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Tame-blind Extension of Morphisms of Truncated

Barsotti- Tate Group Schemes

By Yuichiro HosHI

Abstract. The purpose of the present paper is to show that mor-
phisms between the generic fibers of truncated Barsotti-Tate group
schemes over mixed characteristic complete discrete valuation rings
extend in a “tame-blind” fashion — i.e., under a condition which
is unaffected by passing to a tame extension — to morphisms be-
tween the original truncated Barsotti-Tate group schemes. The “tame-
blindness” of our extension result allows one to verify the analogue of
the result of Tate for isogenies of Barsotti-Tate groups over the ring
of integers of the p-adic completion of the maximal tamely ramified

extension.
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0. Introduction

The purpose of the present paper is to show that morphisms between the
generic fibers of truncated Barsotti-Tate group schemes over mixed charac-
teristic complete discrete valuation rings extend in a “tame-blind” fashion
— i.e., under a condition which is unaffected by passing to a tame exten-
sion — to morphisms between the original truncated Barsotti-Tate group
schemes.

Throughout this paper, let R be a complete discrete valuation ring, k
the residue field of R, and K the field of fractions of R. Assume that
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K is of characteristic 0, and k is of characteristic p > 0. Let K be an

algebraic closure of K, ' & Gal(K/K), and v, the valuation of K such

that v,(p) = 1. Moreover, write ex for the absolute ramification index of
K.

By a result of Tate obtained in [10], for (p-)Barsotti-Tate groups (i.e.,
p-divisible groups) G and H over R, every Z,[I'k]-equivariant morphism
T,(G) — Tp(H) of p-adic Tate modules arises from a morphism G — H of
Barsotti-Tate groups over R (cf. [10], Theorem 4). Now one can consider
the question of whether or not such a result can be generalized to finite
level, i.e., whether or not for finite flat commutative group schemes G and
H over R, any morphism G ®@r K — H ®g K of the generic fibers extends
to a morphism GG — H of the original group schemes over R. For instance,
a result of Raynaud obtained in [8] yields an affirmative answer to this
question if ex < p —1 (cf. [8], Corollaire 3.3.6, 1). On the other hand, one
verifies immediately that this extension question cannot be resolved in the
affirmative without some further assumption. Indeed, let K be the finite
extension of the field Q, of p-adic rational numbers obtained by adjoining
a primitive p-th root of unity to Q,, G the kernel 1, of the endomorphism
of the multiplicative group scheme G,, over R given by raising to the p-th
power, and H the constant group scheme Z/(p) of order p over R. Then
it is easily verified that although there exists an isomorphism p, ®r K =
Z/(p) @r K of group schemes over K, there is no nontrivial morphism of
group schemes over R from p, to Z/(p).

In the present paper, we consider the following “Extension Problem”:

(Extension Problem) : Find a sufficient condition for a mor-
phism between the generic fibers of finite flat commutative group
schemes over R to extend to a morphism between the original
group schemes over R.

In particular, in the present paper, we consider the following “Tame-blind
Extension Problem”:

(Tame-blind Extension Problem) : Find a sufficient condi-
tion in “Extension Problem” which depends only on vp(ek).

Our main result yields a solution to this “Tame-blind Extension Prob-

lem” in the case where the morphisms in question are morphisms of trun-

cated Barsotti-Tate group schemes (cf. Theorem 3.4). Let " ©oy
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vp(ex). Note that €™ is an upper bound of the invariant “vp(D g/w ) +
1/(p —1)” (cf. Definition 2.4) considered in [2] (cf. e.g., [2], Théoreme 1):

THEOREM 0.1. Let G and H be truncated (p-)Barsotti-Tate group
schemes over R, fx: GRr K — H®pr K a morphism of group schemes over
K, and n a natural number. Assume that one of the following conditions is
satisfied:

(i) The cokernel of the morphism G(K) — H(K) determined by fx is
annihilated by p", and 465" +n < Iv(H), where Iv(H) is the level of
H.

(ii) The kernel of the morphism G(K) — H(K) determined by fi is
annihilated by p", and 4¢52" + n < Wv(G), where Wv(G) is the level
of G.

Then the morphism frx extends uniquely to a morphism over R.

The outline of the proof of Theorem 0.1 is as follows: Let X C G xgr H
be the scheme-theoretic closure in G xr H of the graph of the morphism
fr- Then it is verified that to prove Theorem 0.1, it is enough to show that
the composite X — G xp H ™ @ is an isomorphism. First, by faithfully
flat descent, we reduce to the case where the residue field k is perfect. Next,
we prove the assertion that the composite in question is an isomorphism by
means of p-adic Hodge theory for finite flat group schemes.

The following result follows immediately from Theorem 0.1 (cf. Corol-
lary 3.5, (iii)):

COROLLARY 0.2. Let G and H be truncated Barsotti-Tate group
schemes over R, and Isomp(G,H) (resp. Isomg (G ®r K, H @ K)) the
set of isomorphisms of G (resp. G ®r K) with H (resp. H @ K) over R
(resp. K). Then if 45" < Iv(G), Wv(H), then the natural morphism

ISOHIR(G, H) — ISOHlK(G Rr K,H Qg K)
is bijective.
Note that a number of results related to the above “Extension Problem”

such as the result of Raynand referred to above have been obtained by
various authors. Examples of such results are as follows:
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Let G and H be finite flat commutative group schemes over R,
and fx: GRr K — H®pr K a morphism of group schemes over
K. Then if one of the following conditions (B), (L) is satisfied,
then the morphism fx extends to a morphism G — H of the
original group schemes over R:

(B) There exists a morphism fr: G ®r K — H ®p K of group schemes
over K such that fx = peﬁon o fr, where e];)’(‘m is the smallest natural

number which is > log,(pex /(p — 1)) (cf. [1], Theorem A).

(L) G is a truncated Barsotti-Tate group scheme of height h, and there
exists a morphism f}: G®r K — H ®p K of group schemes over K

such that fx = pelf(i:lh o fi, where 611’(1}2 is the natural number appearing
in the statement of [5], Theorem 1.0.5, as “c;”, which depends on ef
and h (cf. [5], Theorem 1.0.5).

The conditions in the statement of Theorem 0.1 are more stringent than
the above two conditions (B) and (L) in the sense that the class of group
schemes appearing in the conditions in the statement of Theorem 0.1 are
strictly smaller than the class of group schemes appearing in the above two
conditions. On the other hand, the conditions in the statement of Theorem
0.1 are “tame-blind’, i.e.,

whereas the invariants eIBém and elf(mh that appear in the above
two conditions depend on ex, our invariant €5 depends onl
D ) K D Y

on vp(ex).

