. PERTURBED DISCRETE WIENER-HOPF EQUATIONS

In this section we apply the projection-iterative method recalled in Section 2 to a
concrete class of discrete Wiener-Hopf equations.
We denote by V the elementary shift in ,(N), i.e.

(Vu)p = up—1 (n=1,2,...;u0=0).
The operator V(=1 defined by
(VEDU), = sy (n=1,2,...; u=(un) € [p(N))

is obviously an inverse on the left of V, ie. VDV = 1.
In what follows, E stands for one of the Banach spaces [,(N) (1 < p < o0), and A
is a Toeplitz operator defined on E by

(Au)p =D angux  (u=(uy) €E), (3.1)
k=1

where a,, (n =0,+1,...) are complex numbers such that

o0

D Jan| < oo (3.2)

n—=—oo

According to the theory of Toeplitz operators or, in other terms, discrete
Wiener-Hopf operators (see [1,11,15]) the operator A can be regarded as the value
of some function A(z) of the operator V, i.e. A= A(V). Namely, the function A(z)
is given on the complex unit circle T = {z € C : |z| = 1} and it is represented in the
form

o0
A(z) = Z anz", zeT.
n=—o0
The function A(z), z € T, is called the symbol of the operator A. The complex
numbers a,, (n = 0,=£1,...) are the Fourier coefficients of A(z), so that, in case where
A(z) is given, they can be computed by the formula

1 27

Op = — A(e?)e™ " dg (n=0,£1,...).
2T 0

Condition (3.2) means that the symbol A(z) belongs to the Wiener algebra, which
we denote by W. The norm in this algebra is given by

o0

1A Iw = > laal.

n=—oo

We denote by W, a subalgebra of W, which elements are functions of the form

anz", zeT.
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Similarly, we denote by W_ subalgebra of W consisting of the elements of the form

0
Z by 2", z€T.

n=—oo

Next we assume that the function A(z) has only a finite number of zeros on T, and
each of them has an arbitrary multiplicity. Let a; be the (pairwise distinct) roots
of A(z) on the unit circle T with multiplicities p; > 0 (j = 1,...,r). (Note that
a; = aj_l.) Now we denote

Ao(z) = A(z) 1—[(2:_1 —@;)7H, zeT. (3.3)

In what follows, we assume that Ag(z) belongs to the Wiener algebra W. Set

m:=max{[y;]: j=1,...,r},

where for € R the symbol [z] stands for the smallest integer greater than or equal
to z. A sufficient condition for A(z) to guarantee that the function Ag(z) belongs to
W is the following

oo

Z In"a,| < oo
n=—o0

(cf. [15]). Clearly, Ag(z) € W is a continuous function on T such that Ag(z) # 0
(2 €T). Let

2m

xk = ind Ao(Z) = i [arg A0(6i¢)] $=0

2

([ 12—, means the increment of the function on the interval [0,27]). Then Ag(z),
z € T, can be written in the form (the Wiener-Hopf factorization, [14]):

Ao(z) = A_(2)2" AL (%), (3.4)

where A4 (z) and A_(z) are functions holomorphic inside and continuous up to the
boundary in domains |z| < 1 and |z| > 1, respectively, and A4 (z) # 0 (]z] < 1) and
A_(2) #0 (00 > |z| > 1), moreover Ay (z) € W, and A_(z) € W_.

Note that the functions A_(z) and A (z) can be considered as symbols of some
Toeplitz operators. Let us denote them by A_ and A, respectively.

Thus, in view of (3.3) and (3.4), we may express the operator A in the form

A=RA_ VWA, (3.5)

where
T

R= H(V(—l) —a; )M, (3.6)

j=1

and where V() stands for V* if x > 0 and (V(=D)=% if 5 < 0.



Approximation methods for a class of discrete Wiener-Hopf equations 277

Throughout what follows, we use the notation

(“) ezl em kD)

k k!

and (’5) = 1. Note that an operator

v~ = a3 () (- vin,
k=0
where o € T, is one-to-one, and there exists a closed and unbounded (for p > 0)
operator (V=1 —&I)~#. For u = (u,) € Ran (V=Y —@l)* we can write

- k—1 :
(VY —an) = (—a)* Y (M - L )akV(_k)u
k=0
(cf. [15,20]).
In what that follows, we assume that x > 0. In this case the operator A admits
an inverse operator on the left A~ and via (3.5) we can write

ATy = AT'VERDATIR W, w € Ran(A). (3.7)

Next, let B denote a bounded operator defined on the space E by B = [bnk];szl,
ie.

