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Bagnera-de Franchis Varieties
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Dedicated to the memory of Kunihiko Kodaira with great admiration

Abstract. In this article we construct three new families of sur-
faces of general type with p, = ¢ = 0, K? = 6, and seven new families
of surfaces of general type with p, = ¢ = 1, K? = 6, realizing 10
new fundamental groups. We also show that these families correspond
to pairwise distinct irreducible connected components of the Gieseker
moduli space of surfaces of general type.

We achieve this using two different main ingredients. First we intro-
duce a new class of surfaces, called generalized Burniat type surfaces,
and we completely classify them (and the connected components of
the moduli space containing them). Second, we introduce the notion
of Bagnera-de Franchis varieties: these are the free quotients of an
Abelian variety by a cyclic group (not consisting only of translations).
For these we develop some basic results.

Introduction

The present paper continues, with new inputs, a research developed
in a series of articles ([BC04], [BCGO08], [BC10], [BC11a], [BC11b], [BC12],
[BCGP12], [BC13a], [BC13b]) and dedicated to the discovery of new surfaces
of general type with geometric genus p, = 0, to their classification, and to
the description of their moduli spaces (see the survey article [BCP11] for
an account of what is known about surfaces wit p, = 0, related conjectures
and results).
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Indeed, in this article, we consider the more general case of surfaces of
general type with x = 1, i.e., with p, = gq.

In the first part we focus again on the construction method originally
due to Burniat (singular bidouble coverings), but in the reformulation done
by Inoue (quotients by Abelian groups of exponent two), presenting it in
a rather general fashion which shows how topological methods allow to
describe explicitly connected components of moduli spaces. A first novelty
here is a refined analysis of pencils of Del Pezzo surfaces admitting a certain
group of symmetries, as we shall now explain.

In a more general approach (cf. [BC13b]) we consider quotients (cf.
[BC12] for the case of a free action, treated there in an even greater gen-
erality), by some group G of the form (Z/m)", of varieties X contained
in a product of curves II;C;, where each C; is a maximal Abelian cover of
the projective line with Galois group of exponent m and with fixed branch
locus.

In the case m = 2 there is a connection with the Burniat surfaces: these
are surfaces of general type with invariants p, = 0 and K 2 =6,5,4,3,2,
whose birational models were constructed by Pol Burniat (cf. [Bur66]) in
1966 as singular bidouble covers of the projective plane. Later these surfaces
were reconstructed by Inoue (cf. [Ino94]) as G := (Z/2Z)3-quotients of a
(G-invariant) hypersurface X of multidegree (2,2,2) in a product of three
elliptic curves.

While Inoue writes the (affine) equation of X in terms of the uniformiz-
ing parameters of the respective elliptic curves using a variant of the Weier-
strass’ function (a Legendre function), we found it much more useful to write
the elliptic curves as the complete intersection of two diagonal quadrics in
three space.

This algebraic and systematic approach allows us, also with the aid of
computer algebra, to find all the possible such constructions.

Our situation is as follows: we consider first the following diagram of
quotient morphisms:
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E, x B3 X E3 By i={2?+22+22=0, 22 = a122 + a2}
H:=(Z/2)% | o’ By = {u} +u} +u} =0, u} =biud +boui}
P, :=P! x P! x P! Ey:={2]+254+22 =0, 22 = c12} + 223}

He=((2/2)%)° | =

P, =Pl x P! x P!

where the map 7’ is given by “forgetting” the variables xq, ug, 29, the map
7 is given by setting 1']2 = Yj, u? = vj, 2]2 = wj, 7 = 1,2,3, and where we
view P, C (P?)3 as the subvariety defined by the equations

y1+y2+y3=0,v1+v24+v3=0, w; +wzs+w3=0.

The Galois group for 7 o 7’ is rather large, it is indeed (Z/27)% = {+1}°.

We consider then P; with homogeneous coordinates ((s; : t1),(s2 :
t2),(s3 : t3)) and for each A\ := (Af,...,)g) € C®\ {0} we consider the
hypersurface Y) of multidegree (1,1,1) in P; given by the multihomoge-
neous equation

A1815283 + Aas1Sats + Agsitass + Ags1tats +
As5t15253 + Agt152t3 + Artitass + Agtitats = 0.

We then classify the subgroups H; (resp. Hy) of H = ((Z/27)?)3 which
are isomorphic to (Z/27)? (resp. to (Z/27)3) and satisfy the property that
there is an irreducible Del Pezzo surface Yy invariant under H; (resp. Hp).

We consider then X, := (a/)~'(Y3), which is then invariant under
the subgroup G; = (Z/27)° C (Z/27)° inverse image of Hp (resp. Gy =
(Z/27)%). We determine in this article all the subgroups G = (Z/2Z)* C G;
(resp. Go), having the property that G acts freely on X

This leads us to introduce a class of surfaces of general type, described
by the following
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DEFINITION 0.1. Let G = (Z/2Z)% < Gy (resp. Gp) be such that G
acts freely on X. Then the minimal resolution S of X := X, /G is called
a generalized Burniat type surface.

With the help of the computer algebra system MAGMA (cf. [BCP97))
we can classify all generalized Burniat type surfaces (=GBT surfaces for

short) and can prove the following (see Proposition 3.4 and Theorem 3.6)

MAIN THEOREM 1.

(1)

There are 16 irreducible families of GBT surfaces. These have K? = 6
and 0 < py = q < 3. The families are listed in Tables 3 - 6, and the
dimension of the irreducible family is 4 in cases &1 and Sz, and 3
otherunse.

Among the 16 families of generalized Burniat type surfaces four have
pg = q = 0 (Table 3), eight have p, = q = 1 (Table 4), three have
pg =q =2 (Table 5) and one has py = q = 3 (Table 6). Family Sy is
the family of primary Burniat surfaces (the one due to Pol Burniat).

The fundamental groups of these families are pairwise non isomorphic,
except that m1(S11) = m1(S12) and m1(S14) = m1(S15), where S; is in
the family S;.

The surfaces in the families S1, S3 and Sy realize new (i.e., up to now
unknown) fundamental groups of surfaces with py = 0, K? = 6, while
the surfaces in the families S5-S11 realize new fundamental groups for
surfaces with pg = q =1, K?=6.

In cases §1-S1o, each family of generalized Burniat type surfaces maps
with a generically finite morphism onto an irreducible connected com-
ponent of the Gieseker moduli space of surfaces of general type.

We use indeed the techniques developed in [BC12] to determine the
irreducible connected components of the moduli space containing the gen-

eralized Burniat type surfaces. We do not spell out all the details in the

cases S13-S16, since the surfaces that we obtain in this way are not new and
have already been classified by other authors.
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In cases §1-S19 we can apply the general results of [BC12] concerning
classical diagonal Inoue type varieties in order to describe the connected
components of the moduli space containing the generalized Burniat type
surfaces. As proved in [BF14], Bloch’s conjecture holds for the surfaces in
families S1-S4.

We then show that it is no coincidence that the fundamental groups of
the families S11 and S12 in Table 4 are isomorphic. These families of surfaces
are shown to be contained in a larger irreducible family, which corresponds
to another realization as Inoue type varieties. This is done via the concept
of a Bagnera-de Franchis variety, which we define simply as the quotient of
an Abelian variety A by a nontrivial finite cyclic group G acting freely on
A and not containing any translation.

We obtain in this way the following theorem

MAIN THEOREM 2. Define a Sicilian surface to be any minimal surface
of general type S such that

e S has invariants K% = 6, py(S) = q(S) =1,
e there exists an unramified double cover S — S with q(S’) =3,

e the Albanese morphism é&: S — A = Alb(S) is birational onto its
image Z, a divisor in A with Z3 = 12.

1) Then the canonical model of S is isomorphic to Z, and the canonical
model of S is isomorphic to Y = Z/(Z/2Z). Y is a divisor in a Bagnera-de
Franchis threefold X = AJG, where A = (A1 x A2)/T, G = T = 727,
and where the action is as in (6.1).

2) Sicilian surfaces exist, have an irreducible four dimensional moduli space,
and their Albanese map a: S — Ay = Ay1/A1[2] has general fibre a non
hyperelliptic curve of genus g = 3.

3) A GBT surface is a Sicilian surface if and only if it is in the family Si;
or 812.

4) Any surface homotopically equivalent to a Sicilian surface is a Sicilian
surface.

Indeed, one can replace the above assumption of homotopy equivalence
by a weaker one, see Corollary 6.5.
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In Section 5 we discuss the basic results of the theory of Bagnera-de
Franchis varieties, and show how to describe concretely the effective divisors
on them, thus solving in a special case one of the main technical difficulties
in the general theory of Inoue type varieties, developed in [BC12].

1. Inoue’s Description of Burniat Surfaces

We briefly recall the description of (primary) Burniat surfaces (those
constructed by P. Burniat in [Bur66]) given by Inoue in [Ino94].

Inoue considers, for j € {1, 2,3}, a complex elliptic curve E; := C/(1, 7;)
with uniformizing parameter z;, and then the following three commuting
involutions on the Abelian variety A° := E; x Fy x Es:

g1(21,22,23) = (—21 + %,22 + %,2’3) ,

92(21, 22, 23) = (21, —22 + %723 + %),

93(21,22,23) = (21 + %, 29, —23 + %) .
Note that G := (g1, g2, g3) = (Z/27)3.

Let £;, for j = 1,2,3, be a Legendre function for E;: L;: E; — P!, a
meromorphic function which makes E; a double cover of P! branched over
the four distinct points: +1, +a; € P!\ {0, oc}.

It is well known that the following statements hold (see [Ino94, Lemma
3-2] and [BCl1a, Section 1] for an algebraic treatment):

Tj 7 +1
o £;(0)=1,Lj(3) = -1, L;(F) = aj, L;(F5) = —ay;
e set b; := L£;(%): then bjz = ay;
o %(zj) = 0 if and only if z; € {0,1,%, Tjgrl} since these are the
ramification points of £;.

Moreover,

Lj(z) = Lj(z +1) = L (2 +75) = Lj(=25) = =L (zj + 1),

2
T a;
L (Z‘ + _J) — J
N7 2] L)
For ¢ € C\ {0}, Inoue considers the surface

X, = {[z1, 22, 23] € A% | L1(21)La(22)L3(23) = ¢}
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inside the Abelian variety A°. Then he shows:

e X, is a hypersurface in A° of multidegree (2,2,2) and is invariant
under the action of G, Ve.

e For a general choice of ¢, X, is smooth, and G acts freely on X,
whence X, := X./G is a smooth minimal surface of general type with
pg:OandK2:6.

e For special values of ¢, the hypersurface X, has 4, 8,12, 16 nodes, which
are isolated fixed points of GG; in these cases the minimal resolution of
singularities of X, := X, /G is a minimal surface of general type with
pg = 0 and K?=15,4,3,2.

REMARK 1.1. The minimal resolution of singularities S, of X, is called
a Burniat surface. If X, is already smooth, or equivalently if K%c = 6, then
S, is called a primary Burniat surface. For an extensive treatment of Burniat
surfaces and their moduli spaces we refer to [BC11a], [BC10], [BC13a).

2. Intersection of Diagonal Quadrics and (Z/27Z)"-actions

As already in [BC13b, Section 3], we exhibit A? as a Galois covering of
(P1)3 with Galois group = (Z/2)°. This is done via the following diagram.
The main purpose of this section is to find irreducible Del Pezzo surfaces

in P; which are left invariant under large subgroups of the group H =
(Z/2)°.

(2.1) Ey x By x B By ={2?+22+22=0, 2%=a12?+axx3}
H'=(2/22)° | =/ By = {uj +ui+u3 =0, uf=>bui+bus}
P =P x P! x P! Ey:={224+25+22=0, 22=ci12]+ca23}

H:=((2/22)%)3 | =

P, =Pl x P! x P!
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The map 7 is given by “forgetting” the variables xg, ug, 209, whereas the
map 7 is given by setting x? = Y, u? = vj, ZJQ =wj, j = 1,2, 3, and viewing
Py C (P?)3 as the subvariety defined by the equations

y1+y2+ys=0,v1+v2+v3=0, w; +wy+w3=0.