It seems to the author that one of the reasons why the above two con-
ditions (B) and (L) depend on e (i.e., as ex /p’»(¢%) grows, the conditions
become more stringent) is as follows:

In the arguments of [1], [5], which appear to build on Tate’s
original argument, one must measure various integral structures
by means of a “ruler graduated in units of size 1/ex”. Thus, as
the size 1/ex of the units decreases (i.e., as e /p*?(°%) grows), it
becomes more difficult to control the extent to which the integral
structures in question converge.
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Fig. 1. Rulers graduated in units of sizes 1/ex, 1/ex/

From this point of view, the argument established in the present paper
is an argument that does not rely on the use of a “ruler graduated in units
of size 1/eg”.

The “tame-blindness” of our extension result allows one to verify the
analogue of the result of Tate referred to above for isogenies of Barsotti-
Tate groups over the ring of integers of the p-adic completion of the maximal
tamely ramified extension (cf. Corollary 3.8). Note that this analogue does
not follow from the above results in [1] and [5]:

COROLLARY 0.3. Let Ktni (C K) be the mazimal tamely ramified ex-
tension of K, (K'™)" (resp. K) the p-adic completion of Kth(resp. K),
(R™)" the ring of integers of (K™)", and T'(gmn et Gal(K /(K'™)N).
(Thus, by restricting elements of T gwm)r to the algebraic closure of (KA
in K, one obtains a natural isomorphism of I'(gtmyn with the correspond-
ing absolute Galois group of (K™™)".) Let G and H be Barsotti-Tate groups
over (R™)", T,(G) (resp. Ty(H)) the p-adic Tate module of G (resp. H),
and Isog gumyn (G, H) (resp. IsogF(Ktm)A (T,(G), T,(H))) the set of morphisms

¢ of Barsotti-Tate groups over (R™)" (resp. Zp[T (gomyr]-equivariant mor-
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phisms ¢) from G (resp. T,,(G)) to H (resp. Tp(H)) such that ¢ induces an
isomorphism T,(G) ®z, Qp = Tp(H) ®z, Qp. Then the natural morphism

ISOg(Rtm)/\ (g, H) — ISOgF<Ktm)/\ (Tp(g), TP(H))
is bijective.

The present paper is organized as follows: In §1, we study the relation-
ship between discriminants and cotangent spaces of finite flat group schemes.
In §2, we review truncated p-adic Hodge theory for finite flat group schemes
as established in [2] and prove lemmas needed later by means of this theory.
In §3, we prove the main theorem and some corollaries which follow from
the main theorem.
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Notations and Terminologies.
Numbers. Z is the ring of rational integers, Q is the field of rational
numbers, and Qx is the (additive) monoid of positive rational numbers. If
[ is a prime number, then the notation Z; (resp. ;) will be used to denote
the [-adic completion of Z (resp. Q).

Group schemes. In the present paper, by a finite flat group scheme over
a scheme S we shall mean a commutative group scheme over S which is
finite and flat over S, and by a finite flat subgroup scheme of a finite flat
group scheme G over S we shall mean a closed subgroup scheme of G' which
is finite and flat over S.

Let G be a finite flat group scheme over a connected scheme S, and
¢: G — S the structure morphism of G. Then we shall refer to the rank of
the locally free Og-module ¢.O¢ as the rank of G over S. We shall denote
by rankg(G) the rank of G over S.
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Let G be a finite flat group scheme over a scheme S, and n a natural
number. Then we shall denote by ng: G — G the endomorphism of G given
by multiplication by n. Note that ng is a morphism of group schemes over
S.

Let G be a finite flat group scheme over a scheme S. Then we shall write
GP the Cartier dual of G, i.e., the finite flat group scheme over S which
represents the functor over S

T ~> Homgp/T(G X8 T, ij) .

Note that for a morphism of finite flat group schemes f: G — H over S, it
is easily verified that if f is faithfully flat, then the morphism of finite flat
group schemes fP: HP — GP over S induced by f is a closed immersion;
moreover, if f is a closed immersion, then the morphism fP: HP — GP is
faithfully flat. Indeed, since GP, HP are finite and flat over S, it follows
from [3], Corollaire 11.3.11, that by base-changing, we may assume that S
is the spectrum of a field. On the other hand, since f is a closed immersion,
it is verified that the morphism I'(GP,Onp) — T'(HP,Oyp) determined
by fP is injective. Thus, it follows from [11], Theorem in 14.1, that fP is
faithfully flat.

Let G be a group scheme over a scheme S, eg: S — G the identity

section of G, and M an Og-module. Then we shall write t5,(M) o
e*GQlG/S ®og M and refer to tf(M) as the M-valued cotangent space of

G; moreover, we shall write tg(M) o Homog (e’(‘;Qé/S,M) and refer to
ta(M) as the M-valued tangent space of G.

1. Discriminants and Cotangent Spaces

In this §, we study the relationship between discriminants and cotangent
spaces of finite flat group schemes.

Throughout this paper, let R be a complete discrete valuation ring, k
the residue field of R, and K the field of fractions of R. Assume that K is
of characteristic 0, and k is of characteristic p > 0. Let K be an algebraic
closure of K, and v, the valuation of K such that v,(p) = 1. Moreover,
write ex for the absolute ramification index of K.

In this §, assume, moreover, that the residue field k is perfect.

DEFINITION 1.1. Let G be a finite flat group scheme over R.
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(i) We shall denote by discr(G) C R the ideal of R obtained as the
discriminant of the finite flat R-algebra I'(G, Og) over R. Moreover,

we shall write Dr(G) o vp(discr(Q)).
(ii) We shall write dg of dimy(t5(k)) and refer to dg as the dimension of
G.

LEMMA 1.2 (Finiteness of cotangent spaces). Let G be a finite flat
group scheme over R. Then the R-module t&(R) is of finite length and
generated by exactly dg elements.

PRrOOF. The assertion that ¢7,(R) is of finite length follows from the
étaleness of G ®p K over K; moreover, the assertion that t7,(R) is generated
by exactly dg elements follows from the definition of dimension. [

DEFINITION 1.3.

