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The Littlewood-Paley-Stein Inequality for Diffusion

Processes on General Metric Spaces

By Hiroshi KAwABI and Tomohiro MIYOKAWA

Abstract. In this paper, we establish the Littlewood-Paley-Stein
inequality on general metric spaces under a weaker condition than
the lower boundedness of Bakry-Emery’s I'y. We also discuss Riesz
transforms. As examples, we deal with diffusion processes on a path
space associated with stochastic partial differential equations (SPDEs
in short) and a class of superprocesses with immigration.

1. Framework and Results

After the Meyer’s celebrated work [16], many authors studied the Lit-
tlewood-Paley-Stein inequality by a probabilistic approach. Especially,
Shigekawa-Yoshida [20] studied it for symmetric diffusion processes on a
general state space. In [20], they assumed the existence of a suitable core A
which is not only a ring but also stable under the operation of the semigroup
and the infinitesimal generator to employ Bakry-Emery’s I's-method in the
proof, and established the Littlewood-Paley-Stein inequality under that 'y
is bounded from below. However, it is very difficult to check the existence
of such a good core A when we consider problems of infinite dimensional
diffusion processes.

In this paper, we show that the Littlewood-Paley-Stein inequality holds
on general metric spaces under the gradient estimate condition (G) below
even if we do not assume the existence of such a core A. Our condition
seems somewhat weaker than the lower boundedness of I'y. We mention
that Coulhon-Duong [5] and Li [14] also discussed the Littlewood-Paley-
Stein inequality under similar conditions on finite dimensional Riemannian
manifolds. In contrast to these papers, we work in a more general framework
to handle certain infinite dimensional diffusion processes in Section 4.
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We introduce the framework. Let X be a complete separable metric
space. Suppose we are given a Borel probability measure p on X and a
p-symmetric local quasi-regular Dirichlet form £ in L?(u) with the domain
D(E). See Ma-Rockner [15] for the terminologies of quasi-regular Dirichlet
forms. Then by Theorem 1.1 of Chapter V in [15], there exists a p-symmetric
diffusion process M := (X, { P }zex) associated with (£, D(E)). We denote
the infinitesimal generator and the transition semigroup by L and {P;}+>o,
respectively. Since {P;}>0 is p-symmetric, it can be extended to the semi-
group on LP(u), p > 1. We denote the semigroup and its generator by
{P;}+>0 and L again. If we need to specify the acting space, we denote the
generator L in LP(u) by L, and the domain by Dom(L,), respectively. We
assume that 1 € Dom(L,) and L,1 = 0 for all p > 1, where 1 denotes the
function that is identically equal to 1. In particular, the diffusion process
M is conservative.

Here we introduce the following conditions:

(A): There exists a subspace A of Dom(Ls) consisting of bounded contin-
uous functions which is dense in D(€) and f2 € Dom(L;) holds for any
feA

Under this condition, the form £ admits a carré du champ, namely, there
exists a unique positive symmetric and continuous bilinear form I' from
D(E) x D(&) into L' () such that

E(fhg) + E(gh. f) — E(h, fg) = 2 /X W/, g) du

holds for any f,g,h € D(E) N L*™°(u). In particular, for f,g € Dom(Ls),
fg € Dom(L;) and

O(f,9) = 5 {L1(f9) — (Laf)g — f(L2g)}

hold. For further informations, see Theorem 4.2.2 of Chapter I in Bouleau-
Hirsch [4]. In the sequel, we use the notation I'(f) := I'(f, f) for simplicity.
The following gradient estimate condition is crucial in this paper.

(G): There exist constants K > 0 and R € R such that the following
inequality holds for any f € A and t > 0:

(1.1) I(P.f) < Ke*H'PAT(f)}.
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Throughout this paper, we always assume (A) and (G).

REMARK 1.1. If A is stable under the operations of {P;} and L,
(1.2) La(f) =2 —RI(f), feA

implies (1.1) with K = 1, where T'o(f) := 3(L:1T(f) — 2T'(Laof, f)). Hence
our condition (G) is weaker than (1.2). When X is a finite dimensional
complete Riemannian manifold, (1.2) is equivalent to that the Ricci curva-
ture is bounded by —R from below. See Proposition 2.3 in Bakry [2] for
details.

Let us introduce the Littlewood-Paley G-functions. To do this, we recall
the subordination of a semigroup. For ¢ > 0, we define a probability measure
At on [0, 4+00) by

t
2ym

In terms of the Laplace transform, this measure is characterized as

Ae(ds) = e /55312,

/ e N\ (ds) = eV 4> 0.
0
For a > 0, we define the subordination {an)}tzo of {P;}>0 by

Q) f = /0 P M(ds),  f € IP(u).

Then we can easily see that

(13) 1 flimgy < /0 & | Pl 1oy Me(d5)

(] o ntd) Ul = 1 g,

IN

and hence {an)}tzo is a strongly continuous contraction semigroup on

LP(u). The infinitesimal generator of {QEO‘)}QO is denoted by —\/a — L.
We may omit the subscript p for simplicity.
For f € L?NLP(u) and a > 0, we define Littlewood-Paley’s G-functions

by
00 1/2
9 o : Gy (x) = (/ tgf(x,t)wt) ,
0

g7 (.) == | 5:(QV ) (@)
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00 1/2
g t) = (@ ) (), Ghz) = ( /0 tg}@,t)%) :

1/2

a5(0.0)i= Uo7 @)+ a0 Gta) o= ([ ragtonear)

Now we present the Littlewood-Paley-Stein inequality. In what follows,
the notation ||ulzr(u) < [Vl ze(y stands for [[ull e,y < Cllv][ ey, where C
is a positive constant depending only on K in condition (G) and p.