The Galois group for mo 7', is (Z/27)° = {£1}°.
Restricting diagram (2.1) to one (w.l.o.g. the first) factor we get:

(2.2) Ei=F
Z/zzl
Pl = {22 + 2%+ 23 =0} = C C P?
(Z/QZ)Ql
P! = {y1 +yo +y3 = 0} C P2
Since

x%+x%+x§=0<:>det<xl+m2 o ):0,
I3 1 — 1X9

we get an isomorphism of C' with P

(s:t) = (z1 +ixg:x3) = (—w3: 1 — iw2)
and a parametrization of C'

(z1: 20 : x3) = (i(s? —t2) : (s> +t2) : 2ist).

With this parametrization, we can rewrite the action of (Z/2Z)? on P! in
the following way (on the left hand side we use the convenient notation by
which all variables not mentioned in a transformation are left unchanged by
the transformation):

a) x1 — —xp corresponds to Aj: (s:t) — (t:s);
b) xg — —xg corresponds to A_j: (s:t) — (—t:s);
c) x3+— —xg corresponds to B: (s:t) — (s: —t).

The fixed points of these three involutions are respectively:
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a) s = +t, equivalently, x1 = x3 + ixg = 0;
b) s = +it, equivalently, x9 = x3 +ix; = 0;
c) st =0, equivalently, x5 = x1 £ izg = 0.

For each A := (A1,...,As) € C3\ {0} we consider the hypersurface

Y\ of multidegree (1,1,1) in P; = ]P’%Sl:tl) X IP’%SQ@) X P%83:t3) given by the
multihomogeneous equation
(2.3) A1515253 + A2s182t3 + A3s1t2s3 + Aasitats +

Ast15253 + Agt152t3 + Artitass + Agtitats = 0.

Clearly, Y) is a Del Pezzo surface of degree 6. Since we shall be looking for
Del Pezzo surfaces Yy which are left invariant by certain subgroups of H
(the Galois group of ), we first need to establish conditions ensuring that
the hypersurface Y), is left invariant by an element h = (hy, ho, h3) € H.

This is done in the next lemma, which is easy to verify and which takes
care of the normal form of a transformation (hi, ha, hs) € H, taken up to
a permutation of the three factors (here Id is the identity map of P!, while
Aj, A_y and B are the maps defined above).

Table 1.
h /\1 )\2 )\3 )\4 )\5 )\6 )\7 /\8 02
Id, Id, Aa3 C)\l C)\g C)\5 C/\7 Qs
0 0 0 0
Id,1d, B 0 0 0 0
Id, Aa,, Aas casAa| ey cashg| cAs || asas
Id, A,,, B cA1 |—cha cAs | —chg a9
0 0 0 0
Id, B, B 0 0 0 0
Aoq , Aag y AaB CO[QOL3>\4 COL2>\3 6053)\2 C)\l 1003
Aal s AQQ, B COL2>\3 76012)\4 C)\l 70)\2 109
An,,B,B cA\p —cAy | —cA3| ey o
0 0 0 0
BB, B 0 0 0 0
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LEMMA 2.1. Let h = (h1, ha, hg) € H\ {Id} be one of the transforma-
tions listed in the first column of Table 1.

Then Yy is h-invariant if and only if the coefficients \; satisfy the linear
conditions listed in Table 1.

Note that in Table 1, the numbers «o; € {£1}, since they are labelling
Ay and A_q. If for a given case there appear two rows, this means that
there are two alternatives, one for each row.

REMARK 2.2. Consider the following matrices:

(2.4) Fl:(i _11> r_1:=<_i1 i)

and denote by fi, respectively f_1, the induced projectivities in Aut(P!)
(observe that f; = f;1).
It is straightforward to verify the following conjugacies

e B=filoAiofi=f{ oA 0f,
e Ai=fi'oBofi=floBof,

o Ay =f'oA 1ofi=floAiof .

REMARK 2.3. If Y) is invariant under h = (Id,Id, A,) (o = 1), or
under h = (Id,Id, B) then the equation of Y) is reducible. Since these
projectivities are conjugate, it suffices to consider the case h = (Id,Id, B),
when the equation of Y) is

83()\18182 4+ Agsito + Astise + )\7t1t2) =0 or
t3(Aas1s2 + Aasita + Aet1s2 + Asgtita) =0

The above enable us to prove the following:

PROPOSITION 2.4. Let A € C¥\ {0} be such that Yy is irreducible.
Assume moreover that there is a subgroup Hy = (Z/27)? of H, such that
Yy is Hy-invariant. Then, up to the action of PGL(2,C)3 and up to a
permutation of the factors of (P1)3, there are exactly two possibilities:
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i) Hy = ((A1, 41, 41),(1d, B, B)), or

i) H, = ((1d, B, B), (B, B,1d)).

PrOOF. Let Hy = (h,h). Then, by Remarks 2.2 and 2.3, after possibly
changing the coordinates of (P!)3, we may assume that h = (B, B, B) or
= (14, B, B).

1) h = (B, B, B): in this case h' € {(Id, B, B), (Aa,, B, B)} implies that
(B,1d,1d) € Hy or (Aa,,1d,1d) € Hy, contradicting the irreducibility of Yy
(cf. Remark 2.3).

If we assume that b’ € {(Id, Aqa,, B), (Aay, Aay, Aas)}, i € {£1}, then
we see (cf. Table 1) that the invariance of Yy under h and A’ implies that
A = 0: this is a contradiction.

Assuming instead that h' = (Id, Aa,, Aas), then conjugating h’ by
(f1, fass fas), We see that in the new coordinates we have:

h=(fi' B fi; fay B fazs fay B fas) = (A1, A1, Ar)

and
W= (fr 1 fi, fo, Aas fass fay Aas fas) = (1d, B, B),

i.e., we are in case 1).

Assume finally that b’ = (Ay1, Ax1,B). Then h-h' = (A4, A+, 1d)
and we reduce to the previous case showing that we are in case i).
2) h = (Id, B, B): in this case if b’ = (Id, Aq,, Aas), the equation of Yy is
(cf. Table 1):

()\181 + )\5751)(5283 + Ct2t3) =0,

contradicting the irreducibility of Y).

Iftn € {(B,B,B),(Id, Aa,, B),(Id, B, Aa,), (Aa,, B, B)}, we obtain that
Y is not irreducible by Remark 2.3.

Assume that h' € {(4ay,1d, Any), (Aay, Aay, 1d), (B, Ag,, 1d),
(B,1d, Any), (Ao s Aays B), (Aays By Aay), (B, Aay, B), (B, B, Aag)}. Then
one checks easily, consulting Table 1, that A = 0, hence also these cases
can be excluded.

If W' € {(Ans,1d, B), (Aq, B,1d)}, a € {£1}, after changing the coordi-
nates by (fa,1d,1d) we get H; = ((Id, B, B), (B,1d, B)), hence we are in
case ii).
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Assume now that b’ = (Aq,, Aay, Aas). Changing coordinates by con-
jugating with (vy1,72,73), where v; := Id if o;j = 1 and v; := (f-1 0 f1) if
a;j = —1 and using the fact that

(ferofi)toBo(f1ofi)=B, (f-10fi) "oA_10(f10f1)=A,

we see that (in the new coordinates) we are in case i).

If W = (B, Aa,, Aas), then changing the coordinates by conjugating with
(f1,72,73), where ; is defined as above, we are in case i).

Finally, if ' € {(B,1d, B), (B, B,1d)}, then we are in case ii). OJ

REMARK 2.5. It is seen immediately that in case i) each Del Pezzo sur-
face Y\ = { 1515283+ Ast1tats = 0} is invariant under Hi, whereas in case ii)
each surface Yy = {\1(s15283 +t1tats) + A\a(s1tots +t15283) = 0} is invariant
under H;. In particular, in both respective cases i) and ii), we obtain a lin-
ear action of Hy on the vector space V := H((P')3, O(p1)s(1,1,1)), which
is independent of the chosen invariant surface in the pencil (see Proposi-
tion 5.12).

ProrosITION 2.6.  With the same notation as in Proposition 2.4, the

respective decompositions of V' in character spaces with respect to the above
action of Hy = (Z/27)* are as follows:
1) H, = <(A17 Alv Al)a (Id) B, B)>

o VT ={\(s15283 + titats) + Aa(sitats + t1s2s3) | A1, \a € C} =2 C?;
o V= = {)Xo(s150t3 + titoss) + A3(s1tass + tisats) | Ao, A3 € C};
o V1t ={\1(s15283 — titats) + Aa(s1tats — t18283) | A1, Ay € C};
o V7 = {)o(s182t3 — t1tass) + A3(s1tass — t182t3) | A2, A3 € C}.
i) H, = (14, B, B), (B, B,1d)):
o VT = {\1s18953 + Agtitats | A1, Ag € C} = C?;
o V™ = {Mgsitats + Ast1s2s3 | Ay, As € C};
o V= {Nysysots + Artitass | Ao, Ay € C};

o V77 = {A3gs1tas3 + Aet1sats | Az, Ag € C}.
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Proor. This is a simple calculation using Table 1. [

The same arguments as in the proof of Proposition 2.4 yield the following
statement:

PROPOSITION 2.7. Let A € C¥\ {0} be such that Yy is irreducible.
Assume moreover that there is a subgroup Hy = (Z/27)3 of H, such that
Yy is Ho-invariant. Then, up to the action of PGL(2,C)® and up to a
permutation of the factors of (P1)3, we have:

Hy={((1d, B, B), (A1, A1, A1), (B, B,1d)) .

REMARK 2.8. Again we see immediately that the Del Pezzo surface
Y\ = {s18283 + t1tats} is invariant under Hp, hence we get again a linear
action of Hy on the vector space V := HO((P!)3, Omys(1,1,1)).

ProrosiTiON 2.9. Use the same notation as in Proposition 2.7; then

V' decomposes in 8 one-dimensional character spaces for the action of Hy =
(Z/27)3, as follows:

o VTt = {)\ 518983 + titals) | A € (C},‘
o VT = {)\ S§18983 — titats ‘ A E (C},

o V= = {)\ S1tats + 115983 ‘ A€ (C},'

( )
( )
( )
o V=7 = {\(s1tats — t15283) | A € C};
o VT = {X(s1sat3 + titas3) | A € C};
o Vot ={A(s1s2t3 — titgs3) | A € C};
o Vo= = {A(tisats + s1t2s3) | A € C};
( )

o V777 = {)\ t189t3 — S1t2S3 ‘ AE (C}

REMARK 2.10. Case 1):

Hy :=((Id, B, B), (A1, A1, A))) = (Z/27)* <H.
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Then there are four pencils of Del Pezzo surfaces, which are left invariant by
H; (cf. Proposition 2.6); their inverse images under 7’ (see (2.1)) 7'~1(Y,)
(resp. ©'~1(Y)), #'~Y (Y, 7'~1(Y;")) are pencils of hypersurfaces of mul-
tidegree (2,2,2) in A = By x Ey x E3 invariant under G| = (Z/2Z)° C
(Z.)27.)°.

We list now the four pencils (v = (v1 : 1p) € P!):

(2.5) Y, = {v1(s1s283 + titats) + va(sitats + t1s283) = 0},
(2.6) Y, = {v1(s152t3 + t1tasg) + va(sitass + t1sats) = 0},
(2.7) Y = {v1(s18283 — titot3) + vo(s1tats — t189s3) = 0},
(2.8) Y := {v1(s180t3 — titass) + vo(sitass — t1sats) = 0} .

It is immediate to see that the 4 pencils are transformed to each other
by the elements of the group H = ((Z/2)?)? (for instance we pass from the
first to the second via s3 « t3, from the first to the third via t; < —t1,
and so on). Therefore, in the future we shall only consider the first pencil:
(2.5).

Case 2):

H, :={((d, B, B), (B, B,1d)) = (Z/27.)* <H.

Then there are four pencils of Del Pezzo surfaces, which are left invariant
by Hi; their respective inverse images under 7’ yield four pencils, invariant
under Gy = (Z/27)° C (Z/27)°.

The four pencils are given by the following equations (u € C, u # 0):

(2.9) Yy, = {s15283 + ptitats = 0},
(2.10) Y, = {s1tas3 + ptisaty = 0},
(2.11) V) := {s1tats + ptises3 = 0},
(2.12) V)" = {s182t3 + putitas3 = 0} .

Also in this case the 4 pencils are transformed to each other by the
elements of the group H = ((Z/2)?)3, hence in the future we shall only
consider the first pencil: (2.9).

