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Existence of Solutions to the Heat Convection

Equations in a Time-dependent Domain

with Mixed Boundary Conditions

By Tujin Kim∗ and Daomin Cao†

Abstract. In this paper we are concerned with the initial bound-
ary value problems of the heat convection equations in a time-de-
pendent domain with mixed boundary conditions involving the total
pressure of fluid. We obtain the existence of a weak solution to the
problem. By a transformation of unknown functions and a penalty
method we connect the problem to an elliptic operator equation for
functions defined in the time-dependent domain. Owing to the trans-
formation we do not need to assume that the given data are small
enough. This method is also valid for the Navier-Stokes equations
with the nonstandard boundary conditions.

1. Introduction

There are vast literatures for the initial boundary or periodic problems of

the Navier-Stokes equations in time-dependent domains and various meth-

ods have been used for those problems.

Using a diffeomorphism conserving volumes, many researchers transform

the time-dependent domains into the time-independent domains and the

systems into perturbed one in time-independent domains (cf. [4]∼[7], [11],

[18], [24], [30], [31], [36] and references therein).

There are also some papers that transform the systems to the differen-

tial inclusions with subdifferential operators on expanded spatial domains

which include the time-dependent domains. For example, in [29] the original
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equation is reduced to an abstract equation in an appropriate Hilbert space,

which can be regarded as a perturbed equation of an equation generated by

a time dependent subdifferential operator. Then the desired solutions are

constructed by the successive approximation method.

Penalty methods are also used for these problems. In [12] a kind of

penalty method was introduced by which the problem is reduced to one

in a time-independent domain. As a kind of penalty method, the elliptic

regularization was used to study the Navier-Stokes equations in regions with

moving boundaries(cf. [22], [23], [33]∼[35]).

Except [11] which dealt with Neumann type boundary condition, all pa-

pers mentioned above dealt with initial boundary value or periodic problems

with Dirichlet boundary conditions. In [26] 2-D time periodic Navier-Stokes

equations in a time-dependent domain conserving volume with a slip bound-

ary condition was studied, where the equation of rotation was used.

On the other hand, in [32] the Navier-Stokes problem in a time-depen-

dent domain with a mixed boundary condition is considered. In [32] the

part of boundary for homogeneous Dirichlet condition is cylindrical and the

boundary condition on the other part of boundary is such a special one

that guarantees the existence of a solution to the elliptic operator equation

obtained by the penalty method.

The Stokes and the Navier-Stokes equations in time-dependent domains

with boundary conditions involving the pressure were studied in [20] by

the elliptic regularization. But, the Navier-Stokes equations in a domain

decreasing along the time was studied under homogeneous boundary con-

dition for the velocity of fluid, which means that a, b, c = 0 in (2.1) bellow

(see Theorem 4.1 in [20]). To avoid a monotone contraction condition on

the time-variation of the domain used in [20], a similar (really more simple)

problem was studied in [3]. It was assumed that boundary values must be

small enough and every connected component of surface for the pressure

boundary condition is included in one of the coordinates planes.

Initial boundary value or periodic problems of the heat convection equa-

tions in time-dependent domains were also studied (cf. [15], [17] and ref-

erences therein). However, there seems to be less literature devoted to the

heat convection equations on time-dependent domains.

In [27], [28] the initial boundary value and periodic problems of the heat

convection equations in time-dependent domains with Dirichlet boundary
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condition were studied by the penalty method used in [12](weak solutions)

and the differential inclusions with a subdifferential operators on an ex-

panded spatial domain which includes time-dependent domains (strong solu-

tions). And [21] dealt with heat convection equations in time-dependent do-

mains with homogeneous Dirichlet boundary condition by a penalty method

similar to [12]. Also, in [15]∼[17] initial boundary value and periodic prob-

lems of the heat convection equations in time-dependent domains with

Dirichlet boundary condition were studied by the differential inclusions with

time dependent subdifferential operators.

In the case of time-independent domains the initial boundary value

and periodic problems of the heat convection equations with homogeneous

Dirichlet boundary condition for the velocity of fluid and mixture of non-

homogeneous Dirichlet and Neumann conditions for the temperature was

studied (cf. [25]).

In this paper we are concerned with the existence of weak solutions to

the initial boundary value problems of the heat convection equations in a

time-dependent domain with nonstandard boundary conditions involving

the total pressure (Bernoulli’s pressure) of fluid. In our case time-variation

of the domain is similar to one in [20], but more general because in our

case on some subsegments of finite time interval the domain is expanded.

Unlike [3] we do not assume that boundary values must be small enough.

For the temperature function we are concerned with mixed boundary con-

ditions which may include inhomogeneous Dirichlet, Neumann and Robin

conditions together. Due to such nonstandard boundary conditions it is

difficult to reduce the problem to one in time-independent domains. Even

though, in the case of time-independent domains, a lateral subsurface for

one type of boundary condition may vary with respect to the time variable

t, and so it is difficult to reduce the problem with boundary conditions on

cylindrical surfaces expressed by products of parts of boundary of a spatial

domain and time interval.

To obtain the existence of solutions, by changes of unknown functions

and a penalty method we connect the problem to an elliptic operator equa-

tion for functions defined on the time-dependent domain. Using such a

transformation of unknown functions, we get coercivity of the operator in

the penalty problem without assuming that the given data are small enough

and the sign of coefficient in Robin boundary condition for the temperature
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is positive.

This paper consists of 5 sections. In Section 2 notation, the problem,

the definition of weak solution and the main result(Theorem 2.2) are stated.

In Section 3 changes of unknown functions are considered. Thus, we come

to the new problem 3.1 equivalent to the original one. In Section 4 we study

an auxiliary penalized problem obtained by the elliptic regularization. In

Section 5 by showing mainly the precompactness of solutions to the auxiliary

problem, we prove the main result. The piece monotone condition of domain

along the time was used only for the proof of the precompactness of solutions

to the auxiliary problem.

Let us end this section by a remark that all arguments in this paper

are valid for the Navier-Stokes equations with the nonstandard boundary

conditions.

A practical model of our mathematical problem is a pump with a to-

and-fro moving piston under consideration of heat exchange.

2. Problem and Main Result

Let Ω(t) be bounded connected domains of Rl, l = 2, 3, with Lipschitz

boundary, Q =
⋃

t∈(0,T ) Ω(t) × {t}, 0 < T < ∞, [0, T ] =
⋃δ

i=0[ti, ti+1], ti <

ti+1, Qi =
⋃

t∈(ti,ti+1) Ω(t) × {t}, Σ =
⋃

t∈(0,T ) ∂Ω(t) × {t}, Σ1, Σ2, Σ3 be

open subsets of Σ such that Σ̄1 ∪ Σ̄2 ∪ Σ̄3 = Σ and Σi(t) = Σi ∩ Ω̄(t). Let

n(x, t) be unit outward normal on ∂Ω(t) for fixed t, el = (0, 0, 1) for l = 3

and el = (0, 1) for l = 2.

We consider the following initial boundary value problem of the Boussi-

nesq approximation of heat convection


∂v

∂t
− ν∆v + (v,∇)v + ∇p + µ(x, t)θel = f1,

div v = 0,
∂θ

∂t
− ∆θ + v · ∇θ = f2,

v |Σ1= a(x, t), v × n |Σ2= b(x, t) × n, (p +
1

2
|v|2) |Σ2= p0(x, t),

v · n |Σ3= c(x, t), (∇× v) × n|Σ3 = ϕ,

θ |Σ2∪Σ3= d(x, t),

(
k(x, t)θ +

∂θ

∂n

) ∣∣
Σ1

= e(x, t),

v(0) = v0, θ(0) = θ0,

(2.1)
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where v denotes the velocity, p pressure and θ temperature. We will use the

following notations. If X is a Banach space, then X = X l. Let H1(Q) =

W 1
2 (Q), and so H1(Q) = H1(Q)

l
. An inner product in the space L2(Q) or

L2(Q) is denoted by (· , ·)Q; and 〈· , ·〉Y means the duality product between

a space defined on Y and its dual space. Also, (· , ·)Γi is an inner product

in the L2(Γi) and 〈· , ·〉Γi means the duality product between H
1
2 (Γi) and

H− 1
2 (Γi). The inner product between a and b in Rl is denoted by a · b.

For functions of (x, t), the operators ∆, div and ∇ are with respect to the

spatial variable x. Let |v|2Ω(t) =
∫

Ω(t)

|v|2 dx and ‖v‖2
Ω(t) =

∫
Ω(t)

|∇v|2 dx for

v ∈ H1(Ω(t)) or v ∈ H1(Ω(t)).

For function v defined on Q define α(v) by

α(v) =

(∫ T

0
‖v‖2

Ω(t) dt

) 1
2

whenever the integral make sense. Let

Λ(Q) = {v ∈ C2(Q̄) : div v = 0, v |Σ1= 0, v × n |Σ2= 0, v · n |Σ3= 0},

H(Q) = {the completion of Λ(Q) in L2(Q)},

V(Q) = {the completion of Λ(Q) under the norm α(v)},

W(Q) = {the completion of Λ(Q) in the spaceH1(Q)},

H(Ω(s)) = {v ∈ L2(Ω(s)) : div v = 0}.

Let

D(Q) = {y : y ∈ C2(Q̄), y|Σ2∪Σ3 = 0},

X(Q) = {the completion of D(Q) under the norm α(y)},

Y (Q) = {the completion of D(Q) in the space H1(Q)}.

Note that due to 1) in Assumption 2.2 bellow, α(v) is a norm, respectively,

in Λ(Q) and D(Q).

