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A Limat Theorem on Maximum Value of Hedging with

a Homogeneous Filtered Value Measure*

By Yuji UMEZAWA

Abstract. We study a hedging problem for an European contin-
gent claim in a certain incomplete market model by using a homoge-
neous filtered value measure. We consider the minimal hedging risk
in discrete time model and its continuous limit. As a result, we show
that this limit is described by the unique viscosity solution of a kind
of Hamilton-Jacobi-Bellman equation.

1. Introduction

The problem of hedging the risk of contingent claims in incomplete mar-
kets is important in financial mathematics. While it is still possible to stay
on the safe side by using the classical superhedging strategy, the cost is
often too high and one cannot actually do such hedging in many practical
situations. In such situations, one of the most adequate way is to hedge the
exposure from these claims in a way that the resulting risk remains within
the prescribed limits. That is, one tries to compose the hedging strategies
by using available assets in order to minimize the hedging error which is
measured by some risk measure.

One of the right way to measure such risk is to use coherent risk mea-
sures, or more general convex risk measures. The concept of coherent risk
measure is proposed by Artzner et al.[1], to assess the risk of such finan-
cial positions by an axiomatic approach. Follmer and Schied[14] defined
the class of convex risk measures by relaxing the axiom of homogeneity.
Cheridito et al.[6] introduced coherent/convex risk measures for stochastic
processes. Many authors such as Artzner et al.[2], Detlefsen, Scandolo[13],
and Kusuoka, Morimoto[16] introduced the concept of dynamic risk mea-
sure in discrete settings. Delbaen[12] proposed the concept of dynamic risk
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measure in a continuous setting. On hedging by using coherent or convex
risk measures, many authors such as Barrieu and El Karoui[4][5], Cherny
and Madan[9], Nakano[18]|, Roorda[19], and Umezawa[21] studied hedging
strategies by using a coherent /convex risk measure in single-period settings.
Recently, Cherny|8] gives results in discrete multi-period setting.

In this paper, we study a hedging for an European contingent claim
by using a homogeneous filtered value measure in a multi-period setting.
We first consider the minimizing problem of hedging risk in discrete multi-
period time market model. The discussion of this part is similar to that
of Cherny[8]. Next we consider its continuous limit. As a result, we prove
that this limit is describe by the unique viscosity solution of some Hamilton-
Jacobi-Bellman equation.

The structure of this paper is as follows. In the rest of this section, we
introduce the notion of homogeneous filtered value measure[16], and state
the claim of our main theorem. In Section 2, we consider a discrete time
model and show a kind of Bellman’s principle. In Section 4, we give the
proof of our main theorem. In Appendix, we give a brief introduction and
results on the theory of viscosity solution.

1.1. Definition

Let £ be the set of all probability measures on the Borel space (R, B(R)),
L the set of v € £ which satisfies v(R \ [-M, M]) = 0 for some M > 0,
and M the set of all probability measures on ([0, 1], B[0, 1]). For v € L, we
denote the distribution function of v by F,, i.e., F,(z) = v((—o0,z]), =z €
R. We define Z : [0,1) x £ — R by Z(z,v) = inf{z; F,(z) > z}, = €
[0,1), v € L. For a € (0,1], We define n, : L2 — R by

(1) Na(V) = a_l/ Z(x,v)dx, ve L™,
0
and ng : L> — R by
(2) no(v) = inf{z € R | v((—o0,2]) > 0}, veLl™.

DEFINITION 1.1. We say that the mapping n : L% — R is a mild value
measure if there exists a subset My C M such that

1
n(v) = inf / Na(v)m(da), v e L.
meMo Jo
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DeFINITION 1.2. Let n : £L* — R be a mild value measure and
(Q, F, P) a standard probability space.
(1) For any X € L*(Q,F, P) and any sub o-algebra G C F, we define a
G-measurable random variable n(X|G) by n(X|G) = n(P(X € dx|G)), where
P(X € dz|G) is a regular conditional probability law of X given a sub o-
algebra G.
(2) For any X € L*>°(Q2, F, P) and a filtration {F}}}_, we inductively define
a {Fy}-adapted process {Uy}}_, by

U = n(X|Fn),
(3) Uk,1 = H(Uku:k,l), k:n,n—l,...,l.

We call Ug, £ =0,1,... ,n a homogeneous filtered value measure for X €
L at k. Also we denote Uy by n(X[{Fr}i_)-

The basic properties of a mild value measure and a homogeneous filtered
value measure are shown in [16].

1.2. Main theorem

Let Z = {21, 29,...,2v} C RM, equipped with the discrete topology,
and B(Z) the Borel algebra with respect to this. We consider a probability
P on (2,B(2)) define by P[{z;}] =p;, j=1,2,...,N, where p; >0, j =
1,2,...,N and z;v:lpj = 1. Also we consider M-dimensional random
variables Z and Y™, n € N on (Z,B(2)) defined by

(4) Z(2) = (Z1(2), Z2(2), ..., Zp(2)) = 2, z € Z,
Y (2) = (M (2), 1" (), ... P (2),
(5) }A/i(n)(z) = exp(ZAi(z)\/g—F bi%), i=1,2,...,M, neN,

where b;, ¢ = 1,2,... ,M and T are positive numbers. We denote by P
the set of all probability measures on (Z,B(Z)). We identify P as the
hyperplane {(Qb(h»--- 7qN>’ q; > 07 .7 = 1721"' >N7 Zjvzl(b = 1} on
RY.

Let (Q2, F, P) be the direct product probability space of countably infi-

nite copies of (Z,B(Z), P). We consider M-dimensional random variables
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Zyand Y, = (v, ..., Y[}, k,n € Non (Q,F) defined by
(6) Zi(w) = Z(wp),
(7) v (w) = V0 (),

where w = (w1, ws, ...) € Q. We give a filtration {F}r=0,1,2,.. on (£, F) by

o(0,9),
(8) Fo=0(Z1,Z2,...,2), k=1,2,....

