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Explosion Tests for Stochastic Integral
Equations Related to Interest Rate Models

By Jir6 AKAHORI

Abstract. In the present paper a class of stochastic integral equa-
tions is studied. It is closely related to the interest rate model proposed
by Ritchken and Sankarasubramanian [8] [9]. Explosion tests for these
equations are given.

1. Introduction

Let (£2,F) be an appropriate measurable space and let us consider the
following stochastic integral equation.

t S t 1
1.1 X; = X, )dud Xs))2 dWs,
L) X x+nt+§/0/0a< )us+/0<a< )

where z > 0 and a(-) denotes a measurable non-negative function on
the real line satisfying a(0) = 0, n and & are positive constants, W. de-
notes a one dimensional Brownian motion on a filtered probability space
(0 F, PAFi}ie0,00)) and {Fi}iepo,0) is an augmented filtration.

In this paper we study pathwise uniqueness and the global existence of
the solution for (1.1). Our results are the following.

THEOREM 1.1. Assume that for each integer n, there exists a constant
K™ >0 such that

(1.2) la(z) —a(y)| < K"|z —y|

holds for every |z| < n,|y| < n and that for every x >0 and y > 0,

(1.3) Va(x) = Vay)* < p(lz —yl)
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where p is a non-decreasing Borel function from (0,00) to (0,00) such that

(1.4) /0 o _ +oo.

+ pla)
Then pathwise uniqueness up to the explosion time holds for (1.1).

Here we say that e is the explosion time of the solution when we have

¢ = lim 7, where 7, = inf{t, X; > n}.
n—oo

1
THEOREM 1.2. Let o and ~ be positive constants and 3 <~v <1 and

let a(x) = o?2*Y. Then the solution for (1.1) explodes almost surely.

THEOREM 1.3. Let £ =1 and let a(x) = xL(x) where L(x) is a slowly
varying function on [0,00) ; i.e. it is real valued, positive, measurable and

L(Azx) ~ L(x) for each A > 0. Here by f(x) ~ g(x) we mean lim /(@) = 1.

z—c0 g(z)
Assume that

(a) lim L(z) = 400,
(b) inf L(z) > 0,

(¢) (L(y/x))~‘satisfies global Lipschitz condition,

and

(d) L(0) > 2n.

Let § be the right continuous inverse of the map x —— x+/L(x) where

= d
L(x) = sup L(y), more precisely,
0<y<z

f(z) = inf{y > 0, yy/L(y) > z}.
Then we have the following.

(2) If /+0<> _dr = 400, then P(e < o0) = 0.
1 +oo$\/LC(lf(:L’))
(ZZ) If/l m<+0®, then P(€<OO):1

Since L is non-decreasing, f is well defined
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Theorem 1.1 is proved in section 2 as a corollary of a more general
theorem. We give a proof of theorem 1.2 in section 3. Theorem 1.3 is
proved in section 4.

The above equation is closely related to the interest rate model proposed
by Ritchken and Sankarasubramanian [8] [9]. We describe this relationship
in section 5.

Acknowledgements. The author expresses gratitude to Prof. Shigeo
Kusuoka and the referee for lots of comments and advice.

2. Pathwise Uniqueness of a Stochastic Integral Equation

In this section we shall study the pathwise uniqueness for somewhat
more general equations.

Let (2, F) be an appropriate measurable space and let us consider the
following stochastic integral equation.

(2.1) Xi=x+n(t)+ /Otﬁ(s) (/08 ,u(u,Xu)du> ds + /Ota(s,Xs)dWs,

Assume
(2.2) x>0, n(), &(-) : [0,00) — [0,00), continuous
and
(2.3) o, p:[0,00) % [0,00) — [0, 00), jointly measurable

and satisfies the following conditions.
(a) For each t >0,

(2.4) o (s, ) = a(s,9)* < p(lz —y))

holds for every s < t. Here p is a non-decreasing Borel function from (0, co)
to (0,00) such that

da
(2.5) /0+ m = +00.
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(b) (Local Lipschitz Condition) For each ¢ > 0 and integer n, there exists
a constant K;* > 0 such that

(2.6) (s, ) — (s, y)| < K|z —y]

holds for every s <t and |z| < n, |y| < n.

We define solutions for (2.1) as usual in the weak sense but up to the
explosion time. The existence of weak solutions up to the explosion time
follows from Skorohod’s results [11] by slight modifications. (See Ikeda
and Watanabe [2].) By Yamada-Watanabe’s theory [14] we are also able
to obtain the unique strong solution from weak existence and pathwise
uniqueness.