(i) Let M # {0} be a nontrivial R-module of finite length. Then there
exists a unique element

Pdimg (MR rk)
(ah T 7adimk,(M®Rk)) € @>0

such that a;ex € Z; a; < a; if i < j; and, moreover, there exists an
isomorphism

dimg (M ®rk)

M ~ @ R/(m%¢K),

i=1

where m € R is a prime element of R. We shall write

dimg(M®grk)

def
|M|r = Z ai € Q>o,
i=1
and
def

{0}z = 0.
Moreover, for an integer n, we shall write M = n (resp. Mp < n;
resp. M p < m; resp. Mp > n; resp. Mp > n) if a; = n for any i =
L, dimg(M ®g k) (reSpP. Gdimg (Magk) < 15 T€SP- Adim, (Meogk) < T
resp. aj > m; resp. aj; > n).
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(ii) Let G be a finite flat group scheme over R. Then it follows from
Lemma 1.2 that t7,(R) is of finite length. We shall write |t{] oo
[t&(R)|r- Moreover, for an integer n, we shall write ¢, = n (resp.
t& < m; resp. tf < nj; resp. tf, > n; resp. ty > n) if t*G(R)R = n (resp.
@R < n; resp. @R < m; resp. @R > n; resp. @R >n).

PRrOPOSITION 1.4. (Discriminants and cotangent spaces). Let G be a
finite flat group scheme over R. Then the following holds:

Dr(G) (= (vp(discr(G))) = rankg(G) - |tg] -

PROOF. By the transitivity of discriminant, we may assume without
loss of generality that G is connected. Then it follows from [7], Lemma 6.1,
that there exists an isomorphism of R-algebras

F(G,OG) = R[tla to 7tda]/(q)1’ to 7(I)da)7

where the ¢;’s are indeterminates, and (®1,--- , ®q,,) is a regular R[t,- -,
td.]-sequence. Thus, it follows from [6], Theorem 25.2, that there exists a
natural exact sequence of Rl[ti, - ,t4,]-modules

dg
(@1, Pay) = @ TG, Oc) - dt; — Qb — 0.
=1

Therefore, the assertion follows from [7], Corollary A. 13, together with the
definition of t5,(R). O

LEMMA 1.5 (Isomorphisms of finite flat group schemes). Let G and H
be finite flat group schemes over R, and f: G — H a morphism of group
schemes over R. Then f is an isomorphism if and only if the following two
conditions are satisfied:

(i) The morphism G @r K — H ®r K over K induced by f is an iso-
morphism.

(i) [¢5] < [tel-
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PrROOF. By the definition of discriminant, we have that Dr(G) <
Dpr(H). Thus, this follows immediately from Proposition 1.4.

LEMMA 1.6 (Exactness of sequences of cotangent spaces). If a se-
quence of finite flat group schemes over R

00— G — Gy — G —0
is exact, then the sequences of R-modules

0 — 15, (R) — tg,(R) — tg,(R) — 0;

0 — le, (K/R) — tG,(K/R) — gy (K/R) — 0

are also exact. In particular, for a morphism of finite flat group schemes
f: G — H over R, if f is a closed immersion (resp. faithfully flat mor-
phism), then the morphism t;(R) — t5(R) induced by f is surjective (resp.
injective), and the morphism tq(K/R) — tg(K/R) induced by f is injective
(resp. surjective).

Proor. To prove Lemma 1.6, it is immediate that it is enough to show
that the sequence

0 — 15y (R) — 15, (R) — 155, (R) — 0

is exact.
By the transitivity of discriminant, together with Proposition 1.4, we
obtain that

Dg(G2) = rankg(G?2) - |tg,| = rankg(G1) - Dr(G3) + rankg(G3) - Dr(G1)

= rankg(G2) - (|tG, | + [t&, ) ;

thus, we obtain that [t7, | = [t5, | + [t5,]. On the other hand, by definition,
the exact sequence of group schemes appearing in the statement of Lemma
1.6 induces an exact sequence of R-modules

ta(R) — t5,(R) — 14, (R) — 0.

Therefore, by the above equality [t7,| = [t5,| + [t5,], the first arrow
t5,(R) — tg,(R) is injective. This completes the proof of the assertion
that the sequence in question is exact. [J
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2. Review of Truncated p-Adic Hodge Theory

In this §, we review truncated p-adic Hodge theory for finite flat group
schemes as established in [2] and prove lemmas needed later by means of

this theory.

We maintain the notation of the preceding §. Moreover, write I'k def

Gal(K/K), R for the ring of integers of K, and Q aof Q}_%/R'

In this §, assume, moreover, that the residue field k is perfect.

DEFINITION 2.1.

(i) Let S be a connected scheme. Then we shall say that a finite flat
group scheme G over S is a p-group scheme if its rank over S is a
power of p.

(ii) Let n, h be natural numbers. Then we shall say that a finite flat group
scheme G over R is of p-rectangle-type of level n with height h if G(K)
is isomorphic to @, Z/(p") as an abstract finite group (cf. Figure 2).
Moreover, we shall denote by 1v(G) the level of G, and by ht(G) the
height of G.

REMARK 2.2.

(i) Any connected finite flat group scheme over R is a p-group scheme.

height [1=2/()

level

Fig. 2. The group of K-valued points of a group scheme of p-rectangle-type
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(ii) If G is of p-rectangle-type, then the Cartier dual G of G is also of
p-rectangle-type. Moreover, Iv(G) = Iv(GP) and ht(G) = ht(GP).

The following lemma follows immediately from definition, together with
Lemma 1.2:

LEMMA 2.3 (Bound for the lengths of cotangent spaces). Let G be a
finite flat group scheme over R of p-rectangle-type. Then tf, < Iv(G). In
particular, |t5| < dg - 1Iv(G).

DEFINITION 2.4. We shall write

e = 2+ vylex).

Note that since as is well-known that

V(D rwwy) <1 - (1/ex) +vplex),

where W (k) C R is the ring of Witt vectors with coefficients in k, and
Dr/wk) € Ris the different of the extension R/W (k) (cf. e.g., [9], Chapter
I1I, Remarks following Proposition 13), we obtain that

vp(Drywry) +1/(p— 1) < €,

Le., €52 is an upper bound of the invariant v,(D g/ (x))+1/(p—1) considered

in [2] (cf. e.g., [2], Théoreme 1).