Note that the process (Y.(n)) is {Fj}-adapted, and Yk(n), kE=1,2,...1s
independent of F;, [ =1,2,...,k—1 for each n € N. We denote by P the
set of all probability measures which is absolutely continuous with respect
to P.

We consider an {F} }-adapted M-dimensional process {S ’gn)} k=12, n for
each n € N defined by

= LS S, ke
(9> Zk: ZOH Zl 7 Z ,M
where Sy = (S1,0,520,.--,5Mm0) € (0,00 is a constant vector. Slgn) is

interpreted as the price vector of M risky assets at time k. We call a {Fy }-
predictable M dimensional process & = (§k)r=12... a self-financing strategy,
and denote by 8.7-' the set of all self-financing strategy. Then we define a
random variable V (v €) forv >0, and £ € SF by VO( (v,§) =v and

k

(10) Vi) = v+ & (5™ - 5.

=1

Vk(") (v, &) represents the discount value of self-financing portfolio (v,§) at
time k.
Hereafter we use the following type of mild value measure:

1
(11) n(v) = /0 na(V)u(da), v e L®, pe M,
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and fix it. We define Q by

Q={QeP EQ[X] >0, for all random variables X on (Z,B(Z))
such that n(v¢) > 0 holds.},

where v is the probability distribution on X.
Let C([0,00)M : R) be the set of functions ¢ : [0,00)™ — R such that

l9(2) = g(2)| < Kl —a'|, z,2" € [0,00)",
(12) l9(2)| < K(1+[]*™), € [0,00)",

hold for some K > 0, m € N. Take f € C([0,00)™ : R) and fix it.
We assume the following in what follows.

AssumMPTION 1.3. M+ 1< N.

REMARK. This assumption indicates that the market model which we
consider here is incomplete.

ASSUMPTION 1.4. the set QN ﬂf‘il{Q cP | EQ[Z] = 0} contains at
least one inner point, where we consider the relative topology of the usual
topology on RY to the hyperplane P.

Let us define I' € RM*M hy
I'={y=(u)ii=12..m | vier = E9(Z:Zy],

M
for some Q € QN H{Q eP | E9Z]=0}.)
i=1
Note that v € I' is nonnegative definite. Also we can easily see that I" is
compact with respect to the usual topology on RM*M
Our main theorem is the following.

THEOREM 1.5. We have lim, . Supgesr 77(Vn(n)(v,§) + f(Sy(Ln))|
{Fe}i_y) = v+ U(0,Sp), where U : [0,T] x [0,00)™ — R is the unique
viscosity solution of the following Hamilton-Jacobi-Bellman equation:

M
ou 1 02U

v inf Vi Tilit o =
ot +'Y:('Yi1i1’1)i,i/€F Z 2 T 0y

i,i'=1

(13) U(T,z) = f(z), z¢€[0,00)M,
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satisfying U(t,-) € C([0,00)M : R) for each t € [0,T].
We give a proof of Theorem 1.5 in Section 4.

Ezxample 1.6. We consider the case where M = 1,N = 3, and n =
Nas @ € (0,1). We also assume that EP[Z] = Z?:l pjz; = 0. In this case,
we have Q = {Q € P | gj = QZ = 2] <pj/a, j=1,2,3}.

We see that the condition “ Q € ON{Q € P | EQ[Z] =0} 7 is equivalent
to the following;:

o _ A z3 21 — 23 . ~ z2 21 — 22
@ €lgq, G=- - q1, ¢3= + q1,
22 — 23 22 — 23 22 — 23 22 — 23
where
—az3 —pa(za — 2 —z
g=0V 3 — P2(22 — 23) Vv 2
= a(z) — z3) 21 — 29
g=PL, =B, 0% + p3(z2 — 23)
o oz — 23 a(z1 — 22)

Also we have I = [q(z1 — 22) (21 — 23) — 2223, (21 — 22)(21 — 23) — 2223]. We

can easily see that ¢ <g. Hence Assumption 1.4 holds.
2. Discrete model

Throughout this paper, we use the following notation:
(14) zy = (21y1, T2Y2, - . ., earynr) € RM,

for x = (z1,22,... ,20), ¥y = (y1,92,-.. ,yn) € RM.

We consider some maximization problem on hedging with a homoge-
neous filtered value measure in a discrete time market model. The fol-
lowing setting is parallel to that of Section 1. Let (Q,F,P) be a stan-
dard probability space with a filtration {Fj}r=01,.n. Also, let be Y, =
Yig, -y Yarr), k=1,2,...,nbeidentically distributed M-dimensional
random variables such that Yj is {Fj}-measurable and independent of
Fi, 1 =1,2,...,k—1. We assume that Y;;(w) >0, we Q Y =

min  ess.inf Y;j(w) > 0,and Y = max ess.sup Y;1(w) < co. We de-
i=1,2,..., w ’ i=12,.,M ’

note by P the set of all probability measures on (€2, F) which are absolutely
continuous with respect to P.
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We define M dimensional {F}}-adapted process {Si}r=12.. n by

Sk? = (Sl,ka 82,/{:7 ceey SM,k:);
k
(15) Sz‘,kZSz',OHY;,l, 1=1,2,... M,
=1
where Sy = (S1,0, 5920, - -- ,Sar0) € (0,00)M is a constant vector.

We call an M dimensional {F},}-predictable process £ = (&)g=12,.. a
self-financing strategy, and denote by SF the set of all self-financing strat-
egy. Then we define a random variable Vi (v, &) for v € (0,00), £ € SF by

k
Vo(v,€) = v and Vi(v,6) =v+ Y &+ (S — Si1), k€N,
=1
As in section 1, we use the following type of mild value measure:

1
(16) 00) = [ maw)ntda), v e L%, we M
0
and fix it. Let ®, : [0,1] — [0,1], u# € M be a mapping defined by
1—=x
Buo)= [ (1= Dutda). o),
[1—z,1] «

(17) ®,(1) =1.