For the domain Q and its boundary we assume the followings.

Assumption 2.1 (cf. (A1) in [20]). ∂Ω(t) is Lipschitz continuous for

0 < t < T.
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Assumption 2.2 (cf. (A2) in [20]). 1) Σi∩Σj = ∅, i �= j, i, j = 1, 2, 3;

Σ1(t) �= ∅ ∀t ∈ (0, T ) and Σ2(t) ∪ Σ3(t) �= ∅ ∀t ∈ (0, T ).

2) There exists a domain Ω ⊂ Rl with Lipschitz boundary such that Ω(t) ⊂ Ω

for every t ∈ [0, T ] and (Σ2 ∪ Σ3) ∩ (∂Ω × (0, T )) = Σ2 ∪ Σ3.

3) For every subinterval (ti, ti+1) of [0, T ] =
⋃δ

i=0[ti, ti+1] one of the follow-

ing two conditions is satisfied:

(3a)

Ω(s) ⊂ Ω(t), µ(Ω(t) \ Ω(s)) ≤ ω(s − t) for ti ≤ t < s ≤ ti+1

or

(3b)

Ω(t) ⊂ Ω(s) µ(Ω(s) \ Ω(t)) ≤ ω(s − t) for ti ≤ t < s ≤ ti+1,

where µ(σ) denotes the measure of set σ and the function ω : R+ → R+ is

such that ω(h) → 0 as h → 0.

4) If (x, t) ∈ Σ1, then

in the case (3a) : (x, s) ∈ Σ1 or (x, s) /∈ Q̄ for ti < t < s < ti+1,

in the case (3b) : (x, s) ∈ Σ1 or (x, s) /∈ Q̄ for t1 < s < t < ti+1.

5) For i = 2, 3

Σi(s) ⊂ Σi(t) for ti < t < s < ti+1 in the case of (3a),

Σi(t) ⊂ Σi(s) for ti < t < s < ti+1 in the case of (3b).

6) There exists a constant k0 ≥ 0 such that

(1

2
+ ‖k(x, t)‖L∞(Σ1)

) ∫
Σ1

ρ2 dσ ≤ 1

4

∫ T

0
‖∇ρ‖2

Ω(t) dt + k0

∫ T

0
|ρ|2Ω(t) dt

∀ρ ∈ Y (Q).

Remark 2.1. For any t ∈ (0, T ) there exists k0(t) such that

(1

2
+ ‖k(x, t)‖L∞(Σ1)

) ∫
Σ1(t)

ρ2 dσ ≤ 1

4
‖∇ρ‖2

Ω(t) + k0(t)|ρ|2Ω(t) ∀ρ ∈ Y (Q)
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(cf. Theorem 1.6.6 in [8] or (1), p. 258 in [10]). In the case of (3a) if

k(x, t) ≥ 0, then 6) is not necessary (see (4.9)).

Remark 2.2. If we assume Σ̄2(t) ∩ Σ̄3(t) = ∅ as [9], then 5) of As-

sumption 2.2 follows from 2)-4) of Assumption 2.2.

Assumption 2.3 (cf. (A3) in [20]). There exists c1 > 0 such that for

every v ∈ V(Q) and t ∈ (0, T )

|∇ × v(·, t) |2Ω(t)≥ c1‖v(·, t)‖2
H1(Ω(t)).

Remark 2.3. Under Σ̄2(t) ∩ Σ̄3(t) = ∅ and 1) in Assumption 2.2, for

the case of 3-D domain with ∂Ω ∈ C1.1 or convex polyhedron the inequality

in Assumption 2.3 with c1(t) depending on t holds (cf. Proposition 1.1 in

[2] or Lemma 1.4 in [9]). For domains with ∂Ω ∈ C2 without assuming

Σ̄2∩ Σ̄3 = ∅ the assertion above is valid(cf. Lemma 2 in [14]). When Σ3 = ∅
for some 3-D domains with ∂Ω ∈ C0.1 also the assertion above is valid(cf.

A.2 in [9]).

For the given data we assume the followings.

Assumption 2.4. (cf. (1.8) in [20]). There exists a function U ∈
H1(Q) ∩ L∞(Q) such that

div U(·, t) = 0, U |Σ1 = a(x, t), U × n|Σ2 = b(x, t) × n, U · n|Σ3 = c(x, t).

Assumption 2.5. 1) There exists a function G(Q) ∈ H1(Q) ∩ L∞(Q)

such that G|Σ2∪Σ3 = d(x, t).

2) v0 − U(x, 0) ∈ H(Ω(0)), θ0 − G(x, 0) ∈ L2(Ω(0)),

3) f1 ∈ L2(Q), f2 ∈ L2(Q),

4) p0(x, t) ∈ L2(0, T ; H−1/2(Σ2(t))), ϕ ∈ L2(0, T ; H−1/2(Σ3(t))),

5) k(x, t) ∈ L∞(Σ1), µ(x, t) ∈ L∞(Q) and e(x, t) ∈ L2(0, T ; H−1/2(Σ1(t))).

Let r(x, t) be unit outward normal on the boundary Σ and (r̂, t) be the

angle between r and the positive direction of t-axis. For v ∈ C2(Q̄), u ∈
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Λ(Q) in view of (2.1) we have∫
Q

∂v

∂t
u dxdt = (v(x, T ), u(x, T ))Ω(T ) − (v0, u(x, 0))Ω(0)(2.2)

−
∫
Q

v
∂u

∂t
dxdt,

where the fact that
∫
Σ2∪Σ3

vu cos(r̂, t) dσ = 0 by 2) of Assumption 2.2 was

used.

Using the facts that

−∆v = rot rot v − grad(div v),

(rot v, u) − (v, rot u) = −(v × n, u)∂Ω,

for v ∈ {v : v ∈ C∞(Q̄), div v = 0}, p ∈ H1(Q) and u ∈ Λ(Q), we get

−ν(∆v, u)Q = ν(rot v, rot u)Q − ν(rot v × n, u)Σ2∪Σ3

= ν(rot v, rot u)Q − ν(rot v × n, u)Σ2 − ν(rot v × n, u)Σ3

= ν(rot v, rot u)Q − ν(rot v × n, u)Σ3 ,

(∇p, u) =< p, u · n >Σ2 .

Thus, taking

(v,∇)v = rot v × v +
1

2
grad|v|2

into account, under the boundary condition of (2.1) we have∫ T

0
(−ν∆v + (v,∇)v + ∇p, u)Ω(t) dt(2.3)

=

∫ T

0
(−ν∆v + rot v × v +

1

2
grad|v|2 + ∇p, u)Ω(t) dt

= ν(rot v, rot u)Q − ν(rot v × n, u)Σ3

+

∫ T

0
(rot v × v, u)Ω(t) dt + (p0(x, t), u · n)Σ2 .

Similarly, when θ ∈ C2(Q̄), y ∈ D(Q), in view of (2.1) we have∫
Q

∂θ

∂t
y dxdt = (θ(x, T ), y(x, T ))Ω(T ) − (θ0, y(x, 0))Ω(0)(2.4)

+

∫
Σ1

θy cos(r̂, t) dσ −
∫
Q

θ
∂y

∂t
dxdt,
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∫
Q
(−∆θ + v · ∇θ)y dxdt =

∫
Q
(∇θ · ∇y + v · ∇θy) dxdt(2.5)

+

∫
Σ1

k(x, t)θy dσ −
∫

Σ1

e(x, t)y dσ.

Thus, in view of (2.2)-(2.5), we introduce the following definition.

Definition 2.1. A function (v, θ) is called a solution to (2.1) if (v, θ)

satisfies the following

v − U ∈ V(Q), θ − G ∈ X(Q);

−
∫
Q

v
∂u

∂t
dxdt −

∫
Q

θ
∂y

∂t
dxdt + ν

∫ T

0
(rot v, rot u)Ω(t) dt

+

∫ T

0
(rot v × v, u)Ω(t) dt +

∫ T

0
(µ(x, t)θel, u)Ω(t) dt

+

∫
Q
(∇θ · ∇y + v · ∇θy) dxdt +

∫
Σ1

[θy cos(r̂, t) + k(x, t)θy] dσ

= ν

∫ T

0
〈ϕ, u〉Σ3(t) dt −

∫ T

0
〈p0(x, t), u · n〉Σ2(t) dt +

∫ T

0
〈e, y〉Σ1(t) dt

+ (v0, u(x, 0))Ω(0) + (θ0, y(x, 0))Ω(0) +

∫
Q

f1u dxdt +

∫
Q

f2y dxdt

∀u ∈ Λ(Q), ∀y ∈ D(Q) with (u(x, T ) = 0, y(x, T ) = 0).

Now let us state the main result of this paper.

Theorem 2.2. Under Assumptions 2.1∼2.5, there exists a solution

(v, θ) to problem (2.1) and

ess sup
t∈(0,T )

‖(v, θ)‖L2(Ω(t))l+1 ≤ c.

Remark 2.4. Since
∫ T
0 〈p0(x, t), u · n〉Σ2(t) dx =

∫ T
0 〈p0(x, t) + c(t), u ·

n〉Σ2(t) dx ∀u ∈ Λ(Q), p is determined up to a constant with respect to x.

