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ORDER THREE
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1. Introduction

The object of this paper is to place on record certain continued fraction
representations for partial mock theta functions of order three. We know the
continued fraction representations for a,®[a,b;c;z] when z and a,b,c take a
particular form. It is not known whether a,®[a,b;c;z],, may also give con-

tinued fraction representations.

2. Notation

The usual hypergeometric notation will be followed. Thus for |¢*| < 1, let

(a; qk)n =(l—-a)(l - aqk)(l — ank) (1= aq("’l)k), n>0k>0,

(a;qk)o =1

Also let (a,a,...,a:;4%), = (a1;4%),(a2:4%), - (a;¢"), and (a;q"), =

1201 — ag™™).
A basic hypergeometric series ,, @, is defined as

015 002 v vy Ot 15

2.1 \ ld)ﬁqk){
( ) " ﬂlvﬁZa"'7ﬁ)‘

Z:| = i'+1(D£qk)[[xla"'aar+l;ﬂ17"'7ﬁr;z]

n

_ i: (01,00, .+, 0 4159%), 2
(quﬁlvﬁb ... aﬁr;qk)n

n=0
|

The series (2.1) converges for |z| < 1, |g
Further, let
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(qk)[
r 1(D
" ' ﬁl»ﬁZa"'7ﬂr

k
z} :,_H(D,(,‘f >[oq,...,oc,.+1;ﬂ1,...,ﬁ,;z]m
m

denote the m™ partial sum Y7o ((o1, 00, ..., %134%),2"/ (g5, By, Bas - - -

q*),) of the basic hypergeometric series.
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Whenever k = 1, it shall be omitted from all the above symbols including the
®-symbol.

3. Definitions of partial mock theta functions of order three, six and
Jacobi’s theta functions

N. J. Fine [4] represented Ramanujan’s [7, p. 129-130] third order mock
theta functions as particular cases of a ,®[q,«;f;z] as follows:

. 2q 1 o
(1) f(q) = (1 +q) +m2®1[q70v —q; _q2]7
2+q—iq) !

5

q q 2
(i) V(@) =25+ g2 4 o)
: (4 g—w*+0%) w’ @, 22
) (iv) x(q) = 1+ w2q) (1+w2q)2 g, 05 —wg; —0q7],
. where o = e?/3,

1 q P
M o@=g—g+ 20 g%, 0:0% 4],

(1-q)
) 0l) = et (g g0 g7
(I+q) (I4¢q° ' 7207 27
.. 2 _
(vii) p(g) = (1 — 0q) + 0@\ [¢*,0; 06 ¢,

where w = e*/3,
Andrews and Hickerson [3] called the following four mock theta functions as of
order ‘six’ without ascribing any reason. R. P. Agarwal and Anju Gupta [5]
represented these four mock theta functions in terms of a particular ,®,[q, «; f; z]
series in the following form:
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(i) or(q) = 5(_61; qz)i](—‘f% (16) % ]J-(<zqchq)(,) - ( 3 2 - 38(_ wg;)Z)

(3.2) " 2
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2(1 —w 200(1 —w 2w?
(i) ur(q) = ( 3 )+3(1 (_wzqz)) +3(1 — 02q?)

1 jlg% g 1 02 36
+3 Erys 5 (6:0°)57(a%4),

2
20\ g%, 0; 0g%; g

20? w?

(1+w) * (1-w?) 21 (g, 03 0q; 0*¢°).

(V) ye(q) = -

where j(x,q%) == (x,¢%), (¢"/x,4%)..(¢*,q"),, and suffix L denotes that these
mock theta functions were found by Andrews in the ‘Lost’ Notebook. Agarwal
[1] in view of his definition of the order of a mock theta function designated
the above four functions (3.2) as belonging to order three.

The classical three out of four Jacobi’s theta functions [6, p. 324-325] are
defined as:

(@) 0200) =2¢"*) ¢""Y,

n=0
(3.3) (i) 05(0) =1+ 2§:q"2,
n=0
(iii) 04(0) =1+ 2203:(_1)%"2.
n=0

These three theta functions are limiting cases of ,®[q, o; f; z].