THEOREM 1.2. For any 1 < p < o0 and o« > RV 0, the following
inequalities hold for f € L? N LP(u):

(1.4) 1Gillry S I ler(u
(1.5) [fllzey S NG o ()-

Before closing this section, we give an application of Theorem 1.2. It
plays an important role in the regularity theory of parabolic PDEs on general
metric spaces.

THEOREM 1.3. Letl <p<oo,q>1and a> RV0. We define

RO f =T ((Va—Ly)™f)"*,  felP(u).

Then we have the following statements:
(1) For any p > 2 and q > 1, RY (L) is bounded on LP(u). The operator

norm ||R&q)(L)||p7p depends only on K,p,q and ar = (o« — R) A . This
implies the inclusion

Dom((y/1=Ly)") € W' () := {f € LP(u) N D(E) | T(f)'/* € LP(n) }.

(2) For anyp > 2 and 1 < q < 2, there exists a positive constant Cp, 4 such
that

(1.6)  IT@ (| 1oy < Crall B (L) llpp (@92 +792) || £ o)
t>0, fell(u).
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REMARK 1.4. We do not know whether our gradient estimate condi-
tion (G) is sufficient or not to establish the item (1) of Theorem 1.3 for ¢ =
1, i.e., so-called the boundedness of the Riesz transform R, (L) := RS)(L)
on LP(u). Recently, Shigekawa [18] discussed the boundedness of R, (L)
under the intertwining condition for the diffusion semigroup in a general
framework. We remark that the intertwining condition implies (G). Hence
one way to establish the boundedness of R, (L) is to show the intertwining
condition for each concrete problem.

2. Proof of Theorem 1.2

In this section, we prove Theorem 1.2 by a probabilistic method. The
original idea is due to Meyer [16]. The reader is referred to Bakry [1],
Shigekawa-Yoshida [20] and Yoshida [24]. In these papers, they expanded
L(an) f)P,f € A, by employing the usual functional analytic argument
in the proof of the Littlewood-Paley-Stein inequality. In that calculations,
they needed to assume the existence of a good core A described in Section 1.
However, we cannot follow their proof directly since we do not impose such
good properties on A. To overcome this difficulty, we replace the functional
analytic argument by probabilistic one based on Ito’s formula. We give
details and prove Theorem 1.2 for 1 < p < 2 in the second subsection.
In the third subsection, we introduce the notion of H-functions to prove
Theorem 1.2 for p > 2. Our gradient estimate condition (G) plays a crucial
role when we compare G-functions with H-functions. For the case p = 2,
(1.4) is proved as equality by using spectral resolution of L. See Proposition
3.1 in [20] for the proof. We note that (1.5) is derived from (1.4) by using
the standard duality argument. See Theorem 4.4 in [20] for the detail.

2.1. Preparations

In this subsection, we make some preparations. We have already used
the notation { P, },cx to denote the diffusion measure of M associated with
the Dirichlet form (£, D(£)). In this subsection, we use the notation P} in
place of P,. Let (B, P,”) be one-dimensional Brownian motion starting at
a € R with the generator 88—;2. We set Y := (X, By), t > 0, and P, o) :=
Pl @ P;". Then M := (Y, {Pz,a)}) is a pp @ m-symmetric diffusion process

on X x R with the (formal) generator L + 59722, where m is one-dimensional
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Lebesgue measure. We put PJ = fXPxTu(d:U), Puss, = [xP(zap(dz)
and denote the integration with respect to P; Py Paa) and Pugs, by
E;,E:,E(La) and E,gs,, respectively.

We denote the semigroup on LP(X X R;u ® m) associated with the
diffusion process {Y; }+>0 by {Pt}tzo and its generator by f/p. We also denote
the Dirichlet form on L?(X x R;u ® m) associated with Ly by (£, D(E)).
That is,

D(g):{uELQ(XxR;u®m) } }i\n(l)%(u—]f’tu,u) <—|—oo},

L2(X xRyuem)

E(u,v) = lim 1(u — P, v)

lim = L2(X xR o) for u,v € D(E).

We denote by € := A ® C°(R) the totality of all linear combinations of
foep feAype CPR), where (f ® ¢)(x,a) := f(x)p(a). Meanwhile,
the spaces L?(u) ® L?(m) and D(£) ® H'2(R) are usual tensor products
of Hilbert spaces, where H'2(IR) is the Sobolev space which consists of all
functions ¢ € L?(m) such that the weak derivative ¢ exists and belongs to
L?(m). Then we have

LEMMA 2.1. C is dense in D(E). Moreover for u,v € D(£) @ H'2(R),
we have
@) ) = [ E(uta).vt0)mldo
R

ou ov
+/Xu(d:c)/R%(x,a)%(:r,a)m(da).

PrOOF. We denote by {T};};>0 the transition semigroup associated
with (By, {P;”}acr). We can regard it as the semigroup on L?(m). First,
we note that the following identity holds:

(2.2) Pi(f® )= (Pf)® (Tvp), fe€L*(n),¢ € L*(m).