We can easily see that 0 < ®,,(z) < z, since {1-(1 —z/a)} < {1—-(1—2)} =
x holds for any a € (0,1]. We also define

Q={QeP|E?X]>0foral X € L®(Q, Fy, P)
(18) such that n(vx) > 0 hold }.

We assume the following.
AssumpTioN 2.1. QNN {Q € P | EQ[Yi ] =1} #0.

Let us denote n(vx) by 7(X) for X € L>®(Q,F, P), where vx is the
distribution of X. Obviously we have 7(X) = infgeo FQ[X], X €
L>(Q,F,P). Also we see that Q = {Q € P | Q[A] > ®,(P[A]), A € F}
by Theorem 4.73 in [15]. We denote

(19)  ¥lz,y) =((zy) - (V1 —1) +g(a17)), 1=(1,1,... 1) e R,



366 Yuji UMEZAWA

for z € [0,00)M, y € RM and g € C’([O,OO)M : R). Since

{(zy) - (Y1 = 1) + g(aY1)} = {(2"y') - (Y1 = 1) + g(«'Y1)}|
< K{(Y 4+ 1)|zy — a'y| + Y]z — 2|},

z, 2’ € [0,00)™, y,y/ € RM, for some K > 0, and 7 is monotone, i.e.,

2 e

N(X) < 7(X’), for X, X' € L*>°(Q) such that X < X’  then we have
[$g(@,y) = Pg(a’, )| < K{(Y + Dlzy — 2'y'| + Y]z — ']},

Hence (z,y) — 4(z,y) is continuous. Next we define

(20) ¢g(x) = sup g(z,y).
yeRM

Note that ¢,(z) < +oo, = € [0,00)M. Indeed, there exists Q@ € QN
M

m{Q € P | E9[Y;1] = 1} by Assumption 2.1, and then we see that ¢,(z) <
i=1
EC[g(xY1)] < K(1 4 |2|*™), for some K > 0. Also we have

¢g(x) = sup inf EQ[(J;y) (Y1 —1) 4 g(2Y1)]

yERM QeQ
= inf sup E?[(zy) - (Y1 - 1) + g(a11)]
QerERM
= inf E?g(av1))],

 QearnM {QeP | EQ[Yi]=1}

by Takahashi’s Minimax Theorem in [20]. Since |g(zY1)—g(2'Y1)| < KY |v—
2| and |g(zY1)] < K(1 + ?2m]a:]2m) holds for z,2" € [0,00)M and g €
C ([0,00)M : R), where K > 0 is a constant which is independent of z, z’, Q,
the mapping ¢, : [0,00)” — R belongs to C([0,00)™ : R). Then we can
define an operator H on C([0,00)™ : R) by Hg = ¢g. Also we inductively
define Hxg = H(H* 1g), k=1,2,... and H% = g for g € C([0,00)™ : R).

Now we fix n € N. We define random variables Ly (v, ), k =0,1,... ,n,
v € (0,00), and ¢ € SF inductively by L,(v,&) = V,(v,€) + f(Sy) and

(21) Lk—l(vvg) = U(Lk(vagﬂfk—l)? k= n,n—1,... 71a

where f € C’([O, o)™;R). Obviously Li(v,&), k = 0,1,... ,n equals the
homogeneous value measure for V,,(v, &) + f(S,) at k.
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We prove the following theorem, which is our main result in this section.

THEOREM 2.2 (Bellman’s Principle). We have

sup Lk(’U, (617527 v 7£k7£/k+1’ £/k+27 s 7£/n)))
§'eSF

= Vi(v, &) + H" " f(Sg), k=0,1,...,n,
for any v € (0,00) and £ € SF.
We show a lemma to prove Theorem 2.2.

LEMMA 2.3. For any g € C([0,00)™ : R) and ¢ > 0, there exists a
Borel measurable function v*(z) = v;(z) = (vi(z),75(x),... , 73 (x)) on
[0,00) such that Hg(x) —e < 7((z7*(2)) - (Y1 = 1) + g(2¥1)) ,x € [0, 00)"
holds.

PrOOF. First we define a multivalued mapping I'® : ([0,00)M,
B[0,00)") = (R, B(RM)) by I'*(2) = {y € RM | Hyg(z) — ¢ < ¢g(z,y)}.
Obviously the set on the right side is nonempty, so it is sufficient to show
that this multivalued mapping is measurable, i.e.,

(22) I~Y(A) = {z € [0,00)M | T(z) N A # 0} € BJ0,00)™,

for any closed set A ¢ RM. If I'® is measurable, there exists a measurable
selection 7¢(z) € T'“(z) and this mapping satisfies the condition. Also,
we may assume that A is compact. Indeed, if I~"¢(A") € B0, 00)™ for

oo
any compact set A’, we see that T~"¢(A) = U I~“(AN [-m,mM) e
m=1
B[0, 00)M.

We show that T'~"*¢(A) is closed for any compact set A. Take a sequence
(T )men of T7%¢(A) such that lim,, .o 2, = = € [0,00)M. Then there
exists a Y, € I'*(x,,) N A for each m. Since A is compact, we can choose a
subsequence (Y, (1))ieN of (¥m)men such that y,,) converges to some y € A
as | — oo. Taking lim; ., in both sides of the equation Hg(z,,)) — ¢ <
Vg(Tm(1)> Ym(y), we have Hg(z) —e < tpg(w,y) because 9, and Hg are
continuous. This implies that y € I'*(x) N A and x € T""¢(A). O
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Now we give the proof of Theorem 2.2. First we show that
Lk('U, 6) < Vk(vvg) + Hnikf(Sk)a

by mathematical induction on k. Obviously, the claim holds when k = n.
Suppose that the claim holds for some k, Then we have

L—1(v,€) = n(Lg(v, §)[Fr-1)

< n(Vi(v,€) + H"* f(Sp)| Fr-1)

= Vie1 (v, ) + n((Sk—1&) - (Vi — 1) + H"7* f(Sp_1 Vi) | Fr—1)
< Vi1 (v,€) + H=E=D (S, ).