The partial sums of the series (3.1(i—vii)), (3.2(i-iv)) and (3.3(i-iii)) by tak-
ing 2@ [q, % f; 2], = Yomo((),2"/(B),) called the partial mock theta functions of
order three, six and partial theta functions be denoted by f,.(q), ¢,,(¢), ¥,.(q),

Xm(q)ﬂ wm(‘]): Um(‘]): pm(q)’ ¢Lm(q)ﬂ GLm(Q): luLm(q)9 yLm(q)7 gzym(0)7 63,171(0)’
04,m(0) respectively.

4. An identity connecting series of the type > " ((«),z"/(f),)

It is not difficult to prove, by series manupulation, the identity

o aNn e S (99),0"
@1 (=02 g~ 0@ 2 =g

1 (aQ)m+llm+l

== =

Proof. In fact the left hand side of (4.1) is
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B m (aq)nl‘”_ B m (aq)nl"q
(=02 g~ 0@ 2 g0
) n m n

S0 (b atg) + " WDt

This proves (4.1).
In fact (4.1) can be obtained by simple manupulations in different ways.

Note. On taking limit as m — oo in (4.1), we get the following identity
given by N. J. Fine [4, p. 2]

(42) (=03 W g3 L — (1 -5).

5. An infinite continued fraction representation for the partial series of

the type > " ((2),z"/(B),)

THEOREM 1.

5.1)  A7'(1—1) (“q[i"’nq": !

where
P = [(b—atq™) i1 + (1 — 1g™) A/ (1 = tg) Ay,
Qi = (b—atg"™?)4;/(1 — 1g") A1,

(aq)m+1 thrlqi(erl)

A= | (=0 ==

and i=0,1,2,....
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The convergence of (5.1) can be dealt by Worpitzky's Theorem [8, p. 42].

Proof. Replacing ¢ as tq in (4.1), we get

" (a g m a tn 2n
(5.2) (1 —1q) Z (a9, "a" _ atq? Z q
n=0 (bq)" n=0
(aq)m+1 tm+lqm+l

== =

Solving (4.1) and (5.2), we get

53 [0 3
- [o-an{a - _%}

+(1 —tq){(l —b)_%” EM% (a?b)n%

e R

Repeated iteration of (5.3), yields the following continued fraction

m _ Q O1 O

From (4.1) and (5.4), we get the required continued fraction (5.1).

COROLLARY. Taking the limit as m — oo in (5.1), we get

-~ 1
(5.5 (1-— 1—;% 7_@ 5 S S
-0 " R -R—Ry—--
where
Ri=(14b—1g™" —atg™)(1 — 1g")™"
Si = (b—atqg™™)(1 — 1g")"

)

and i=0,1,2,....
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6. A finite continued fraction representation for the partial series of the

type 32,20((),z"/(B),)

THeEOREM I1. For m a finite positive integer, we have

m [11 n
(61) AO m+2 Z

=0
- 1
B _ (b - atq) —|—P0 _ QO,m+1 Ql,m Q2,mfl
(I-1) s P —Prm1—Pypmo—--
Om-23 Om-1,2
— P12 — 1+ (1 —aq)tg™ ~
(1 —bq)

1

where

Py =[(b—atqg™ A1+ (1= 1g" )4 1]/ (1 = 1q") Aiya 5,

Qi = (b—atq™)A4; j1 /(1 — tq") Ais1 j,

(aq);'q” (b —atg™")(agq); /"' g/ D!
(bq);_, (bq);_

and i=0,1,2,....(m—=1), j=2,34,...,(m+1).

Aij=|1-b)—

Proof. From (4.1), we get

m+1 m
—_ (aq) t _ . Zﬂ n
(6.2) (1—1) 2 g, atq) ;
=(1-b)- (aq)m+zlm+2 (b— aZQ)( )mHZqu’"H

(bq)m+1 (bq)m+l

Replace ¢ as t¢ and m as (m—1) in (6.2), we get

m non m—1 n,2n
aq),t"q t
63) (1-w)> :%— gy W
n=0 n n=0 n

B (Cl(]) tm+1qm+1 ( — atq )( ) lmqu
(bq) (bq),, '