(Bu)y, = ankuk (n=1,2,...;u=(u,) € E), (3.8)
k=1

where b, € C (n,k=1,2,...).
Our aim is to apply the general procedure recalled in Section 2 to the approximate
solution of the operator equation

(A+ B)u = f, (3.9)

where f is a given element in E, and A and B are operators defined on E by (3.1) and
(3.8), respectively.

We note that the general case where the symbol A(z) of A contains a non-constant
factor A4 (z) can be reduced to the case where the factor A, (z) is constant (cf. [9]).
So we assume that the factor A, (z) (3.4) is a constant (and equals to one). In
particular, this means that the symbol A(z) has no roots in the domain |z| > 1. In
other words, we study the case where the symbol A(z) can be written in the form

A(z) = 2" 1_[(2'_1 —a;)MA_(2), z €T, (3.10)

where k£ > 0 and A_(z) is a function holomorphic inside and continuous up to the
boundary in |z| > 1, and A_(z) # 0 (o0 > |z| > 1), moreover A_(z) € W_.
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In order to apply the results of Section 2 we use the family of operators (L.)>o
(cf. [9]) defined by

(Lruw)p =n"uy, (n=1,2,...;u € Dom(L,)),

where

oo

Dom(L,;)={u€eE: Z [nTu,|P < oo}

n=1
For the introduced family (L;),>o required conditions mentioned in Section 2 are
trivially satisfied and the corresponding spaces E,, 7 > 0, are complete.

We now proceed to the verification of assumption (i). To this end, we set m =

max{[p;]: j=1,...,7}. (Recall that u; are multiplicities of the zeros of the symbol

A(z) belonging to the unit circle T).
The following auxiliary assertions will be used.

Lemma 3.1. (i) For every 7 > 0 the operator V=1 is bounded on E,, and
VDY, <ul,  (wek,), (3.11)

(ii) For 7 > 0 and € > 0 there exists ag(7,€) > 0 such that ag(1,€) — 0 as 7 — o0,
and
VY|, < aolr, )ulrre  (u€Brye), (3.12)

(iii) For every 0 < pu <1, 7 >0 and every o € T the estimate
|(V(_1) —al) ul; < w(T)lulr4 (u € Erq1) (3.13)
holds with w(t) > 0 when E = [,(N) and % + % =1.

Proof. The assertions (i) and (ii) were proved in [9] (see also [4]). The estimate (3.13)
in assertion (iii) is a kind of a Hardy type inequality with weights. Note that the
inequality (3.13) is equivalent to

IL-(VED —an) Lol & <w(n)|él] (€= (&) €E).

We use the classical Hardy inequality (cf. [12])

Z\Z%pﬁp”Dw (6= (&) €E).
n=1 k=n n=1

Now we can estimate

= — (1+k noNT bng |
L,(VEY —an—rrLzl g = —a)* Tk Sntk
LD —an Lo =3 e 3o (M) () %
-y )SO En-t ‘p:f:‘f:@)p<
- n+k kL —
n=1 k=0 n=1 k=n

o0
<P l&al” = pPlIEl.
n=1
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So we have w(7) = p. In fact the constant p can be replace by
1 (-1 1 1
w(t)=(1——) 7, where -—+-=1
M= 2Tq) Poq
(see the methods developed in [7] and [8]). O
Let us formulate a simple but important observation.

Lemma 3.2. If ® is a Toeplitz operator with the symbol ®(z) € W_ then
[Dul, < | ®(2)|wlul-  (ue€E.).

Proof. Let u € E.. Since ®(z) € W_, the symbol of operator ® has the form

D(z) = Z cnz " (z €.
n=0

Hence, using the assertion (i) of Lemma 3.1, we obtain
|Pul, = |Zc,nV(_")u|T < Z le—nllul- = [[2(2)[lwul-- 0
n=0 n=0

Next we note that, by virtue of the Wiener theorem [14] (see also [1]), the Toeplitz
operator A”!, just as A_, is upper triangular. In language of its symbol this means
that b_(z) = 1/A_(z) € W_ and it can be represented in the form

0 0
b_(z)= Y by2" (z€T), with |bo_[lw= > |b,|<oc0.

n=—oo n=—oo

Taking into account this fact, by Lemma 3.2 (i), we conclude that the operator
A~ is bounded in each space E,, and

[AZ ulr < [b-[lwul- (3.14)

In order to estimate R~! we need the following two lemmas.