Case 3):

Hy := ((Id, B, B), (A1, A1, A), (B, B,1d)) = ((Z/2Z))® < H.
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Then there are eight Del Pezzo surfaces which are are left invariant by Ho;

their respective inverse images under 7’ are invariant under Gy = (Z/27)% C
(Z.)27)°.
Their respective equations are the following ones:

(2.13) Y1 := {s18283 + titats = 0}, Y_1 := {s1s2s3 — t1tats = 0},
(2.14) Y = {sitats +tises3 = 0}, Y., := {sitat3 — t1s253 = 0},
(2.15) Y] = {s189t3 + titass = 0}, Y| := {s150t3 — t1tas3 = 0},
( ) Y]" = {t1sot3 + sitas3 = 0}, Y| := {t1s9t3 — s1tas3 = 0}.

Also here the 8 hypersurfaces are transformed to each other by the ele-

ments of the group H = ((Z/2)?)3, hence in the future we shall only consider
the first one: (2.13).

DEFINITION 2.11. Let X be an irreducible hypersurface, in the product
of three smooth elliptic curves A? := E; x Ey x E3, which is the inverse
image under 7’ of a Del Pezzo surface Y of degree 6, invariant under a
subgroup H =2 (Z/27)? <'H.

Then we call X a Burniat hypersurface in A°.

LEMMA 2.12. Let Gy =2 (Z/27)5 < (Z)27)3 x (Z/27)3 x (Z./27)3 be the
group:

Go := {(€0, M, €1, M0, €2, Co, €3) C {1} = (Z/2Z)" | e16263 = 1},

which acts on E1 x Ey x E3 by:

Tl x1
To > €0To, U — Mouo, 20 > 020,
and up | = | wr
T3 > €1T3, U3 > €2U3, 23 > €323
21 21

With the same notation as in Remark 2.10:

(1) 7'=Y(Y,) is invariant under the group
G1 = {(eo,m,1,m0, €2, 0, €3) | €23 = 1} = (Z/2Z)° 1 Gy .
(2) 7'~1(Y,) is invariant under the group

gl = {(607 176177707627C0763) ’ €1€2€3 = 1} = (Z/2Z)5 < gO'
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(3) If p= =1, then ©'~1(Y,,) is invariant under Gy.

PROOF. Just note that multiplication of (x1,u1,21) by —1 corresponds
to (sj:tj) — (tj : s5) for each j =1,2,3. O

2.1. Fixed points

In order to systematically search for all the subgroups G = (Z/27)3 <Gy
acting freely on a Burniat hypersurface in A? := E; x Ey x E3, we need to
determine which elements of Gy have fixed points on AV

REMARK 2.13. Fix a1, ao € C pairwise distinct such that the curve
E:={a? + 23+ 23 =0, 23 = a12? + a3} C P
is smooth. Then
g(xo : 1t 9 : x3) == (oxo : oy X2 azx3), o5 € {£1}
has fixed points on F if and only if
e either ag = a1 = a3 = —1, or

e exactly one a; = —1 and the others are equal to 1.

From now on, we change to an additive notation in which Z/2Z is the
additive group {0,1}.

Let g € Go be an element fixing points on A°. By [BC13b, Proposition
3.3], g is an element in Table 2.

REMARK 2.14. 1) Let X := 7/~'(Y4;). In Table 2, the elements 1-3
fix pointwise a surface S C A°. Each element 4-9 fixes pointwise a curve
C c A° and its fixed locus has non trivial intersection with X since X c A°
is an ample divisor. Finally, the elements 10-17 have isolated fixed points
on AY; arguing as in [BC13b, Proposition 3.3] one proves that the elements
11-17 have fixed points on X, while the fixed locus of element 10 intersects
X only for special choices of the three elliptic curves.

2) The same holds for X := 7/~1(Y;) (resp. ©'~*(Y,,)), considering only
the elements 1-7,10,11,14,15 (resp. 1-13), i.e. the ones belonging to G; (resp.
G1). In particular, the fixed locus of element 10 intersects X only for special
choices of the three elliptic curves and of the parameter v (resp. u).
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Table 2. The elements of Gy having fixed points on A°, written additively!

1 2 314 5 6 7 8 910 11 12 13 14 15 16 17
e |0 0 140 1 1 0 0 0} 1 10 0o 0 0 1 1
m|{o0 O O0yjy0 O 0O O O OO O O 0 1 1 1 1
e2 |0 0O OO O O O 1 1} 0 0 1 1 0 0 1 1
w?|(o0 1. oy4y1 0 1 0 0 O0)jp1 o0 1 O 0 1 0 1
e|0 0 00 0 0 1 0 140 1 o0 1 0 1 0 1
{1 0 oy1r 1.0 0 O O)1T O O 1 0 1 1 0
es {0 0O OO O O 1 1 0} 0 1 1 0 0 1 1 0

2.2. Description in terms of Legendre families

We now describe the families of Burniat hypersurfaces in A% in terms of
Legendre functions £ (see Section 1).

To this purpose, we consider the following 1-parameter family of inter-
sections of two quadrics:

E(b) :={z]{ +25+a3 =0, x5=(b"+1)%z7 4+ (b* — 1)°z3},
where b € C\ {0,1, —1,4, —i}.
We set b
S
’5 L 7 )

and in this way the family of genus one curves E(b) is the Legendre family
of elliptic curves in Legendre normal affine form:

= (-1 - ), a=t?
In fact,

xd = (b +1)%d + (b —1)%3 =
— —(a+1)2(32—t2)2+(a—1)2(32+t2)2:
= 4(a®>+ 1)s*t* —a(t* + s1)] =

i) =)

— 44

= 4t

= —4t4bl2[—(a2 +1)E% + (a® + &Y =
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and it suffices to set )
bz

2t2
The group (Z/2)? acts fibrewise on the family E(b) via the commuting

involutions:
o «— —Tg, I3 < —X3, T1 < —T1,

which on the birational model given by the Legendre family act as

Y —y, £ —§ L 2.

3
Consider the subgroup

- a B a=1 mod4, =0 mod 4,
F274._{<,y 6>GIP’SL(2,Z)’ y=0 mod?2, 6=1 mon}

a subgroup of index 2 of the congruence subgroup

o a f a=1 mod2, =0 mod 2,
FQ._{<’Y 6>€PSL(2’Z)’ =0 mod2, é6=1 mod?2 }

To the chain of inclusions
Iyy <y <PSL(2,Z)
corresponds a chain of fields of invariants
C(j) € C(N) = C(n)'2 c C(7)"=+,

where the respective degrees of the extensions are 6, 2.
Here, A is the cross-ratio of the four points p(0), p(3),p(3), p(337), where

2_ 3
p is the Weierstrass function, and j(\) = % is the j-invariant.

If A(a) is the cross ratio of the four points 1,—1,a,—a, A(a) = %,

thus C(a) = C(v/)\) is a quadratic extension and there are two values of a for
which we get a Legendre function for the elliptic curve. Setting b := L(}),
we have that a = b?, hence C(b) is a quadratic extension of C(7)"24.

In other words, the parameter b € C\ {0,1, —1,4, —i} yields an unrami-
fied covering of degree 4 of A € C\ {0, 1}, hence the field C(b) is the invariant
field for a subgroup I'yg of index 2 in I'y 4.
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By [Bial6, §182], b is invariant under the subgroup of I'y given by the
transformation such that a? + a3 = 1 mod 8. Since a = 1 mod 2, this
equation is equivalent to require that 3 =0 mod 8, i.e.:

_Jfa P
F278 = {( 7 s ) < PSL(2,Z)

Consider now the following family

a=1 mod4, =0 mod S8,
y=0 mod2, 6=1 mod2 [~

A% = E(by) x E(by) x E(bs3).

It is the family of products of three elliptic curves with a I's g-level structure:
AY is the quotient of (C x H)3, with coordinates ((21,71), (22, 72), (23,73)),
by the action of the group (a semidirect product) generated by (Z?)3 which
acts by

((m1,n1), (M2, n2), (m3,n3)) o ((21,71), (22, 72), (23, 73)) =

= ((z1 + m1 + 71, 71), (22 + M2 + nam, 1), (23 + m3 + n373,73))

and by T'28% € PSL(2,7Z)3.

The fibre of f: A — £ := (H/T25)? is the product of the three elliptic
curves, for k =1,2,3, B, := C/(1, 7%).

Let £L.: E;, — P! be a Legendre function for E;,. We have seen that the
relation between Lj(z;) and the coordinates (si : t)) of P! is

btk

where b := L(7¢). A basis for the (Z/27)3-action on Ejy, k = 1,2,3, is
given by:

xg— —x9 =  (zz——z) = (1,0,0)
(2.17) r1— -1 = (e -—z+%) = (0,1,0)
3 —x3 = (2~ —z,+3) = (0,0,1)

The above formulae define an action of ((Z/2)3)3 on the fibration f :
A® — £, which acts trivially on the basis.
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It follows from (2.5, 2.9, 2.13) that it suffices to consider only the families
of Burniat hypersurfaces defined by:

2\?1, = {([(21,7'1), (22,7'2), (23,7'3)], (1/1 : 1/2)) S .AO X Pl |
(2.18) I/l(ﬁl (21),62(22),63(2:3) + blbgbg)
+v2(L1(21)babs + b1L2(22)L3(23)) = 0},

Xy = {([(21,70), (22, 72), (23, 73)], 1) € A® x C* |

(2.19)
L1(21)L2(22)L3(23) = p},

X = {[(z1,m), (22, 72), (23,73)] € A |
,Cl (Zl)£2(22)£3(23) = blebg},

where the meaning of the subscript is to refer to the variables: v = (v :
1/2) S Pl, n e C*, b := b1bobs.

(2.20)

REMARK 2.15. There is also an obvious action of the symmetric group
G35 on the family f: A° — &.

Let X be a Burniat hypersurface in A° (see Definition 2.11). An explicit
calculation using the above equations shows that X has at most finitely
many nodes as singularities.

Let e: X’ — X be the minimal resolution of its singularities. Since
X has at most canonical singularities, Ky = ¢*K ¢ and X' is a minimal
surface of general type with K%, = 48 and x(X’) = 8 (cf. [Ino94]).

3. Generalized Burniat Type Surfaces

Using the notation introduced in the previous sections, we give the fol-
lowing definition.

DEFINITION 3.1. Let X be a Burniat hypersurface in A% := E; x Ey x
Es, let G = (Z/2Z)3 be a subgroup of Gy acting freely on X.

The minimal resolution S of the quotient surface X := X /G is called a
generalized Burniat type (GBT) surface. We call X the quotient model of S
(indeed, we easily see that X is the canonical model of \S).
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REMARK 3.2. 1) Since G acts freely and X has at most nodes as sin-
gularities (we assume Y, hence also X , to be irreducible!), a generalized
Burniat type surface S is a smooth minimal surface of general type with
K% =6 and x(S) = 1.

2) If GGy or G <@}, then there is a pencil of Burniat hypersurfaces
which are left invariant by the G-action, and the family of quotients of the
hypersurfaces on which the action is free is then a one parameter family
of GBT G-quotient surfaces (if we vary also Ej, Fs, E5 we obtain a four
dimensional family).

Let A be the subgroup of Aut(((Z/27)3)3) generated by:

l(91,92,93) = (92,91,93) om0, ) o
ll(ghg??gv?)) _ (92’!]1793) h2(917927g3) = (f(gl)a927 f(g3))
2(91, 92, 93 3,92, 91 h3(91,92,93) = (91, f(92), f(g3))

where g; € (Z/22)3 (j € {1,2,3}) and where f is defined by:

f:(z)22)3 — (Z.)27)3
f:(a,b,c) — (a+b,b,b+c)

REMARK 3.3. 1) It is easy to see that A(Gp) = (Go).
2) We claim now that, as it can be verified, for each § € A, 6(g) is
conjugate to g via an element ¢ of the group of automorphisms of .4°.

For example, let E := C/(1,7) be a complex elliptic curve and let 7/ :=
7+ 1. Then E = C/(1,7') and the (Z/2Z)3-action, defined in (2.17), is:

(2 —2) = (1,0,0)
(3.1) (2= —24+5)= (2 —2+ ) = (1,1,1)
(z+— —z+ %) (0,0,1)

This shows that the groups G and G’ := h;(G) C Gy, j = 1,2,3 are conju-
gate via an automorphism of A°.

It follows then that g € Gy acts freely on one of the families X if and
only if §(g) acts freely on the transformed family ¢(X).
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It follows also that two groups in the same A-orbit yield isomorphic
families of GBT surfaces, hence we can restrict our attention to a single
representative for each A-orbit.