The following proposition follows from [2], Corollaire to Théoréme 3,
together with [2], Théoreme 1':

ProprosITION 2.5 (Existence of functorial morphisms). Let G be a p-
group scheme over R. Then there exists a functorial morphism of R[T'k]-
modules

¢c: G(K) @7, R — t&n(R) ®ta(Q),

where the kernel and cokernel are annihilated by pelf}on ; moreover, there exists
a natural isomorphism of R[T k]-modules

(K/a)(1) — @,
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where

e {ae K| —v,®rmww) —1/(p—1) <uvya)} CK.

LEMMA 2.6 (Bound for the orders of kernels and cokernels). Let G and
H be p-group schemes over R, f: G — H a morphism of group schemes over
R, and n a natural numbers. Then the following hold:
(i) If the kernel of the morphism G(K) — H(K) induced by f is annihi-
lated by p", then the cokernel (resp. kernel) of the morphism

ti(R) — tg(R) (resp.tgn(R) — typ(R))

induced by f is annihilated by pe%nﬂl.

(ii) If the cokernel of the morphism G(K) — H(K) induced by f is anni-
hilated by p™, then the kernel (resp. cokernel) of the morphism

ty(R) — tG(R) (resp.tgn(R) — typ(R))

induced by f is annihilated by pGPI}On+”.

ProOOF. First, we prove assertion (i). Now we have a commutative
diagram:
via fP
—_—

HP(K) @7, R GP(K) @z, R

¢HD l j{d)GD

t(R)®tyn(Q) —— tH(R) ®tgp(92).
via fD
Since the cokernel of the top horizontal arrow (resp. right-hand vertical
arrow) is annihilated by p™ (resp. pe%n), the respective cokernels of the
morphisms

th(R) — tG(R) 5 typ(Q) — tgn(Q)

determined by f are annihilated by pe%mr”. Thus, the kernel of the mor-
phism t7,, (R) — t3,5(R) determined by f is annihilated by peE" . This
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61]:(‘(:-11
—_—
| | []1=R/(p)
| i
—_—
|
dg | |
Iv(G)
Fig. 3. t&(R)

D»

completes the proof of assertion (i). Moreover, by taking “(—)
(ii) follows from assertion (i). O

, assertion

LEMMA 2.7 (Orders of generators of cotangent spaces). Let G be a
finite flat group scheme of p-rectangle-type over R which is not étale, and
(a1, ,a4,) € Qggc the sequence defined in Definition 1.3, (i), for the
R-module t5,(R) of finite length. Then, for anyi=1,--- ,dg, 0 < a; < €o"
or Iv(G) — ebn < a; < Iv(G) (c¢f. Figure 3).

PROOF. Since the cokernel of the morphism

dep: A € GP(R) 0z, R — To € t5(R) @ tan(9Q)

is annihilated by pEPI?n, the morphism ¢;p determines injections
PR T — Ag/Ker(pgn) — Ta .

Therefore, Lemma 2.7 follows from the fact that the kernel of ¢;p is anni-

Fon

hilated by px . J

DEFINITION 2.8. Let G be a finite flat group scheme over R, M a
module, and n a natural number.
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ek;(o“
—_—
I dg [1=R/(p)
| Fon
| €K
—

da

Iv(G)

Fig. 4. dg

(i) We shall write
o def . eFO“ *
dg = dimg((p°c - t5(R)) @r k) (< dg)

(cf. Figure 4). Note that it follows from Proposition 2.5 and Lemma
2.7 that if G is of p-rectangle-type of level > 26%011, then d¢, + di.p =
ht(G).

(i1) We shall say that = € M is n-primitive if the following conditions are
satisfied:

plx=0andx &p- M.

Note that for an R-module M of finite length, M has no n-primitive
element if and only if M =0 or Mz > n.

REMARK 2.9. For a finite flat group scheme G of p-rectangle-type of
level > QE%H over R which is not étale, the following conditions are equiva-
lent:

(i) 1 > e
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(ii) g > Iv(G) — ekem.
(iii) d% = dg.
(iv) t5(R) has no e52-primitive element.

Indeed, the assertion that (i) is equivalent to (ii) (resp. (iii); resp. (iv))
follows from Lemma 2.7 (resp. Lemma 2.7; resp. the definition of EE(OH—
primitive element).

LeEMMA 2.10 (Facts concerning modified dimensions). Let G and H be
finite flat group schemes of p-rectangle-type over R, f: G — H a morphism
of group schemes over R, and n a natural number. Then the following hold:

(i) If the kernel of the morphism G(K) — H(K) is annihilated by p",
and 3659 +n < W(G), W(H), then dg < d% and dgp < dyp-

(ii) If the cokernel of the morphism G(K) — H(K) is annihilated by p",
and 361;?11 +n <Iv(G), v(H), then dy < dg, and dyp < dip-

PRrROOF. First, we prove assertion (i). Let L =y min{lv(G),lv(H)}.
Then it follows from Lemma 2.6 that the respective cokernels of the mor-
phisms

(K" -t (R)) @r R/ (p""2K") — (pK" - 15(R)) @ R/ (p"2K");

6Fon

(05" - tyo (K/R)) © R/ (pF72K") — (05" - tgn (K/R)) ®r R/ (p"72K")

induced by f are annihilated by peli}on“l; moreover, it follows from Lemma

2.7 that (pK" -t5(R)) @ R/ (pE~2K") (resp. (pK" 15 (R)) @r R/ (p"~2K");
resp. (p%" - g (K/R)) @g R/ (p~K"); resp. (p°K" - tyo(K/R)) @r R/
(pL2¢5™)) is a free R/(p*~2K")-module of rank dg; (vesp. dip; resp. di,p;
resp. d3;p,). Therefore, since €™ +n < L — 2€;2", we obtain that dg < dy
and d},p, < d},p. This completes the proof of assertion (i). Moreover, by

taking “(—)P”, assertion (ii) follows from assertion (i). O

LEMMA 2.11 (Isomorphisms of group schemes of p-rectangle-type).
Fon

Let G and H be finite flat group schemes of p-rectangle-type of level > 3¢
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over R, and f: G — H a morphism of group schemes over R. Assume that
t5(R) is free over R/(pV(D)), and t5; > 5. Then f is an isomorphism if
and only if the morphism G ®r K — H ®pr K over K induced by f is an
isomorphism.