Lemma 3.3. If g1,..., g, are functions in algebra W_, which have no common zero
on the set {z € C : |z| > 1} U {oo}, then there exist functions fi,..., fn in W_ such
that

figi+ oo+ fagn =1
Proof. Every maximal ideal in W_ is of the form
My={feW_:f(A)=0}

for some point A in the set {z € C: |z| > 1} U {oo} (see [10]). The set of all elements
of the form f1g1 + ...+ fngn is an ideal. If it does not contain 1, it is a proper ideal
and must be contained in a maximal ideal. (cf. [13], p. 88). O
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Lemma 3.4. If R is given by (3.6) then
Ran(R) = () Ran(V(~") — @, 1)"s (3.15)
j=1

and there exist operators ®; with symbols ®;(z) € W_ (j = 1,...,r) such that the
equality

=, (vEY @) (3.16)

holds on Ran(R).

Proof. Since the roots a; (j = 1,...,r) of A(z) are pairwise distinct, we can use
Lemma 3.3 with

gj(z):'H (z_l—ai)‘” (zeTyj=1,...,1).

So there exist functions f;(z) € W_ (j =1,...,r) such that

T

ij H (z7t—a)ri =1 (z €T). (3.17)
i=1;i#7]
Thus i, .
2 I v —mn =1 (3.18)
j=1 i=1;i#7

where F; are the operators with symbols f;(z) (j =1,...,r). Letting
o= (VY —qNkti¢p;,  where ¢, €E  (j=1,...,7).

From (3.18) we get ¢ = Rt for ¢» = Fi¢1 + ... + F.¢,. So we have the inclusion

r

ﬂ Ran(V(~Y —@;1)* C Ran(R).
=1

The converse inclusion is obvious. Note that equation (3.18) also implies (3.16) with
O, =F; (j=1,...,7) (cf. [3]). O

Now in view of (3.13), in the case of E = [,,(N), we obtain

(VD —@ D)l <d([pl;T)lulgng (weB),

where
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Therefore, from (3.16) we derive the following estimate (recall that m =
max{[j]: j = 1,...,r})
[R™ uly < ei(7)|ulrim (u € Erqm), (3.19)

where

() = ([ D5 ()l < D0 p () lw = .

j=1
Now, let w € E;4,,, (7 > 0). In view of (3.11), (3.14) and (3.19) we can estimate
JACDy), < [VERATTR |, < [AT'R |, <
< o-[lw R ulr < er(n)[[o-llw fulrtm,
i.e.
ATy, < a(P)|ulrim < alulrim, € Erip (3.20)

with a(7) = ¢1(7)]|b-||lw and a = ¢1]|b—||w. Thus assumption (i) is verified.
By similar arguments, one may also obtain the estimate

Ay, < a(m)VEDulr i, (u € Brigm), (3.21)

which will be used later. The constant a is the same as in (3.20).
Next, we find conditions on B such that assumptions (ii) and (iii) to be also
verified. Let u € E,, 7 > 0. By virtue of (3.21) and (3.12), we have

|ACY Bu|, < a(r)|[VEY Bul g <
< a(m)ag(r, )|V Bulrsme < al(r)ao(7, €)||Br.clllul-,

where
BT,E = LT+77L+€V(7K+1)BL;1'

Note that the operator B . is induced on E by the matrix

. _ o
BT,e — []T-‘rm-‘rek Tbj"rfi—lk?jlj’k.:l'

It is seen that the operator B; . is, generally speaking, unbounded in the basic space
E, and even if it is bounded, its norm may increase as the parameter 7 increases.
However, if we let
bjr =0 for j>k+r—-1
and require that the operator
. o0
B’m+€ = [jm+€|bj+/‘€*1 k|]j,k:1 (322)

is bounded on the space E, then we have

||B7-’6|| < ||Bm+6H~
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In this way we obtain conditions for which estimates
|ACY Bu|, < ¢(r, €)|ul, (3.23)

hold with
c(7,€) = a(7)ao (T, €)[| Bm|l-
Clearly, for a fixed € > 0, ¢(7,€e) — 0 as 7 — +oo. This ensures that assumption (ii)
is satisfied.
It turns out that under the same conditions assumption (iii) is also satisfied.
Indeed, let u € E,_., 7 > ¢ > 0. Then, again by virtue of (3.21) and by (3.11), we
have