Hence we have the claim.
Next we show that there exists £&¢ € SF for € > 0 such that

Vi(,€) + H™*f(5y) —

S Lk(’l},(gl,fg,... 75k7§k+17§]§:+27-" ,fi)), k::n,n— 1,... ,1

for any £ € SF. Applying Lemma 2.3 for g = f, we see that there exists
some Borel measurable function 4 on [0, 00) such that

(Hf) (@) = — <q((ey*(2)) - (Y1 = 1) + f(2Y1)),

:lm

for x € [0,00)™. Then, & = v°(S,_1) is an {F,_1}-measurable random
variable such that

Ve (0,€) 4 (HF)(Sa1) = =

< Varr (0,€) + (277 (2)) - (Vi = 1) + F@YD))lomsi, s
< Varr (0,€) +0((Su-162) - (Yo = 1) + F(Suoa¥a)| Faca)
<n(Va(v,8) + f(Sn)|Fn-1)

< Ln—1(v,61,&2, -+ 6n-1,5)-

Using induction, we can construct £° such that the condition holds by the
same way. This completes the proof of Theorem 2.2.
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3. Proof of Theorem 1.5

3.1. Preparations

Let (22, F, P) be the probability space defined in Section 1.2. For k € N,
we denote by Ly, the set of measurable mappings p : 2x Z — R which satisfy
the following:

p(+, z) is {Fi—1} measurable for each z € Z,

N

Zp(w7zj)pj =1, weq,

j=1

Zp(-,zj)pj > @H(ij), Jc{l1,2,... M}, z; € Z, jeJ
jeJ jet

Also we denote by Q™| n € N the set of probability measures Q € P which
satisfy the following:

d n
%’fn] = [ ox( Z0), o1 € Li,

k=1

/ (s Ze @)Y D@ P(dw) =1, o' €, k=1,2,... ,n.
Q 9

El

k

Let us denote Xi(;;) = HYZ(ln) form € N, ¢ = 1,2,... ,M, and k£ =
=1

1,2,... ,n. We also denote X,gn) = (Xf?,X;?...X](\Z)k), k=1,2,...,n.

We define az(?) =exp(zij /I /n+bT/n), i=1,2,... , M, j=1,2,... N,
where z; = (215, 225, ... , 2Mm5) € 2.
Our purpose in this subsection is to prove the following.

LEMMA 3.1.
(1) (HOeg(w) = it Eg(X")), neN, g€ C(0.00)"  R),
where H™ | n € N are operators on C([0,00)™ : R) that correspond to H
in Section 3.
(2) sup sup E®[ max |X,gn)|2m] < oo, meN.

neN QeQ(n) k=1.2,...,n
(3) There exists a positive number L, which only depends on M, such that
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EQ[|Xk+z X]gn)|4] < L(IT/n)? holds for any k,1 =0,1,... ,n, k+1<n,
and Q € Q (n)
PROOF. We show assertion (1). We see by Theorem 4.73 in [15] that

i(X)= inf EY9[X], for X € L®(Q,F, P), where
Qegy™

9" ={QeP | Q4] > 2, (PlA), Ac Fi}
(28) ~(QeP | BIR) = () € 1)

Then we have H™g(z) = ianeQﬁ") EQ[g(ach(n))], where Q; (n) Ql

NEAQ e P | E[pl(w’,Zl)Y;f?)] =1, ' € Q}, by a way similar to that
in Section 2. We can easily see that o an). We show the inverse
implement. Take Q@ € Q\" and define Q € P™ by E[dQ/dP|F,] =
[1i—q Pk(:, Zk), where pi(w,z) = E[%\}]](w), weQ z€e Z k=
1,2,...,n. Then we see that Q € Q™ and EQ[g(xYl(n))] = EQ[g(le(n))].
This implies that H™ g(z) = Qéréf(n E@ [g(ach(n))].

Suppose that (H™)ig(z) = inf )EQ[ (le(n))L I < k, g €
QeQr
C([0,00)™) holds for some k € {1,2,... ,n —1}. First we show that
(24) (H) (@) < inf  Eg(eX))
Qeom)

Take Q € Q™ and p; € £;, 1 < n such that E[dQ/dP|F,] = 1}~ p(, Z1)
holds. We define Q¥ € P for each @ € Q by E[dQ%/dP|F,] = [}, pl( )
where pj(w,2) = pj,1(@,2), w € Q, z € Z. Then we see that Q¥ € Qn
and

By X{DIFN@) = B2y SDIFI@), o

— E9[g(yv")| > HMg(zx ™).

y::rX,in) -
Also we have

EQg(z X)) = EQ[EQ[g(x X)) | Fil]

> EQH® g(x X)) > (HWYFHMg(2) = (HM)H1g(z).
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This implies that (24) holds.
Next we show that

(25) (HO) () > it BOg(eX())]

Take & > 0. Then we see by assumption that there exist QY, Q7 € Q™
1,2,..., N such that

_ . -
(H) (@) = BY((HO) g(av™)] - 3,
n I n n €
(26) (H") g(aal™) = BV [glaal” X{™)] - 2
0 , dQ°
Take p}, p] EEl, l=1,2,...,n, j=1,2,...,M, such that E[—|.7:]
H H ) hold. Then we define Q € P by
dQ .
Bl 5| Fa] = 11;[1 (-, Z1), where
pr = pi,
N .
(27) pL= Zﬁgfll{lez]-}a I = 2737 R L
j=1

We see that Q € 0 and

(28)  (H™)*1g(x) > EQg(ax

W —e> inf EQg(aX\)] - e.

QeQ()
Since € > 0 is arbitrary, we have (25). This shows the assertion (1).