PROPOSITION 3.4.

(1) There are exactly 16 irreducible families of generalized Burniat type
surfaces, listed in Tables 3-6.

(2) The family of generalized Burniat type surfaces has dimension 4 in
cases 81 and So, and dimension 8 otherwise.

PrROOF. 1) The MAGMA script below searches for subgroups of G <
Go, which satisfy the following

o G=(Z/2L)%
e (G does not contain the elements 1-9, 11-17 of Table 2.

The 161 groups of the output therefore act freely on X, C E(by) x E(bg) x
E(bs), except for a finite number of values of by,by,b3 € C (cf. Remark
2.14).

The following script moreover proves that the 161 groups G belong to
exactly 16 A-orbits.

F:=FiniteField(2); V6:=VectorSpace(F,6);
V3:=VectorSpace(F,3); H3:=Hom(V6,V3);
u:.={ ve![0,0,0,0,0,1], Ve6![0,0,0,1,0,0], V6![1,0,0,0,0,0],
ve![1,0,0,0,1,0], Ve6![0,1,0,0,0,0], V6![0,1,0,1,1,1],
ve![0,0,1,1,0,0], Ve6![0,0,1,0,1,1], V6![1,1,1,0,0,1],
ve'!'[(1,1,1,1,1,0], ve'[0,0,0,0,1,0], V6![0,0,0,1,0,1],
ve![0,0,1,0,0,0], Ve![1,0,0,0,0,1], V6![0,0,1,0,1,0],
v6![1,0,0,1,0,0]};
S3:={Kernel(f): f in H3 | Dimension(Kernel(f)) eq 3};
M:=[*x];
for k in S3 do K:=Set(k);

if #(K meet U) eq O then Append(™M, k ); end if;
end for;
#M;
161
P:={1..#M}; Q:={}; // Delta-action
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T

g12=h0m<V6—>V6| VG'[O,Os ) :O])VG![Os1,0,0s09o],V6![O,O:O:O’]-’O]’

veé![1,0,0,0,0,0],v6![0,0,1,0,0,0], V6![0,0,0,0,0,1]1>;

g2:=hom<V6->v6| Veé![0,0,0,0,0,1],V6!(0,1,0,0,0,0], V6![0,0,1,0,0,0],

f1:=hom<V6->V6| V6![1,0,
ve'![0,0,0,1,0,0],V6! [0,
£2:=hom<V6->V6| V6![1,0,
ve6![0,0,0,1,0,0],Vv6![0,0,0,0,1,0], V6![0,0,0,0,0,1]1>;

sV

1,01, v6![0,0,0,0,0,1]>;

2V

0,1,0
0,1,0
0,0,0
ve! [0,0,0,1,0,0],V6![0,0,1,0,1,0], V6![1,0,0,0,0,0]>;
0,0,0
0,0,0
0,0,0

sV

,o0l,ve![1,1,1,1,1,0], ve![0,0,1,0,0,0],

3O:| ;V6I [1’151’0’0,1] ] V6! [Oyoylyo,O,O] ’

£3:=hom<V6->V6| V6![1,0,0,0,0,0],v6![0,1,0,1,1,1], Vv6![0,0,1,0,0,0],

ve![0,0,0,1,0,0],V6![0,0,0,0,1,0], V6![0,0,0,0,0,1]1>;
L1:=Transpose(Matrix([gl(x): x in Basis(V6)]));
L2:=Transpose (Matrix ([g2(x): x in Basis(V6)1));
H1:=Transpose(Matrix ([f1(x): in Basis(V6)]1));
H2:=Transpose (Matrix ([f2(x): x in Basis(V6)1));
H3:=Transpose (Matrix ([£3(x): in Basis(V6)]1));
GL6:=GenerallinearGroup(6,F); PG:=sub<GL6|L1,L2,H1,H2,H3>;
while not IsEmpty(P) do
i:=Rep( P ); Exclude("P,i); Include(™Q,1i);
for m in PG do
f:=map<V6->V6| x:->[(m[1],x), (m[2],x), m([3],x),
(m[4],x), (m[5],x), (m[6],x)]1>;
test:=sub<V6|f (Set (M[i]))>;
if exists(x){x: x in P | M[x] eq test } then
Exclude("P, x); end if;
end for; end while;
#Q;
16

LI T T ]

This proves the first assertion.

2) In Tables 3-6 we list one representative G for each of the 16 A-orbits.

Observe that the dimension of the family is 3 (the number of moduli of

the three elliptic curves E(b) x E(b2) x E(b3)) if and only if the group G
stabilizes only a finite number of Burniat hypersurfaces, equivalently iff G
is neither contained in Gy nor in gi. Otherwise G is contained in Gy or in
G} and, by Lemma 2.12, fixes a pencil of Burniat hypersurfaces. Therefore
in this case the dimension of the family of generalized Burniat type surfaces

is 4.

It is now easy to verify that in case S; (of Table 3) G C Gj, in case Sy

G C Gy, whereas in cases S3-Sig of Tables 3-6 G is not contained in any of

the two groups G1,G}. O
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3.1. The fundamental groups

To determine the fundamental group of a GBT surface S — X = X /G,
we preliminarily observe that, by van Kampen’s theorem and since X has
only nodes as singularities, m1(X) = m1(S). Then we argue as follows.

Let E; = C/(ej,7je;), j = 1,2,3 and denote by A the fundamental
group of A? := E; x Ey x F3. In particular, A = A; ® Ay @ Az, where
Aj = (ej; mje))-

LEMMA 3.5.  Consider the affine group
I':= <’71> Y2,73,€1,T1€1, €2, T2€2, €3, T3€3> < A(37 (C) )

generated by A and by lifts v; of the generators g; of G as affine transfor-
mations.
Then T’ = 7T1(X) = 7T1(S).

PROOF. Observe that by the Lefschetz’ hyperplane section theorem
(see [Mil63, Theorem 7.4]) follows that 71 (X) = 71 (A%) = A.

The universal covering X of X C A° has then a natural inclusion X c C3
and the affine group I' acts on C3 leaving X invariant. Since the action of
I on X is free, and X = X/G = X/T' we conclude that T' = 71(X) =
m(5). O

The following MAGMA script, which continues the previous one, com-
putes the fundamental group of each GBT surface. Observe that the fun-
damental group does only depend on G: since it does not change within the
same connected family, and since each group G determines an irreducible
family.

V9:=VectorSpace(F,9); T:=[* *];
h:=hom<v6->v9| Vv9![1,0,0,0,0,0,0,0,0], V9![0,1,0,0,1,0,0,1,0],
vo! [0,0,1,0,0,0,0,0,1], Vv9![0,0,0,1,0,0,0,0,0],
v9![0,0,0,0,0,1,0,0,1], V9![0,0,0,0,0,0,1,0,0]>;
G1:=DirectProduct ([CyclicGroup(2),CyclicGroup(2),CyclicGroup(2)]);
G2:=DirectProduct ([CyclicGroup(2),CyclicGroup(2),CyclicGroup(2)]);
G3:=DirectProduct ([CyclicGroup(2),CyclicGroup(2),CyclicGroup(2)]);
H:=DirectProduct ([G1,G2,G3]);
PolyGroup:=func<seq|Group<al,a2,a3,a4|

al~“seqll], a2"seql[2],a3"seq[3],a4"seq[4], alxa2+*a3*ad>>;
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P1:=PolyGroup([2,2,2,2]);
P2:=PolyGroup([2,2,2,2]);
P3:=PolyGroup([2,2,2,2]);
P:=DirectProduct ([P1,P2,P3]);
f:=hom<P->H | H!'(1,2),H!(3,4),H!(5,6),H!(1,2)(3,4)(5,6),
H!(7,8),H!(9,10),H!'(11,12) ,H!(7,8)(9,10) (11,12),
H!(13,14) ,H!(15,16) ,H! (17,18) ,H! (13,14) (15,16) (17,18)>;
for i in Q do G:=h(M[il);

s:=[]; for j in [1..3] do s[jl:=Id(H); end for;

for i in {1..3} do

for j in [1..9] do
if (G.i)[j] eq 1 then s[i]:=s[ilx* H!(2xj-1,2%xj);

end if; end for; end for;

GG1:=sub<H|s>;

Pil:=Simplify(Rewrite(P,GG1@Qf)) ;

Append("T, [* G, Pil, AbelianQuotient(Pil) *]);
end for;

Since the fundamental groups are infinite and the presentations given as
output are quite long, we only list the respective first homology groups for
the 16 families of surfaces in Tables 3, 4, 5 and 6.

It is not obvious, from the presentation given as output of the MAGMA
script, whether two of these fundamental groups are isomorphic or not. To
check whether two different families have different fundamental groups, we

Table 3. ¢ =0.
€0 M € | Mo m €| G M €3 Hy
1 0 0 1 0 0 1 0 0
S10 1 01 1 0|1 1 0] (2/22)?x(2/4Z)?
0 0 0 0 0 1 1 0 1
1 0 0 0 0 1 1 0 1
S|0 0o 1]0 0 ofl1 0 1 (Z)2Z)°
0 0 0 1 0 1 0 0 1
1 0 0 0 0 1 1 0 1
S0 1 0|0 1 0|1 1 0 (Z/42)?
0 0 1 1 0 1 1 0 0
1 0 1 0 0 1 1 0 0
Silo 1 0fo0o 1 0|1 1 0] (z/22)?x(Z/4z2)?
0 0 0 1 0 1 1 0 1
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can compare the number of normal subgroups of the fundamental group
of index k£ < m (in our case m = 6). This can be done easily using the
MAGMA function: LowIndexNormalSubgroups(H, m) which returns a se-
quence containing the normal subgroups of the finitely presented group H
of index k < m. This allows us to see that the fundamental groups of the
families we constructed are pairwise non-isomorphic, except for two pairs:
(S11,S12) and (Si4, S15).

Indeed in these cases, the fundamental groups are isomorphic. We ver-
ified this using the MAGMA function SearchForIsomorphism(H, K, n)
which attempts to find an isomorphism of the finitely presented group H
with the finitely presented group K. The search is restricted to those ho-
momorphisms for which the sum of the word-lengths of the images of the

Table 4. ¢ = 1.

€0 M €1 |M m €|l Mm €3 H,y T
1 0 17,0 O O|1 0 1
S0 1 0lo 1 0|1 1 0| (2/22)3x22
o 0o o0j]0 O 11 0 1
O 1 011 1 011 1 0
Ss 10 0 11 0 0|1 0 1| (2/22)?x22
o 0o o0j0 O 11 0 1
1 0o o0o(0 O 1,1 0 1
S0 1 olo 1 0|1 1 o0 (Z/AZ) x 72
o 0 11 0 10 0 O
1 0 0|0 O 1|1 0 1
S0 1 0|1 1 0|1 1 o0 (Z)2Z)? x 72
o o 171 0 O}1 0 1
1 0o o(1 O 1,1 0 1
So |0 1 00 1 01 1 0] (Z/2Zx7/4Z)x 72
o 0 11 O 10 0 O
1 0 1 1 0 0|1 0 1
Sol0 1 0|1 1 01 1 0 (Z)2Z)? x 72
o 0o o0j0 O 11 o0 1
1 0 o1 O 1]0 0 1
Si/0 1 0|1 1 olo 1 o (222?22
o 0 11 O 11 0 O
1 0 110 O O]1 0 1
812 0 1 0 0 1 0 1 1 0 (Z/?Z)S X Z2 =m (511)
o o o0j1 o0 11 0 1
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generators of H in K is at most n (in our case n = 8). The answer is given
as follows: if an isomorphism ¢ is found, then the output is the triple (true,
#, ¢~ 1); otherwise, the output is ‘false’.

That these isomorphisms exist is no coincidence: we shall in fact show
later that in both cases we have two families of surfaces which are contained
in a larger irreducible family (see Sections 4 and 6).

Since for a smooth projective surface S it holds ¢(S) = vk Hy(S,Z),
we have proved the following;:

THEOREM 3.6. Among the 16 families of generalized Burniat type sur-
faces four have py = q¢ =0 (Table 3), eight have py = ¢ =1 (Table 4), three
have py = q = 2 (Table 5) and one has py = q =3 (Table 6).

Moreover, the fundamental groups of these families are pairwise non
isomorphic, except for m(S11) = m1(S12) and m1(S14) = 71(S15), where S;
is in the family S;.