By (2.2), we can see C C D(E) @ HY2(R) € D(E) and the identity (2.1). We
also have

(2.3) E(f @ e, f @) <& Hlieldam
1120 (€122 ) + 12132 0my)



The Littlewood-Paley-Stein Inequality on General Metric Spaces 7

holds for f € D(E),o € H“2(R). By (2.3), we see that C is dense in
D(E) ® HY2(R) with respect to & -topology, because A and C§(R) are
dense in D(£) and H2(R), respectively.

Hence it is sufficient to show D(£) @ HY2(R) is dense in D(£). Since
L?(p) ® L?(m) is dense in L3(X x R;pu @ m), Uyoq Br(L?(1) ® L?(m)) is

A~

dense in D(€). On the other hand, (2.2) also leads us to

UBEw e Lm) = | (BL W) @ (PL(m)))

t>0 t>0

c DE)® HY?(R) c DE).
Therefore the proof is completed. [

Here we note that, due to Fitzsimmons [6], the Dirichlet form (£, D(€))
is quasi-regular. Thus we can apply the general theory of quasi-regular
Dirichlet forms in [15].

Now we fix a function f € A. We set u(x,a) := Q,(la)f(ac), a > 0. Then
it holds that

((5—; Y L— a) u(ya) =0 in L(p).

Furthermore for a € R, we consider v(z,a) := u(z,|a|) = Ql(gl)f(a:) Then
by (1.3), we have

—ovala 1/2 _
24)  oll g kysom < ( /]R 2| 230da) " = a7V gy

The main purpose of this subsection is to discuss the semi-martingale
decomposition of v(X¢ar, Biar),t > 0, where 7 := inf{t > 0 | B = 0}. As
the first step, we give the following fundamental lemma:

LEMMA 2.2. v e D(E) holds.

PROOF. At the beginning, we note L?(X xR; u®m) = L?(R, L?(X; p);
m). According to Fubini’s theorem, we have

(25)  P(e.a) = B [u(Xs, [Bi)] = EL[E, [u(, | Bi)] (X0)]
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We recall Tanaka’s formula
t
| B;| = | Bo| +/ sgn(Bs)dBs + Li(0), t>0, P -as.,
0

where {L(0)}+>0 is the local time of one-dimensional Brownian motion
{Bt}+>0 at the origin. Then by using It6’s formula, we have

20 ulIBl) = B+ [ GHC B DB,
t ou t 924
S IBAL0)+ [ S B Ds
t
= uC|Bo) — [ Va=Tu(. B )sen(B)dB,
- /Ot Va = Tu(-, |By|)dL,(0)
+/0 (a — L)u(-,|Bs|)ds
Hence (2.6) leads us to
t
1) EZCIBD = o)~ 57 [ [ Ve Tu B)dL0)
-HE:[/O (a—L)u(-,|Bs|)d5],

On the other hand, since f € A, it holds that u(-,|a|) = Q|a\ f() €
Dom(Lz). Hence

t
M (@) 1))~ (@ ) - [ L@ nas. e,
is an LQ(P,I )-martingale. Then we have

(2'8) E;[U(Xta’a’)] = (QM f)( )
+/0 (LQIaI f)(x)ds, p-a.e. x € X.
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By summarizing (2.5), (2.7) and (2.8), we can proceed as

1
(2.9) ;( - P, U)L2(XxRu®m

- 3 faf{ / L(LQUS) ) (@)ds } - Qo) fw)(d)
+¥/Rda/XEl _E;[/O Va = Lu( |By)dL(0)] (X)|
xQjq) £ (x)u(d)
gy (o= LyuC- |Bul)ds) (%)
xQje) f(x)p(da)
N __/da/ (PLQE L, Qli} ) gy
i /R da /X ol / Va— Lu(z, | By|)dLs(0)]
% P(QU) ) (@) u(d)

= /R da /X ol / (a = L)u(x, | By|)ds]

XPt(QM f)(@)p(dz)
= —N(t) + L(t) — I1(t),

where we used symmetry of { P, };>0 on L?(p). For the terms I;(¢) and I5(t)

we see the following estimates by using contractivity of {P;};>0 on L?(u)
and (1.3):

(2.10) 1) < ¢ [ da / 12Q) Fll 2 - Q) 12y ds
< /R 2L o - 1|20 da
=—||Lf||Lz N ez

Rl =7 [0 | (Va=TuwoEr (2 <o>])-Pt<Qf;>f><x>u<dx>



10 Hiroshi KAwWABI and Tomohiro MIYOKAWA

1 . -
= ;’ /R(v@ —Lf, Ptha‘)f)Lz(u)Ea [Lt(O)]da‘

2 o
< JIVea = Lfllizg - Hf||L2<u)/O e VR, [L4(0)] da.

Here we recall

. 1 Y+ |r — al)?
P (L(t,r) € dy) = ﬁexp{ — %}dy, y > 0.