Next we show the assertion (2). Since X (n) is martingale under ) €
Q™ it is sufficient to show that sup,cn suerQM EQ[\X |2m] < 00, for
each i =1,2,... ,M. Take Q € Q™ and fix w € Q. We denote Qokj =
QlZy = zj| Fi—1](w), k=1,2,...,n, j=1,2,...,N. We see that

1:EQ[ |~7:k 1 Z‘lew zl
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T T
= 14 E°[Z; 4| Fr1](w)y/ b
N T T T T
+ qu,k,j{eXP (25 o bz;) — (1 + 2y —+ big)}
j=1

Then we have
[IY P F] ()

/T T
=1+ 2mEQ[Z¢7k].7:k,1](w) E + Zmbzg

N
/T T /T T
+ Z qukJ{eXp (2mzij E + Zmbzﬁ) — (1 + 2mzij E + Zmbzg)},

Jj=1
and

BRSSP Fa] ()

N
T T T T
<14 {2m|exp (zm/g +bi—) = (1 +zm/5 +bi)|

J=1

1T T T T
+ ]exp (szij E + meiﬁ) - (1 + 2mzij E + 2mblﬁ)‘}

for k =1,2,... ,n. We denote by b(™ the right term of this inequality. Note
that (™ is independent of k,w and Q. We see that lim n(b(") — 1) exists

and |[n(b™ —1)| < b, n € N, for some b > 0. Then we have

EQXIPm < BX PRy P F, )
< (1+ ) E9X L

i,n—1

P < < (H%)", Qe om.

This implies that limsup sup EQ[|X ?"] < eb. Hence we have the
n—oo QGQ(")
assertion.

We show that assertion (3) holds. We see that there exists some ¢ > 0
T
such that EQ[| 1k+1 — 1} F)(w) < C(E)Q, foreachi < M, k<n-—-1, Q
and w by an argument similar to that of (2). Then using the result of (2),
we have EQHX(k+1 (Z)|4H < c(T/n)ZEQHXi(’Z)]‘l] < (T /n)? for some
¢ > 0. Hence we have assertion (3) by Burkholder’s Inequality. (]
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3.2. Proposition on limit of value
Let P be the set of probability measures P on (C[0, 00), B[C[0, 00)M])
such that the following is satisfied:

The coordinate function w(-) = (wy(-),... ,wa(+)) is a positive
martingale with respect to {B}.c(o,7) under P, where we define
{Bt}ieio,m by Be = o(w(u);u <t), 0<t<T.

P(wi(0)=1, i=1,2,...,M)=1.

(wi, wir)., 1,4 € {1,2,... , M} are absolutely continuous
with respect to Lebesgue measure, and

( 1 d(wl, wi/>
wi(w)wy (u)  dt

(u))i’i/:Lg’_”,M S F, u e [O,T], f_’ a.s.
Our purpose in this subsection is to prove the following.

PROPOSITION 3.2. Take g € C([0,00)™ : R) and an arbitrary subse-
quence (i) of (n)peN-
(1) There exist a subsequence (n(k))ren of (R) and a continuous mapping
Wy :0,T] x [0,00)M — R such that

W,(t,z) = lim (H®E)Rk)=REYT] g o),

k—o0

for any (t,x) € [0,T] x [0,00)M, where [x] represents the greatest integer
that is not greater than x. Also this convergence is uniform on any compact
subsets on [0,T] x [0,00)M.

(2) Wy(t,-) belongs to C([0,00)™ : R) for each t €[0,77.

(3) There exists Py, € P such that Wy(t,z) = Ette[g(xw(T —t))] holds for
any (t,z) € [0,T] x [0,00)M,

(4) Wy(t,) = lim (HOOYE P, (144, ) (@), fort,t' € [0, T) with t+t'
[0, T] and z € [0, 00)M.

(5) Wy is a viscosity subsolution of Hamilton-Jacobi-Bellman equation (13).
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We need two lemmas to prove Lemma 3.2. Let us define X (¢, w;n)
= (X1(t,w;n), Xo(t,w;n), ... , Xpy(t,w;n)), t€[0,T], we N, n €N by

X(t,win) = nt — T[nt/T] (n)

T [nt/T)+1
T([nt/T)+1) —nt _(n)
+ T Xty t#T,
(29) X(T,w;n) = XM,

(n)

i.e., X(t;n) is the linear interpolation of X" .

LEMMA 3.3. Let g € C([0,00)™ : R). Then we have

(H)g(2) = (H™)rg(x)| < Kal %W — k|, kK €{0,1,...,n},

for some K > 0 which does not depend on n € N.

PROOF. We may assume that ¥’ > k. Let K > 0 be a constant such
that [g(z)| < K(1+|z|*™), |g(x) —g(z')| < K|z —2'|, 2,2 € [0,00)™ holds.
By virtue of Lemma 3.1(3), we have

[Eg(zX )] — B9y X)) < E9lg(x X)) - g(a X))

_ T
< Ko Q)X — X5 < Klaly [~k — &
n

for Q € Q™. Hence we have the assertion. [J

LEMMA 3.4. Let (QM)pen, QM € QM be an arbitrary sequence. We
define a probability measure P™ on (C[0,00)™, B[C[0,00)M]) by P™ =
Q™ o X(:;n)~" for each n € N. Then the sequence (P™),en is tight.
Moreover any cluster point of (P™),cn belongs to P.

PrROOF. We can easily see that

< K[t —t]?, t.t' €[0T,

for some K > 0 by Lemma 3.1. Hence (P"™), e is tight.
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Let P be a cluster point of (P(™),cn. Obviously we see that the co-
ordinate function w(-) = (w1(:),wa(:),... ,wp(-)) is a positive martingale
with respect to {B;};ejo,r] under P, and P(w;(0) =1, i =1,2,... , M) = 1.

