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CONSTRUCTION OF AN INTEGRAL MANIFOLD
FOR LINEAR DIFFERENTIAL-DIFFERENCE
EQUATIONS

Abstract. In this paper we establish sufficient conditions for the existence of an asymptotic
integral manifold of solutions of a linear system of differential-difference equations with
a small parameter. This integral manifold is described by a linear system of differential
equations without deviating argument.
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1. INTRODUCTION AND PRELIMINARIES

The theory of linear differential equations with deviating argument is well established.
There are numerous important papers on the subject. One of the classical works here
is [2]. For a recent account of the theory, we refer the reader to [1] and the references
given there.

We consider the linear system of differential equations with deviating argument

d);t(t) = AMX (1) + 1y (Ap(O)X (¢ +7(1)) + Br(t)Y (¢ + (1))
k=1
n (1)
%ft) =B()Y(t) + M;(Ck(t)X(t +7e(t)) + De(®)Y (t + 75(1))),
where ¢ >0, pisasmall parameter, dimX(t) =p, dimY (t) =g,
ITe(t)] < 7 (k=1,...,n; t>0). (2)
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We assume that the matrices in System (1) are bounded:

IAD] < a0, S A < o,
. . i (3)
SIBill <a, Sl <a, S ID@)] < o,
k=1 k=1 k=1

If the parameter u = 0, System (1) decouples into two independent subsystems. Let
the system
dX (t)
dt

have a fundamental matrix of solutions P(t,s) normalized at ¢ = s and satisfy the
condition

— AD)X (1)

|1P(t, )|l < creflt=sl (1 >1,e>0) (4)
Let the system
dY (t)
—= =B(t)X(t
= = Buyx)

have a fundamental matrix of solutions Q(¢,s) normalized at ¢ = s and satisfy the
condition

1Q(t, 8)]| < oM™l (e2 21, A >¢) ()

Thus, for p = 0, System (1) possesses an exponential dichotomy with an exponent o,
where —A < 0 < —¢ (see [3]).
We will construct an integral manifold of solutions of System (1) in the form of ( [3,4])

d%f” — H(t, )X (1), Y() = K(t, )X (0). (6)

Let a fundamental matrix of solutions of System (6) be denoted by N (¢, s, 1), it follows
that

X(t) = N(t,s, 1) X(s). (7)

From this we obtain

X(t+7k(t) = N(t+ 7(t), t.0) X (1), ()
Yt +7(t) = K(t+7(t), )N ( +73,(2), 8, 1) X (1)
If the solutions of System (6) satisfy (1), then
H(t, 1) = A@t) + Y (AN (t+ i), , 1)+ )
k=1

+ Be() K (t + 7i(t), p) N (t + 70 (t), 1, 1))
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OK(t,p)
ot

+ K(t, 1) (A +/‘Z AN (t 4 1(1), t, )+

+ Br(t)K(t + Tk(t)vﬂ)N(t + k() 1, 1)) =

n

=B)K(t, 1) + 1> (Cult)N(t+ 7i(t), t, )+
k=1

+ Di(t) K (t 4 7i(t), p)N (¢ 4 7(2), T, 1))
We now proceed to considering the auxiliary matrix differential equation
OK (¢, 1)
ot
where ||F(t)|| < b for t > 0. It is easy to check that the matrix

(10)

— B(O)K(t, 1) — K(t, ) A(H) + F(2), (11)

¢
Kt = [ Qts)FOP(s.tds (12)
0
is a solution of (11). In addition, under conditions (4) and (5), we obtain
¢
1K =0102/ e M sup | F(1)] e < )\ SU:DHF( )y =0 (13)
0

Application of (11) and (12) enables us to write System (10) in the form

/ Q(t, s) Cr(8) + Dr(8)K (s + 11(s), pt)— a4

(s ) A(8) — K (5o B(s) K s 7 (6) i)V s+ ma(s)o o) Pl 01

Our purpose here is to give a proof that an integral manifold of solutions of System
(1) exists in form (6).