|A(_1)Bu|‘r < a(7)|v(_ﬁ+l)Bu|T+m < a(7)||LT+mV(_H+1)BL;—15”|u|‘rf€~

As before, we show that under conditions b, = 0 for 7 > k 4+ x — 1 if
the operator Bp,i. = [jm+€|bj+,{,1k|]jok=1 is bounded on E, then the operator
Ly VD BL! s bounded on E and its norm does not exceed || By,ic||. There-

fore
IACY By, <blul,_.  (1>€>0) (3.24)

with b = a|| Bpyc||. Assumption (iii) is verified.
According to Section 2, for a given element in E, with 7 enough large, the equation
(3.9) can be reduced to an equation of the form (2.7), namely

u—Tu=g, (3.25)

where g = ACY fand T = —ACVB.
We apply the projection-iterative method (2.9) to the equation (3.25) by taking
for P, canonical projections in the space E, that is

Pou= (uy,...,un,0,0,...) (u=(u,) € E).

Evidently, P,, — I strongly in E, ||P,|| =1 and P,L, = L. P, for each n =1,2,....
Hence, the required assumptions are fulfilled and Theorem 2.2 may be applied.
We set
T, = P,TP,, gn = Pug (n=1,2,...).

Take an arbitrary element ug € E, (7 > 0) and define the approximating sequence

(un) by
Uy = Tptpn_1 + gn (n=1,2,...). (3.26)

We obtain the following result.

Theorem 3.5. Let A and B be operators defined by (3.1) and (3.8), respectively.
Assume that the symbol A(z) of A can be factorized as in (3.10), K > 0 and m =
max{[p;]:j=1,...,r}. Furthermore, assume that for any f € E,, with sufficiently
large o (for istance, 79 > T+ m; T being as in assumption (ii)) the equation (3.9)
possesses a solution u in E. If under the conditions bj, = 0 for j > k+k — 1 the
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operator By,+. defined by (3.22) is bounded on E, then the approximating sequence
(un) determined by the process (3.26) converges in the norm E,; (1 < 719) to the
solution u of the equation (3.9) for any initial approximation ug in E.. The error
estimate is given by

Lreme)y (3.27)

c(T,€) T, €
Up — Ul <
[un I 1—c¢(r,€)

< mmn—l — Up|r +
where (7€) is as in (3.23) and h,, = (I — P,)(I — T)™'g.

Proof. That the approximating sequence (u,, ) converges to the solution of the equation
(3.9) follows immediately from Theorem 2.2. Furthermore, since f € E,, with 7o
sufficiently large, by assumption (ii) it follows that g € E, and also h,, € E,. The
error estimate (3.27) is a consequence of (2.10). O

Corollary 3.6. In the particular case of P, =1 (n=1,2,...), under the hypotheses
of Theorem 3.5 the sequence (uy,) determined by the iterative process

Uy =TUp_1+g (n=1,2,...)

converges in the norm of B, (7 < 1) to the solution u of the equation (3.9) for any
initial approximation ug in E,.. The error estimate is given by

‘un - U|T S An(Ta 6)7 (328)

where

c(T,€)

Ay (7€) : )|un_1 — Uy, (c(r,¢e) < 1)

T 1- c(T, e
with ¢(1,€) given as in (3.23).

We can estimate the error in the norm of the primary space E as follows
lun, —ul] <inf{A,(r,¢): 0<e<7T <19 —m;c(T,€) <1}
In particular, if f € E, then

llun, — ul] < inf{Ap(r,€): 7>€>0; c(r,¢) < 1}.

4. EXAMPLE

Let E = I3(N) (p = 2) and let us consider in this space the operator

= [/1/2
A= Y (=2k+1)
> (%)



284 Michal A. Nowak

The matrix representation of A is the following

0 1/2 0 -1/8 0 —1/16 0  —5/128 0

1 0 12 0 -1/8 0 —1/16 0  —5/128

o 1 o0 1/2 0 -1/8 0  —1/16 0

o 0 1 0 1/2 0o —1/8 0 ~1/16

0 0 0 1 0 1/2 0 -1/8 0
A=10 0 0 0 1 0 1/2 0 ~1/8

0 0 0 0 0 1 0 1/2 0

00 0 0 0 0 1 0 1/2

00 0 0 0 0 0 1 0

The Toeplitz operator A is generated on the space E (we preserve notations used in
the previous section) by the function (the symbol of A)