For each n € N and @ € (2, we define a probability measure ngll €
0, k = 0,1,....n — 1 by QWA = EP[p{(@,2)1;), where
E[dQ(n)/dP‘}_n] = H?:1 Pz(n)('7Zz‘)- Let (gii/)i,i’:1,2,...,M € C([0,T] x
C[0, 00)MYMXM he a matrix valued function such that each g, 4,7’ =
1,2,..., M is bounded {B;}-adapted function, and (g;(u,w)) € RM*M ig
nonnegative definite for all (u,w) € [0,T] x C[0,00)M. For n € N,k =
1,2,...,n we have

M
EPVLY g ()i + ) — i S+ 1) —we(S

) kT )
= B9 g (— - X () ECT (X

— XPD X — XEDIF
ii'=1
M
(n) kT
=BV gi (== X (51)) X o X g

=1

ELHE" 13" ~ 1)1
T/n n

]

Mo k. kT, kKT EQ[Y™ - 1) —1)] r
n )

Pt max i\ —— JWil — )wy :

1,0/ =1

where Q runs QN ﬂf\il{Q eP | EQ[Yi(n)] = 1}. Then we see that

t M
|3 gt wydws, o),
S =1
t M
< / (max Y~ i giir (u, w)wi(w)wi (u))du,
S

er
TS =t

for t,s € [0,T]. Also we have

t M
Gii (U, w)d(l% wi’>u
1

s ..
0,0 =
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Sy S oo (),
s WGF“_

for t,s € [0,T], by the same way. Hence we deduce that P € P. This
completes the proof. (J

Now we show Proposition 3.2. Let K > 0 be a positive number such that
l9(z) — g(z')| < K|z —a'|, z,2’ € [0,00)" and [g(x)| < K(1+[2*™), =€
[0,00)™ hold. We denote Wg(n) (t,z) = (H™)»=[tTlg(z). Then using
Lemma 3.3, we see that

(WM (t,z) — WM (t o) < K|z — 2|,
(Wi (t,2)| < K(1+ |z*™),

n n T
(30) (Wi (¢, 2) = Wi (' 2)| < K|z Sl =
for some K > 0 which is independent of n € N.

(1): We see that the family {W3™ (¢, ) }nen, tepr) € C([0,00)™ : R) is uni-
formly bounded and equicontinuous on any compact set of [0,00). Then
using Ascoli-Arzela’s theorem we see that there exists a continuous function
Wi 4+ on [0,1]M for each ¢ € [0,7] and a subsequence (1) of (i), which
does not depend on ¢, such that

(31) sup |Wg("1)(t, x) — Wigi(x)| — 0, al — oo.
z€[0,1]M

Also we see by the same way that there exists a continuous function Wp 4 ;
on [0,2]M for each t € [0, 7] and a subsequence (7i2) of (721), which does not
depend on ¢, such that

(32) sup |[W™)(t,z) — Wagu(z)| — 0, 7 — oo.
e [072} M

Obviously Wy g+ = Wa 4+ on [0,1]M, for each ¢ € [0, T).

Then for each | € N, we can inductively define continuous functions
Wit1,4: on [0, 4+ 1M for t € [0,T] and subsequences (741) of (7;), which
does not depend on t, such that Wi g = Wa g, = -+ = Wi4q 44 on [0, nM
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We also define continuous functions W,; on [0,00)Y for
t €10,T) by Wy(z) = Wy ge(z) on [0,]]M. Obviously W, is well-defined,
and we see that the sequence (n(k)), n(k) = ng(k), k € N satisfies
limg o0 Wg(ﬁ(k))(t,x) = Wy(z) for (t,x) € [0,7T] x [0,00)™. Using (30),

we have

(33)  |Wyula) ~ Wyu(@))| < Klo — /| + Kla| /[t~ 7]

for (t,x),(t',2') € [0,T] x [0,00)M. This implies that the mapping (t,z) —

Wy +(x) is continuous. Then we can define a continuous mapping W,
[0, T] [0, 00)™ by Wy (t, ) = Wy +(x). Obviously, W, and (n(k))ren satisfy
the assertion.

(2): We can easily show the assertion by letting & — oo on both sides of
the inequalities (30).

(3): Fix (t,z) € [0,T] x [0,00)M. Hereafter we simply write (n),en instead

of (n(k))ken for convention. We see by Lemma 3.1 that there exists Ql(n) €

Q™ for each n, I such that Wén) (t,x) > B lg(x Xén)[nt/ﬂ)] > Wén) (t,x)—
1/1. Let Pl(n) = Ql(n) o X(;n)~t. Since (P, )>n’l€N is tight by Lemma

3.4, then there exist a cluster point P, € P. Obviously P, satisfies the
condition.

(4): Fix t,t € [0,T], = € [0,00)™. First we claim that

(34)  [(H)TW (48, (@) — (HO) T+ 1) ()] = 0,

as n — oo. Fix ¢ > 0. Since the convergence Wg(n) (t+t,) — Wyt +
M

t',+), n — oo is uniform on H[O, x; R}, for each R > 0, there exists n(R) € N

i=1
such that

sup (W (E+E,y) — Wyt +1,y)] < /2,
yell M [0,z R

for n > n(R). We denote

(35)  FO = W+t ) @X [ ) = Wt + 1, )@ X[ 1),



378 Yuji UMEZAWA

for n € N. Then for each Q™ € Q™ n > n(R) we have

|EQ [F])

(n) n (n) n

|<R} [nt! /T

{‘X[nt /T
3

(™) 1 (n 1
§+EQ [|F™2]2Q" [IX | > R]2

IN

[nt’ /T
g K (n)
S+ 2R+ x"
5T 7 [1+]
e K’

< 4

<35 + R
where K, K’ are positive numbers which do not depend on R,n, and Q™.
Let R =¢/2K’ and ng = n(e/2K’). Then we have |EQ(") [F(™]] < € and

(HNTIW M (41, ) () = (HO) T (41, ) ()] < e,

(n)
B x ()

IN

2m
[nt’/T | ] [nt’ /T ‘ ]

for n > ng. Hence we have the claim.
Also we see that |Wg(n) (t,x) — Wy(t,z)| — 0, as n — oo and,
((HOYTIWE &) () = W (8, )
— H n) n [n(t+t")/T]+[nt' /T ( ) _ (Hn)nf[nt/T]g(I”

T t' t t+t
<K’W - (D) o,

as n — o0o. We have the assertion from these results.