Proor. The “only if” part of the assertion is immediate; thus, we
prove the “if” part of the assertion. Since the morphism GRr K — HRr K
over K induced by f is an isomorphism, we obtain that lv(G) = Iv(H) and
dg = dg (cf. Remark 2.9; Lemma 2.10). Thus, it follows from Lemma
2.3 that [t};| < Iv(G) - dg. On the other hand, since |t;| = Iv(G) - dg, we
obtain that |t};| < |t5|. Therefore, it follows from Lemma 1.5 that f is an
isomorphism. [

Next, let us review the notion of truncated Barsotti-Tate group schemes:

DEFINITION 2.12 (cf. e.g., [4], Définition 1.1). Let S be a connected
scheme. Then we shall say that a finite flat group scheme G over S is
truncated (p-)Barsotti-Tate (of level > 2) if there exist natural numbers n
and h such that the following condition is satisfied:

n > 2 and G is of rank p™*. Moreover, for any natural number
m < n, the morphism G' — Im(p%), where Im(pg%) is the scheme-
theoretic image of pi¥, determined by pi% is faithfully flat (thus,
Ker(pg) is flat over S), and the finite flat group scheme Ker(pi%)
over S is of rank p™".

For a truncated Barsotti-Tate group scheme G over S, and a natural

number m, we shall write G[p™] o Ker(pg).

REMARK 2.13.
(i) Any truncated Barsotti-Tate group scheme is of p-rectangle-type.

(ii) If G is truncated Barsotti-Tate, then the Cartier dual GP of G is also
truncated Barsotti-Tate.

Finally, we verify the following two facts concerning truncated Barsotti-
Tate group schemes:
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PropoOsSITION 2.14 (Existence of certain Barsotti-Tate groups). Let G
be a truncated Barsotti-Tate group scheme over R. Then there exists a
Barsotti-Tate group G over R such that G is isomorphic to Ker(pr(G) g —

g).
ProoOF. This follows from [4], Théoréme 4.4, (e). O

LEMMA 2.15 (Freeness of cotangent spaces of truncated Barsotti-Tate

group schemes). Let G be a truncated Barsotti-Tate group scheme over R.
Then tE(R) is free over R/(pl"(G)),

ProOOF. This follows from Proposition 2.14, together with [2], Propo-
sition 10. [J

3. Proof of the Main Theorem

In this §, we prove the main theorem, i.e., Theorem 3.4 below. We
maintain the notation of the preceding §.

LEMMA 3.1 (Split injections of R-
modules). Let M and N be R-modules of finite length, f: M — N a mor-
phism of R-modules, and m a natural number. Then the following hold:

(i) If M and N are free over R/(p™), and the morphism M®prk — NQgk
induced by [ is injective, then f is injective, and the image of f is a
direct summand of N.

(ii) Assume that the following conditions are satisfied:
(1) The morphism M ®r R/(p™) — N ®r R/(p"™) is injective, and
its image is a direct summand of N @ R/(p™).
(2) The morphism p™ - M — p™ - N is injective, and its image is a

direct summand of p™ - N.

Then f is injective, and the image of f is a direct summand of N.

PROOF. Assertion (i) is immediate; thus, we prove assertion (ii). By
assumptions (1), (2), it is immediate that f is injective. By means of this
injectivity of f, we regard M as an R-submodule of N. First, observe that,
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by [6], Theorem 7.14, to prove assertion (ii), it is enough to show that for
any natural number r, the natural inclusion 7" - M — (7" - N) N M is an
isomorphism, where m € R is a prime element of R.

If r < meg, then it follows from assumption (1) that the natural inclu-
sion 7" - M — (x" - N) N M is an isomorphism. Assume that mex < r.
Since (7" -N)NM C (p™-N)NM C p™- M, we obtain that (7" - N)NM C
(mr=mes L (p™ - N)) N (p™ - M). Now since (7" ="K . (p™ - N))N(p™- M) C
" TMeK (p™ . M) = 7" - M by assumption (2), it follows that (7" - N)NM C
n" - M. This completes the proof of assertion (ii). O

LEMMA 3.2 (Split injections of tangent spaces). Assume that the
residue field k is perfect. Let G and H be finite flat group schemes over
R, and f: G — H a morphism of group schemes. Assume that the follow-
ing three conditions are satisfied:

(i) The morphism GRrK — HRrK determined by f is an isomorphism.

(ii) G is of p-rectangle-type, and 265" < Iv(G). (Thus, by (i), H is also
of p-rectangle-type, and 2€F0n <Ilv(H).)

(iii) The morphism
ta(K/R) ®r R/(F<" 1) — ty(K/R) @p R/ (p%"+1)

(¢f. Figure 5) determined by f is injective, and its image is a direct
summand of tg(K/R) ®r R/(pE"+1).

Then the morphism
Na = ta(K/R) @r R/(p™ ") — Ny < t1(K/R) @ R/ (VD ~K")

(¢f. Figure 6) determined by f is injective, and its image is a direct sum-
mand of Np.

PROOF It follows from Lemmas 2.7, together with (ii), that p°s™" - Ng
and pK" - Ny are free over R/(p™(@)=2¢K™): moreover, by (iii), the morphism

(pK" - Ng) @p k — (pK" - Ng) @g k
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PR
] [ ]=R/(p)
| I;(on
________
dg [ ‘
Iv(G)
Fig. 5. ta(K/R) ®r R/(p 1)
FI;gn
/__/%
[ ]=R/(p)
| Fon
—_———
dg l ‘

Iv(G)

Fig. 6. Ng
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determined by f is injective. Thus, it follows from Lemma 3.1, (i), that the
morphism pgﬁfon -Ng — pfion - Ny is injective, and its image is a direct sum-
mand. On the other hand, again by (iii), the morphism Ng ®p R/(péf}on) —
Ny ®g R/(p°E"™) is injective, and its image is a direct summand. Therefore,

the assertion follows from Lemma 3.1, (ii). O

LEMMA 3.3 (Non-existence of e%n—primitive elements of the cotangent
spaces of certain group schemes). Assume that the residue field k is perfect.
Let G and H be truncated Barsotti-Tate group schemes over R, X a finite
flat group scheme over R, GxrH — X a morphism of group schemes which
18 faithfully flat, and n a natural number. Assume that the following four
conditions are satisfied:

(i) The composite
fe:G— GxpH — X,

where the first arrow is the morphism induced by the identity section
of H, determines an isomorphism G(K) = X (K).
(ii) The kernel of the morphism H(K) — X (K) induced by the composite
fo: H— GxpH — X,

where the first arrow is the morphism induced by the identity section
of G, is annihilated by p™.