Table 5. q=2.
€0 M e |m m e |G M e Hy T
1 0 O 1 0 1 1 0 1
Si3] 0 1 0 1 1 0 1 1 0 z*
0 O 1 1 0 1 0 0 0
1 0 1 0 0 010 0 1
S4(0 1 1{0 1 1,0 1 0] (2z/22)xz*
0o 0 O 1 0 1 0 0 1
1 0 1 0 0 0 1 0 1
Si5| 0 1 1 0 1 1 0 1 0 | (z/27) x 74 | 71(514)
0o 0 O 1 0 1 1 0 1
Table 6. ¢ = 3.
€0 M € |mo M e |G m e |m
1 0 1 0 0 0 1 0 1
Sig| 0 1 1 0 1 1 1 1 0 |z
o 0 O 1 0 1 1 0 1
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REMARK 3.7. We observe that the family S; in Table 3 corresponds
to the family of primary Burniat surfaces (cf. Section 1).

4. The Moduli Space of Generalized Burniat Type Surfaces

The aim of this section is to describe the connected components of the
Gieseker moduli space of surfaces of general type containing the isomor-
phism classes of the generalized Burniat type surfaces.

First we shall prove the following result:

THEOREM 4.1. Let X be the canonical model of a generalized Burniat
type surface S. Then the base of the Kuranishi family of X is smooth.

PrROOF. Recall that X is the quotient model of a generalized Burniat
type surface S, and let X — X be the canonical G 2 (Z/2Z)*-cover. Then
X c A° = Ey x E5 x Fj is a hypersurface of multidegree (2,2,2) having at
most nodes as singularities.

It suffices to show (cf. [Catl3, Proposition 4.5]) that the base of the
Kuranishi family of X is smooth (since the base of Kuranishi family of X
is given by the G-invariant part of the base of the Kuranishi family of X ).

Now, since X moves in a family with smooth base of dimension 13 =
6 + 7, it it is enough to show that

dimExtp (2%, 0%) = 13.

Moreover, the Kodaira-Spencer map of the above family is a bijection, but
we omit the verification here.

Indeed X C A% is an ample divisor, and it suffices to apply the following
lemma. [J

LEMMA 4.2. Let A be an Abelian variety of dimensionn and let D C A
be an ample divisor. Then:

1
dim Ext, | (Q2p, Op) = gn(n+1) + dim |D|.

ProOF. Consider the exact sequence

0— Op(-D) — Q4 ®0p =2 0" — Qf — 0.
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Applying the functor Homep, (=, Op), we obtain the long exact sequence:

0 — Hom(0},0p) =0 — Hom(OP", Op) —

(Qp
— Hom(Op(—D), Op) — Ext'(Q},, Op) —
(4.1) — Ext (O%n,OD) — Ext!(Op(=D),0p) —
— Ext?(QL, 0p) — ExtQ(O%n, Op) —
— Ext2(OD( D),0p) —

We have that
i) Ext'(0%",Op) = H(D,Op)®™;
ii) wp =wa ®Op(D) = Op(D);

iii) EXti(OD(—D), Op) = EXti(OD, Op(D)) = Exti((’)D,wD) =
H"'=%(D,Op)*, where the last equality holds by Serre duality.

Next, we consider the short exact sequence:
0— O0u(-D) -0y - 0p—0
and the associated long cohomology sequence
(42) 0— H%(04) — H(Op) — H'(Oa(-D)) — H'(04) —

— HY(Op) — H*(O4(-D)) —» H*(O4) — ... — H" 1 (Op) —
. HMO4(~D)) — HY(O4) 0.

Note that by Serre duality H(O4(—D)) = H"*(0O4(D))*, and since D C A
is an ample divisor, we get that these cohomology groups are trivial for
1 < n — 1 by the Kodaira vanishing theorem.

This implies that

e dim H (Op) = dim H(O4) = (}), for 0 <i <n -2,
e dim H" }(Op) = dim |D| + n.

Inserting this information in the long exact sequence (4.1), we see that

1
dimExtéD(le, Op) = §n(n +1) +dim D],
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once we show that
¢: Ext'(0%",0p) — Ext'(Op(—D),0p)

is surjective.
But

Ext' (05", Op) =2 H'(Op)®" = HY(OF") = H'(0,)
and
Ext!(Op(=D),0p) = H" 11 Op)* = H"2(04)* = H*(O,),

where the first and third equality follow from Serre duality.
Composing with these isomorphisms, ¢ becomes

H'(©4) — H*(Oa),

the contraction with the first Chern class of D, an element of H'(A, Qk),
which is represented by a non degenerate alternating form. Hence the sur-
jectivity of ¢ follows. [J

4.1. Surfaces in §; with j <10, i.e., with p, = ¢ <1
Recall the following definition.

DEFINITION 4.3 ([BC12, Definition 0.2-0.3]). A complex projective
manifold X is said to be a diagonal classical Inoue-type manifold if

(1) dim(X) > 2;

(2) there is a finite group G' and a Galois étale G-covering X — X (=
X /@) such that:

(3) X is an ample divisor inside a K (I, 1)-projective manifold Z (hence

~

by Lefschetz m(X) = m(Z) 2 T') and moreover

(4) the action of G on X yields a faithful action on 7 (X) = I': in other
words the exact sequence

1-T2mnX)-mX)—-G—1

gives an injection G — Out(I"), defined by conjugation;
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(5) Z = (A1 x ... x Ay) x (C1 x ... x C) where each A; is an Abelian
variety and each C}, is a curve of genus g(Cy) > 2;

(6) the action of G on X is induced by a diagonal action on Z;

(7) the faithful action on 71 (X) 2 T', induced by conjugation by lifts of
elements of GG, has the Schur property:

(SP) Hom(V;,Vi)¥ =0, Vk#3j,

where V; := A; ® Q, being A; := m1(A;) (it suffices to verify that,
for each Aj, there is a subgroup H; of G for which Hom(V}, V)i =
0,k # 7).

We say instead that X is a diagonal classical Inoue-type variety if we
replace the assumption of smoothness of X by the assumption that X has
canonical singularities.

To fix the notation, let us call a surface S a generalized Burniat type
(GBT) surface of type j if S belongs to the family S; in Tables 3-6.

LEMMA 4.4. Let X; be the canonical model of a GBT surface S; of
type j. Then the embedding X; C A = E| x Ey x E3 realizes Xj as a
diagonal classical Inoue-type variety if and only if 1 < j < 10.

PRroOOF. It is trivial to see that the canonical model of a generalized
Burniat type surface X; = X /G, satisfies conditions (1-6) in Definition
4.3. Hence there remains only to determine which surfaces fulfill the Schur
Property (SP).

To verify the Schur Property one has to find, for each pair j # k €
{1,2,3} an element g € G such that dg being the derivative of g, dg|g; -
dgp, = —1. Let j = 1 and g = (0,1,0,1,1,0,1,1,0) € G1: then dgp, =
—1, dg|g, = dg|g, = 1, while for ¢’ = (0,0,0,0,0,1,1,0,1) € G one has
dg|’E2 = —1 and dg|’E3 = 1. Hence X; satisfies (SP). Considering a suitable
pair of generators of GG;, one can prove in the same way that X; satisfies
(SP) for j =2,...,10.

Consider now the case j = 11 and let g be one of the three generators
of G11 in Table 4. Then dg|p, = dg|g, = —1 and dg|g, = 1; this means that
Hom(Vy, V3)& # 0, hence X1; does not fulfill the Schur property.
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In the same way one can show that S; does not fulfill (SP) for j =
12,...,16. 0

We are now in the position to prove the following result.

THEOREM 4.5. Let S be a smooth projective surface homotopically
equivalent to a GBT surface S; of type j with 1 < j < 10. Then S is
a GBT surface of type j, i.e., contained in the same irreducible family
as Sj.

PROOF. Assume that S is homotopically equivalent to S; (1 < j < 10),
hence in particular S has the same fundamental group as S;. Consider the
étale G = (Z/2Z)%-cover S — S. Then by [BC12, Theorem 0.5] we have a
splitting of the Albanese variety and an Albanese map f: S — Ey x Ey x F3
which is generically finite onto its image W. By loc. cit. Lemma 1.2, G;
acts on F1 X Ey x E3 with the same action as for a GBT surface of type
J. It is now easy to verify that there is no effective G;-invariant divisor of
numerical type (1,1,1) on E; X Ey X E3, hence W has class 2F) +2F; +2F3,
where F; is the class of a fibre of the projection of E; x Es X E3 on the
j-th factor. Therefore f is birational onto its image and one verifies as in
loc. cit. that W has at most rational double points as singularities and is
therefore the canonical model X of S.

CLAIM. W is the pull-back of a Del Pezzo surface in P! x P! x P! for
a suitable degree (Z/2Z)3-covering .

ProOOF OF THE CLAIM. The pull back of a divisor of multidegree
(1,1,1) on P! x P! x P! under any

7' By X By x B3 — P! x P! x P!

is a divisor which has the same class as W: hence the two divisors are
linearly equivalent to a translate of each other. Since the corresponding
linear systems have the same dimension we infer that W is the translate of
such an effective divisor. Changing the origin of the Abelian variety A% we
obtain another action of (Z/27)3 such that W is invariant; the claim is thus

proven.
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We have therefore seen that S is a GBT surface and has the same funda-
mental group as S;j. Thus by our classification S is in the same irreducible
family as S;, whence S is a GBT surface of type j. [

REMARK 4.6. The same conclusion holds under the weaker assump-
tions:

1) m(S) 2 7 (S)) A

2) the corresponding covering S, whose Albanese is a product of 3 elliptic
curves because of the Schur property, satisfies that the image of the Albanese
map has class (2,2, 2).

We can now summarize our results in the following theorem

THEOREM 4.7. The connected component N; of the Gieseker moduli
space MG corresponding to generalized Burnial type surfaces of type j
(1 < j <10) is irreducible, normal and unirational, of dimension 4 if j =1
or 2, else of dimension 3.

PrROOF. We have shown that the Kuranishi family is smooth, hence
the moduli space is normal. By the previous theorem each family of GBT
surfaces with j < 10 surjects onto a connected component of the Gieseker
moduli space: since the family has a rational base (a projective bundle over
a rational variety), follows the assertion about the unirationality. [J

4.2. Surfaces in §; with j = 11,12, having p;, = ¢ =1

Since these surfaces do not fulfill the Schur property, the family con-
structed as (Z/27)3-quotient of a Burniat hypersurface in a product of three
elliptic curves is not complete. We will study these surfaces in greater gen-
erality in Section 5 and Section 6. In fact, it turns out that the families
Si1, S19 yield two irreducible subsets each of codimension one in an irre-
ducible connected component of dimension 4 of the moduli space of surfaces
of general type with p, = ¢ =1, K? = 6.

4.3. Surfaces in §; with j = 13,14, 15, i.e., those with p; = ¢ = 2
We have three families (each of dimension 3, the number of moduli of
the triple of elliptic curves) of GBT surfaces with p; = ¢ = 2. We have
already observed that the embedding Xj c AY = E; x Fy x E5 does not
fulfill the Schur property. In fact, it is not difficult to show that each of
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the three families is a subfamily of a four dimensional irreducibile family,
where the product of the two elliptic curves on which the projection of G
acts freely deforms to an Abelian surface As. In this case the embedding
X j C By x Aj fulfills the Schur property and we can show that we obtain in
this way exactly two irreducible connected components of the moduli space
of surfaces of general type.

We do not give more details here since these surfaces have already been
classified in [PP13].

Observe in fact the following:

PROPOSITION 4.8. Let S be a GBT surface with py(S) = q(S) = 2.
Then S is of Albanese general type and the Albanese map is generically of
degree 2.

PROOF. Assume S to be of type 13 (the proof in the other two cases
is exactly the same) and consider the following diagram:

XCE1XE2XE3 P2 FEy x E3
G13l lpz?)(Gl:s)
S X “— (B3 x E3)/p23(Gi3)

Since pog : X — E5 x E3 is generically finite of degree 2 (as X is a divisor of
multidegree (2,2,2)), and since G13 = pa3(G13), one sees immediately that
a is generically finite of degree 2 and that Alb(S) = (E2 x E3)/p23(Gi3). O

We recall the following result due to Penegini and Polizzi:

THEOREM 4.9 ([PP13, Theorem 31]). Let M be the moduli space of
minimal surfaces S of general type with p, = q = 2, Kg = 6 and Albanese
map of degree 2. Then the following holds:

(i) M is the union of three irreducible connected components, namely

Mia, My and Myy.