(5): Take (¢,z) € [0,T) x [0, )M, Let U € C=([0,T] x [0,00)™) be a
function such that U(f,z) = W, ,(t,T) and U > W, on some neighbour-
hood V of (t,Z) hold. We can easily see by (2) that Wg(t, z) < K(1+4|z|*™)
for some K > 0, m € M. Then we may assume that U(t, z) > W,(t,z), and
U (t,2) + 180 /0t)(t, )| + 32, |wiwy (9°U ) Oid)(t, )| < K (1+ |z*™),
for any (t,z) € [0,T] x [0,00)™. Let ¥ = (%;#) € T be the element such
that
320 *U
Z 3Yii Tilit 5 amzaxz Ivnel%‘l Z 5, Tily 02,02y ———(t,7)

1,8/ = 1 1,8/ = 1
M A~
ny L 6is 5. 0U
= Hgn 1 EEQ[ZZZ#]%%’m(f’ fL‘),

iil=
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where Q runs Qﬂﬂl HQeP| EQ[ ;| = 0}.
Also, let Q) e 9NN {QeP | EQ[ (n)] =1}, n € N be measures

that attain the minimal of

LEQ[(VW -~ (Y — 1] 920

i = : ¢ T Ty t,T N
len .,Zl 5 T/n TiTi ~(t,%), n€N,

where Q runs 9 NNM,{Q € P | EQ[Y(n] = 1} for each n € N. Note
that we can naturally regard Q™ as a probablhty measure on (2, Fy) for
each n € N. Take p(”) 6 ﬁl such that dQ™ /dP = p(")( ,Z1) holds. We

define Q) € Q) by E H pk , where p,(C ) _ p(”), k=

1,2,...,n, and P") = Q(”) oX(5m)” 1 for n € N. We see that there exists
a cluster point P € P of { P}, cn and d{w;, wy), = i yw;(u)wy (u)du, P-
a.s., by an argument similar to that of the proof of Lemma 3.4. Then we
have

U(t,7) = Wy(f.7) = lim (H)"TIW,(E + b, ) ()
< limsup B [Wy(E+ h zw( L)

k—o00 n- T
= EP[Wy(E + h, 2w (h))] < B[O+ h, 2w (h))).

Then we see by Ito’s formula that

_ 277
(36) ogEP[/ (%(t] Z L 88(;2 )(E+ u, 2w (u))dul.

’Ll—

Dividing both sides by h > 0 and letting h — oo, we have

Z Ty 0°U —— (£, %)
ll ’Y’L’L 1 81’181171/ Y

—(@—Fmin S 1 TiT al )(t, )
— 8{; er £ 277, I -~ 81}18,1?1 ) .

)

This completes the proof.
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3.3. Conclusion

Now we prove Theorem 1.5, which is our main result in this paper. Take
an arbitrary subsequence (n) of (n),en and define Wy as in Proposition 3.2.
Using Proposition 3.2 (3), We have inf pcp EX[f(zw(T —t))] < W(t, ) for
(t,x) € [0,T] x [0,00)M. On the other hand, we have the inverse inequality
by Theorem A.2, Proposition A.4, and Proposition 3.2 (3). Then we have

Wi(t,z) = inf EP[f(zw(T —t))].
pPeP
Since the subsequence () is arbitrary, U(t, z) = lim (H ™))"= /TIT/n ¢ ()
exists for any t € [0,T], z € [0,00)M, and equals inf Eﬁ[f(:nw(T — ).
pep
Then we see that U is a viscosity solution of (13) because U(t,z) =
We(t,x) = EY[f(zw(T —t))] is both a supersolution and subsolution. Also

the uniqueness holds by Corollary A.2. Hence we have the assertion from
Theorem 2.2. This completes the proof.

Appendix A. Some remarks on a Bellman equation and viscosity
solution

We recall the definition and some property of viscosity solution in this
appendix. The reader also refer to [10] for detail.

DEFINITION A.l. We say that a continuous function U : [0,7] X
[0,00)M — R is a viscosity supersolution (resp. subsolution) of Hamilton-
Jacobi-Bellman equation (13), if

U
— —|— inf Z —Yi,ir ity ——)(t,T) <0 (resp. >0)

vGF 0x;0x;
holds for any (£, Z) € [0, T]x[0,00)™ and U € C>°([0,T]x [0, 00)M) such that
U(t,z) = U(t, %) and U—U takes its local maximum (resp. local minimum)

value 0 at (Z,Z). Also we say that a function U : [0,T] x [0,00)™ — R is a
viscosity solution if it is both a viscosity supersolution and subsolution.

We will need the following comparison theorem for a viscosity superso-
lution and a subsolution due to [17].
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THEOREM A.2. Let U and U be a viscosity supersolution and a subso-
lution of Hamilton-Jacobi-Bellman equation (13). If the following inequali-
ties:

sup  U(t,z)/(Ja +1)™ < oo,
[0,7)x[0,00)M

inf  U(t, 241" > —o0, >0,
[0,T)>1<I[10,oo)M (t, )/ (|| ) 00, ™M

U(T,x) <U(T,z), x€ [O,oo)M7

hold, then we have U(t,z) < U(t,z), (t,z) € [0,T)x[0,00)M. In particular,
the viscosity solution U of Hamilton-Jacobi-Bellman equation (13) satisfying
U e C([0,00)™ : R) is unique.

Before we state a proposition on Hamilton-Jacobi-Bellman equation
(13), we prove a lemma.