Since H
1
2 (Σi(t)) = H

1
2
0 (Σi(t)) (cf. Theorem 11.1, ch. 1 in [19]),

〈ϕ, u〉Σ3(t) and 〈p0(x, t), u · n〉Σ2(t) make sense.
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3. Changes of Unknown Functions

Having in mind Assumption 2.4 and 1) of Assumption 2.5 and putting

v = ṽ + U, θ = θ̃ + G, from Definition 2.1 we get

ṽ ∈ V(Q), θ̃ ∈ X(Q);(3.1)

−
∫
Q

ṽ
∂u

∂t
dxdt −

∫
Q

θ̃
∂y

∂t
dxdt + ν

∫ T

0
(rot ṽ, rot u)Ω(t) dt

+

∫ T

0
(rot ṽ × ṽ, u)Ω(t) dt +

∫ T

0
(rot ṽ × U + rot U × ṽ, u)Ω(t) dt

+

∫ T

0
(µ(x, t)θ̃el, u)Ω(t) dt +

∫
Q
∇θ̃ · ∇y dxdt

+

∫
Q

(
ṽ · ∇θ̃ + U · ∇θ̃ + ṽ · ∇G

)
y dxdt

+

∫
Σ1

[θ̃y cos(r̂, t) + k(x, t)θ̃y] dσ

=

∫
Q

U
∂u

∂t
dxdt +

∫
Q

G
∂y

∂t
dxdt − ν

∫ T

0
(rot U, rot u)Ω(t) dt

−
∫ T

0
(rot U × U, u)Ω(t) dt −

∫ T

0
(µ(x, t)Gel, u)Ω(t) dt

−
∫
Q
∇G · ∇y dxdt −

∫
Q

(U · ∇G) y dxdt

−
∫

Σ1

[Gy cos(r̂, t) + k(x, t)Gy] dσ + ν

∫ T

0
〈ϕ, u〉Σ3(t) dt

−
∫ T

0
〈p0(x, t), u · n〉Σ2(t) dt +

∫ T

0
〈e, y〉Σ1(t) dt

+ (v0, u(x, 0))Ω(0) + (θ0, y(x, 0))Ω(0) +

∫
Q

f1u dxdt +

∫
Q

f2y dxdt

∀u ∈ Λ(Q), ∀y ∈ D(Q) with u(x, T ) = 0, y(x, T ) = 0.

In (3.1) let us make again changes of the unknown functions by w =

ek1tṽ, τ = ek1tθ̃, where k1 is a constants to be determined in Theorem 4.1

later. Then we have

−
∫
Q

ṽ
∂u

∂t
dxdt = −

∫
Q

e−k1tw
∂u

∂t
dxdt = −

∫
Q

w
∂ũ

∂t
dxdt − k1

∫
Q

wũ dxdt,
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−
∫
Q

θ̃
∂y

∂t
dxdt = −

∫
Q

e−k1tτ
∂y

∂t
dxdt = −

∫
Q

τ
∂ỹ

∂t
dxdt − k1

∫
Q

τ ỹ dxdt,∫
Q

U
∂u

∂t
dxdt =

∫
Q

Uek1te−k1t∂u

∂t
dxdt =

∫
Q

Uek1t(
∂ũ

∂t
+ k1ũ) dxdt,∫

Q
G

∂y

∂t
dxdt =

∫
Q

Gek1te−k1t∂y

∂t
dxdt =

∫
Q

Gek1t(
∂ỹ

∂t
+ k1ỹ) dxdt,

∫
Q
(ṽ · ∇G)y dxdt = −

∫ T

0
(div (ṽy), G)Ω(t) dt = −

∫
Q

ṽ · ∇yG dxdt

= −
∫
Q

w · ∇ỹG dxdt,

where ũ = e−k1tu, ỹ = e−k1ty.

Substituting these in (3.1), we know that the problem to find a solution

to (2.1) in the sense of Definition 2.1 is equivalent to the following problem.

Problem 3.1. Find (w, τ) ∈ V(Q) × X(Q) such that

−
∫
Q

w
∂ũ

∂t
dxdt −

∫
Q

τ
∂ỹ

∂t
dxdt + ν

∫ T

0
(rot w, rot ũ)Ω(t) dt(3.2)

+

∫ T

0
e−k1t(rot w × w, ũ)Ω(t) dt

+

∫ T

0
(rot w × U + rot U × w, ũ)Ω(t) dt

+

∫ T

0
(µ(x, t)τel, ũ)Ω(t) dt +

∫
Q
∇τ · ∇ỹ dxdt

+

∫
Q

(
e−k1tw · ∇τ + U · ∇τ

)
ỹ dxdt

−
∫
Q

w · ∇ỹG dxdt − k1

∫ T

0
[(w, ũ)Ω(t) + (τ, ỹ)Ω(t)] dt

+

∫
Σ1

[τ ỹ cos(r̂, t) + k(x, t)τ ỹ] dσ

=

∫
Q

Ū(
∂ũ

∂t
+ k1ũ) dxdt +

∫
Q

Ḡ(
∂ỹ

∂t
+ k1ỹ) dxdt

− ν

∫ T

0
(rot Ū , rot ũ)Ω(t) dt −

∫ T

0
(rot Ū × U, ũ)Ω(t) dt
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−
∫ T

0
(µ(x, t)Ḡel, ũ)Ω(t) dt −

∫
Q
∇Ḡ · ∇ỹ dxdt

−
∫
Q

(
Ū · ∇G

)
ỹ dxdt −

∫
Σ1

[Ḡỹ cos(r̂, t) + k(x, t)Ḡỹ] dσ

+ ν

∫ T

0
〈ϕ̄, ũ〉Σ3(t) dt −

∫ T

0
〈p̄0(x, t), ũ · n〉Σ2(t) dt +

∫ T

0
〈e, ỹ〉Σ1(t) dt

+ (v0, u(x, 0))Ω(0) + (θ0, y(x, 0))Ω(0) +

∫
Qi

f̄1ũ dxdt +

∫
Q

f̄2ỹ dxdt

∀ũ ∈ Λ(Q), ∀ỹ ∈ D(Q) with ũ(x, T ) = 0, ỹ(x, T ) = 0,

where γ̄ = ek1tγ for any γ.

Therefore, for proof of Theorem 2.2 it is enough to prove that the exis-

tence of a solution (w, τ) to Problem 3.1 and

ess sup
t∈(0,T )

‖(w, τ)‖L2(Ω(t))l+1 ≤ c.(3.3)

To this end, first in the next section we will consider an auxiliary problem

by the elliptic regularization.

4. Auxiliary Problem

Let W(Qi) and Y (Qi) be, respectively, restrictions of W(Q) and Y (Q)

on Qi; and let Σ1i be the subsurface on (ti, ti+1) of Σ1.

Let m be positive integers and wti ∈ H(Ω(ti)), τti ∈ L2(Ω(ti)). Our

main purpose in this section is to find functions wm ∈ W(Qi), τm ∈ Y (Qi)

satisfying the following∫
Qi

( 1

m

∂wm

∂t
− wm

)
· ∂u

∂t
dxdt +

∫
Qi

( 1

m

∂τm

∂t
− τm

)∂y

∂t
dxdt(4.1)

+ ν

∫ ti+1

ti

(rot wm, rot u)Ω(t) dt

+

∫ ti+1

ti

(
e−k1trot wm × wm

+ rot wm × U + rot U × wm, u
)

Ω(t)
dt
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+

∫ ti+1

ti

(µ(x, t)τmel, u)Ω(t) dt +

∫
Qi

(∇τm · ∇y) dxdt

+

∫
Qi

(e−k1twm · ∇τmy + U · ∇τmy) dxdt

−
∫
Qi

(wm · ∇y)G dxdt − k1

∫ ti+1

ti

(wm, u)Ω(t) dt

− k1

∫ ti+1

ti

(τm, y)Ω(t) dt +

∫
Σ1i

[cos(r̂, t) + k(x, t)]τmy dσ

+ (wm(ti+1), u(ti+1))Ω(ti+1) + (τm(ti+1), y(ti+1))Ω(ti+1)

=

∫
Qi

Ū
(∂u

∂t
+ k1u

)
dxdt +

∫
Qi

Ḡ
(∂y

∂t
+ k1y

)
dxdt

− ν

∫ ti+1

ti

(rot Ū , rot u)Ω(t) dt −
∫ ti+1

ti

(rot Ū × U, u)Ω(t) dt

−
∫ ti+1

ti

(µ(x, t)Ḡel, u)Ω(t) dt −
∫
Qi

∇Ḡ · ∇y dxdt

−
∫
Qi

(
Ū · ∇G

)
y dxdt −

∫
Σ1i

[cos(r̂, t) + k(x, t)]Ḡy dσ

+ ν

∫ ti+1

ti

〈ϕ̄, u〉Σ3(t) dt −
∫ ti+1

ti

〈p̄0(x, t), u · n〉Σ2(t) dt

+

∫ ti+1

ti

〈e, y〉Σ1(t) dt + (wti , u(x, ti))Ω(ti) + (τti , y(x, ti))Ω(ti)

+

∫
Qi

f̄1u dxdt +

∫
Qi

f̄2y dxdt

∀u ∈ W(Qi), ∀y ∈ Y (Qi).

For (4.1) we have the following result on the existence and uniqueness

of a solution.

Theorem 4.1. Under Assumptions 2.1∼2.5, for some k1, which is

taken for (4.13), independent of m and i, there exists a unique solution

to problem (4.1).