(il) My, Mp and M are generically smooth of respective dimensions

45 4, 3.
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(iii) The general surface in My, and My, has ample canonical class; all
surfaces in Myy have ample canonical class.

It is immediately clear that the subset of the moduli space corresponding
to GBT surfaces with p, = ¢ = 2 cannot be contained in My, since it
has dimension 3, while the families 13,14,15 yield irreducible families of
dimension at least four. We have the following

LEMMA 4.10. Let S; be a GBT surface of type j with py = q = 2,
i.e., j € {13,14,15}. Consider the pencil f;: S; — P! = Ey/pr(G;), where
k =1 for S13 and k = 3 for j = 14,15. Then the general fibre of f; is a
smooth curve of genus 5 if j = 13 and of genus 3 if j = 14, 15.

ProoF. Consider the diagram

chEleQXES Pk E;
GJ-N(Z/Q)Sl lpk(Gj)
f,
Sj X; > Ey./pr(G))

Note that the general fibre of py, is a divisor of bidegree (2, 2) in the product
of two elliptic curves, whence has genus 5. Since p1(G13) = (Z/27)3, the
genus of a general fibre of fi3 is 5, whereas p3(Gi4),p3(G1s) = (Z/27)2,
whence the genus of a general fibre of fi4 and fi5 is 3. O

This allows us to conclude the following;:

ProposSITION 4.11.  Let S; be a GBT surface of type j with py = q = 2.
Then the point of the Gieseker moduli space corresponding to Sis lies in
M, whereas the point corresponding to Si4, resp. Sis, lies in Mpp.

In particular, GBT surfaces with p, = q = 2 of type 13 (resp. 14, 15)
form a three dimensional subset of the four dimensional connected compo-

nent Miq (resp. Mpp).

PrOOF. This follows from Lemma 4.10 and [PP13, Proposition 22]. (J

REMARK 4.12. Consider for j = 13 (the same holds also for j = 14, 15)
the irrational pencil f: S13 — F2/p2(Gi3). Observe that Es/p2(Gis) is an
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elliptic curve and that the genus of the fibres of f is 3. This implies that
f is not isotrivial (otherwise it would be contained in the table of [Penll]).
This contradicts Theorem A of [Zuc03].

4.4. Surfaces in Sig, i.e., those with p, = ¢ =3

Minimal surfaces of general type with p, = ¢ = 3 are completely classi-
fied by the work of several authors (cf. [CCML98, Pir02, HP02]).

THEOREM 4.13. A minimal surface of general type with p; = q = 3
has K% =6 or K? =8 and, more precisely:

o if K2 =6, S is the minimal resolution of the symmetric square of a
curve of genus 3;

o otherwise S = (CaxC3)/o, where Cy denotes a curve of genus g and o
s an involution of product type acting on Co as an elliptic involution
(i.e., with elliptic quotient), and on Cs as a fized point free involution.

In particular, the moduli space of minimal surfaces of general type with
pg = q = 3 is the disjoint union of Mg3z3z and Mgg33, which are both
wrreducible of respective dimension 6 and 5.

We get:

PROPOSITION 4.14. Generalized Burniat type surfaces with p; = q = 3
(i.e. of type 16) form a three dimensional subset of the siz dimensional
connected component Mg 3 3.

5. Bagnera-de Franchis Varieties

DEFINITION 5.1. A Generalized Hyperelliptic Variety (GHV) X is de-
fined to be a quotient X = A/G of an Abelian Variety A by a nontrivial
finite group G acting freely, and with the property that G contains no trans-
lations.

Remark that, if G is any group acting freely on A, which is not a sub-
group of the group of translations, then the quotient X = A/G is a GHV.
Because the subgroup Gr of translations in G is a normal subgroup of G,
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and, if we denote G’ = G/Gr, then A/G = A'/G’, where A’ is the Abelian
variety A" := A/Gr.

DEFINITION 5.2. 1) A Bagnera-de Franchis variety (for short: BdF
variety) is a GHV X = A/G such that G = Z/mZ is a cyclic group.

2) A Bagnera-de Franchis variety of product type is a Bagnera-de Fran-
chis variety X = A/G, where A = (41 x Ag), A1, A2 are Abelian Varieties,
and G = Z/mZ is generated by an automorphism of the form

g(a1,a2) = (a1 + B1, az(az)),

where 1 € A;[m] is an element of order exactly m, and similarly ag : Ay —
A is a linear automorphism of order exactly m without 1 as eigenvalue
(these conditions guarantee that the action is free).

3) If moreover all eigenvalues of ag are primitive m-th roots of 1, we
shall say that X = A/G is a primary Bagnera-de Franchis variety.

REMARK 5.3. 1) One can give a similar definition of Bagnera-de Fran-
chis manifolds, requiring only that A, Ay, A2 be complex tori.

2) If A has dimension n = 2, the Bagnera-de Franchis manifolds coincide
with the Generalized Hyperelliptic varieties, due to the classification result
of Bagnera-de Franchis in [BAF08].

We have the following proposition, giving a characterization of Bagnera-
de Franchis varieties.

PROPOSITION 5.4.  Ewvery Bagnera-de Franchis variety X = A/G is the
quotient of a Bagnera-de Franchis variety of product type, (A1 x A2)/G by
any finite subgroup T of (A1 X Ag) which satisfies the following properties:

(1) T is the graph of an isomorphism between two respective subgroups

T1 C Al, Tz C AQ,
(2) (CYQ - Id)T2 = 0,

(3) ifg(a1,a2) = (a1+ 51, a2(az)), then the subgroup of order m generated
by 1 intersects Ty only in {0}.

In particular, we may write X as the quotient X = (A1 x A2)/(G x T) of
Ay X Ay by the Abelian group G x T.

PrOOF. We refer to [Cat14]. O
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5.1. Actions of a finite group on an Abelian variety

Assume that we have the action of a finite group G on a complex torus
A = V/A. Since every holomorphic map between complex tori lifts to a
complex affine map of the respective universal covers, we can attach to
the group G the group of affine transformations I', which consists of all
affine maps of V' which lift transformations of G. Then I fits into an exact
sequence:

l1—A—T —G—1.

The following is a slight improvement of [BC12, Lemma 1.2]:

ProPOSITION 5.5. The group I' determines the real affine type of the
action of T' on V' (respectively: the rational affine type of the action of T’
on A® Q), in particular the above exact sequence determines the action of
G up to real affine isomorphism of A (resp.: rational affine isomorphism of

(A®Q)/A).

PrOOF. It is clear that V = A ®z R as a real vector space, and we
denote by Vg := A ® Q. Let

A/ = ker(aLZ I'— GL(VQ) C GL(V))7
Gy == im(az: T — GL(Vp)).

The group A’ is obviously Abelian, contains A, and maps isomorphically
onto a lattice A’ C V.

In turn V = A’ ®z R, and, if G’ := I'/A’, then G’ = G and the exact
sequence

1 —AN —TI-—G —1,

since we have an embedding G’ C GL(A’), shows that the affine group
I' C Aff(A') € Aff(V) is uniquely determined (I is the inverse image of G’
under Aff(A’) — GL(A')).

There remains only to show that A’ is determined by I' as an abstract
group, independently of the exact sequence we started with. In fact, one
property of A’ is that it is a maximal Abelian subgroup, normal and of finite
index.

Assume that A” has the same property: then their intersection A° :=
AN A" is a normal subgroup of finite index, in particular A’ @7z R = A’ @7
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R = V; hence A" C ker(ar: I' — GL(V)) = A/, where ay, is induced by
conjugation on A°.
By maximality A’ = A”. O

Observe that, in order to obtain the structure of a complex torus on
V/A', we must give a complex structure on V' which makes the action of
G’ = G, complex linear.

In order to study the moduli spaces of the associated complex manifolds,
we introduce therefore a further invariant, called the Hodge type, according
to the following definition.

DEFINITION 5.6. Given a faithful representation G — Aut(A), where
A is a free Abelian group of even rank 2n, a G-Hodge decomposition is a
G-invariant decomposition

ApC=H" o g, g™ = g0,
Write A ® C as the sum of isotypical components
AeC= 69)(EIrr(G) UX'

Write also U, = W, ® M,,, where W, is the given irreducible representation,
and M, is a trivial representation of dimension n,,.

Then V := H'O = @, ) Vi, Where Vi = Wy ® My° and My" is a
subspace of M,. The Hodge type of the decomposition is the datum of the
dimensions

v(x) = dimg¢ M;’O

corresponding to the Hodge summands for non real representations (observe
in fact that one must have: v(x) + v(x) = dim(M,)).

REMARK 5.7. Given a faithful representation G — Aut(A), where A
is a free Abelian group of even rank 2n, all the G-Hodge decompositions
of a fixed Hodge type are parametrized by an open set in a product of
Grassmannians. Since, for a non real irreducible representation y one may
simply choose Mi’o to be a complex subspace of dimension v(x) of M,,
and for M, = (M), one simply chooses a complex subspace M;’O of half

dimension. Then the open condition is just that (since MQ’I = Mi’o) we

want M, = (My") ® (My'"), or, equivalently, M, = (My") @ (M%’O).
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5.2. Bagnera-de Franchis varieties of small dimension

We have shown that a Bagnera-de Franchis variety X = A/G can be
seen as the quotient of one of product type (A; x A2)/G by a finite subgroup
T of A1 x As, satisfying the properties stated in Proposition 5.4.

Dealing with appropriate choices of T' is the easy part, since, as we saw,
the points ¢y of Ty satisfy, by property (2), as(t2) = to.

It suffices then to choose Ty C Ag[*] := ker(ag — Id4,), which is a finite
subgroup of A, and then to pick an isomorphism : To — 177 C Aj, such
that 7 == im(y) N ((81)) = {0}.

We therefore restrict ourselves from now on to Bagnera-de Franchis va-
rieties of product type and we show now how to further reduce to the inves-
tigation of primary Bagnera-de Franchis varieties.

In fact, in the case of a BAF variety of product type, As is a G-module,
hence a module over the group ring

R := R(m) := Z[G] = Z[x]/(z™ — 1).

The ring R is in general far from being an integral domain, since indeed
it can be written as a direct sum of cyclotomic rings, which are the integral
domains defined as Ry := Z[z]/(Py(x)). Here Py(z) is the k-th cyclotomic
polynomial

P)= [ @)

0<j<k, (k,j)=1

where € = exp(27i/k). Then

The following elementary lemma, together with the splitting of the vec-
tor space V as a direct sum of eigenspaces for g, yields a decomposition of
Az as a direct product Ay = @y, A2 of G -invariant Abelian subvarieties
Ay 1, on which g acts with eigenvalues of order precisely k.

LEMMA 5.8. Assume that M is a module over a ring R = ®pRy. Then
there is a unique direct sum decomposition

M:@kMk,

such that
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e M;. is an Ri-module, and

o the R-module structure of M is obtained through the projections R —
Ry.

Proor. We can write the identity in R as a sum of idempotents 1 =
Yiex, where e, is the identity of Ry, and ege; = 0 for j # k.
Then each element w € M can be written as

w=1lw = (Zger)w = Ypepw =: Tpwy.

Hence M, is defined as e, M. [

REMARK 5.9. 1) If we have a primary Bagnera-de Franchis variety,
then Ag is a module over the integral domain R := R, := Z[z|/(Pn(z)).

Since As is a projective R-module, As splits as the direct sum Ay = R"&1
of a free module with an ideal I C R (see [Mil71, Lemmas 1.5 and 1.6]), and
As is indeed free if the class number h(R) = 1. The integers m for which
this occurs are listed in the table on [Was97, page 353].

2) To give a complex structure to Ay := (A2 ®7R) /A9 it suffices to give
a decomposition A, ®7C = V @V, such that the action of x is holomorphic.
This is equivalent to asking that V is a direct sum of eigenspaces V), for
A = ¢ a primitive m-th root of unity.

Writing U := Ay ®7C = @U,, the desired decomposition is obtained by
choosing, for each eigenvalue A, a decomposition Uy = U i YaU ;\)’1 such that

Uy =2t

The simplest case (see [CC93] for more details) is the one where I =
0,7 = 1, hence dim(Uy) = 1. Therefore we have only a finite number of
complex structures, depending on the choice of the @ indices j such that

Uj = Uslj’O (here p(m) is the Euler function).