In this paper we say that pathwise uniqueness up to the explosion time
holds for (2.1) if for any two weak solutions (up to the explosion time) of
common initial value and common Brownian motion (relative to possibly
different filtrations) (X, W) and (X, W),

PX;=X;;0<"t <¢]=1.

THEOREM 2.1. Under the conditions (2.2)—(2.6) pathwise uniqueness
up to the explosion time holds for (2.1).

PrOOF. Let X'and X? be two solutions (with respect to the same
Brownian motion and X} = X2 a.s.) of (2.1) under the conditions (2.2)-
(2.6). Let

. d .
7t X > n), i=1,2, neN,
and .
Tn éfﬂ% /\7'3.

To prove the theorem we use the following lemma from Revuz and Yor [7].

LEMMA 2.2 (See e.g. Revuz and Yor [7]). Fiz an integer n. Then
LIX' - X% =0, 0<"t <7,

Here we denote by L° the local time at 0.
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We will show that
PIX}=X?;,0<"t<7]=1 "neN.

By virtue of Tanaka’s formula and lemma 2.2, for ¢ > 0,
tATh
X, = XEl = [ sen] = X2) (ol XD) — o5, X2)) W,
0
tATh
[ st - X2,
0

(2) ([t x8) = e, X2 ) as.
0
Since the stochastic integral term of (2.8) is bounded,

1
E | Xt/\‘rn Xt/\Tn

(2.9) <E /W” (/ 1, X1 (u,Xg)\du> ds]

(by integration by parts)

= [([ T eas) ([ s - s xias)|
(2.10) 8 [ ([ )t 0D~ s, X2 ]

(since £ is non-negative and continuous, there exists a positive constant C})

tATh

(2.11) <C'E [/0 | i(s, X3) — p(s, X7) | dS}
tATh

(2.12) < C[LE{ i K| X} - Xx! ]ds]

(2.13) < CY'K['E [/ | Xopm, = Xonm, IdS]

By Gronwall’s lemma,
thATn = Xf,\m, t>0, a.s.
Letting n T oo, we get the desired result. [J

PROOF OF THEOREM 1.1. A direct consequence of theorem 2.1 [J
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3. Proof of Theorem 1.2

Let X; be the unique solution of (1.1) and

def 2 t 2
(3.1) Y = 0% Xds.
0
Then
(3.2) dX; = (Y; +n)dt + o X, dW;.

We set a ‘scale function’ as follows:

1
(3.3) S(a,y) = ——a' 7 + ys x>0, y>0.
-
Then by It6’s formula,
def t
(34) S(Xt,Y}/) - O'Wt—i— ES(XS,K)CZS
0

where
def 1 5 2y 0%

0 40
507 8x2+(y+77)—+50m —.

oz oy

In our stting

1 [(o%y y+n 2 2y (1 11
(3.5) LS(z,y) = e < 5 > + = + &0z <5y6 )
Set
(3.6) GRY wf £S(e,y), R>0
: = in r,y), .
S(z,y)=R Y

We will show that

LEMMA 3.1. there exist positive constants C1,Co, C3 such that for all
R >0,

6+1

(3.7) G(R) > C1R™5 — CoR ™ T5 — Cs.
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To estimate (3.6) we use the following elementary lemmas.

LEMMA 3.2. (7,) Let k1, ko > 0, 01 < 69 <0 and
f(z) = k2 — kea®. x> 0.

Then for x > 0,

%1
_b 6 55—61
(3.5) fla) = kP TRy (S) P (1),
b 0o
(ZZ) Let ki,ko >0, 61 <0< by and

flx) = kiz® + kox®2. x> 0.

Then for x > 0,

% __ 4 _ /5 \ 5= 5
(3.9) Fla) > k2 Py 0 () (14 ).
02 02

Equality holds when

1

k1 ’51‘ b2—61
1 =|— .
(3.10) T ( o

PRrROOF OF LEMMA 3.1. We first remark that under the constraint that

R:1 z T4+ys, x>0, y>0, R>0,
-7

there are bounds for both z and y, i.e.;

(3.11) O<z<((1-7)R)™, 0<y<R.
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Then we have
6 k) 6—1
1 R 6 R
(3.12) Y <R_ x17> S 0

And by (3.11)

(3.13)

Let c1, co be positive constants such that ¢; + co = 1. By lemma 3.2 (ii),

and since 1 + (j) > 0,
2y

6 641

R 1
(3.14) a—+ 50%27531—5 >3C,Rs .
Similarly by lemma 3.2 (i),

R® 5 RO!