Solving (6.2) and (6.3), we get
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(64) |:(1 _ b) _ (aq)m+llm+lqm+1 _ (b - alqz)(aq)mtqum] (1 _ Z) mZH (aq)nt”
(b9),, (b9),, = (bq),
B PR (U P R O
(b4),, (b9)
+(1- tq){(l ) (WDt (b atg)(@q) 1" H
(bq)m+1 (bq)erl
-~ (aq),1"q"
X P L S ——
; (bq),
_ (b _ alq2) |:(1 _ b) _ (aq);11+2tm+2 _ (b - HIQ)<aq)m+ltm+lqm+1:|
(bq)m—H (bq>m+l
m—1 n,2n
(aq),t"q
X —n -
n; (bq),
Repeated iteration of (6.4) yields the following continued fraction
m+1 m
(aq),t" (aq),1"q"
(6.5) n A 1
,,Z; (bq), ; (bq),
Py — Qome1t OQim OQam Om-—23 Om-1,2
e Pl,m - P2.mfl - P3.I7172 - mel.Z - 1+ (1 - aq)tqm
(1 —bq)
1

From (6.2) and (6.5) we get the required continued fraction (6.1).

7. Certain special cases of our results given in the previous two sections

(i) Putting a=0, b=—1 and t = —¢q in (5.1), we get

1
(7.1 By (1 + )1+ ) fu(a) — 24) = — F, [ b
g O B BB

where
E;=[(14+¢"?)B; — Bi]/(1 + 4" B,
Fi=—-Bi/(1+¢"")Bi1,
1" (i+1)(m+1)
(_q)m

and i=0,1,2,....
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(i) Taking limit m — oo in (7.1), we get

(1+gq) 1

(7.2) 5 (T +a) /() - 24 = — H, H, H,
(]+q) 0 G -G -Gy —---
where
Gi=q"(1+4") 7",
H[:_(1+qi+1)_17
and i=0,1,2,....

(iii) Putting a =0, b= -1, t = —¢q in (6.1), we get
For m a finite positive integer,

(7.3) By (1 + @)[(1+q) fiu(q) — 24]

1
1 Foomer Fim Fama Fu23 Fn-12
1—+ EO,erl - 1
(1+9) Evm —Eym—Esma——=Eni12- . ¢
(1+4q)
1

where
Eij=[(14¢"%)Bijs1 — Bir )/ (1 + ¢ ) By,
Fij=—Bijn/(1+4¢" B,

(—1)/q7  (=1)/qDU=D

Biyj= 2= (_Q)j—l (_q)j—l

and i=0,1,2,....(m—1), j=2,3,4,..., (m+1).

(iv) Replacing a by a/q, then putting t = z/a, b = 0 and letting limit ¢ — o0
in (6.1) and (6.3) we get the continued fraction representation of the partial series
S (=1)"z"g" /2 of the following Eisenstein continued fraction representa-
tion [2, p. 66]:

o0
(74) (71)nznqn(n+l)/2 _
0

n=»

a @
T4+ 1+

—_ —

where
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ax = —z¢"(1-¢*), k=1

2k+1
ay1 =q> 'z, k=0.

(v) Putting b=g¢ in (5.1) and b =1 in (6.1), we get the infinite and finite
continued fraction representations respectively for the partial series of the type
S0 (2),2"/(),)-

Similarly, one can get infinite and finite continued fraction representations
for the other partial mock theta functions ¢,,(q), ¥,,(q), xm(q), ©m(q), vm(q),
P @Dy b @)y oLm(q)s Lrn(@)s vim(q), and Jacobi’s partial theta functions
02,)11(0)7 03,;11(0), 947m(0>

8. Concluding remarks

It may be observed that these continued fractions owe their importance in
finding the bounds for the partial and the infinite forms of the various third
order mock theta functions. In the pious hope that one may be able to prove
through the continued fraction representations the second condition [1] of val-
idity for being a mock theta function, namely. ““There is no single theta function
which works for all &, i.e. for every 0-function 6(q) there is some root of unity ¢
for which f(g) minus the theta function 6(g) is unbounded as ¢ — ¢ radially.”

It may be remarked that the above condition has neither be proved or dis-
proved, thus far. The above study has been continued in a further
communication for the fifth and seventh order mock theta functions also.
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