(iii) The image of the morphism
to(K/R) @ R/ (PO~ K") — tx(K/R) @r R/ (pNO~K")

(cf. Figure 6) determined by fa is a direct summand of tx (K/R) ®g
R/ (pM(@=eK™).

(iv) 4ekon+n < Iv(H). (Note that since Iv(H) —n < Iv(G) by assumptions
(i), (i), it follows that 45" < Iv(G).)

Then t (R) has no ek®-primitive element.

PROOF. Assume that there exists an e52"-primitive element w € t% (R).
Then by the following steps, we obtain a contradiction.
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6Fon

—
M [ 1=R/(p)
| Fon
| €K

dx

lv(X)

Fig. 7. Mx

(Step 1)  We shall write

_€Fon

Mg o Hompg(tq(K/R) ®r R/(pIV(G) <), K/R)®r R C t*G(R) ;

My % Homp(tx (K/R) @ R/ (VD ~K"), K/R) @1 R C t%(R)

(cf. Figure 7).
Then the following hold:

(1-i) The surjection
My — Im(fg: Mx — Mg)
determined by fq splits.
(1-if) Ker(ph(@=": 13 (R) — t5(R)) = Mx.
(1-iii) p&" - % (R) C Mx.

PROOF. Assertion (1-i) follows from assumption (iii). Assertion (1-ii)
follows from the existence of the exact sequence

0 — My — t5%(R) — Homp(p"(@~" .ty (K/R), K/R) @3 K — 0
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(cf. the definition of Mx). Assertion (1-iii) follows assertion (1-ii), together
with Lemma 2.3. [

(Step 2) There exists an element wyp € 5 (R) such that

v (H) Fon

p K WH—fH( )-

PROOF. Since pe%nw = 0, we obtain that pG%nf};(w) =0, ie., fi(w) €
Ker(px" t5(R) — t3(R)) = pVUH)— K" -t3(R) (cf. Lemma 2.15). Thus,
such an element exists. [J

(Step 3) There exists h €H”(K) ®7, R such that the image of h via
the morphism

¢pp: HP(K) @7, R — t5(R) ® tyn (Q)

(cf. Proposition 2.5) is (p°<"wpy, 0); moreover, there exists z € X (K )®Z,,R
such that the image of z via the morphism XD( )®z, R — HP(K) ®z, R
induced by fg is p™h.

PrOOF. This follows from the fact that the cokernel of ¢pp (resp. the
morphism X2(K) — HP(K) induced by fg) is annihilated by p*&" (resp.
" [cf. assumption (ii)]). O

(Step 4) We shall write (n, 7) def dxp(zx) €ty (R)®typ (), and wy def
w — pVUID=265" =y ¢ ¢ (R). Then the following hold:

(4-1) w1 & p- t%(R); in particular, wy # 0.

(4-ii) pV(@-IE)+2"ny, — (. (Note that since Iv(H) — n < Iv(G) by
assumption (ii), 0 < 2€5" < Iv(G) — Iv(H) + 2€5% + n.)

(4-ili) The image fj;(w1) of wy in ¢t} (R) vanishes.

PROOF. Assertion (4-i) follows from the assumption that w is €528-

primitive, together with the assumption that 1 < Iv(H) — 2e5™ — n (cf.
assumption (iv)). Assertion (4-ii) follows from the assumption that w is

ebor_primitive, together with pV(@) . 5 (R) = 0 (cf. assumption (i), also
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Lemma 2.3). Assertion (4-iii) follows from the fact that the images of w and
PV =26 =y iy tt(R) are PVE ="y (cf. Steps 2 and 3). O

(Step 5)  fé(wi) € prUD=2R" = 4= (R).

PROOF. Since pl"(G)*l"éi)He%n*”_fé(wl) =0 (ct. Stel;of’ (4—1@,
fé;(wl) e Ker(plv(G)—lv(H)-i-QsK +n. tE(R) N t*G(R)) — pIV(H)—QeK _n't*G(R)
(cf. Lemma 2.15). O

(Step 6) f&(wr) & P>+ t5(R).

PROOF. Since p/V(G)-WE)T2e"™ 0y, — () (cf. Step 4, (4-ii)), it follows
from Step 1, (i-ii), together with assumption (iv), that w; € Mx C t%(R)
(cf. Step 1). Moreover, since the morphism t% (R) — t5(R)®t};(R) induced
by the faithfully flat morphism G xp H — X is injective (cf. Lemma 1.6),
it follows from Step 1, (1-i), together with Step 4, (4-iii), that we obtain an
isomorphism

My ~Ker(f&: Mx — Mg) ®Im(f&: Mx — Mg),
and
w1 = (O,fé(wl)) € Ker(fé: Mx — Mg) @Im(fé: Mx — Mg) ~ Mx .

Therefore, it follows from Step 4, (4-1), that f&(wi) € p-Im(f5 : Mx —
M¢); moreover, since

PPEH G5 (R) C p R I(fE sty (R) — t5(R)) € p-Im(fE: My — Mg)

(cf. Lemma 2.6, (i), together with Step 1, (1-iii)), we obtain that f&(w1) &
pQGE("“-‘rl . t*G(R) O

By Steps 5 and 6, together with the assumption that 261;(‘”’ +1<Iv(H)—
26%’“ — n, we obtain a contradiction. This completes the proof of Lemma
3.3.0

THEOREM 3.4 (Extension of morphisms between generic fibers I).  Let

G and H be truncated Barsotti-Tate group schemes over R, fx: Gg def

G®r K — Hg e g ®r K a morphism of group schemes over K, and n a

natural number. Assume that one of the following conditions is satisfied:
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(i) The cokernel of the morphism G (K) — Hy (K) determined by fx is
annihilated by p", and 465" +n (= 4(2+vy(ex)) +n — cf. Definition
2.4) < Wv(H). (Note that since Iv(H) < IWv(G) + n, it follows that
4efon < Iv(G).)

(i) The kernel of the morphism G (K) — Hg(K) determined by fx is
annihilated by p", and 45" +n < Iv(G).

Then the morphism fx extends uniquely to a morphism over R.

PROOF. By taking “(—)P” if necessary, we may assume that condi-
tion (i) is satisfied. Moreover, if H? is étale over R, then the assertion is
immediate; thus, we may assume that H” is not étale over R.

