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1. INTRODUCTION
Consider the difference equation
AanA(bnAlenAyn))) + f(n,yn) =0, neN (E)

where N/ = {0,1,2,...}, A is the forward difference operator defined by Ay, =
Yn+1 — YUn, (an), (bn) and (c,) are sequences of positive real numbers.

Function f: N xR — R.

By a solution of equation (E) we mean a sequence (y,) which is defined for
n € N and satisfies equation (E) for n sufficiently large. We consider such solutions
only which are nontrivial for all large n. A solution of equation (E) is called oscillatory
if its terms are not eventually positive or eventually negative. Otherwise it is called
nonoscillatory. Equation (E) is called oscillatory if each solution (y,) of this equation
is oscillatory. Equations of the form (E) are conveniently classified according to the
nonlinearity of f(k,y) with respect to y. Equation (E) is said to be superlinear if,
for each fixed integer k, Lky) g nondecreasing in y for y > 0 and nonincreasing in
y for y < 0. Equation (E) is called strongly superlinear if there is a number a > 1
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such that, for each fixed integer k, M];(fi;’l)y is nondecreasing in y for y > 0 and
nonincreasing in y for y < 0. Clearly, if equation (E) is superlinear, then f(-,y) is
nondecreasing on (0, o).

In the last few years there has been an increasing interest in the study of
oscillatory and asymptotic behavior of solutions of difference equations (see the
monographs by Agarwal [1], by Elaydi [3] and by Kelly and Peterson [6]). Compared
with second order difference equations, the study of higher order equations, and
in particular fourth order equations (see for example [2,4,5,7-20]) has received
considerably less attention. Results obtained here are motivated by some results
obtained by Thandapani and Arockiasamy in [19], and by Migda and Schmeidel
in [9].

The purpose of this paper is to establish a sufficient condition for equation (E)
to be oscillatory.

Throughout the rest of our investigations, one or several of the following as-
sumptions will be imposed:

(H1) a, > ¢y, for all large n, and (a,,) is bounded away from zero.

(12) 3~ — i:;bl@o.

J

(H4) yf(n,y) >0 for all y #0 and n € N.

Let us denote
n—1
1
Hn,N = Z av
_Z Lyl 5
j=n 7 i=j
and
121
Un,N = a ;\[ g
Conditions (H1) and (H2) imply lim g, xy = o0
n— oo 0

2. COMMON LEMMAS

In [9] we can find the following lemmas which will be used in this paper.
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Lemma 1. Assume that (H1)—(H4) hold. Let (yn) be an eventually positive solution
of equation (E), then one of the following four cases holds:

(I) cnAy, >0, bnA(c,Ayy,) > 0, anA(bpA(cnAy,)) >0

(I1) cn Ay, > 0, bnA(c,Ayy) <0, anA(bn A(cnAyy)) > 0,

(I11) cn Ay, > 0, bnA(c,Ayy,) <0, anA(bpAcn,Ay,)) <0

(IV) cnAy, <0, bnA(c,Ayy,) > 0, anA(bpA(cnAy,)) >0
for large n.

Lemma 2. Assume that (H1)—(H4) and Case (IV) of Lemma 1 hold. Then there are
a constant k and an integer N such that the following inequalities hold

Yn > b A(cnAYn) pn, (1)
n—1

1
> —
Yn = EA(DnA(chAyn))pn Z o forn > N.
i=N
Remark 1. Assume that (H1)—(H4) and Case (II1) of Lemma 4 hold. Then there

are a constant k and an integer N such that the following inequalities hold

Yn = *bnA(CnAyn)pnv

n—1

Un = —kAbnA(cnAyn))pn Y —, forn>N. (2)
i=N

Lemma 3. Assume that (H1)—(H4) hold. Let (y,) be an eventually positive solution
of equation (E). Then there exist positive constants k* and k** such that

K pn < < K pin v, for large n. (3)

We present an oscillation criterion for equation (E) in strongly superlinear cases.

Theorem 1. Assume that equation (E) is strongly superlinear,

sequence (cp,) is nondecreasing, (4)
lim vy > 0 (5)
n— oo

and conditions (H1)—(H4) hold. If there exists a positive constant M such that
an < Mc,_1 for large n, (6)

and -
S vl F(n,pa)| = o0 (7)
n=1

for all ¢ # 0, then equation (E) is oscillatory.
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Proof. Suppose for contrary that y, > 0 for large n. (The proof in the case y, < 0
is analogous and hence omitted.) Chose N € A so large that Case (i) (where
successively i= (I), (II), (III), (IV)) from Lemma 1, (1), (2), (3), (6), pn < 1 and
fn,n = 1 hold for n > N.

Case (I)
Since ¢, Ay, > cyAyn for n > N, by summation we get
n—1 1
Yn > YN + cNAYN Z]:v o
im

n—1
Hence y, > ¢* > Ci where ¢* = cyAyy > 0. So,
i=N "
Yn = C*:LLn,N~ (8)
From (H3) and equation (E)
AanA(bpAenAy,))) < 0.

Hence, by (I), (anA(bnA(cnAyy))) is a positive decreasing sequence. Then limit of
this sequence exists and it is finite. Set

lim apA(bpA(cnAyy,)) = = 0. (9)

n—oo

From equation (E),

f(n7yn) = _A(anA(bnA(anyn)))
Summing the above equation over ¢ from N to n — 1, we obtain

n—1

D FGy) = —anA(baAlcaAyn)) + zany Alby Alen Ayn)).
=N

Letting n — oo, by (9) we get
Z fl,y) = = + anA(bNA(enAyn)) < o0. (10)
i=N

By (3), and strong superlinearity of f, we get

fGk"pi) _ f(i,vi)
(k*pi)® (yi)>

Since 0 < p; < 1, there is (p;)* < 1 and (%)0‘ > (y:)®. So, by (8) and pu; v > 1

where o > 1. (11)

Yi “ *\ o [ *\ Qv
(Z) @1 > @)
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From the above and (11)

*

M(yi)“ > (Z*) i, f (i, K" pi).