3 5— 1
(315) CQE — ﬁx??/*l 2 — CQR 1=y,
and
U 1 (0% 3
(3.16) S <7> > —30;.

By (3.12)—(3.16) we get (3.7). O

PROOF OF THEOREM 1.2. Let R be the solution of the following sto-
chastic differential equation for A > 1.

dR; = 0dW; 4+ (C1R} — CoR; — C3) dt,

3.17 R 1
(3.17) S

— 1y
1—x '

Denote its explosion time by t. By Feller’s explosion test, (See e.g. Ikeda
and Watanabe [2])

1, ifA>1,

(3.18) Plt < 00] = { -
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Then by the comparison theorem (See Yamada [13], and Tkeda and Watan-
abe [2]) and lemma 3.1,

(3.19) S(Xy,Y:) > Ry, a.s.
Since S(X¢,Y;) T oo implies X; T oo, we have

Ple<t)=1.

)
We can take

1 1
>1and é§— % = 1 if and only if v > 3" This implies
-

1
P(e <o0) =1, if’y>§.D

4. Proof of Theorem 1.3

The key idea of the following proof is time change. Note that X. is
rewritten as

¢
(4.1) Xt:x—{—nt—l—/[M]sds—l—Mt
0

where M; = [ (a(X,))? dW,.
First let us consider the following equation on (2, G, P).

Vt:$2+2/0t\/vsdBS+/0t <%+1>d8

where B denotes a P-Brownian motion with respect to a new filtration
{G:}. By the assumption (c), the above has the unique solution (in the
strong sense). Moreover by the assumption (d) and continuity of L, we see
that %I>1th >0 a.s.

d
Let Y; =) VVi. By Ito’s formula we have

t s+
(4.2) Y: = a;—f—/ ds + By.
0 a(Ys)
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Let

b ds
4.3 A = 0<t<L
( ) t Aa(nv P _OO

and C} be its right continuous inverse, i.e.
(4.4) Cy =inf{s, As > t}, 0<t< Aw.

Since A; is strictly increasing and continuous, so is Cj.

Let (Q,F,P, {Fi}ic0,00)) be an enlargement of (2,G, P, {Gc, }ie(0,00))
and define a new Brownian motion with respect to this new filtration as
follows:

Ct dB,
45) W, =" Va(¥e)

> st p .
/ +ﬁ(t_Aoo)7 for Ao <t < 00, if Ay < 0
0

for t < Ao

dB

va(Y)
Then X, «f Ye, is defined on (€, F, P, {Fi}ien,00)) as a weak solution
for (1.1). Theorem 1.1 ensures that X = X is the unique strong solution.
Moreover we shall see that X4 = Yo = 00, so that if A < oo, the
solution explode in finite time, otherwise the global existence is ensured.
The key estimation is given bellow as lemma 4.1. Instead of (4.2) we will

consider the following (random) ordinary differential equation for each w €
Q.

where (8 is a Brownian motion on {2 independent of

t s+n
46 7, = _5Tn g
(4.6) t w+/0 a(Z, + By **

which in turn means Z; = Y; — B; > 0 a.s. by (4.2).
First we shall have

(4.7) Yi=Z;+ By~ Z; — +o0o as t — oo.

This is done by the following
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_ B _
LEmMMA 4.1. Let Q={w € Q’t li+m tiw) =0} and firw € Q.
— 100

(i) There exists a positive constant M (w) such that
(4.8) Zi(w) <x+ M(w)t.

(ii) There exists a slowly varying function L* ~ L and positive constant
K (w) such that

(4.9) Zi(w) > o+ (L ()"

B
PROOF OF LEMMA 4.1. Since . li+m tiw) = 0, there exists a positive
—1T 00
Bt(w) . _ 1
constant K such that " < K. Set m%L(x) = c and let Z; be the
x>
solution for
t
s+n
4.10 lem—i—/ — L (s,
(410 P @ B

Then we have Z} > Z, for all t € [0, 00).
def n x def
Set M = <K+ — + —> and Zf = x + Mt. Then we have

cx
(Zf) =M
B t+n Z} - Kt
Z2—Kt t+n
- n
S+ Lyt
__t+nm x+(77+cm) KT ),
2
(Z7 — Kt)c t+n N cx

t+mn r n 1 n? r N
77 (iYL (g2 L
(th—Kt)c{<77+cx) (t—i—n cx +77+cx ¢

¢ t t
(4.11) > — 1 <K+x n)g Rl hal

e —— =+ = > > :
(2} — Kt)e nocr)n " (Z7—Kt)e (Zf+ Biw))

By the comparison theorem we have Z? > Z} which proves the first part of
Lemma 4.1.
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To prove the latter part, we first observe that

Z, B
(4.12) Zt+Bt:t<Tt+7t> <az+t(M+ K).