See page 155 of Borodin-Salminen [3]. Then we can continue as

2
211) @) = SlVe =Ll - [fllz2e

00 00 2
—vaa 1 _ (a+y)

x/o e {/0 y—\/ﬁexp< % )dy}da
8l[Va = Lfllr2 - £l 22

0 1 a? e y2
X e_Tda/ ye 2dy

/o V2m 0

= 4V —=Lfllr2 - 1fllL2-

For the term I3(t), we have
(2.12) I3(t)| < %/R‘E:[/Ot(a—L)u(»!Bs!)dS]H

<[1Q{) Fll 2y da

IN

L2 ()

< L[/ L)Q® d
< ¢ LE] [ e = DQE Ol aads
x (el £l 2y ) da
1 - t
< ¢ LB [ ] @iz + 12 2]
R -J0

x (e £ 2 ) da
2
= 2va| fllfz( + ﬁ”LJCHLQ(u) Nl z2 (-

Finally, we substitute estimates (2.10), (2.11) and (2.12) into (2.9). Then
we can easily see

lim 1(v - Ptv, v) < 4o00.

1 ~
i = sup n (v — P, 11)

L2(X xR;p®@m) >0

L2(X xRu®@m)
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This and (2.4) complete the proof. (]

By Lemma 2.2, we can apply Fukushima’s decomposition theorem. That
is, there exist a martingale additive functional of finite energy M and a
continuous additive functional of zero energy N such that

(2.13) (X4, By) — 9(Xo, Bo) = M" + NI,
t>0, P q-as. for ge-(r,a),

where ¥ is an £-quasi-continuous modification of v € D(é’) See Theo-
rem 5.2.2 of Fukushima-Oshima-Takeda [7]. We note that, since £ has the
strong local property, M is continuous. Due to Theorem 5.2.3 of [7], we
know that

(2.14) (M), = /Ot{F(v,v)(XS,BS) + (%(XS, BS)>2} ds.

See also Theorem 5.1.3 and Example 5.1.1 of [7] for details.

v

From now, we discuss the explicit expression of N/, Let us define a

signed measure v on X X R by
v(dzda) := 2V a — Lu(z,a)u(dz)do(da),

where ¢ is Dirac measure on R with mass at the origin. The total variation
of v is given by

lv|(dzda) := 2|va — Lv(, a)|u(dz)do(da).
Then we have

LEMMA 2.3. There exists a constant C > 0 such that

[ Naw ol Wi < céig o p.g o),
g€ A pe CR).

That is, v is of finite 1-order energy integral. (For definition of measures
of finite 1-order energy integral, see Sections 2.2 and 5.4 of [7].)
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PrOOF. We take a positive constant ag such that supp(yp) C [—ao, ag].
We first consider the case of ¢(0) < 0. Let € > 0. Then for p-a.e. z € X,
we have

/R |cp(a)\\/(\/a — Lv(z, a))2 + e 6o(da)
- _¢(0)\/(mv(:ﬁ, 0))° +e
— (o) (Va—To(,a0)) + ¢ — pl0)y/ (Va = Lo, 0))" +2
- /an %{Lp(a)\/(\/oc——Lv(x,a))2 + s}da
- [ @y (Ve Tute. )’ + oo
B /C‘O (a) Va— Lv(z,a) - (a — L)v(z,a)
2
0 \/(MU(x, a)) +e

! 2
< /R|g0 (a)|\/(\/a — Lv(z,a))” + eda + /R|g0(a)| |(a = L)v(z, a)|da.
Therefore

//Xx]R‘(g ® gO)(:v,a)} v|(dwda)
) Qii{%/X ‘g(x)’(/ﬂ§|g0(a)’\/(‘/o‘_—LU($a a))Q + 650(da))ﬂ(dx)

< 2imsup [ o) ( [ 1@ (Vo To(w,0))* + zda)ua
2 [ lo@I( [ It lto = Dyola o)lda) n(do)

2(Va = Zo/| 2y 19/l 20

da

IN

I = D)0l o 191 220m ) 191 2260
2v2a7H([[Va = L] 1o,y + (@ = L) fll2) \/c‘fl(g ® 0,9 ® )

= C\/€1(g ® ¢, 9® ),

where we used (2.4) and

IN

E(g®@,9®¢) = E(9, DPlT2m) + 19117200 191 72m)
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for the last line. This is the desired result.
In the case of ¢(0) > 0, we easily see

(2.15) /Rycp(a)\\/(mv(m,a))z+550(da)
- /_Oa %{ap(a)\/(mwx,a)f + E}da.

By using (2.15), we can follow the same argument as the case where ¢(0) <
0. Therefore the proof is completed. [

Due to Lemma 2.3, v is of finite 1-order energy integral. Then for each
B > 0, there exists a unique Ugr € D(E) such that the following relation
holds:

(2.16)  E3(Usw, g ® @)

// (9 @ ¢)(x,a)v(dzda), g€ A e CP(R).
X xR

LEMMA 2.4. (1) Uyv =w.
(2) Ugv =v—(B—a)Rguv holds, where { Rg}p>o is the resolvent of {P;}>0.

PROOF. (1) We need to show (2.16). By using the integration by parts
formula, for p-a.e. z € X, we have

(2.17) /R?(x,a) ¢'(a)da

= / Va — Lu(z,a)y’ da+/ Va — Lu(z,a)¢' (—a) da

= _/0 mu(x,a)%(@(a) +¢(—a))da
= 2\/oz——Lu(l‘ 0)¢(0)
/ o Va = Lu(z,a) (¢(a) + ¢(—a))da

= 2Va — Lu(z,0)p(0) — / (a — L)u(z, a)(p(a) + ¢(—a))da

0

= 2Va— Lv(x,0)p(0) — /R(oz — L)v(z,a)p(a)da.
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Then (2.17) leads us to our desired equality as follows:
Ealvg9) = [ dagta) [ Va=Tola.a)Va=To(w)n(da)
X
+ [ ntdn)go) (2va = To(a,0)(0)
X
— /(a - L)v(:v,a)go(a)da)
R
— 2 [ Va=Lo(w,0)g(a)e(0)u(ds)
X

_ //XXR(Q © o) (z, a)v(deda).