First, let us claim that to prove Theorem 3.4, it is enough to show
Theorem 3.4 in the case where the residue field k is perfect. Indeed, this
claim may be verified as follows: Let B C k be a p-basis of k, B C R a lift
of B C k, R the p-adic completion of R[tP " ;t € B] (C K), and K’ the
field of fractions of R/. Then R’ is a complete discrete valuation ring with
perfect residue field, R’ is faithfully flat over R, and, moreover, ex = ex.
Let figr: G ®r K' — H ®r K’ be the morphism determined by fx, and Z
(resp. Zps) the scheme-theoretic closure of the composite

G (ld—flf)GK XKHK—>G><RH

(id,fK/)
AN (

(resp. G ®p K’ GxpH)@prK' =5 (GxpH) @ R).

Then it is easily verified that the natural morphism Zp — Z determines
an isomorphism Zp — Z @r R'. Therefore, since R’ is faithfully flat over
R, the composite Z — G xgp H ™ G is an isomorphism if and only if the
composite Zr — (G xg H) @p R/ Ma ®pr R’ is an isomorphism. On the
other hand, it is easily verified that the morphism fx (resp. fx) extends to
a morphism over R (resp. R') if and only if the composite Z — GxpH Ma
(resp. Zp — (GxpH)QpR 23 G®pR') is an isomorphism. Therefore, we
conclude that fx extends to a morphism over R if and only if fx' extends to
a morphism over R’. This completes the proof of the first claim. Therefore,
in the rest of the proof of Theorem 3.4, assume that the residue field & is
perfect.
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Let G be a Barsotti-Tate group over R such that G ~ Ker(pr(G): g —
G) (cf. Proposition 2.14), and G def Ker(pr(G)“E?"“: G — G). Then
Fon ~ ~
the endomorphism pGGK 1 of G factors through G C G, and the resulting
morphism fits into the following exact sequence
eFI‘(OD+1

0— é[pe%mﬂ] —a e g0

(cf. Definition 2.12). Now we shall denote by gx the composite

. EEODJ»I
~  def ~ via p
GK§G®RK <, GKf—K>HK.

Now let us claim that to prove Theorem 3.4, it is enough to show that
gi extends to a morphism over R. Indeed, since the morphism G — G

is faithfully flat, the morphism I'(G, Og) — I‘(é, Og) is injective, and its
image is a direct summand. In particular, we obtain that

[(G,0q) =T(G,0,) N (I(G,0c) ®r K).

Now if gx extends to a morphism g : G — H over R, then by the con-
struction of g, the morphism I'(H,Oy) — I'(G,Of) determined by g fac-
tors through I'(G,O4) N (I'(G,Og) ®r K); in particular, the morphism
['(H,0n) — I'(G,0f) determined by g factors through I'(G, Og). This
completes the proof of the second claim.

For a natural number m < Iv(G) (= Iv(G) + €™ + 1), we shall denote
by X,, the scheme-theoretic closure of the composite

é[([pm] (I%) éK[pm] XK HK i CN; XRH.
Then it is easily verified that X, C G x r H is a finite flat subgroup scheme

of G xgr H over R, we have closed immersions

def =~

X1 CXpoC---CX gX:le((;)gGXRHy

Iv(G)—-1

and the composite

Xm — GxpH 2L G (resp. X — G xp H 22 H)
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factors through the subgroup scheme G[p™] C G (resp. H[p™] C H) of G
(resp. H). Now to prove Theorem 3.4, it is enough to show that the com-
posite X — G xp H ™ Gis an isomorphism. Indeed, then the composite

G<—X—>G><RH—>H

is a morphism of the desired type. Therefore, the rest of the proof of
Theorem 3.4 is devoted to the proof of the assertion that the composite
X — G x rH ™G is an isomorphism.

Now let us claim that the morphism X cron ; — G[pE"+1] determined

by the composite X6§€n+1 < G xp H G is an isomorphism. Indeed,
this claim is verified as follows: Let Yez;(o,i 1 C é[pefggmrl] x r H be the finite

Fon

flat subgroup scheme of G[ "1 x g H obtained as the scheme-theoretic

image of the section of G[pex"*+1] xp H — 2 Gpx" 1] determined by the

identity section of H. Then since Gg[px ] C Ker(gk), it is immediate

that XEF};C)D+1 ®rK coincides with YE%HH ®QrK in (GxrH)®gr K. Therefore,

we obtain that Xel;‘(on_,’_l = YEE(ODH in G xp K. In particular, the morphism

in question is an isomorphism. This completes the proof of the third claim.
By taking “(—)P”, we obtain a commutative diagram

GP  —— GP
pr?l lfc
GP xpHP —— XD
prgDT TfH
HP — HP,

where the middle horizontal arrow is faithfully flat, the right-hand top ver-
tical arrow fg induces an isomorphism of group schemes é? 5 X }3 over
K, and the kernel of the morphism HP(K) — XP(K) determined by the
right-hand lower vertical arrow fg is annihilated by p™ (cf. condition (i));
moreover, for a natural number m < Iv(G), we obtain a commutative dia-
gram

CNTYD é[pm]D

fe | |

XD . (Xm)D,
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where the horizontal arrows are faithfully flat.
Now let us claim that the morphism

Fon Fon
ton (K/R) @r R/ (0% +) — txn (K/R) @r R/(p% 1)
is injective, and its image is a direct summand of ¢y (K/R)®g R/ (p&"+1):;
in particular, it follows from Lemma 3.2 that the morphism

Fon

ten (B/R) @ R/ (MO ™K") — typ(K/R) @ R/ (pMO ")

is injective, and its image is a direct summand of typ(K/R) ®r R/
(plv(é)feion)
mas 1.6; 2.3 that we obtain a commutative diagram

. Indeed, this claim is verified as follows: It follows from Lem-

tan(K/R) —— tap(K/R) @R R/(0F™) —— . by (K/R)

| | l

txo(K/R) —— txn(K/R) ©r R/(p%" 1) —— 1 o (K/R),

XGE;.OD+1

where the horizontal arrows are surjective. Now since G is truncated
Barsotti-Tate, the right-hand top horizontal arrow t.p,(K/R) ®r R/
(PR L) by cFony ,(K/R) is an isomorphism (cf. Lemma 2.15); on
the other hand, Ii)t follows from the third claim that the right-hand vertical
arrow té[peg(onﬂ]D(K/R) — t(X6F0n+1)D(K/R) is also an isomorphism. This
completes the proof of the fourth claim.