Note that L = sup L(y) is non-decreasing, L > L and L ~ L. (See Seneta
0<y<z

[10].) Since L > L and by (4.12) and monotonicity of L we have

t+n  t+n 1 S t+n 1
a(Zt—i-Bt) Zt+Bt L(Zt+Bt) _Zt+Bt E(Zt+Bt)
(4.13) t+1n ) 1 ey
' t+t(M+K) Lz +t(M+K)) M+K
Let
def t s+n 1

4.18 z}= / = ds.
(4.18) T e s(M+K) Le+s@L+ k)

Then by the comparison theorem we see that Z7 < Z;. On the other hand,

it is well known that / N(y)dy ~ xN(x) holds for arbitrary slowly varying

t
M+ K

function N. (See Seneta [10].) Hence we have Z} ~ (L(t))~!. This

proves (ii) of Lemma 4.1. [J
Then we have for arbitrary e > 0, there exists T, such that for all t > T,

t+n _dZ t+mn
(Z) = dt Ma+30—( ¢)

t+n
a(Zy)

(4.14) (1-e)

Q

Consider the following differential equations.

dZ (1+e)(t+mn) _
4.15 TV T <t < o0, Zr, = 21
(4.15) o (Z) 00, Zr, T

(4.16) == TV T <t < o0, Zy = Zr,.
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Then by comparison theorems and (4.14),
(4.17) Z,<Zi < Zy "t>T.

On the other hand we have

1 ! dz Zi
§(t—Te)(t+Te+277)_/ a(Zs)d—;ds—/ a(Z,)dZ,
T. Zr,

Zy 1
(418) - [ z1z)iz, ~ 32202,
Zr,

The last relation is a consequence of the following lemma and (4.7).

LeEMMA 4.2 (Karamata [5]). If N is slowly varying on [c,00), then for
each k> —1

k+1N

(4.19) lim _TTN@)

/ y*N(y) dy

We also have in the similar way
(4.20) ZiL(Zy) ~ (14 €)(t — TL)2.
Consequently we have
t
(4.21) Ly ~ .
L(Z)

Then we have
(4.22) a(Y) = YiL(Yy) ~ ZL(Zy).

Since we have by definition of § and (4.21), it follows that f(¢) ~ Z;. Then
by (4.3) and (4.22), we have

(4.23) A N/t ds /t ds /t ds

: ¢ R — = A _—
ZsL(Zs) Zs\/I(Zs)\/ L(Zs) sv/L(f(s))

Here we use the notation f =~ ¢ meaning lim @ < 00. Then proof is

T—00 (X
complete since the above relationship holds almost surely.
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5. A Generalized RS Model

In this section we explain first the interest rate model which admits
no arbitrage and then give a rather general model that includes the one
proposed by Ritchken and Sankarasubramanian [8] [9]. It is also explained
how the these models are related to the stochastic integral equation studied
so far in the present paper.

Let (2, F,{Ft}ie(0,00), P) be a filtered probability space with the usual
conditions.

A zero-coupon bond price process with maturity 7', denoted by p(-,T),
is an {F;}- adapted continuous semimartingale up to time 7" € (0, c0) with
p(T,T) = 1. If we assume that a% log p(t,T') exists for every T and that for
fixed t it is uniformly bounded, then the spot rate process is given by

def O

(5.1) re = —zrlogp(t, T)

T\t

It is well known that absence of arbitrage in the financial market is al-
most equivalent to the existence of so-called equivalent martingale measure
@ ~ P and under ) we must have

(5.2) p(t,T) = E (e— Ji" v ds ]]—"t) .

where E?(-) denotes the expectation with respect to Q. (See e.g. Duffie
1))

Here we give a so-called no-arbitrage model of interest rates by specifying
the dynamics of the spot rate process.