Proof. Define an operator Ami from W(Qi) × Y (Qi) into its dual
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space by

〈
Ami(z, ρ), (u, y)

〉
=

∫
Qi

1

m

∂z

∂t

∂u

∂t
dxdt +

∫
Qi

1

m

∂ρ

∂t

∂y

∂t
dxdt(4.2)

−
∫
Qi

z
∂u

∂t
dxdt −

∫
Qi

ρ
∂y

∂t
dxdt + ν

∫ ti+1

ti

(rot z, rot u)Ω(t) dt

+

∫ ti+1

ti

(
e−k1trot z × z + rot z × U + rot U × z, u

)
Ω(t)

dt

+

∫ ti+1

ti

(µ(x, t)ρel, u)Ω(t) dt

+

∫
Qi

(∇ρ · ∇y + e−k1tz · ∇ρy + U · ∇ρy + z · ∇yG) dxdt

− k1

∫ ti+1

ti

(z, u)Ω(t) dt − k1

∫ ti+1

ti

(ρ, y)Ω(t) dt

+

∫
Σ1i

[ρy cos(r̂, t) + k(x, t)ρy] dσ

+ (z(ti+1), u(ti+1))Ω(ti+1) + (ρ(ti+1), y(ti+1))Ω(ti+1)

∀(z, ρ), (u, y) ∈ W(Qi) × Y (Qi),

where 〈· , ·〉 means the duality product between W(Qi)×Y (Qi) and its dual

space.

And also define an element Li ∈ W(Qi)
∗ × Y (Qi)

∗ by

〈Li, (u, y)〉 =

∫
Qi

Ū(
∂u

∂t
+ k1u) dxdt +

∫
Qi

Ḡ(
∂y

∂t
+ k1y) dxdt(4.3)

− ν

∫ ti+1

ti

(rot Ū , rot u)Ω(t) dt −
∫ ti+1

ti

(rot Ū × U, u)Ω(t) dt

−
∫ ti+1

ti

(µ(x, t)Ḡel, u)Ω(t) dt −
∫
Qi

∇Ḡ · ∇y dxdt

−
∫
Qi

(
Ū · ∇G

)
y dxdt −

∫
Σ1i

[cos(r̂, t) + k(x, t)]Ḡy dσ

+ ν

∫ ti+1

ti

〈ϕ̄, u〉Σ3(t) dt −
∫ ti+1

ti

〈p̄0(x, t), u · n〉Σ2(t) dt
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+

∫ ti+1

ti

〈e, y〉Σ1(t) dt + (wti , u(x, ti))Ω(ti) + (τti , y(x, ti))Ω(ti)

+

∫
Qi

f̄1u dxdt +

∫
Qi

f̄2y dxdt

∀(u, y) ∈ W(Qi) × Y (Qi).

Now, let us consider the existence of a solution to the following problem

Ami(w
m, τm) = Li,(4.4)

which is equivalent to the existence of a solution to the auxiliary problem

(4.1).

For all (z, ρ) ∈ W(Qi) × Y (Qi), we have

〈Ami(z, ρ), (z, ρ)〉(4.5)

=

∫
Qi

1

m

∣∣∣∣∂z

∂t

∣∣∣∣
2

dxdt +

∫
Qi

1

m

∣∣∣∣∂ρ

∂t

∣∣∣∣
2

dxdt −
∫
Qi

z
∂z

∂t
dxdt

−
∫
Qi

ρ
∂ρ

∂t
dxdt + ν

∫ ti+1

ti

|rot z|2Ω(t) dt

+

∫ ti+1

ti

(rot z × U + rot U × z + µ(x, t)ρel, z)Ω(t) dt

+

∫
Qi

(
|∇ρ|2 + e−k1tz · ∇ρρ + U · ∇ρρ + z · ∇ρG

)
dxdt

− k1

∫
Qi

(
|z|2 + |ρ|2

)
dxdt +

∫
Σ1i

[cos(r̂, t) + k(x, t)]|ρ|2 dσ

+ |z(x, ti+1)|2Ω(ti+1) + |ρ(x, ti+1)|2Ω(ti+1),

where (rot z × z, z) = 0 was used.

Integrating by parts we get

−
∫
Qi

z
∂z

∂t
dxdt =

1

2

(
|z(·, ti)|2Ω(ti)

− |z(·, ti+1)|2Ω(ti+1)

)
(4.6)

for z ∈ W(Qi),

where the definition of W(Qi) and the fact that
∫
Σ2∪Σ3

z2 cos(r̂, t) dσ = 0

by 2) of Assumption 2.2 were used.
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In the same way using the definition of Y (Qi), we get

−
∫
Qi

ρ
∂ρ

∂t
dxdt(4.7)

=
1

2

(
|ρ(·, ti)|2Ω(ti)

− |ρ(·, ti+1)|2Ω(ti+1) −
∫

Σ1i

|ρ|2 cos(r̂, t) dσ

)
for ρ ∈ Y (Qi).

On the other hand, we have

(z · ∇ρ, ρ)Ω(t) =

∫
Σ2(t)∪Σ3(t)

z · nρ2 dσ − (div (zρ), ρ)Ω(t) = −(z · ∇ρ, ρ)Ω(t),

and so (z · ∇ρ, ρ)Ω(t) = 0. Therefore,∫
Qi

e−k1tz · ∇ρρ dxdt = 0.(4.8)

By (4.6)∼(4.8), from (4.5) we have

〈Ami(z, ρ), (z, ρ)〉(4.9)

=

∫
Qi

1

m

∣∣∣∣∂z

∂t

∣∣∣∣
2

dxdt +

∫
Qi

1

m

∣∣∣∣∂ρ

∂t

∣∣∣∣
2

dxdt + ν

∫ ti+1

ti

|rot z|2Ω(t) dt

+

∫ ti+1

ti

(rot z × U, z)Ω(t) dt +

∫ ti+1

ti

(µ(x, t)ρel, z)Ω(t) dt

+

∫
Qi

|∇ρ|2 dxdt +

∫
Qi

(U · ∇ρρ + z · ∇ρG) dxdt

− k1

∫
Qi

(
|z|2 + |ρ|2

)
dxdt +

∫
Σ1i

[
1

2
cos(r̂, t) + k(x, t)

]
|ρ|2 dσ

+
1

2

(
|z(x, ti)|2Ω(ti)

+ |ρ(x, ti)|2Ω(ti)

+|z(x, ti+1)|2Ω(ti+1) + |ρ(x, ti+1)|2Ω(ti+1)

)
∀(z, ρ) ∈ W(Qi) × Y (Qi),

where (rot U × z, z) = 0 was used.

By Assumption 2.3∫ T

0
|rot z|2Ω(t) dt ≥ c1

∫ T

0
‖z‖2

Ω(t) dt, c1 > 0.(4.10)
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By Young’s inequality, Assumption 2.4 and 1) of Assumption 2.5∣∣∣∣
∫ ti+1

ti

(rot z × U, z)Ω(t) dt

∣∣∣∣(4.11)

≤ νc1

2

∫ ti+1

ti

‖z‖2
Ω(t) dt + c2

∫ ti+1

ti

|z|2Ω(t) dt.

Also, we get∣∣∣∣
∫ ti+1

ti

(µ(x, t)ρel, z)Ω(t) dt +

∫
Qi

(U · ∇ρρ + z · ∇ρG) dxdt

∣∣∣∣(4.12)

≤ 1

2

∫ ti+1

ti

|∇ρ|2Ω(t) dt + c3

∫ ti+1

ti

|ρ|2Ω(t) dt + c4

∫ ti+1

ti

|z|2Ω(t) dt.

Having in mind 6) of Assumption 2.2 and taking −k1 large enough in (4.9)

independently of m and i, from (4.9)∼(4.12) we have, therefore

〈Ami(z, ρ), (z, ρ)〉 ≥ c5

(
‖z‖2

W(Qi)
+ ‖ρ‖2

Y (Qi)

)
,(4.13)

∃c5 > 0, ∀(z, ρ) ∈ W(Qi) × Y (Qi),

where c5 depends on m.

Now, let us prove that

if (zk, ρk) ⇀ (z, ρ) weakly in W(Qi) × Y (Qi) as k → ∞, then(4.14)

〈Ami(zk, ρk), (u, y)〉 → 〈Ami(z, ρ), (u, y)〉
∀(u, y) ∈ W(Qi) × Y (Qi).

In the same way as Lemma 3.2 in [20] we can prove that∫ ti+1

ti

e−k1t (rot zk × zk, u)Ω(t) dt →
∫ ti+1

ti

e−k1t (rot z × z, u)Ω(t) dt(4.15)

∀u ∈ W(Qi) as k → ∞.

Similarly to Lemma 3.2 in [20], we can prove that∫
Qi

e−k1tzk · ∇ρky dxdt(4.16)

→
∫
Qi

e−k1tz · ∇ρy dxdt ∀y ∈ Y (Qi) as k → ∞.
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Indeed, ∫
Qi

e−k1tzk · ∇ρky dxdt −
∫
Qi

e−k1tz · ∇ρy dxdt(4.17)

=

∫
Qi

e−k1t(zk − z) · ∇ρky dxdt +

∫
Qi

e−k1tz · ∇(ρk − ρ)y dxdt.

By the imbedding of H1(Qi) in L4(Qi) we have e−k1tzy ∈ L2(Qi), and so

the second integral in the right-hand side of (4.17) converges to zero when

k → ∞. Let us consider the first integral in the right-hand side of (4.17).

For any ε ≥ 0 we can choose yε ∈ D(Qi) such that ‖y−yε‖Y (Qi) ≤ ε. Then,∫
Qi

e−k1t(zk − z) · ∇ρky dxdt(4.18)

=

∫
Qi

e−k1t(zk − z) · ∇ρkyε dxdt

+

∫
Qi

e−k1t(zk − z) · ∇ρk(y − yε) dxdt.