Next, let us claim that £, > 61;(0“. Indeed, since HP is not étale, it
follows from condition (i), together with Lemma 2.10, (i), that X is not
étale. Thus, the above claim follows from the fourth claim, Lemma 3.3,
together with Remark 2.9. This completes the proof of the fifth claim.

Thus, it follows from the fifth claim, together with Lemma 2.11, that
the morphism GP — xD , hence also the morphism X — G in question is
an isomorphism. This completes the proof of Theorem 3.4. [J

COROLLARY 3.5 (Extension of morphisms between generic fibers II).

Let G and H be truncated Barsotti-Tate group schemes over R. Assume
that 45" < Iv(G), Iv(H). Then the following hold:
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(i) Let K-Injg(G, H) (resp. K-Inj(Gor K, H@rK)) be the set of mor-
phisms ¢ of group schemes over R (resp. K) from G (resp. G @ K)
to H (resp. H®r K) such that ¢ induces an injection G(K) — H(K).
Then the natural morphism

K-Injp(G,H) — K-Injx(G®r K,H @ K)

1s bijective.

(ii) Let K-Surjp(G, H) (resp. K-Surji (G ®r K, H ®r K)) be the set of
morphisms ¢ of group schemes over R (resp. K) from G (resp. GRrK)
to H (resp. H®R K) such that ¢ induces a surjection G(K) — H(K).
Then the natural morphism

K-Sutjp(G,H) — K-Surjx (G ®r K, H ®r K)

18 bijective.
(iii) Let Isomp(G, H) (resp. Isomy (G ®r K, H @r K)) be the set of iso-

morphisms of G (resp. G g K) with H (resp. H Qg K) over R (resp.
K). Then the natural morphism

Isomp (G, H) — Isomg (G ®@r K, H @ K)
18 bijective.
ProOOF. This follows immediately from Theorem 3.4. [J

In the following, let K'™ (C K) be the maximal tamely ramified ex-

tension of K, and I' xtm & Gal(K /K'™). Moreover, let (K'™)" (resp. K)

be the p-adic completion of K™ (resp. K), R™ (resp. (R™)") the ring of
integers of K™ (resp. (K*™)"), and I'(gm)n o Gal(K/(K'™)"). (Thus, by
restricting elements of I' fum)a to the algebraic closure of (K™)" in K, one

obtains a natural isomorphism of I' gtm)r with the corresponding absolute
Galois group of (K™)".)

COROLLARY 3.6 (Points of truncated Barsotti-Tate groups). Let G be
a truncated Barsotti-Tate group scheme over R. Then the following hold:
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(i) If G is of level > 4€52" and not étale over R, then G(K) € G(K'™).

(ii) If GP is connected, then the T jum-invariant part
(G(K) @z, Zp(=1)) x=

of the Zp[L kim]-module G(K) ®z, Z,(—1) is annihilated by pieR™.

PROOF. First, we prove assertion (i). By replacing G by its connected
component, we may assume without loss of generality that G is connected.
Then if G(K) = G(K™), it is easily verified that there exist a finite exten-
sion K’ of K which is tamely ramified over K, an étale truncated Barsotti-
Tate group scheme H over the ring of integers R’ of K’, and an isomorphism
of group schemes G @r K’ = H @p K’ over K'. Thus, it follows from The-
orem 3.4 that the isomorphism G ®p K’ = H @p K’ over K’ extends to
an isomorphism G @z R = H over R'. On the other hand, since G is
connected, any morphism G ® g R’ — H over R’ must be trivial. Thus, we
obtain a contradiction. This completes the proof of assertion (i).

Next, we prove assertion (ii). If (G(K) ®z, Zy(—1))"'x*™ is not annihi-
lated by p461;<0n, then it is easily verified that there exist a finite extension
K’ of K which is tamely ramified over K, an étale truncated Barsotti-Tate
group scheme H of level > 461;(0“ with height 1 over the ring of integers R’ of
K’, and a morphism of group schemes GP @r K’ — H ®p K’ over K’ such
that the induced morphism G”(K) — H(K) is surjective. Thus, it follows
from Theorem 3.4 that the morphism G ®r K’ — H @p K’ over K’ ex-
tends to a morphism GP @z R’ — H over R'. On the other hand, since G”
is connected, any morphism G” @z R' — H over R’ must be trivial. Thus,
we obtain a contradiction. This completes the proof of assertion (ii). O

REMARK 3.7. It follows from the fact that the absolute Galois groups
of K" and (K')" are naturally isomorphic, together with the faithfully
flatness of the morphism R"™ — (R'™)" that any finite flat group scheme
(resp. truncated Barsotti-Tate group scheme; resp. morphism of finite flat
group schemes) over (R'™)" descends to a finite flat group scheme (resp.
truncated Barsotti-Tate group scheme; resp. morphism of finite flat group
schemes) over R™. Therefore, the following assertion follows from Theorem
3.4:
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Let G and H be truncated Barsotti-Tate group schemes over

(R"™)", fx: Gk e O (Rem)A (K"™)" — Hg ©H @ (REm)A

(K*™) a morphism of group schemes over (K™)", and n a
natural number. Assume that one of the following conditions is
satisfied:
(i) The cokernel of the morphism Gk (K) — Hy(K) deter-
mined by fx is annihilated by p", and 4€5™ +n < Iv(H).

A~

(ii) The kernel of the morphism GK(%) — H(K) determined
by fx is annihilated by p", and 465{011 +n < Wv(QG).

Then the morphism fx extends uniquely to a morphism over
(Rtm)/\'

COROLLARY 3.8 (Extension of morphisms of Tate modules of Barsotti-
Tate groups). Let G and H be Barsotti-Tate groups over (R™)", T,(G)
(resp. T(H)) the p-adic Tate module of G (resp. H), and Isog gimyn (G, H)
(resp. IsogF(Km)A (T,(G), Tp(H))) the set of morphisms ¢ of Barsotti-Tate
groups over (R™)" (resp. Zy[T(gimyn]-equivariant morphisms ¢) from G
(resp. Tp(G)) to H (resp. Tp(H)) such that ¢ induces an isomorphism
To(G) ®z, Qp = T,(H) ®z, Qp. Then the natural morphism

Isog(pemyn (G, H) — Isogr(Km)A (Tp(G), Tp,(H))
is bijective.

ProoF. This follows from a similar argument to the argument used in
the proof of [10], Theorem 4, together with Remark 3.7. O
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