Observe that the classification of BAF varieties in small dimension is
possible thanks to the observation that the Z-rank of R (or of any ideal
I C R) cannot exceed the real dimension of Ay: in other words we have

p(m) < 2(n - 1),

where ¢(m) is the Euler function, which is multiplicative for relatively prime
numbers, and satisfies ¢(p") = (p — 1)p" 1, if p is a prime number.
For instance, if n < 3, then ¢(m) < 4. Observe that p(p") < 4 iff
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ep=3 bandr=1,or
e p=21r<3.
Hence, for n < 3, the only possibilities for m are
e o(m)=1: m=2;
o p(m)=2: m=3,4,6;
o p(m)=4: m=>5,8,10,12.

The classification is then also made easier by the fact that, in the above
range for m, R, is a P.I.D., hence every torsion free module is free. In
particular As is a free R-module.

The classification for n = 4, since we must have ¢(m) < 6, is going to
include also the case m = 7,9.

We state now a result which will be useful in Section 6.

PrOPOSITION 5.10. The Albanese variety of a Bagnera-de Franchis va-
riety X = A/G is the quotient A1/(Th + ((61))).

PROOF. Observe that the Albanese variety HY(Q%)Y/im(H1(X,Z))
of X = A/G is a quotient of the vector space Vi by the image of the
fundamental group of X (actually of its abelianization, the first homology
group Hi(X,Z)): since the dual of Vj is the space of G-invariant forms on
A, HOQY)C = HO(Q).

We also observe that there is a well defined map X — Ay /(T1 + ((f1))),
since 11 is the first projection of 7. The image of the fundamental group
of X contains the image of A, which is precisely the extension of A; by the
image of T', namely 77. Since we have the exact sequence

1l —A=m(4) —mX) —G—1

the image of the fundamental group of X is generated by the image of A
and by the image of the transformation g, which however acts on A; by
translation by £, = [b1]. O

REMARK 5.11. Unlike the case of complex dimension n = 2, there
are Bagnera-de Franchis varieties X = A/G with trivial canonical divisor,
for instance an elementary example is given by any BdF variety which is
standard (i.e., has m = 2) and is such that As has even dimension.
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5.3. Line bundles on quotients and linearizations
Recall the following well known result (see Mumford’s books [Mum?70],
[Mum65]).

PROPOSITION 5.12. Let Y = X/G be a quotient algebraic variety and
let p: X — Y be the quotient map. Then:

(1) there is a functor between

o line bundles L on'Y and

o G-linearized line bundles L,
associating to L' its pull back p*(L').

(2) The functor L — p.(L)C is a right inverse to the previous one, and
p« (L)€ is invertible if the action is free, or if Y is smooth.

(3) Given a line bundle L on X, it admits a G-linearization if and only
if there is a Cartier divisor D on X, which is G-invariant and such

that L= Ox (D) = {f € C(X)|div(f) + D > 0}.

(4) A necessary condition for the existence of a G-linearization on a line

bundle L on X is that

(5.1) Vge G, g"(L) = L.

If condition (5.1) holds for (L,G), one defines the Theta group of L as:
O(L,G) :={(v,9)lg € G, ¥ :g"(L) — L is an isomorphism},

and there is an exact sequence

(5.2) 1—C"—0L,G —G—1.

o The splittings of the above sequence correspond to the G-linearizations

of L.

e If the sequence splits, the linearizations are a principal homogeneous
space over the dual group Hom(G,C*) =: G* of G (namely, each lin-
earization is obtained from a fixed one by multiplying with an arbitrary
element in Hom(G,C*) =: G*).
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Thus, the question of the existence of a G-linearization on a line bundle
L is reduced to the algebraic question of the splitting of the central exten-
sion (5.2) given by the Theta group. This question is addressed by group
cohomology theory, as follows (for details see [Jac80]).

COROLLARY 5.13.  Let L be an invertible sheaf on X, whose class in
Pic(X) is G-invariant. Then there exists a G-linearization of L if and only
if the extension class [1)] € H%(G,C*) of the evact sequence (5.2) induced
by the Theta group ©(G, L) is trivial.

The group H?(G,C*) is the group of Schur multipliers (see again [Jac80,
page 369)).

Schur multipliers occur naturally when we have a projective representa-
tion of a group G. Since, if we have a homomorphism ¢: G — P GL(r,C),
we can pull back the central extension

11— C" — GL(r,C) — PGL(r,C) — 1
via ¢, we obtain an exact sequence
1—C"—G—G—1,

and the extension class [¢] € H?(G,C*) is the obstruction to lifting the
projective representation to a linear representation G — GL(r, C).

It is an important remark that, if the group G is finite, and n = ord(G),
then the cocycles take values in the group of roots of unity u, := {z €
C*|z" = 1}.

REMARK 5.14. 1) Let E be an elliptic curve with origin O, and let G
be the group of 2-torsion points G := E[2] & (Z/27)?, acting by translations
on E. The divisor class of 20 is never represented by a G-invariant divisor,
since all the G-orbits consist of 4 points, and the degree of 20 is not divisible
by 4. Hence, £ := Og(20) does not admit a G-linearization. However, we
have a projective representation on P! = P(H°(Og(20))), where each non
zero element 1y of the group fixes 2 divisors: the sum of the two points
corresponding to =%+, and its translate by another element 1y € E[2].

The two group generators yield two linear transformations, which act
on V := HY(Og(20)) = Czo & Cx; as follows:

m(zo) = z1, m(v1) =z, M2(x5) = (—1) ;.
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The linear group generated is however Dy # G, since

mmn2(xo) = 1, mnz(x1) = —o.

2) The previous example is indeed a special case of the Heisenberg exten-
sion, and V generalizes to the Stone-von Neumann representation associated
to an Abelian group G.

This is simply the space V := L?(G, C) of square integrable functions
on G (see [Igu72],[Mum?70]):

e G acts on V := L?(G, C) by translation f(z)— f(xz — g),

e G* acts on V' by multiplication with the given character f(z) — f(z)-
x(x), and

e the commutator [g, x] acts on V' by the scalar multiplication with the
constant x(g).

The Heisenberg group is the group of automorphisms of V' generated by
G, G* and by C* acting by scalar multiplication. Then there is a central
extension

1 — C* — Heis(G) — G x G* — 1,

whose class in H2(G x G*,C*) is given by the C*-valued bilinear form
B: (9:%) — x(9) € AX(Hom(G x G*,C7)) € HA(G x G*,C7).

The relation with Abelian varieties A = V/A is through the Theta group
associated to an ample divisor L.

In fact, by the theorem of Frobenius the alternating form c¢;(L) €
H?(A,Z) = A?(Hom(A,Z)) admits, in a suitable basis of A, the normal
form

(5.3) D= (_%, 13) ,

where D' := diag(di,ds,...,dg), di | da | -+ | dg.

If one sets G := Z9/D'Z9, then L is invariant under GXxG* =2 GxG C A,
acting by translation, and the Theta group of L is just isomorphic to the
Heisenberg group Heis(G).
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The nice part of the story is the following very useful result, which was
used by Atiyah in the case of elliptic curves to study vector bundles on these
(cf. [Ati57]). We give a proof even if the result is well known.

ProPOSITION 5.15. Let G be a finite Abelian group, and let V :=
L?(G,C) be the Stone-von Neumann representation. Then V ® VV is a
representation of G x G* and splits as the direct sum of all the characters

of G x G*.

PROOF. Since the centre C* of the Heisenberg group Heis(G) acts triv-
ially on V®@VV, we have that V@V is a representation of G x G*. Observe
that G x G* is equal to its group of characters, and its cardinality equals
the dimension of V' ® V'V, hence it suffices (and it will also be useful for
applications) to write for each character of G x G* an explicit eigenvector.

We shall use the letters g, h, k for elements of G, and the greek let-
ters x,n,& for elements in the dual group. Observe that V has two bases,
one given by {g € G}, and the other given by the characters {x € G*}.
The Fourier transform F yields an isomorphism of the vector spaces V :=

L*(G,C) and W := L?(G*,C):

F(f) = f, f) = / F(9)(x%9) da.

The action of h € G on V sends f(g) — f(g—h), hence for the characteristic
functions in C[G], h € G acts as g — g+ h. Instead n € G* sends f — f -,
hence x — x + 7. Note that we use the additive notation also for the group
of characters.

Restricting V' to the finite Heisenberg group, which is a central extension
of G x G* by i, we get a unitary representation, hence we identify V'V with
V. Then a basis of V ® V is given by the set {g ® Y}.

Given a vector w =} agy(9®X) € V ®V, then the action by h € G
is given by

h(w) = Z(Xa h)ag—nx(9 @ X),
9:X

while the action by n € G* is given by

n(w) = Z(n, 9)ag,x—n(9 ®X)-

9,X
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Hence one verifies right away that

Frei=) (x—&9—-k)(g®X)

9:X

is an eigenvector with character (¢, h)(n, k) for (h,n) € (G x G*). O
6. A Surface in a Bagnera-de Franchis Threefold

Let A; be an elliptic curve, and let Ay be an Abelian surface together
with a line bundle Ly yielding a polarization of type (1,2).

Take on A; the line bundle L1 = O4,(20), and let L be the line bundle
on A’ := A x Ay, obtained as the exterior tensor product of L; and Lo, so
that

HY(A',L) = H°(A;,L1) @ H(Ay, Ly).

Moreover, we choose the origin in A, such that the space of sections
H°(A,, Ly) consists only of even sections (hence, we shall no longer be free
to further change the origin by an arbitrary translation).

We want to construct a Bagnera-de Franchis variety X := A/G, where

o A= (A1 xAy)/T, and G =T = Z/2Z, such that

e there is a G x T invariant divisor D € |L|, whence we get a surface
S=D/(T xG) C X, with K% = 1K?% = 1D3 =6.

Write as usual A; = C/Z @ Zr, and let Ay = C?/A,. Suppose moreover,
that A1, Ao, A3, A4 is a basis of Ao such that with respect to this basis the
Chern class of Lo is in Frobenius normal form. Let then G = (g) = Z/2Z
act on Ay x Ay by

A
(6.1) g(ai,as) = <a1 + %, —ag + ;) ,

and define T := (Z/2Z)(3, ’\—24)

Now, G x T surjects onto the group of two torsion points A;|[2] of the
elliptic curve, and also on the subgroup (Z/27)(\2/2)B(Z/2)(M\s/2) C A3[2].
Moreover, both HO(Al,Ll) and HO(AQ,LQ) are the Stone-von Neumann
representation of the finite Heisenberg group of G, which is a central Z/27Z

extension of G x T
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By Proposition 5.15, since in this case V =2 V (the only roots of unity
occurring are just £1), we conclude that there are exactly 4 divisors in |L],
invariant by:

e (ay,a2) — (a1, —asg) (since the sections of Lo are even),

o (a1,02) = (a1 + 3,00+ %), and

4 (CLl,GQ) = (a/l + %,GQ + %)

Hence these four divisors descend to give four surfaces S; C X, ¢ €
{1,2,3,4}.

THEOREM 6.1. Let S be a minimal surface of general type with invari-
ants K% =6, py(S) = q(S) =1 such that

o there exists an unramified double cover S — S with q(S) = 3, and
such that

e the Albanese morphism é&: S — A = Alb(S) is birational onto its
image Z, a divisor in A with Z3 = 12.

1) Then the canonical model ofS’ s 1somorphic to Z, and the canonical
model of S is isomorphic toY = Z/(Z/27Z), which is a divisor in a Bagnera-
de Franchis threefold X := A/G, where A = (A1 x A2)/T, G =T = 7/2Z,
and where the action is as in (6.1).

2) These surfaces exist, have an irreducible four dimensional moduli
space, and their Albanese map a: S — Ay = A1/A1[2] has general fibre a
non hyperelliptic curve of genus g = 3.

PROOF. By assumption the Albanese map &: S — A is birational onto
Z, and we have K; =12 = K%, since Oz(Z) is the dualizing sheaf of Z.

We shall argue similarly to [BC12, Step 4 of Theorem 0.5, page 31].
Denote by W the canonical model of S, and observe that by adjunction (see
loc. cit.) we have Ky = &*(Kz) — 2, where  is an effective Q-Cartier
divisor.