(2) We recall gg(Rgv,g ®p)=(v,9® ©)12(X xRucm)- Lhen we have
Es(v— (B —a)Rav, g @ )

=¢ (’U g®<p)—(ﬁ—a)' (’U g®§0)L2(X><R;,u®m)
=Ea(v,9® @)

//XX]R g ® ¢)(z,a)v(dzda),

where we used (1) for the last line. Hence the proof of (2) is also com-
pleted. [J

Due to Lemma 5.4.1 of [7] and the lemma above, we have
t
N = a/ 5(X,, By)ds — A, t>0,
0

where ¥ is an &-quasi-continuous modification of v and A is the continuous
additive functional corresponding to v. Since v does not charge out of
X x {0}, due to Theorem 5.1.5 of [7], A = 0 holds. Thus we get

tAT
(2.18) N = a/ (X, Bs) ds.
0

By summarizing (2.13), (2.14), and (2.18), we have the following propo-
sition which plays a crucial role later.
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PROPOSITION 2.5. We have the semi-martingale decomposition
tAT
(2.19) o(Xiar, Biar) — 9(Xo, Bo) = Mt[X]T + a/ (X5, Bs)ds, t>0,
0

under P, o) for g.e.-(x,a). Moreover it holds

tAT

ov

[P0 B + (2%, 8) Y as.

(220)  (MDhy,. = /O -

Since v(z,a) = u(x,a) holds for a > 0, this proposition also gives the
semi-martingale decomposition of u(Xar, Biar).

Before closing this subsection, we need the following lemma to allow
1 ® b, as an initial distribution.

LEMMA 2.6. pu ® 6, does not charge any set of zero capacity for m-
almost all a € R.

PrROOF. Let N C X X R be a set of zero capacity with respect to &
Then by the item (4) in Theorem 4.1 of Okura [17], N, is a set of zero
capacity with respect to & for m-a.e. a € R, where the set N, C X is
defined by N, := {z € X|(x,a) € N},a € R. Thus we have

(1 ® 6a)(N) = p(Na) < Capg, (Na) = 0.
This completes the proof. [J

2.2. Proof of Theorem 1.2 (1 <p < 2)

In this subsection, we return to the proof of Theorem 1.2 in the case of
1 < p < 2. Here we recall the following identities for our later use. See [16]
for the proof.

LEMMA 2.7. Letn: X x[0,400) — [0,+00) be a measurable function.
Then

@20 Bues, [ [ 6B = [ utan) [T anontea
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and

222)  Buos| [ 0 Bot]X, = 2] = [@n0@nc. o) ar

Since {X;}i>0 and {B;};>0 are mutually independent under P,gs, and
w is the invariant measure of {X;}+>0, we can see the following identity for
any bounded Borel measurable function h on X:

(2.23) Byon [0(X)] = [ hla)u(da).

Hereafter, we abbreviate Mt[X]T as M; for simplicity. By Proposition 2.5
and Lemma 2.6, there exists a non-negative sequence {a,}neN such that
limy, o0 an = 00, (2.19) and (2.20) hold under P,gs, for any n € N.

We set V; := 9(Xnr, Binr). We apply Ito’s formula to V;2. Proposition
2.5 implies

(2.24) d(V}) = 2VidM; + 2aV2dt + d(M),
2VidM; + 2(g¢(X¢, B)? + aV}?)dt.

Let € > 0. By applying It6’s formula to (V;2 + £)P/? again, we also have

d(V2+ )" = p(V2 +&)"* 'idM,
+p(V2+e)"* Ngp(Xy, Bi)® + aV2)dt

-2 _
+p<p2 )(%2+€)p/2 2‘/tgd<M>t

> p(V2 +¢)"* 'VidM,
+p(p— D)(VE + )" gp(Xy, By,

where we used p < 2 for the last line.

Hence by taking the expectation of the inequality above and using
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u(z,a) = v(z,a) for a > 0, we have

(2.25)  Euges,, {p(p — 1)/ (1/;2 + g)p/Qflgf(th Bt)Q dt}
0

< Euas, |(V2+eV/2 = (F +e)?]

< Euss, (VT )p/Q}

= Euss, (u(XT,B +2)"?]

= Byon, (152 +2)"7] = [ (£@F + 21 u(da),

where we used (2.23) for the last line. Here, by recalling (2.21), the left
hand side of (2.25) is equal to

po-=1) [ nldn) [ A en)(ule 0P + 212 gy (o) dr
X 0
Therefore, by letting ¢ — 0 and n — oo, we have

(2.26) plp—1) /X u(de) / " tlule, )P 2gp (1) di < /X @) ().