Before giving the model, we shall have an elementary lemma. Let M. be
a continuous @-local martingale such that My = 0 and £ is a deterministic
continuous function.

Set

t
(5.3) Xtdif/ £,[M]sds + M,.
0

and

— def
(5.4) X = &X:.
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where for a martingale N., [N]. denotes its quadratic variation process.

LEMMA 5.1. Then we have
Yo U 1 U
(5.5) —/0 Xudt = NY — 5[ N,

where
def t u
(5.6) N = —/ </ §Udv> dMs.
0 s

PROOF. Since £ is continuous, a version of Fubini’s theorem can be
applied. So we have

(5.7) /OuXtdt:/ugtMtdtJr/ugt </t§S[M]sds) dt
:/0 </ §tdt) dM, +/ &dt/ (/ ng3> d[M],
:/J(/ gtdt)dM +2/0 (/ fsds> d[M],. O

Now we set the spot rate process as
def "
e o
(5.8) re= b Y GX]

where 7. and £°,i = 1,...,n are linearly independent deterministic continu-
ous functions, and X%,i = 1,...,n are defined by (5.3) through independent
M? and €', that is

t
(5.9) X;':/ E M )gds + M},i=1,...n
0

Then we can see that the zero-coupon bond price processes are described
as the functions of X*’s and [M?]’s. More precisely we have
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PropoSITION 5.2.  Assume that for all T >0 andi=1,...,n

(5.10) EC [exp / / & dud[ M), } < 00

holds for all 0 <t <T. Then the bond prices are given by the following.

(5.11)  p(t,T) = expi: {_ (/tTfiud“> X! - % (/tTgiudu>2 [Mi]t}

. e_ ftT 77st.

PRrOOF. By (5.2), it suffices to calculate
(5.12) E¢ (ei Ji" o ds ’Jﬂ) = elorsds gQ (ef Jo s ds ].7:15> .

By (5.3)-(5.6), (5.9) we have

(5.13) e Jo'reds — T () e oo,

where N/* = —fot ([ &hdu) dM! and E(-) denotes its exponential semi-
martingale. By (5.10), £( N*%). is a martingale and by (5.12) and (5.13),

n Nz T
(5.14) H t *ft nsds
=1

An easy calculation leads to (5.11). O

Indeed Ritchken and Sankarasubramanian’s interest rate model [8] [9] is
included in the above one. To see this, we first give the original RS model.
Define the forward rate processes as

(5.15) Fe, 1) ;T log p(t, T).
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They assume that f(-,7") be an Ito process, that is,
(5.16) df(t,T) = o(t, T, w)dW; + u(t, T, w)dt

where W. denotes a Q-Brownian motion. Then we have by (5.2)

dt.
T\t

O r.1)

(5.17) dry = o(t, t,w)dW; + <u(t, t,w) + T

By no-arbitrage argument (e.g. Duffie [1]) we see that
T
(5.18) p(t, T w) = U(t,T,w)/ o(t,u)du.
t
In [8] [9], they claim that the constraint
- fT k(z)dz

(5.19) o(t,T,w) =o(t, t,w)e Jt .k € Cp0, 00)
leads to the conclusion that

(5200 ulht) 4 gl (1)] = KOG =10+ 60+ 0.0

where ¢; is given by
(5.21) doy = (o(t,t,w)® — 2k(t) ¢y )dt.

It follows that if we put o(t,t,w) = (1, t), r is a (2-dim) Markovian.
One can easily see that if we set in (5.8) i =1,

(5.22) & = &oe o r@i,
(5.23) ne = f(0,1),
and

t
(5.24) M; = / & tedwy,
0
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we have the Markovian spot rate process of Ritchken and Sankarasubrama-
nian’s model.

REMARKS. To the best of our knowledge, Jamshidian [4] is the first to
consider a class of forward rate processes given by (5.19)—(5.21) which he
called Quasi Gaussian.

A multi-factor version of the RS model is discussed in Inui and Kijima
[3]. They construct a whole-yield model while ours is a spot rate model.
They pointed out that n-factor the RS model allows one to use the 2n-state
Markovian spot rate. This also coincides with ours since we can set (&%, M?)
as 2 dimensional diffusion processes.

Takahashi [12] reported that SIE models have advantages as price pro-
cesses of financial assets compared with one dimensional diffusion models.
Here by STE models we mean that the processes are given by general stochas-
tic differential equations including those of non-Markov types. His model
is slightly different from ours. See also Kannan et al.[6].
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