Since zk → z strongly in L2(Qi) as k → ∞,∣∣∣∣
∫
Qi

e−k1t(zk − z) · ∇ρkyε dxdt

∣∣∣∣(4.19)

≤ C‖zk − z‖L2(Qi)‖∇ρk‖L2(Qi)‖yε‖L∞(Qi)

≤ C‖zk − z‖L2(Qi)‖∇ρk‖L2(Qi)‖yε‖D(Qi) → 0 as k → ∞.

Also, since zk − z and ρk are bounded, respectively, in W(Qi) and Y (Qi),

we have∫
Qi

e−k1t(zk − z) · ∇ρk(y − yε) dxdt(4.20)

≤ C‖zk − z‖L4(Qi)‖∇ρk‖L2(Qi)‖y − yε‖L4(Qi)

≤ C‖zk − z‖W(Qi)‖ρk‖Y (Qi)‖y − yε‖Y (Qi) ≤ Cε.

From (4.18)-(4.20), we know that the first integral in the right-hand side of

(4.17) goes to zero when k → ∞, and so we get (4.16).

It is easy to check that other terms in 〈Am(zk, ρk), (u, y)〉 converse when

k → ∞. This fact together with (4.15), (4.16) implies (4.14).
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By (4.13) and (4.14), there exists a solution to (4.4) (cf. Theorem 1.2,

ch. IV in [13]), and therefore (4.1) has a solution. �

Theorem 4.2. If (wm ∈ W(Qi), τm ∈ Y (Qi)) are solutions to prob-

lem (4.1) with the k1 being chosen under Assumptions 2.2∼2.5, then∫
Qi

1

m

∂wm

∂t

∂u

∂t
dxdt +

∫
Qi

1

m

∂τm

∂t

∂y

∂t
dxdt → 0 as m → ∞(4.21)

∀(u, y) ∈ W(Qi) × Y (Qi))

and there exists a subsequence {(wk, τk)} and {(wk(x, ti+1), τk(x, ti+1))}
such that (wk, τk) ⇀ (w, τ) and (wk(x, ti+1), τk(x, ti+1)) ⇀ (wti+1(x),

τti+1(x)) weakly, respectively, in V(Qi) × X(Qi) and H(Ω(ti+1)) ×
L2(Ω(ti+1)) as k → ∞.

Proof. By (4.4), (4.9)∼(4.12), we have∫
Qi

1

m

∣∣∣∣∂wm

∂t

∣∣∣∣
2

dxdt +

∫
Qi

1

m

∣∣∣∣∂τm

∂t

∣∣∣∣
2

dxdt(4.22)

+
νc1

2

∫ ti+1

ti

‖wm‖2
H1(Ω(t)) dt +

1

4

∫
Qi

|∇τm|2 dxdt

+
1

2

(
|wm(x, ti)|2Ω(ti)

+ |τm(x, ti)|2Ω(ti)

+ |wm(x, ti+1)|2Ω(ti+1) + |τm(x, ti+1)|2Ω(ti+1)

)
≤ 〈Li, (w

m, τm)〉 .

On the other hand,∫
Qi

Ū
∂wm

∂t
dxdt +

∫
Qi

Ḡ
∂τm

∂t
dxdt(4.23)

= (Ū , wm(x, ti+1))Ω(ti+1) + (Ḡ, τm(x, ti+1))Ω(ti+1)

− (Ū , wm(x, ti))Ω(ti) − (Ḡ, τm(x, ti))Ω(ti)

+

∫
Σ1i

Ḡτm cos(r̂, t) dσ −
∫
Qi

∂Ū

∂t
wm dxdt −

∫
Qi

∂Ḡ

∂t
τm dxdt

∀(wm, τm) ∈ W(Qi) × Y (Qi),

where 2) of Assumption 2.2 was used.
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Taking (4.23) into account in (4.3) and applying Young’s inequality to

the right-hand side of (4.22), we have∫
Qi

1

m

∣∣∣∣∂wm

∂t

∣∣∣∣
2

dxdt +

∫
Qi

1

m

∣∣∣∣∂τm

∂t

∣∣∣∣
2

dxdt(4.24)

+
νc1

4

∫ ti+1

ti

‖wm‖2
H1(Ω(t)) dt

+
1

8

∫
Qi

|∇τm|2 dxdt +
1

4

(
|wm(x, ti)|2Ω(ti)

+ |τm(x, ti)|2Ω(ti)

)

+
1

4

(
|wm(x, ti+1)|2Ω(ti+1) + |τm(x, ti+1)|2Ω(ti+1)

)
≤ c,

where c is independent of (m, i) and depends on ϕ̄, p̄0(x, t), ē(x, t), ṽ0, θ̃0,

f̄1, f̄2 and k1.

Using
∫
Qi

1
m

∣∣∂wm

∂t

∣∣2 dxdt +
∫
Qi

1
m

∣∣∂τm
∂t

∣∣2 dxdt ≤ c, we can claim that∫
Qi

1

m

∂wm

∂t

∂u

∂t
dxdt +

∫
Qi

1

m

∂τm

∂t

∂y

∂t
dxdt → 0 as m → ∞(4.25)

∀(u, y) ∈ W(Qi) × Y (Qi)).

Indeed, by Hölder’s inequality∣∣∣∣
∫
Qi

1

m

∂wm

∂t

∂u

∂t
dxdt +

∫
Qi

1

m

∂τm

∂t

∂y

∂t
dxdt

∣∣∣∣
≤ 1√

m

[(∫
Qi

∣∣∣ 1√
m

∂wm

∂t

∣∣∣2 dxdt ·
∫
Qi

∣∣∣∂u

∂t

∣∣∣2 dxdt
) 1

2

+
(∫

Qi

∣∣∣ 1√
m

∂τm

∂t

∣∣∣2 dxdt ·
∫
Qi

∣∣∣∂y

∂t

∣∣∣2 dxdt
) 1

2

]
,

which shows (4.25). By virtue of (4.24), the sets {(wm(Qi), τm(Qi))} and

{(wm(Ω(ti+1)), τm(Ω(ti+1)))} are bounded, respectively, in the spaces

V(Qi) × X(Qi) and H(Ω(ti+1)) × L2(Ω(ti+1)), and we come to the second

conclusion. �

5. Proof of Theorem 2.2

In this section, we will give proof of Theorem 2.2. To do this, we need

the following result.
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Lemma 5.1. If (wm ∈ W(Qi), τm ∈ Y (Qi)) are solutions to problem

(4.1) under Assumption 2.2∼2.5, then {wm} and {τm} are precompact, re-

spectively, in L2(Qi) and L2(Qi) for any fixed i.

We postpone the proof of Lemma 5.1 and give the proof of Theorem 2.2

first.

Proof of Theorem 2.2. Let {(wk(Q0), τk(Q0))} is the sequence de-

fined on Q0 guaranteed by Theorem 4.2 with (w0, τ0) = (v0, θ0). Using

(wt1 , τt1) guaranteed in Theorem 4.2 we get {(wk(Q1), τk(Q1))} on Q1 and

step by step we can get such sequences on all Qi, i = 0 ∼ δ. By Lemma

5.1, we can choose its subsequence {(wk(Qi), τk(Qi))}, which is expressed

with the same index for simplicity, such that (wk(Qi), τk(Qi)) → (w, τ) ∈
V (Qi) × X(Qi) strongly in L2(Qi) × L2(Qi).

First, let us prove that∫ ti+1

ti

e−k1t
(
rot wk × wk, u

)
Ω(t)

dt(5.1)

→
∫ ti+1

ti

e−k1t (rot w × w, u)Ω(t) dt

∀u ∈ Λ(Qi) as k → ∞.

We can write∫ ti+1

ti

e−k1t
(
rot wk × wk, u

)
Ω(t)

dt(5.2)

−
∫ ti+1

ti

e−k1t (rot w × w, u)Ω(t) dt

=

∫ ti+1

ti

e−k1t
(
rot wk × (wk − w), u

)
Ω(t)

dt

+

∫ ti+1

ti

e−k1t
(
rot (wk − w) × w, u

)
Ω(t)

dt.

Since rot wk is bounded in L2(Qi), wk → w in L2(Qi) and u ∈ L∞, the

first integral in the right hand side of (5.2) converges to zero as k → ∞.

Meanwhile, since e−k1twu ∈ L2(Qi) and wk ⇀ w weakly in V(Qi), the

second integral in the right-hand side of (5.2) converges to zero either. Thus,

(5.1) follows.
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Using∫
Qi

e−k1twk · ∇τky dxdt −
∫
Qi

e−k1tw · ∇τy dxdt

=

∫
Qi

e−k1t(wk − w) · ∇τky dxdt +

∫
Qi

e−k1tw · ∇(τk − τ)y dxdt,

in the same way as above we can prove∫
Qi

e−k1twk · ∇τky dxdt →
∫
Qi

e−k1tw · ∇τy dxdt(5.3)

∀y ∈ D(Qi) as k → ∞.

It is easy to verify the convergence of other terms in (4.1) when k → ∞.

Passing to the limit as k → ∞ in (4.1) with k instead of m and adding the

results for i, by Theorem 4.2, (5.1), (5.3) we have (3.2). The estimate (3.3)

can be obtained in the same way as proof of (4.2) in [20]. �

Now, we turn to the proof of Lemma 5.1

Proof of Lemma 5.1. We will follow the method in [20] and [32],

to prove Lemma 5.1. For simplicity, we will not distinguish constants in

estimate; and ti, ti+1 and Qi are, respectively, expressed by 0, T and Q.

Thus, w(x, ti), w(x, ti+1), τ(x, ti), τ(x, ti+1) are, respectively, expressed by

w(x, 0), w(x, T ), τ(x, 0), τ(x, T ).