0
Now we recall the maximal ergodic inequality

p
A <Ll p L
[swplpsll,, , < 551 g

See Theorem 3.3 in Shigekawa [19] for details. It leads us to

oo p/2
Gty = [t { [ tute 0P Plute 02y e, e}

[t { [t P @) a0 2ot dt}

2—p

{A(igg’Ptf(w)l)pu(dx)}2
: {/ /Oot’“("ﬂ’t)’p_?gf(x,t)zdtu(dx)}p/2
{/ |f(2)? p(dz }2%17 {/ |f($)|pﬂ(d$)}p/2 I, #

where we used (2.26) for the last line. This completes the proof.

p/2

IN

IN

N
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2.3. Proof of Theorem 1.2 (p > 2)
In the case of p > 2, we need additional functions, namely H-functions
defined by

00 1/2

—(r) = O (o (- 2 (2
Hr(2) - {/0 Q) <gf<,t>>(>dt} ,
1/2

@ = { [Tl ujemal

Hy(z) = { /0 Q0 (g5( 1)) dt}m.

We begin by the following proposition:

PrRoOPOSITION 2.8. For p > 2, the following inequality holds for any
feA:

I H ¢l 2oy SN llor (-

PROOF. By a slight modification, we can prove in the same way as the
proof of Proposition 4.2 in Shigekawa-Yoshida [20]. However we give the
proof for the reader’s convenience.

Let us recall that, due to (2.24), we have

tAT tAT
227) VA, -V2= 2/0 Vi, dM, + 2/0 (Vi + g(Xs, Bs)?)ds.

Since A; :=2 fJAT (aV2+ g7(Xs, Bs)?)ds, t > 0, is a continuous increasing
process, (2.27) implies that Z; := V4, — Vi, ¢t > 0 is a submartingale.
Now we need an inequality for submartingales. Let {Z;};>0 be a con-
tinuous submartingale with the Doob-Meyer decomposition Z; = M; + A,
where {M;};>0 is a continuous martingale and {A;};>¢ is a continuous in-
creasing process with Ay = 0. Due to Lenglart-Lépingle-Pratelli [13], it

holds that

(2.28) E[AL] < (2p)V'E[swp|Zf|, p>1.
t>0
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Then by using (2.28) and Doob’s inequality, we have

b Bl [

5 E/—L®6an
S EH®6an
= Eu®6an

= EH’®60«7L

5 Eﬂ®5an

= [f1I%

sup| V2, — VP

- t>0

V2= Ve

[u(Xr, Br)? = u(Xo, Bo)""?|
1(QE7 £(X0))? = QU £ (X0)? 2]

1@ FXDP] + B, [1QW) £(Xo) 7]
o QI S 12

On the other hand, by using (2.22), (2.29) and Jensen’s inequality, we

have

117 = {10

n—oo

= lim H{/ (an A t) Q( )(gf(-,t)g)dt}pm‘

n—oo

= lim Eues,, [{ /Ooo(anAt)ng(gf(.,t)?)(XT)dt}

p/2‘

g7 (- 0)?)dt}

Li(p)

LY (p)
/2
"]

. T 9 p/2
= lim By, [Bues,, | [ 95(Xe Bo)ds|X, ||
n—oo 0

< liminf E
= e H®ban

= liminfE,gs,
n—oo

< liminfE,gs,,
n—oo

This completes the proof. [J

:IEH@)&% [( /OT 95 (X, BS)QdS)p/Z\XTH

n :(/OTgf(XS’Bs)QdS)p/2:|

[ /0 (V2 + g5(Xo, B)?)ds Y| S £,

Next we study the relationship between G-functions and H-functions.
In the proof of this proposition, condition (G) plays a key role.
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ProposITION 2.9. (1) For any f € A and a > RV 0, the following
inequality holds:

G} <2VKH].
(2) For any f € A, the following inequality holds:

Gy <2H; .

PROOF. We give a proof of the item (1) only. The item (2) can be
proved in the same way. By condition (G) and Schwarz’s inequality, we
have the following estimate for any > RV 0 and [ € A:

e T@YN) < ([ e )

- </ooe(aR)s)\t(ds)>
0
y (/ooe(a+R)SF(PSf))\t(dS))

0
< KV /0 e~ @R p (1 () Mi(ds))
< KQ(r(s).
Then (2.30) yields
(231) gj(x.26? = T(QYf)()
= T(QQh) @)
< KQI" (@™ n) @) < KQP (g, ) (@),

Therefore we have

(Ghx)? = 4 /0 Ootg}(x,ztfdt

IN

i [ QO (gh(,6)%) (@) dt = 4K (H)(2))?,
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where we changed the variable ¢ to 2¢ in the first line and used (2.31) for
the second line. This completes the proof. [

It is clear that Propositions 2.8 and 2.9 conclude the desired inequality
(1.4). Therefore the proof of Theorem 1.2 is completed.

3. Proof of Theorem 1.3

Before giving the proof of Theorem 1.3, we make a preparation following
Yoshida [24]. Let v be a finite signed measure on [0, 00). We denote by v
and [[v]| := [;°|v|(ds) the Laplace transform and the total variation of v,
respectively. For a > 0, we define a bounded operator (o — L) on LP(u),
1 <p< oo, by

va—L)f:= / e “Psf v(ds).
[0,00)
Thus we easily have

(3.1) (e = L) fllze gy < W1 - 11 flze ey, € LP(p)-

Here we give a remark in the case of p = 2. In this case, this operator is
represented by

v(a—L):= / v(a+ N)dEjy,
[0,00)

where {E)}>0 is the spectral decomposition of —L in L?(u).
By Lemma 2.3 in [1], there exist finite signed measures v and v, such

that the Laplace transform are given by 1 (\) = 1&% and o(N) = %’

respectively. For € > 0, we denote by yi(s), 1 = 1,2, the image measure of v;

under the mapping A — \/e. Then we have

~(e \/€+)\ e
(32) W = oy M,
VE+VA

Ve+ A

(33) 2 (\) < el

: et(a—L) Verva-L
(3.1), (3.2) and (3.3) imply the operators rVaL and e on LP (1)




22 Hiroshi KAwWABI and Tomohiro MIYOKAWA

have the operator norms less than ||| and |||, respectively. We also have

(i) (=)

Ve+vVa—L/\\/e+(a—L
W+JF (a—1)
( e+ (a ))<\f+\/af> L

Then we obtain the following relation for ¢ > 1:

34) (Ve+(a—L) " (ﬁ+m)—q(w)‘q

Ve+vVa—L
- (Eeva- D (YRR

Now we are in a position to give the proof of Theorem 1.3.