2. SUCCESSIVE APPROXIMATIONS

System (9),(14) of matrix equations defines the matrices H(t,u), K(t, 1) and it
can be solved by the method of successive approximations. We start this process by
letting Ho(t,u) =0, Ko(t,pu) =0 and

H]+1(t ,u +HZ Ak t+7-k( )?t’:u)+
+&UKU+MUMWN+m@mML
(15)
Kjn(t. ) = /Qts Ci(s) + D) K (5 + (), 1)~

- Kj(87 /J’)Ak( ) - Kj(87 :u’)Bk(S)Kj (5 + Tk‘(s)v /,L))X
x Nj(s + Tk(8)7t7M)P(s7t)d87

for j=0,1,2,...
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Let N,(t, s, 1) be a fundamental matrix of solutions of the system
dX(t)

dt
Supposing that the inequalities

— Hy(t)X(1) (=0,1,2,...) (16)
(8 )| < by (G ] < Ky,
take place, we find the estimates
IN; (8, s, i)} < €17l ING (8 + (B, 8, )| < €7
And owing to System (15) it follows that

hjp1 < ao + |uf a1+ k;)e™,

Eir <l aB(1+ ky)2e™, 1
where 1
p= A—¢’
In order for the sequences {h;} and {k;} to be bounded from below, i.e.
hj >h>0, k;>k>0, 7=0,1,2,...
it is necessary and sufficient that the system of nonlinear equations
co+ il all+ k)e™ = b, [ulaB(l+ k)%™ = k (18)

has a positive solution.
We need to find the largest value u = pg for which System (18) has multiple solutions.
In this connection h and k achieve the maximum. We obtain
2(1 + /T2 + 45 2
fo = exp ¢ —7 (o + )
aT + 20+ /12 + 42 T+ 20+ /72 + 432
k28
Ba+k) T JrraE

It follows that for |u| < po the sequences of matrices H;(t,p) and K;(¢, p)
(j=0,1,2,...) are well defined and bounded in norm for ¢ > 0.

(19)

h=ay+

3. CONVERGENCE

Let us turn to prove that the sequences of matrices H,;(¢,u) and K;(t,p) (j =
0,1,2,...) converge uniformly in ¢, for ¢ > 0.
Let us introduce the notation

I H;(t p) — Hj—a(t, )|l < ugy, ||KG(tp) — Kja(tp)ll <wvy (5=1,2,3,...).
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Then from System (15), for p = po there follows:

ujr1 <1+ k)Tu; + lvj,

) (20)
’Uj+1 S 557’(1 + k) Uj + 2€ﬁ(1 + k)vj,
where
(= L
T 280+ k)+ T

The matrix of coefficients of the expression on the right hand side of (20)

tr(l+k) ¢
R(p) = ( Br(1+ k)2 2083 >

has the largest eigenvalue (in terms of the absolute value)
P (26 + 7+ /T2 +452)? .
T 20284 /T AR (T + TR 482

For |u| < po, the absolute values of eigenvalues of the matrix R(u) are less than 1
and, therefore, the terms of the series

H(t>/1') = Z(Hj+1(t7u) - Hj(tﬂ:u))7 (21)
j=0
K<t7 :u’) = Z (KjJrl(t’ M) - Kj (t7 :U’)) : (22)

<
Il
o

are bounded from above by the terms of the decreasing geometric progression. It
follows that series (21) and (22) converge uniformly for |u| < p1 < po.

We can now formulate our main results.

Theorem 3.1. Let System (1) of differential-difference equations be dichotomic for
p =0 andt >0, caused by inequalities (4) and (5). If conditions (2) and (3) hold,
then System (1) has an integral manifold of form (6), where the matrices H and K
depend analytically on p, provided |u| < po, where ug is given by (19).

The construction of integral manifolds in form (6) for systems of differential- dif-
ference equations can be used in the investigation of qualitative properties of this
systems.

Example 3.2. For the delay system
dz(t)

= pucosta(t) + pay(t — ), (23)
d%@ = —y(t) + pba(t — 1),
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we are interested in the construction of an integral manifold of solutions in form (6)

d%t) = h(t,p)z(t), y(t) =kt pzt).

The functions k and h are defined by the system
t—r1
h(t, ) = peost + pak(t — 7, 1) exp/ h(r, p)dr,
t
t
kto) = [ (e ks, ) coss - (24)
0

—ak(s, u)k(s — 7, 1)) exp /S_T h(r, p)dr)ds.

Solving System (24) by the method of successive approzimations, we find
h(t,p) = pcost + p?ab + O(p?).
The zero solution of the differential equation
dx(t .
% = (cost + p2ab + O(1*))x(t)

and also the zero solution of System (23) are asymptotically stable for a sufficiently
small values of p > 0 and ab < 0, and unstable if ab > 0.
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