Putting w̄m(x, t) = 0 on (Ω × (−T, 2T )) \ Q, let us make w̄m(x, t) an

extension of wm, where Ω is the domain in 2) of Assumption 2.2. Then, by

Assumption 2.2, w̄m(x, t) ∈ H1(Ω × (0, T )).

Also, there exists a bounded linear extension operator from H1(Q) to

H1(Ω× (0, T )). Therefore, making τ̄m(x, t) ∈ H1(Ω× (0, T )) such an exten-

sion of τm(x, t) onto Ω× (0, T ) and putting τ̄m(x, t) = 0 on Ω× (−T, 0) and

Ω × (T, 2T ) we make τ̄m(x, t) an extension of τm(x, t) onto Ω × (−T, 2T ).

Thus, by virtue of (4.24) we get

∫
Ω×(0,T )

1

m

∣∣∣∣∂w̄m

∂t

∣∣∣∣
2

dxdt ≤ c,

∫ T

0
‖w̄m‖2

Ω dt ≤ c,(5.4)

|w̄m(x, 0)|Ω ≤ c, |w̄m(x, T )|Ω ≤ c,
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∫
Ω×(0,T )

1

m

∣∣∣∣∂τ̄m

∂t

∣∣∣∣
2

dxdt ≤ c,

∫ T

0
‖τ̄m‖2

Ω dt ≤ c,(5.5)

|τ̄m(x, 0)|Ω ≤ c, |τ̄m(x, T )|Ω ≤ c.

First, let us consider the case (3a) in Assumption 2.2.

For 0 < h < T let

wm
h (x, t) =

1

h

∫ t+h

t
w̄m(x, s) ds, τm

h (x, t) = −1

h

∫ t

t−h
τ̄m(x, s) ds.

Then, by Assumption 2.2 wm
h |Q ∈ W (Q), τm

h |Q ∈ Y (Q). Also we have that

∂wm
h (x, t)

∂t
=

1

h
(w̄m(x, t + h) − w̄m(x, t)) ,

∂τm
h (x, t)

∂t
= −1

h
(τ̄m(x, t) − τ̄m(x, t − h)) .

Taking (4.23) into account and replacing (u, y) by (wm
h |Q, τm

h |Q) in (4.1),

we have

∫
Q

1

m

∂wm(x, t)

∂t

1

h
[w̄m(x, t + h) − w̄m(x, t)] dxdt(5.6)

−
∫
Q

wm · 1

h
[w̄m(x, t + h) − w̄m(x, t)] dxdt

−
∫
Q

1

m

∂τm

∂t

1

h
[τ̄m(x, t) − τ̄m(x, t − h)] dxdt

+

∫
Q

τm · 1

h
[τ̄m(x, t) − τ̄m(x, t − h)] dxdt

+ ν

∫ T

0
(rot wm, rot wm

h )Ω(t) dt

+

∫ T

0

(
e−k1trot wm × wm + rot wm × U

+ rot U × wm, wm
h

)
Ω(t)

dt
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+

∫ T

0
(µ(x, t)τmel, wm

h )Ω(t) dt

+

∫
Q
(∇τm · ∇τm

h + e−k1twm · ∇τmτm
h

+ U · ∇τmτm
h + wm · ∇Gτm

h ) dxdt

− k1

∫ T

0
(wm, wm

h )Ω(t) dt − k1

∫ T

0
(τm, τm

h )Ω(t) dt

+

∫
Σ1

[cos(r̂, t) + k(x, t)]τmτm
h dσ + (wm(T ), wm

h (T ))Ω(T )

+ (τm(T ), τm
h (T ))Ω(T )

= (Ū , wm
h (x, T ))Ω(T ) + (Ḡ, τm

h (x, T ))Ω(T ) − (Ū , wm
h (x, 0))Ω(0)

− (Ḡ, τm
h (x, 0))Ω(0) +

∫
Σ1

Ḡτm
h cos(r̂, t) dσ −

∫
Q

∂Ū

∂t
wm
h dxdt

−
∫
Q

∂Ḡ

∂t
τm
h dxdt + k1

∫
Q

Ūwm
h dxdt + k1

∫
Q

Ḡτm
h dxdt

− ν

∫ T

0
(rot Ū , rot wm

h )Ω(t) dt −
∫ T

0
(rot Ū × U, wm

h )Ω(t) dt

−
∫ T

0
(µ(x, t)Ḡel, wm

h )Ω(t) dt −
∫
Q
∇Ḡ · ∇τm

h dxdt

−
∫
Q

(
Ū · ∇G

)
τm
h dxdt −

∫
Σ1

[cos(r̂, t) + k(x, t)]Ḡτm
h dσ

+ ν

∫ T

0
〈ϕ̄, wm

h 〉Σ3(t) dt −
∫ T

0
〈p̄0, wm

h · n〉Σ2(t) dt

+

∫ T

0
〈ē, τm

h 〉Σ1(t) dt + (w(x, 0), wm
h (0))Ω(0)

+ (τ(x, 0), τm
h (0))Ω(0) +

∫
Q

f̄1wm
h dxdt +

∫
Q

f̄2τm
h dxdt.

Assuming w̄(x, t) ∈ C1(Ω̄ × [0, T ]), we estimate

I1 ≡ 1

m

∫
Ω×(0,T )

∣∣∣∣1h [w̄(x, t + h) − w̄(x, t)]

∣∣∣∣
2

dxdt.
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Applying Hölder’s inequality, we have

I1 =
1

m

∫
Ω×(0,T−h)

1

h2

∣∣∣ ∫ t+h

t

∂

∂s
w̄(x, s) ds

∣∣∣2dxdt(5.7)

+
1

m

∫
Ω×(T−h,T )

1

h2

[
w̄(x, T ) +

∫ t

T

∂

∂s
w̄(x, s) ds

]2
dxdt

≤ 1

m

∫
Ω×(0,T−h)

1

h

∫ t+h

t

∣∣∣∂w̄(x, s)

∂s

∣∣∣2 ds dxdt +
1

m

2

h
|w̄(x, T )|2Ω

+
1

m

2

h2

∫
Ω×(T−h,T )

∫ T

t

∣∣∣ ∂

∂s
w̄(x, s)

∣∣∣2 ds · h dxdt

≤ 1

h

1

m

[
(T − h)

∫
Ω×(0,T )

∣∣∣ ∂

∂t
w̄(x, t)

∣∣∣2 dxdt + 2|w̄(x, T )|2Ω

+ 2h

∫
Ω×(0,T )

∣∣∣ ∂

∂t
w̄(x, t)

∣∣∣2 dxdt
]

≤ 1

h

1

m

[
(T + h)

∫
Ω×(0,T )

∣∣∣ ∂

∂t
w̄(x, t)

∣∣∣2 dxdt + 2|w̄(x, T )|2Ω
]
.

Since C1(Ω̄ × [0, T ]) is dense in H1(Ω × (0, T )), by (4.24), (5.4) and (5.7)

for any w̄m ∈ H1(Ω × (0, T )) we have{ 1

m

∫
Ω×(0,T )

∣∣1
h

[w̄m(x, t) − w̄m(x, t − h)]
∣∣2 dxdt

} 1
2 ≤ c√

h
.(5.8)

By Hölder’s inequality, from (4.24) and (5.8) we get∣∣∣∣
∫
Q

1

m

∂wm(x, t)

∂t
· 1

h
[w̄m(x, t) − w̄m(x, t − h)] dxdt

∣∣∣∣(5.9)

≤
(∫

Q

1

m

∣∣∣∂wm

∂t

∣∣∣2 dxdt
) 1

2

×
( 1

m

∫
Q

∣∣∣1
h

[w̄m(x, t) − w̄m(x, t − h)]
∣∣∣2 dxdt

) 1
2

≤ c√
h

.

Also, for τ̄(x, t) ∈ C1(Ω̄ × [0, T ]) estimating

I2 ≡ 1

m

∫
Ω×(0,T )

∣∣∣1
h

[τ̄(x, t) − τ̄(x, t − h)]
∣∣∣2 dxdt,
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we have

I2 ≤ 1

h

1

m

{
(T + h)

∫
Ω×(0,T )

∣∣∣ ∂

∂t
τ̄(x, t)

∣∣∣2 dxdt + 2|τ̄(x, 0)|2Ω
}

.(5.10)

Since C1(Ω̄ × [0, T ]) is dense in H1(Ω × (0, T )), by (4.24), (5.5) and (5.10)

for any τ̄m ∈ H1(Ω × (0, T )) we have

{ 1

m

∫
Ω×(0,T )

∣∣∣1
h

[τ̄m(x, t) − τ̄m(x, t − h)]
∣∣∣2 dxdt

} 1
2 ≤ c√

h
.(5.11)

Thus, by Hölder’s inequality, from (4.24) and (5.11) we have∣∣∣∣
∫
Q

1

m

∂τm

∂t

1

h
[τ̄m(x, t) − τ̄m(x, t − h)] dxdt

∣∣∣∣(5.12)

≤
(∫

Q

1

m

∣∣∣∂τm

∂t

∣∣∣2 dxdt
) 1

2

×
( 1

m

∫
Q

∣∣∣1
h

[τ̄m(x, t) − τ̄m(x, t − h)]
∣∣∣2 dxdt

) 1
2

≤ c√
h

.