PROOF OoF THEOREM 1.3. First, we set 8 € R and € > 0 such that
a=fB+ecand 3> R. Note 0 < ¢ < ag. Let f € L2NLP(p) and we consider

Ve+ VB —L\a
-G )"

By (3.4), we have
D((Va—-L)7f) = T((Ve+vB-L)™)

1 [ 2
L 1a-1=VEtp Q(ﬁ) 1/2 dt) '
(F(q) /0 (@79)

Here we use Theorem 1.2. By recalling ¢ > 1, we have the following
estimate:

(35) [T(Va=L)™) || i

1
g1, et (6) 1/2
F( H/ t I( g) " dt

Lp(p)

! 2¢—3 _—2/et 7,\1/2 /OO ) 1/2
< . _
~ T(q) H/ "1 %e dt) (0 tT(Q; g)dt) o
_ 1 T@g—2)\1/2 4

~ T(q) ( (4e)a-1 ) 1GgllLe ()
(g2l —2)"?
1)/2
S e T'Hgllm(u)
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However the left hand side of (3.5) does not depend on €. Hence we can let
€ /" apr on the right hand side, and it leads us to

(3.6) T (Va=L)-2f)"?

On the other hand, we have

—(g—-1)/2
HLP <CK7pqaR(q )/ HQHLP

(3.7) 19llzeny < llvall® - 11 2o -

Then by combining (3.6) with (3.7), we complete the proof of the item (1).
For the proof of the item (2), we use the same argument as used in

Kawabi [11]. Since {P;};>0 is an analytic semigroup on LP(u) (see Chapter

IIT of Stein [23] for details), there exists a positive constant C), such that

55) 1Py < Cot e £ € 170,
and hence Pt(a) = e~ P, also satisfies

39 - DE | <€ (Cot " + ) [Tl € PR

Then by noting 1 < ¢ < 2 and (3.9), the left hand side of (1.6) is
dominated as

(3.10) |0 (Pf) UQHL,,
=T (B 1) g
< N RD D)yl (V=D |,
= | RO (D) ]| (Vo= D)2 = LY PV || o

|| R (L) 5 /°°
re , S_q/2 P(a
F(l—q/2) : H( tfHLp
|| R (L) 5

I'(1-gq/2)
> - —as ¢
x/o 57020 (1 a) | 7], s

where we used the item (1) for the second line.
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Moreover, we have

eat [e%e} C
—q/2 —a(s+t) p
(3.11) 7“1_(]/2)/0 s % <—S+t+a>ds
- 0

« e /2
+ = s Ve *(s
I'(1-q/2) /0
Cp _ o _
= % ez [T g gyl 4 a0
fi-g)’  Jy 70T

< Gpg(t7? +a9?),

where we changed the variable s to ¢7 in the third line.
Hence by combining (3.10) with (3.11), we obtain our desired estimate
(1.6). This completes the proof. OJ

4. Examples

4.1. Diffusion processes on a path space with Gibbs measures

In this subsection, we present an example in an infinite dimensional
setting. This is studied in Kawabi [10], [12]. We consider diffusion processes
on an infinite volume path space C(R, R?) with Gibbs measures associated
with the (formal) Hamiltonian

H(w) = %/R|w/(:1:)|%§dd:ﬁ+/RU(w(x))dx,

where U : R — R is an interaction potential. Our diffusion processes are
defined through the time dependent Ginzburg-Landau type SPDE

(4.1)  dXi(x) = {A. Xi(x) — VU(X¢(2)) }dt + V2dWy(z), = €R, t >0,

where A, = d?/dx?, V = (0/02;)%_; and (W;);>0 is a white noise process.
This dynamics is called the P(¢);-time evolution.

In what follows, we describe the framework. We introduce some spaces
of functions to control the growth of X;(z) as |x| — oo. For fixed A > 0,
we consider a Hilbert space E := L?(R,R% e=2®)dz), X\ > 0, where y €
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C*(R,R) is a positive symmetric convex function satisfying x(z) = |z| for
|z| > 1. We also consider

C = {X() € C(R,RY) |Sg§|X($)‘Rd€_)\X(x) < oo for every A > 0}.
xT

We regard these spaces as state spaces of our dynamics.