LEMMA A.3. There exists Cp, > 0 for each m € N such that

Ep[max |w(u) — 1]27”] < Cpt™,
u€el0,t]

EP[ max_|w(u)|*™] < Cy,, t €[0,T), P € P.
u€el0,T

Proor. We see by Burkholder’s inequality that

M
P 2m P m
B s o) =177 < 87w
_ ot M
67 <eB"( [ max St < o7 AU P

< ctmEP/ lw(u)|*™du) < c—l—ctmEP[ max |w(u) — 1)*"du]
0 s€[0,u]
where all ¢ stand for positive numbers (not necessarily equal) which do
not depend on P € P and t. Then we have the assertion by Gronwall’s
inequality. [J



382 Yuji UMEZAWA

Let U(t,r) = inf Ep[f(:rw(T —t))]. Using Lemma A.3, We can easily
pep

see that U € C(]0,00)™ : R). Now we show the following.

PROPOSITION A.4. Ul(t,x) is a viscosity supersolution of (13).

PrOOF. First we denote by A a set of control which is composed of
pairs {(Q2, F, P; {Fi }eo,r)), X } such that the following satisfied:

(Q, F, P;{Fi}ieco,1)) is a filtered probability space,

X = (X1, Xo,..., X)) is a continuous positive martingale

with respect to {Fi}ejo,r) under P,

(X, Xir)., i, € {1,2,..., M} are absolutely continuous
with respect to Lebesgue measure, and

1 d(Xi, Xi)
(XZ(U)XZ/ (u) dt

(38) (w)ii=12...m €L, wel[0,T], P as.

We define Q;g(z), t€[0,T), = € [0,00)™, and g € C([0,00)™ : R) by

(39) Quglw) = inf BP[g(zw(t)))

Then we can easily see that Qig(z) = ;\n/f\ EP[g(xX;)] since PX~! € P.
€

Step 1. We show that QtJrlg/g(:r) > QQug(x), t,t' € [0,T], = €
[0, 00)M. We define a filtration {By },,e(0.7] on (C[0,00)M, B[C[0, 50)M]) and

a M-dimensional {l%u}-adap‘wd process X, = (Xl’u,XQ’u, e ,XM,U), u €
0,77, by

B o BtJrua 0<u<T-—t,
“ | Br, T—t<u<T.

5  owit+u)/wi(t), 0<u<T-—t,
Xiu(w) = { wiT) Jws(t), ~ T—t<u<T.
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Since (C[0, 00), B[C[0, 00)M], P) is standard probability space for each
P € P, there exists a regular conditional measure P;(w, B) : C[0,00)M x
B[C[0,00)M] — [0,1], t € [0,1]. Then we can easily see that

((C[O,oo)M,B[C[O,oo)M],Pt(w, ) ) {Bu}ué[O,T])a X) €A,
and

EP[g(zw(t + )] = ET[EY[g(zw(t + t'))| B]

= E"] / g(aw(t) Xy) Py(w, dw')] > EX[Qug(zw(t))] > QiQug(x),
for P € P. Hence we have the assertion.

Step 2. Take (£,z) € [0,T) x [0,00)M and fix it. Let U € C°°([0,T] x
[0,00)M) be a function such that U(f,z) = U(¢,z) and U < Uon some
neighbourhood V of (¢, ) hold. We may assume that U(t,z) < U(t,z) and,

A~

2

Y 2
- - < m
S L) < KL+ [Pm),

. oU
(40) Ut z)| + \W(t,x)\ + ) |miy

for any (t,s) € [0,T] x [0,00), because U € C([0,00)™ : R).

From here to the end of this proof, ¢ > 0 will stand for positive numbers
(not necessarily equal) which do not depend on P € P, t € [0,T], v € T,
and R > 0. First we claim that there exists M(R) > 0 for each R > 0 such
that M(R) does not depend on P € P, t € [0,T], v € T, and
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for t > t. To show this claim, we estimate

I + 1
15 t—t M
=FE [I/ Z mzwam (w, w)d(wi, wir)ully ax Jw(u)| > RY
0 = 1 u€l0,t—1]
t—t M
41 + F ‘/ Z —Z; Ty Py (u w)d<w27wz> |1{ max ‘w(u)‘ < R}]v
ii'= 1 u€(0,t—1] B
rPU rPU )
_ 7 _ ), i =1,2, ...
where F; i (u, w) 02,00, (t+u,zw(u)) 92,00, (t,x), i,1 2., M,

R>0, PcP,and

_ pt—t
Ji+Jy = EP[/ |Gu, w)lduly pay ()| > RY
0 u€0,t—7]

_ t—t
(42) +EP[/O |Gu, wilduly s |w(w)| < RY
u€[0,t—7]

U U L
where G(u,w) = E(t + u, Tw(u)) — E(t’j)’ R >0, P e P. We
have the claim by Lemma A.3, Holder’s inequality, Tchebychev’s inequality,

Burkholder’s inequality, and Lipschitz continuity of all derivatives of U on
a bounded interval. Also we have

t—1 aZU _
B / mgz T 5 (03w ) (1)) du

M

1 820 _ 713
t—1 o Ty ——— (£, )| < |t — 7372,
= (t = )(min. ;_1 g Vi Zidi g o (LD < cft ~ 1

by Lemma A.3 and Hélder’s inequality.
Step 3. We see by Ito’s formula that

U(t,z) =U(t,z) = Q(T — 1) f(t,2)
> Q(t — QT — 1) f(z) = Q(t = DT (¢, -)(x)
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= inf EP[U(t, zw(t - )] > mgsEP[fJ( w(t —1))]

t—t 1. _

by the consequence of step 2. Dividing both sides of the above inequality
by t —t > 0 and letting ¢t — ¢, we have

A 82 B
0>— (9_U ) + min Z 5 Yii! Ti i P) = (7)),

C
E ot yel' | szafl

ZZ—

for all R > 0. Hence we have the assertion. This completes the proof. [J
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