Using (5.4), we have

∣∣∣ν ∫ T

0
(rot wm, rot wm

h )Ω(t) dt
∣∣∣(5.13)

≤ c

∫ T

0
‖wm‖Ω(t)

∥∥∥1

h

∫ t+h

t
w̄m(x, s) ds

∥∥∥
Ω(t)

dt

≤ c

∫ T

0
‖wm‖Ω(t)

1√
h

∣∣∣ ∫ t+h

t
‖w̄m(x, s)‖2

Ω(s) ds
∣∣∣ 1
2

dt ≤ c/
√

h.

Now, let us estimate
∫ T
0

(
e−k1trot wm × wm, wm

h

)
Ω(t)

dt.

Since ∫ t+h

t
‖wm‖L3(Ω(s)) ds ≤

√
h
(∫ t+h

t
‖wm‖2

L3(Ω(s)) ds
) 1

2

≤ c
√

h‖w̄m‖2
L2(0,T ;H1(Ω)),
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by Hölder’s inequality and (5.4),

∣∣∣ ∫ T

0

(
e−k1trot wm × wm, wm

h

)
Ω(t)

dt
∣∣∣(5.14)

≤ c

h

∫ T

0

[
|rot wm|Ω(t) · ‖wm‖L6(Ω(t)) ·

∫ t+h

t
‖wm‖L3(Ω(s)) ds

]
dt

≤ c√
h

∫ T

0
‖wm‖2

Ω(t) dt ≤ c√
h

.

In the same way, we get

∣∣∣ ∫ T

0
((U,∇)wm + (wm,∇)U, wm

h )Ω(t) dt
∣∣∣ ≤ c/

√
h ,(5.15)

∣∣∣ ∫ T

0
(µ(x, t)τmel, wm

h )Ω(t) dt
∣∣∣

≤ c

∫ T

0
|τm|Ω(t)

1√
h

∣∣∣ ∫ t+h

t
|w̄m(x, s)|2Ω(s) ds

∣∣∣ 1
2

dt

≤ c/
√

h ,∣∣∣ ∫
Q
(∇τm · ∇τm

h + e−k1twm · ∇τmτm
h

+ U · ∇τmτm
h + wm · ∇Gτm

h ) dxdt
∣∣∣

≤ c/
√

h ,

(5.16)

∣∣∣− k1

∫ T

0
(wm, wm

h )Ω(t) dt − k1

∫ T

0
(τm, τm

h )Ω(t) dt
∣∣∣ ≤ c/

√
h .(5.17)

By Assumption 2.1,
∣∣∣ 1
sin(ν̂,t)

∣∣∣ ≥ δ > 0 on Σ1. Taking this and the trace

theorem into account, we get

∣∣∣ ∫
Σ1

[cos(r̂, t) + k(x, t)]τmτm
h dσ

∣∣∣(5.18)

=
∣∣∣ ∫

Σ1

[cos(r̂, t) + k(x, t)]
1

sin(r̂, t)
τmτm

h dxdt
∣∣∣
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≤ c

∫ T

0
‖τm‖Ω(t)

1√
|h|

∣∣∣ ∫ t

t−h
‖τm

h (x, s)‖2
Ω ds

∣∣∣ 1
2

dt ≤ c/
√
|h| .

Also, we have that

∣∣(wm(x, T ), wm
h (x, T ))Ω(T )

∣∣ = 0,∣∣(τm(x, T ), τm
h (x, T ))Ω(T )

∣∣ ≤ c√
h

∣∣∣ ∫ T

T−h
|τ̄m(x, s)|2Ω(t) ds

∣∣∣ 1
2

dt

≤ c/
√

h ,∣∣(Ū , wm
h (x, T ))Ω(T )

∣∣ ≤ c√
h

,
∣∣(Ḡ, τm

h (x, T ))Ω(T )

∣∣ ≤ c√
h

,

∣∣(Ū , wm
h (x, ti))Ω(0)

∣∣ ≤ c√
h

,
∣∣(Ḡ, τm

h (x, 0))Ω(0)

∣∣ ≤ c√
h

,

(5.19)

∣∣∣− ∫
Q

∂Ū

∂t
wm
h dxdt −

∫
Q

∂Ḡ

∂t
τm
h dxdt

∣∣∣ ≤ c√
h

,

∣∣∣k1

∫
Q

Ūwm
h dxdt + k1

∫
Q

Ḡτm
h dxdt

∣∣∣ ≤ c√
h

,

∣∣∣− ν

∫ T

0
(rot Ū , rot wm

h )Ω(t) dt −
∫ T

0
(µ(x, t)Ḡel, wm

h )Ω(t) dt
∣∣∣

≤ c√
h

,

∣∣∣− ∫
Q
∇Ḡ · ∇τm

h dxdt
∣∣∣ ≤ c√

h
.

(5.20)

In the same way as (5.14) we get

∣∣∣ ∫ T

0
(rot Ū × U, wm

h )Ω(t) dt
∣∣∣ ≤ c√

h
,

∣∣∣ ∫
Q

(
Ū · ∇G

)
τm
h dxdt

∣∣∣ ≤ c√
h

.

(5.21)
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And also,

∣∣∣ ∫
Q

f̄1wm
h dxdt +

∫
Q

f̄2τm
h dxdt

∣∣∣
≤ c

∫ T

0

[ 1√
h

∣∣∣ ∫ t

t−h
|w̄m(x, s)|2Ω(t) ds

∣∣∣ 1
2

+
1√
h

∣∣∣ ∫ t

t−h
|τ̄m(x, s)|2Ω(t) ds

∣∣∣ 1
2
]

dt

≤ c/
√

h ,∣∣∣ν ∫ T

0
〈ϕ̄, wm

h 〉Σ3(t) dt −
∫ T

0
〈p̄0, wm

h · n〉Σ2(t) dt

+

∫ T

0
〈ē, τm

h 〉Σ1(t) dt
∣∣∣ 1
2

dt

≤ c/
√

h ,∣∣(w(0), wm
h (0))Ω(0) + (τ(0), τm

h (0))Ω(0)

∣∣ 1
2 ≤ c/

√
h .

(5.22)

Let us estimate

I3 ≡ −
∫
Q

wm · 1

h
[w̄m(x, t + h) − w̄m(x, t)] dxdt,

I4 ≡
∫
Q

τm · 1

h
[τ̄m(x, t) − τ̄m(x, t − h)] dxdt.

Setting Ω(t) = Ω(T ) for t > T and using −ab = −1
2 [(a + b)2 − a2 − b2], we

have

I3 = −1

h

∫ T

0
(w̄m(t), w̄m(x, t + h) − w̄m(x, t))Ω(t) dt(5.23)

=
1

2h

∫ T

0
|wm(x, t)|2Ω(t) dt − 1

2h

∫ T

0
|w̄m(x, t + h)|2Ω(t) dt

+
1

2h

∫ T

0
|w̄m(x, t + h) − w̄m(x, t)|2Ω(t) dt

=
1

2h

∫ T

0
|wm(x, t)|2Ω(t) dt − 1

2h

∫ T

h
|w̄m(x, t)|2Ω(t−h) dt
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+
1

2h

∫ T

0
|w̄m(x, t + h) − w̄m(x, t)|2Ω(t) dt

=
1

2h

∫ T

0
|wm(x, t)|2Ω(t) dt − 1

2h

∫ T

h
|wm(x, t)|2Ω(t) dt

− 1

2h

∫ T

h
|w̄m(x, t)|2Ω(t−h)\Ω(t) dt

+
1

2h

∫ T

0
|w̄m(x, t + h) − w̄m(x, t)|2Ω(t) dt

≥ 1

2h

∫ T

0
|w̄m(x, t + h) − w̄m(x, t)|2Ω(t) dt,

where the fact that Ω(t) ⊂ Ω(t − h) and w̄m(x, t) = 0 on Ω(t − h) \ Ω(t)

were used.

Setting Ω(t) = Ω(0) for t < 0 and using ab = 1
2 [a2 + b2 − (a − b)2], we

have the following estimate.

I4 =
1

h

∫ T

0
(τ̄m(t), τ̄m(x, t) − τ̄m(x, t − h))Ω(t) dt(5.24)

=
1

h

∫ T−h

−h
(τ̄m(t + h), τ̄m(x, t + h) − τ̄m(x, t))Ω(t+h) dt

= − 1

2h

∫ T−h

−h
|τ̄m(x, t)|2Ω(t+h) dt +

1

2h

∫ T

0
|τ̄m(x, t)|2Ω(t) dt

+
1

2h

∫ T−h

−h
|τ̄m(x, t + h) − τ̄m(x, t)|2Ω(t+h) dt

≥ 1

2h

∫ T

T−h
|τ̄m(x, t)|2Ω(t) dt

+
1

2h

∫ T−h

−h
|τ̄m(x, t + h) − τ̄m(x, t)|2Ω(t) dt

− 1

2h

∫ T−h

−h
|τ̄m(x, t + h) − τ̄m(x, t)|2Ω(t)\Ω(t+h) dt,

where the fact that Ω(t + h) ⊂ Ω(t) was used. Applying Hölder’s inequality
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and using that H1(Ω) ↪→ L6(Ω), (5.5) and Assumption 2.2, we have

∣∣∣ 1

2h

∫ T−h

−h

∣∣τ̄m(x, t + h) − τ̄m(x, t)
∣∣2
Ω(t)\Ω(t+h)

dt
∣∣∣(5.25)

≤ 1

2h

∫ T−h

−h

[ ∫
Ω(t)\Ω(t+h)

|τ̄m(x, t + h) − τ̄m(x, t)|6 dx
] 1

3 ×

× [mes (Ω(t) \ Ω(t + h)) ]
2
3 dt

≤ c

2h

∫ T

0
‖τ̄m(x, t)‖2

H1(Ω) dt · ω(h)
2
3 ≤ c

2h
· ω(h)

2
3 ,

where ω(·) is one in 3) of Assumption 2.2. Substituting (5.25) in the right-

hand side of (5.24), we have

I4 ≥ − c

2h
· ω(h)

2
3 +

1

2h

∫ T

0
|τ̄m(x, t + h) − τ̄m(x, t)|2Ω(t) dt.(5.26)

Formula (5.6), (5.9), (5.12)∼(5.23) and (5.26) imply

∫ T

0
|w̄m(x, t + h) − w̄m(x, t)|2Ω(t) dt(5.27)

+

∫ T

0
|τ̄m(x, t + h) − τ̄m(x, t)|2Ω(t) dt

≤ c[
√

h + ω(h)
2
3 ] for T > h > 0.