Let p be a (U-)Gibbs measure. This means that the regular condi-
tional probability satisfies the following DLR-equation for every r € N and
p-a.e. £ € C:

,
u(dwlB;)(©) = Z;dexp (~ [ Ulw(a)do)Wie(du),
where B is the o-field generated by C||_;. ,jc, Wi is the path space measure
of the Brownian bridge on [—r,7] with a boundary condition W, ¢ (w(r) =
&(r),w(—=r) =&(-r)) =1 and Z,¢ is the normalization constant.
We impose the following conditions on the potential function U:

(U1) U € CY(R? R) and there exists a constant K; € R such that
(VU(zl) — VU (22),21 — ZQ)Rd > —Kilz — zﬂ%d, z21,%29 € R,
(U2) There exist K3 > 0 and p > 0 such that
VU (2)|ge < Ko(1+|2|ga), z€ R4,
(U3) lmy, oo U(z) = 0.

As examples of U satisfying above conditions, we are interested in a square
potential and a double-well potential. Those are, U(z) = a|z|%, and U(z) =
a(|z|ga — |2]%a), @ > 0, respectively. We remark that conditions (U1)
and (U2) imply that SPDE (4.1) has a unique (mild) solution living in
C([0,00),C) for initial datum w € C. See Theorems 5.1 and 5.2 in Iwata [9]
for the proof. We note that condition (U3) is sufficient for the existence of
a Gibbs measure. Moreover it is known that Gibbs measures are reversible
under the solution X := {Xy(x)};>0 of SPDE (4.1). See Proposition 2.7
and Lemma 2.9 in Iwata [8] for details. We denote by {P;};>¢ the transition
semigroup associated with the diffusion process X.



26 Hiroshi KAwWABI and Tomohiro MIYOKAWA

Now we introduce the relationship between our dynamics and a certain
Dirichlet form. We define H := L*(R,R%; dz) and
((w, 1), s (w,dp)) | n €N, {1}y C CF(R,RY),
f~: f~ ap, - 7an) € CI?O(Rn)?
= [, o))z }.

2

3

I
—_
=
5
gﬁz

For f € FC;°, we define the Fréchet derivative Df : E — H by

(12) = 3 g (001w
We consider a symmetric bilinear form £ which is given by
= [ IDsw)iutae). 1 e Fei.

We set E1(f) := E(f) + Hf”%Q(u) and denote by D(€) the completion of

FCp° with respect to 811/2—norm. For f € D(E), we denote by D f the closed
extension of (4.2).

By virtue of the C§° (R, R%)-quasi-invariance and the strictly positive
property of the Gibbs measure p, (£, D(£)) is a Dirichlet form on L?(u).
Hence by putting A = FCp°, we see that condition (A) holds. Moreover
our diffusion process X is associated with the Dirichlet form (£, D(£)). See
Proposition 2.3 in [10] for the detail. We note that I'(f) = |Df|% in this
case.

Then the following gradient estimate of the transition semigroup {P; }+>0
holds for any f € D(E):

|ID(P,f)(w)|g < eKltPt(\Df]H)(w) for p-a.e. w € E.

See Proposition 2.4 in [10] and Proposition 2.1 in [12] for details. Therefore
Theorems 1.2 and 1.3 hold for a > K7 V 0. These results play important
roles when we study analytic properties for SPDEs containing rotation. See
Theorem 4.4 in Kawabi [11] for details.
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4.2. Superprocesses with immigration

In this subsection, we give a simple example which comes from superpro-
cesses (or Dawson-Watanabe processes) with immigration. Recently, Stan-
nat [21], [22] studied these measure-valued processes from analytic view
points. Following [21] and [22], we consider the one of the most elementary
superprocesses. In what follows, we introduce the framework precisely. We
assume that the type space S is a finite set {1,---,d} and the mutation
A = 0. Let E := M4(S) be the set of finite positive Borel measures on
S. Note that we can identify £ 2 R? := {z € R : 2; > 0,1 < i < d}
with the usual topology. For immigration v € E, we use the notation
v; :=v({i}), 1 <i <d. The branching mechanism is given by

Wi, \) = —a;)% —bih, A>0,

where a;,b; > 0 for every ¢ € S.
We consider a (0, ¥)-superprocess M on E with immigration v € E. It
is a diffusion process on FE whose generator is given by

) d
Lf(x)=> aiﬂfi%(x) + (vi— bixi)g—i(x),

=1 v 1=

fe Cg(E), T = (a:i)glzl e k.

We may think of the diffusion process Ml as a continuous time limit of
rescaled Galton-Watson processes modelling the random evolution of a given
population where each individual ¢ € S, independently of the others, pro-
duces a random number of children distributed according to a given off-
spring distribution and an additional immigration rate v. The immigration
v induces an additional state-independent drift.

We define a Gamma measure my on E by

d "
() := T (2)"" Do) ag /ottty
i=1

and consider a symmetric bilinear form

i

d 8f )
v = ;i\ — T m‘ll Z), 2 .
0= [, oy @) @), 1 < )
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Then by Theorem 3.1 in [22], the closure of (£,C2(E)) in L?(m)) is a
Dirichlet form and it corresponds to the m, -symmetric diffusion process M.
We denote by (Pty"l/)tzo its transition semigroup. We note that condition
(A) holds by putting A = C3(E) and

d
D)) = Y e @)%, = (@) € B
i=1 v

Here we assume

. V; 1
4.3 min — > —
(4.3) 1<i<d a; 2’
and set ag = minlgigd Ajy Qg1 = MaX])<i<d A; and bo = minlgigd bl Then
by Theorem 2.9 in [21], we can see condition (G)

DR S < (F55) e RET(), f e G,

holds under (4.3). Therefore Theorems 1.2 and 1.3 hold for all a > 0.
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