We observe now that Kz and Ky are ample, hence we have an inequal-

ity,
12 = Ky = (a7 (Kz) = A)* = K7 — (a"(Kz) - %) — (Kw - %) > K7 = 12,
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and since both terms are equal to 12, we conclude that 2 = 0, which means
that Kz pulls back to Ky, whence W is isomorphic to Z. We have a
covering involution ¢: S — §, such that S = S/i. Since the action of Z/27Z
is free on S, Z /27 also acts freely on Z.

Since Z3 = 12, Z is a divisor of type (1,1,2) in A. The covering involu-
tion ¢: § — § can be lifted to an involution g of A, which we write as an
affine transformation g(a) = aa + .

We have now Abelian subvarieties A; = ker(a — Id), A2 = ker(a + Id),
and since the irregularity of S equals 1, A; has dimension 1, and As has
dimension 2.

We observe preliminarly that g is fixed point free: since otherwise the
fixed point locus would be non empty of dimension one (as there is ex-
actly one eigenvalue equal to 1), so it would intersect the ample divisor Z,
contradicting that ¢: Z — Z acts freely.

Therefore, Y = Z/1 is a divisor in the Bagnera-de Franchis threefold
X = A/G, where G is the group of order two generated by g.

We can then write the Abelian threefold A as (A; X Ag)/T, and since
B1 ¢ T (cf. Proposition 5.4) we have only two possible cases:

0) T=0, or
1) T =7/27.

We further observe that, since the divisor Z is g-invariant, its polarization
is o invariant, in particular its Chern class ¢ € A%2(Hom(A,Z)), where A =
V/A. Since T'= A/(A1 & A2), ¢ pulls back to

d € A2(Hom(A1 @ A, Z)) = A2(AY) @ A2(AY) @ (AY) ® (AY),

and by invariance ¢ = (¢} @ ) € A2(AY) ® A%2(AY). So Case 0) bifurcates
in the following cases:

0-I) ¢} is of type (1), ¢ is of type (1,2);
0-IT) ¢ is of type (2), ¢} is of type (1,1).

Both cases can be discarded, since they lead to the same contradiction.
Setting D := Z, then D is the divisor of zeros on A = A; x As of a section
of a line bundle L which is an exterior tensor product of L and Lo. Since

HY(A,L) = HY(Ay, L)) ® H (A, Ly),
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and H°(Aj1, L) has dimension one in case 0-I), while H°(As, Ls) has di-
mension one in case 0-1I), we conclude that D is a reducible divisor, a
contradiction, since D is smooth and connected.

In case 1), we denote A’ := A; x Ag, and we let D be the inverse image
of Z inside A’. Again D is smooth and connected, since 71 (S) surjects onto
A. Now D? = 24, so the Pfaffian of ¢/ equals 4, and there are a priori several

possibilities:
1-I) ¢} is of type (1);
1-1I) ¢ is of type (1,1);
1-IIT) €] is of type (2), ¢ is of type (1,2).

The cases 1-I) and 1-II) can be excluded as case 0), since D would then be
reducible.

We are then left only with case 1-III), and we may, without loss of
generality, assume that H°(Ay, L1) = HY(A1, 04, (20)). Moreover, we have
already assumed that we have chosen the origin so that all the sections of
HO(As, Ly) are even.

We have A = A'/T, and we may write the generator of T' as t; @ t2, and
write g(a1 @ ag) = (a1 +061) @ (az — (2).

By the description of Bagnera-de Franchis varieties (cf. Proposition 5.4)
we have that t; and (; are a basis of the group of 2 torsion points of the
elliptic curve A;.

Since all sections of Lo are even, the divisor D is G x T-invariant if and
only if it is invariant under 7" and under translation by J.

This condition however implies that translation of Lo by (s is isomor-
phic to Lo, and similarly for to. It follows that (2,t2 form a basis of
Ky := ker(¢r,: A2 — Pic%(A43)), where ¢(y) = t,Ly ® L7*. The iso-
morphism of G x T with both K; := A;[2] and K3 allows to identify
both H°(Ay, L1) and H°(As, L) with the Stone-von Neumann represen-
tation L?(T,C): observe in fact that there is only one alternating function
(G xT) — Z/2Z, independent of the chosen basis.

Therefore, there are exactly 4 invariant divisors in the linear system |L|.
Explicitly, if H°(Ay, L1) has basis xg,z1 and H"(As, L2) has basis o, y1,
then the invariant divisors correspond to the four eigenvectors

ToYo + T1Y1, ToYo — T1Y1, ToYir+ 1Yo, ToYr — T1Yo-
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To prove irreducibility of the above family of surfaces, it suffices to show
that all the four invariant divisors occur in the same connected family.

To this purpose, we just observe that the monodromy of the family of
elliptic curves E; := C/(Z @& Z7) on the upper half plane has the effect
that a transformation in SL(2,Z) acts on the subgroup E;[2] of points of
2-torsion by its image matrix in GL(2,Z/27Z), and in turn the effect on the
Stone-von Neumann representation is the one of twisting it by a character
of E-[2].

This concludes the proof that the moduli space is irreducible of dimen-
sion 4, since the moduli space of elliptic curves, respectively the moduli
space of Abelian surfaces with a polarization of type (1,2), are irreducible,
of respective dimensions 1, 3.

The final assertion is a consequence of the fact that Alb(S) = A, /(Th +
((61))), so that the fibres of the Albanese map are just divisors in Ay of
type (1,2). Their self intersection equals 4 = 2(g — 1), hence g = 3.

In order to establish that the general curve is non hyperelliptic, it suffices
to prove the following lemma.

LEMMA 6.2. Let Ay be an Abelian surface, endowed with a divisor L
of type (1,2), so that there is an isogeny of degree two f: Ay — A’ onto a
principally polarised Abelian surface, and L = f*(©). Then the only curves
C € |L| which are hyperelliptic are contained in the pull backs of a translate
of © by a point of order 2 for a suitable such isogeny f': Ay — A”. In
particular, the general curve C' € |L| is not hyperelliptic.

ProOF. Note that A" is the quotient of A by an involution, given by
translation with a two torsion element ¢t € A[2]. Let C' € |L|, and consider
D := f.(C) € |20|. There are two cases:

I) C+t=Ch
) C+t+C.

In case I) D = 2B, where B has genus 2, so that C' = f*(B), hence, since
2B = 20, B is a translate of © by a point of order 2. There are exactly two
such curves, and for them C' — B is étale.

In case II) the map C' — D is birational, f*(D) = C U (C +t). Now,
C +t is also linearly equivalent to L, hence C' and C' + t intersect in the 4
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base points of the pencil |L|. Hence D has two double points and geometric
genus equal to 3. These double points are the intersection points of © and
a translate of © by a point of order 2, and are points of 2-torsion.

The sections of H%(O4/(20)) are all even and |20 is the pull-back of the
space of hyperplane sections of the Kummer surface K C P3, the quotient
K=A/{£1}.

Therefore, the image E’ of each such curve D lies in the pencil of planes
through 2 nodes of K.

E'’ is a plane quartic, hence E’ has geometric genus 1, and we conclude
that C' admits an involution ¢ with quotient an elliptic curve £ (normal-
ization of E'), and the double cover is branched in 4 points.

Assume that C' is hyperelliptic, and denote by h the hyperelliptic invo-
lution, which lies in the centre of Aut(C). Hence we have (Z/2Z)? acting on
C, with quotient P!. We easily see that there are exactly six branch points,
two being the branch points of C/h — P!, four being the branch points of
E — P!, It follows that there is an étale quotient C' — B , where B is the
genus 2 curve, double cover of P! branched on the six points.

Now, the inclusion C' C A and the degree 2 map C' — B induce a
degree two isogeny A2 — J(B), and C' is the pull back of the Theta divisor
of J(B), thus it cannot be a general curve. [

This ends the proof of Theorem 6.1. [J
We shall give the surfaces of Theorem 6.1 a name.

DEFINITION 6.3. A minimal surface S of general type with invariants
K% =6, py(S) = q(S) =1 such that

e there exists an unramified double cover S — § with ¢(S) = 3, and
such that

e the Albanese morphism @: § — A = Alb(S) is birational onto its
image Z, a divisor in A with Z3 = 12,

is called a Sicilian surface with q(S) = py(S) = 1.

REMARK 6.4. We have seen that the canonical model of a Sicilian sur-
face S is an ample divisor in a Bagnera-de Franchis threefold X = A/G,
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where G = (g) = Z/27Z. Hence the fundamental group of S is isomorphic
to the fundamental group I' of X. Moreover, I fits into the exact sequence

l1—A—T —G=2Z/2Z — 1,

and is generated by the union of the set {g,t} with the set of translations
by the elements of a basis A1, A2, Az, A4 of As, where

A
g(v1 Buva) = (Ul + %) ©® <—U2 + ?2>

1 A4
t(vy ®wvy) = U1+§ & Uz—i-? .

I' is therefore a semidirect product of Z° = Ay @ Zt with the infinite
cyclic group generated by ¢: conjugation by g acts as —1 on As, and it
sends t — t — Ay (hence 2t — \; is an eigenvector for the eigenvalue 1).

We shall now give a topological characterization of Sicilian surfaces with
q = pg = 1, following the lines of [BC12].

Observe in this respect that X is a K (T, 1)-space, so that its cohomology
and homology are just group cohomology, respectively homology, of the
group I.

COROLLARY 6.5. A Sicilian surface S with q(S) = py(S) =1 is char-
acterized by the following properties:

(1) K5 =6,

(2) x(5) =1,

(3) m(S) =T, where I' is as above,

(4) the classifying map f: S — X, where X is the Bagnera-de Fran-

chis threefold which is a classifying space for I', has the property that
f+«[S] =: B satisfies B> = 6.

In particular, any surface homotopically equivalent to a Sicilian surface is
a Sicilian surface, and we get a connected component of the moduli space
of surfaces of general type which is stable under the action of the absolute

Galois group Gal(Q, Q).
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PROOF. Since m(S) = T, first of all ¢(S) = 1, hence also py(S) = 1.
By the same token there is a double étale cover S — S such that q(g ) =3,
and the Albanese image of S , counted with multiplicity, is the inverse image
of B, therefore Z3 = 12. From this, it follows that S — Zis birational,
since the class of Z is indivisible.

We may now apply the previous Theorem 6.1 in order to obtain the
classification.

Observe finally that the condition (d*g )3 = 12 is not only a topological
condition, it is also invariant under Gal(Q, Q). O

7. Proof of the Main Theorems

We conclude in this last short section the proofs of Main Theorem 1 and
Main Theorem 2.

PROOF OF MAIN THEOREM 1. Statements 1), 2) and 3) summarize
the contents of Proposition 3.4 and Theorem 3.6.

4) We observe preliminarly that our fundamental groups are virtually
Abelian of rank 6 (i.e., they have a normal subgroup of finite index =
Z5). By the results of [BCGP12], the fundamental group of (the minimal
resolution of ) a product-quotient surface has a finite index normal subgroup
which is the product of at most two fundamental groups of curves. Therefore
if it is virtually Abelian it has rank 2 or 4.

This argument excludes rightaway that our fundamental groups may be
isomorphic to the fundamental groups of some product-quotient surfaces.

The only remaining case for p; = 0 is the Kulikov surface, whose first
homology group has 3-torsion.!

The known surfaces with p; = ¢ = 1 and K 2 = 6 are either product-
quotient surfaces (cf. [Pol09]) or mixed quasi-étale surfaces, which are con-
structed in [FP15]. Comparing Table 2 from loc. cit with our Table 4, we
see that they have different homology groups from ours.

5) is proved in Theorem 4.7. [J

PROOF OF MAIN THEOREM 2. The assertions 1) and 2) are contained
in Theorem 6.1.

'Disclaimer: the fundamental group of the Inoue surface with p, = 0, K* = 6 has
not yet been calculated and we do not claim it is different from ours.
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4) is contained in Corollary 6.5.

3) Observe that in cases S11 and Sjo of Table 4 there is a subgroup
H = (Z/2Z)? acting by translations on E; x Ey x F3. Denote by S the
quotient of the Burniat hypersurface by H. Then S is an étale double cover
of the GBT S, which satisfies the defining property of Sicilian surfaces.

There remains to show that the other GBT surfaces (with p, = ¢ = 1)
are not Sicilian surfaces. This is now obvious since they have fundamental
groups non-isomorphic to 71(S11), where Sj; belongs to the family S;1. O
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