— (1/2
A(z)—zZ( Ié )22’“—2(22+1)1/2 (z€T).
k=0
Let B be a bounded operator of the form (3.8) and consider the following equation
Au+ Bu = f, feEk. (4.1)

We describe conditions under which the scheme given in the previous section may
be applied to equation (4.1). The symbol A(z) has two roots on the unit circle T, and
we have the factorization

A(z) = 2(z7F = )V2 (27t 4 9)1/2 zeT. (4.2)
We can write
(z—l _ i)_1/2(2_1 +i)_1/2 _ (1)1(2)(2_1 +i)_1/2 + @2(2)(2,—1 _ 7;)—1/27

where 1 1
1(2) = i7" - DY and  By(2) = —5i=! +4)1/2,

It is easy to see that

<Z>(1)k - '(:)’ (k=1,2,...), (4.3)
i‘(:)’ =1 (4.4)

Taking into account this fact we can compute

el = fexalw =3 3| (47 =
k=0

which implies
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It is seen that Theorem 3.5 can be applied to the pair A and B. We have k = 1,

m = 1. Therefore, if the perturbation B is such that b;, = 0 for j > k and the operator

defined by B; = [j5|bjk\];ok=1 is bounded on E with 6 > 1, then the equation (4.1)
can be reduced to 7

u—Tu=g (4.5)

with g = ACD fand T = —ACY B, where AV is a left inverse of A. The existence
of A=Y follows from the representation (4.2). Actually, as in hypotheses of Theorem
3.5 we assume that the equation (4.1) possesses a solution u in E for f € E,, with
sufficiently large 9.

Similarly as in Section 3 we set

T, =P, TP,, gn = Ppg (n=1,2,...).

Take an arbitrary element ug € E, (7 > 0) and define the approximating sequence

(un) by
Up = Thttn_1 + gn (n=1,2,...). (4.6)

By virtue of Theorem 3.5, we conclude that under above conditions on the per-
turbation B the approximating sequence (u,) determined by (4.6) converges in the
norm E, (7 < 79) to the solution u of the equation (4.1). The error estimate is given
by the formula (3.27), where

e(r,€) = 2w(T)ao(T, €)|| Bi+cll, (4.7)

with ag(7,€) = 77€(T +€)" "¢ as in (3.12) and w(7) = (1 — 2_7_1)_1.

In order to illustrate the above results let us consider the equation (4.1) in the

case of
1+6%)1/2, k=1,
fk) = ( ) 211/2) sk—1
(1+ (1 +6HYHe k=2.3,....

with a § # 0. (Here we denote x(n) for the n-th term of the sequence z.) Then
gk)=06" (k=1,2,...).
It is easily seen that f € E,, and g € E,. Let B be a diagonal operator of the form
(Bu)(k) = b(kyu(k),  b(k) = 8" (k=1,2,...),

where |p| < 1 and 8 € C. For the sake of simplicity, we put ug = 0. Then the process
of the standard pure iteration gives us approximate solutions of the form

n—1
Up = Z Tlgv
=0
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The error in the above approximation is given by the formula

c(T,€)

_ < =
‘uﬂ 7.L|7- — An<7_7 6) 1— C(T, 6)

T Ygle (e(rye) <1),

where ¢(7, €) is given by (4.7). It is not difficult to see that for a fixed 7, A, (7, €) has
minimum for

(s —1+4+/(s—1)2 +4s7), where s:=In—

lpl’

€r 1=

DN =

Consequently,
|un, — ulr < AR(T) = Ap(T,€r).

Since f € E, it can be estimated the error in the norm of the primary space E as
follows

lun — ul|| < inf{A,(r): 7>0}.

In turn, the norm || Bi 4| in formula (4.7) can be estimated as

1+e€ )HE

|Brsell = sup 7+ b(5)] < sup (18llpl"a*+) = 18] (-
j >0 eln Tol

Table 1. Natural logarithm of |un, —u|r with optimal constants T and € for various iterations

n T e InA,(7€)
1 3.110 1.323 2.1

2 3.586 1.431 -0.6

4 4.780 1.677 -6.5

8 8.073 2.217 -25.3
16 15.616  3.140 -95.0

32 31.298 4.507 -366.3
64  63.017 6.457 -1439.9
128  126.747 9.221 -5714.3

In Table 1 the natural logarithm of error estimations with optimal constants 7
and e for iterations n = 1,2,4,8,16,32,64,128 is presented. The calculations were
done using constants § =3, § = 0.4 and p = 0.5.
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