(k*)(pi)™

Summing the above, by (10) we get

i=N i=N

for some positive constant k*. By (H1) and the above

Z v N f(n, k™ pr) < 00

n=N
This contradicts (7), which gives us the required result.
Case (II)
Multiplying equation (E) by g, n, we get

Hn,Nf(nuyn) = _Mn,NA(a'nA(bnA(anyn)))~

Summing the above equality from N to n — 1, we derive

Z Hi, Nf 1 yz = Z i, NA a A(b A(Cszz))) =
i=N
= S Al s ABAGAR) + 3 A1) [@ABAEAY)) =
i=N i=N

= —un 1 NanA(bnA(CnAyn)) + punv_1,NvanA(bNAlenAyn))+

A(b;A(c;Ay;)) =

n—1
= —,U,n,LNCLnA(bnA(CnAyn)) + o1 A(bzA(CZAyZ))

i=N T

So, by (6)
n—1

Do fly) <MY AGA(AY:)) = 1,8 A A(cn Ayn)) =
i i=N

= Mb, A, Ayp) — MbnA(enAyn) — tin—1,Nan A(bpA(cn, Ayy)) <
< *MbNA(CNAyN) - ,Ufn—l,NanA(bnA(CnAyn))-

Hence

Z /.Li,Nf(Z', yi) < 0. (12)
=1
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From (11)
Fne) = 07 (2 5008 p,).
Hence, by (3)

o0

Z:U'an ;yn > Z(fyn) nkpn/u'nN ZMannkpn)

= n=N
By (12), (H1) and the above

Z Vn,Nf(n) k*pn) <0

n=N
This contradicts (7), which gives us the required result.
Case (IIT)
By the mean value theorem
—A ([an A(=bnA(en Aya))] ™) = (1 = @)™ AlanA(brA(cnAyn))),

where a > 1 and a, A(=b, A(cnAyn)) < € < ant1A(=bp+1A(Cr41AYnt1)).
Therefore, using equation (E), (3), (2) and the strong superlinearity of equation
(E) in the above, we get

- A([anA(*bnA(anyn)]lia) = (0‘ - 1)[anA(*bnA(CnAyn))]7af(n7yn) =

— (0 = DfanA(—buAlc g LU0 () v

(yn)a
> (a— 1)[anA(bnA(anyn))]aW ( kA A(cnAyn))p Z_: ;)
n i=N ¢
=(a—-1) (]f;) (an)™® <Z ;) f(n, K pn),
i=N "

for n > N. Summing the above, we get

— [anA(=bp A(cn Ay~ + [an A(=byA(en Ay )]~ >

> (a—1) (,f) — Z 1) T

Since (4), by (6) there is a; < M¢;. Hence

lan A(—byAlex Aga))]' > (o — 1) (:) > (Z al) 1,k pi) >

=N (al) Jj=N J
> 0= (55) S sin)
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So

oo

> (win)* f i,k pi) < 0.

=N

Since (5) then

Z Vi’]\[f(ll7 k’*pl) < 00.
i=N

This contradicts (7), which gives us the required result.

Case (IV)
Summing equation (E) from n to oo, we get

and by (6)

Cp—1

AlbaAentyn) > 2= 3 Fli.) > 31— D Flisw).

i=n

Summing the above from N to n — 1, we obtain

bnA(CnAyn) — bNA(CNAyN) 2

1 n—1 1 0o 1 n—1 1 n—1
>M_ Ci_le(vaj)/Mzci_ Zf(J’yj):
i=N j=i i=N J=1
n—1 i n—-1 ¢
1 1 1 1
Vi f(l,yi) ! i1 = M f('L,yz) Z 1
i=N j=N 7 i=N J=N+1 !
LS )
= — 1 i 7 .
Wi » Yi )i, N
i=N
Hence
1 n—1
bnA(c,Ayy,) = M ;Vﬂi,zvf(%yi) (13)

The strong superlinearity of equation (E), (3), (1) and p, < 1 imply

f(i> k*pi)

ooy (A ey > () (e Ayl S0 K ).

f(i, yi) =
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From (13) and the above
[bn A (cnAyn)] ™ < ( Zuuvf (i y) <
( Z M, ~( b A(Cszz>] f(% k*pz)> .

Multiplying the last inequality by

we get
UN o f (1, k" pr) <
n—1 @
< G (_ZN ui,N[biMciAyn]af(zyk*m) v (b (en Ag))* f (1, K ) <
1 pin N (bnA(cn Ayn)) f(n, k* pn)

< * a /n—1 o
(b0) (Z Mi,N[biA(CiAyi)]“f(i,k*Pz‘))

i=N
Summing the above from N to n — 1, we get

n—1 —

i, b A(Cszz)) f(Z, k*pi)
ZMN zf Z k* pz < Z pi N a <
a =N ( > 1N [biA(c;Ay;)]~ f(j,k*p;‘))

]_
e 2 e <

i—1
where z; = Y 1, N[bjA(¢;Ay;)]“f(j, k*pj). Hence, by (12), (HI)
=N

Z Vn,Nf(n7k*pn) < 00

This contradicts (7), which gives us the required result.
This completes the proof of this theorem. O
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