In the same way we will get

∫ T

0
|w̄m(x, t − h) − w̄m(x, t)|2Ω(t) dt(5.28)

+

∫ T

0
|τ̄m(x, t − h) − τ̄m(x, t)|2Ω(t) dt

≤ c[
√

h + ω(h)
2
3 ] for T > h > 0.
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To this end, we will get other estimates for I3 and I4.

I3 = −1

h

∫ T

0
(w̄m(t), w̄m(x, t + h) − w̄m(x, t))Ω(t) dt(5.29)

=
1

2h

∫ T

0
|wm(x, t)|2Ω(t) dt − 1

2h

∫ T

0
|w̄m(x, t + h)|2Ω(t) dt

+
1

2h

∫ T

0
|w̄m(x, t + h) − w̄m(x, t)|2Ω(t) dt

=
1

2h

∫ h

0
|wm(x, t)|2Ω(t) dt +

1

2h

∫ T

h
|wm(x, t)|2Ω(t) dt

− 1

2h

∫ T+h

h
|w̄m(x, t)|2Ω(t−h) dt

+
1

2h

∫ T+h

h
|w̄m(x, t) − w̄m(x, t − h)|2Ω(t−h) dt

=
1

2h

∫ h

0
|wm(x, t)|2Ω(t) dt

+
1

2h

∫ T+h

h
|w̄m(x, t) − w̄m(x, t − h)|2Ω(t) dt

+
1

2h

∫ T+h

h
|w̄m(x, t) − w̄m(x, t − h)|2Ω(t−h)\Ω(t) dt

≥ 1

2h

∫ T

0
|w̄m(x, t) − w̄m(x, t − h)|2Ω(t) dt,

where the fact that Ω(t) ⊂ Ω(t − h) and w̄m(x, t) = 0 on Ω(t − h) \ Ω(t)

were used.

Setting Ω(t) = Ω(0) for t < 0 and using ab = 1
2 [a2 + b2 − (a − b)2], we

have the following estimate.

I4 =
1

h

∫ T

0
(τ̄m(t), τ̄m(x, t) − τ̄m(x, t − h))Ω(t) dt(5.30)

=
1

2h

∫ T

0
|τ̄m(x, t)|2Ω(t) dt +

1

2h

∫ T

0
|τ̄m(x, t) − τ̄m(x, t − h)|2Ω(t) dt

− 1

2h

∫ T

0
|τ̄m(x, t − h)|2Ω(t) dt
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≥ 1

2h

∫ T

0
|τ̄m(x, t)|2Ω(t) dt − 1

2h

∫ T−h

−h
|τ̄m(x, t)|2Ω(t+h) dt

+
1

2h

∫ T

0
|τ̄m(x, t) − τ̄m(x, t − h)|2Ω(t) dt

≥ 1

2h

∫ T

0
|τ̄m(x, t)|2Ω(t) dt − 1

2h

∫ T

0
|τ̄m(x, t)|2Ω(t) dt

+
1

2h

∫ T

0
|τ̄m(x, t)|2Ω(t)\Ω(t+h) dt

+
1

2h

∫ T

0
|τ̄m(x, t) − τ̄m(x, t − h)|2Ω(t) dt

=
1

2h

∫ T

0
|τ̄m(x, t)|2Ω(t)\Ω(t+h) dt

+
1

2h

∫ T

0
|τ̄m(x, t) − τ̄m(x, t − h)|2Ω(t) dt,

where the fact that Ω(t + h) ⊂ Ω(t) was used. Estimating the first term in

the right side of (5.30) as (5.25), we get

I4 ≥ − c

2h
· ω(h)

2
3 +

1

2h

∫ T

0
|τ̄m(x, t) − τ̄m(x, t − h)|2Ω(t) dt.(5.31)

Formula (5.6), (5.9), (5.12)∼(5.22), (5.29) and (5.31) imply (5.28).

Now, let us consider the case (3b) in Assumption 2.2. Define

wm
h (x, t) = −1

h

∫ t

t−h
w̄m(x, s) ds,

τm
h (x, t) =

1

h

∫ t+h

t
τ̄m(x, s) ds if 0 < h < T.

Then, by Assumption 2.2 wm
h |Q ∈ W (Q), τm

h |Q ∈ Y (Q). Now, in the same

way above, we get (5.27), (5.28).

Next, let

w̃m(x, t) =

{
wm(x, t) if (x, t) ∈ Q

0 if (x, t) ∈ Rl+1 \ Q,

τ̃m(x, t) =

{
τm(x, t) if (x, t) ∈ Q,

0 if (x, t) ∈ Rl+1 \ Q.
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Then, when 0 < |h| < T , for any cases in 3) of Assumption 2.2 we have

∫ T

0
|τ̄m(x, t + h) − τ̃m(x, t + h)|2Ω(t) dt

≤
∫ T

0
|τ̄m(x, t + h) − τ̃m(x, t + h)|2Ω(t)\Ω(t+h) dt

+

∫ T

0
|τ̄m(x, t + h) − τ̃m(x, t + h)|2Ω(t+h)\Ω(t) dt

≤ c

∫ T

0
‖τ̄m(x, t + h)‖2

Ω dt · ω(|h|) 2
3 ≤ c ω(|h|) 2

3 ,

w̄m(x, t) = w̃m(x, t) on Q.

(5.32)

From (5.27)∼(5.32) we have

∫ T

0
|w̃m(x, t + h) − wm(x, t)|2Ω(t) dt(5.33)

+

∫ T

0
|τ̃m(x, t + h) − τm(x, t)|2Ω(t) dt

≤ c[
√

|h| + ω(|h|) 2
3 ] for 0 < |h| < T.

Let h̃ ∈ Rl and

Ωj(t) = {x ∈ Ω(t) : dist(x, ∂Ω(t)) > 2/j} for j = 1, 2, 3, · · · .

Then, by (5.4) and (5.5)∫
Ω(t)\Ωj(t)

|wm(x, t)|2 dx

≤
[ ∫

Ω(t)\Ωj(t)
|wm(x, t)|6 dx

] 1
3 · [mes (Ω(t) \ Ωj(t)) ]

2
3 dt

≤ c‖wm(x, t)‖2
Ω(t) · (1/j)

2
3 ≤ c (1/j)

2
3 ,∫

Ω(t)\Ωj(t)
|τm(x, t)|2 dx ≤ c (1/j)

2
3 ,

(5.34)

where c depends only on Q. Now, if |h̃| < 1/j, then x+sh̃ ∈ Ω2j(t) provided
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x ∈ Ωj(t) and s ∈ [0, 1]. For wm ∈ C∞(Ω(t)),∫
Ωj(t)

|wm(x + h̃, t) − wm(x, t)|2 dx(5.35)

≤
∫

Ωj(t)

[∫ 1

0

∣∣∣ d

ds
wm(x + sh̃, t)

∣∣∣ ds

]2

dx

≤
∫

Ωj(t)
dx

[∫ 1

0

∣∣∇wm(x + sh̃, t)
∣∣ · |h̃| ds

]2

≤ |h̃|2
∫ 1

0

∫
Ωj(t)

∣∣∇wm(x + sh̃, t)
∣∣2 dxds

≤ |h̃|2
∫

Ω2j(t)
|∇wm|2 dx ≤ (1/j)2‖wm‖2

Ω(t).

Since C∞(Ω(t)) is dense in H1(Ω(t)), (5.35) is valid for any wm(t) ∈
H1(Ω(t)). By (5.4), (5.34) and (5.35) we have∫

Q

∣∣w̃m(x + h̃, t) − w̃m(x, t)
∣∣2 dxdt ≤ c(1/j)2/3 if |h̃| < 1/j,(5.36)

where c is independent of m. Similarly, we have∫
Q

∣∣τ̃m(x + h̃, t) − τ̃m(x, t)
∣∣2 dxdt ≤ c(1/j)2/3 if |h̃| < 1/j.(5.37)

Formulas (5.33), (5.36) and (5.37) imply that∫
Q

∣∣w̃m(x + h̃, t + h) − w̃m(x, t)
∣∣2 dxdt → 0,∫

Q

∣∣τ̃m(x + h̃, t + h) − τ̃m(x, t)
∣∣2 dxdt → 0

uniformly with respect to m as (h̃, h) → 0 in Rl+1.

(5.38)

From (5.27), (5.28) and (5.34) we get

∀ε, ∃Qε such that Q̄ε ⊂ Q;

∫
Q\Qε

|wm(x, t)|2 dxdt < ε,∫
Q\Qε

|τm(x, t)|2 dxdt < ε.

(5.39)
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By (5.38) and (5.39) we know that the sets {wm} and {τm} are, respectively,

precompact in L2(Q) and L2(Q) (cf. Theorem 2.32 in [1]). �
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