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CERTAIN CONTINUED FRACTION REPRESENTATIONS FOR

FUNCTIONS ASSOCIATED WITH MOCK THETA FUNCTIONS OF

ORDER THREE

Anand Kumar Srivastava

1. Introduction

The object of this paper is to place on record certain continued fraction
representations for partial mock theta functions of order three. We know the
continued fraction representations for a2F1½a; b; c; z� when z and a; b; c take a
particular form. It is not known whether a2F1½a; b; c; z�m may also give con-
tinued fraction representations.

2. Notation

The usual hypergeometric notation will be followed. Thus for jqkj < 1, let

ða; qkÞn ¼ ð1� aÞð1� aqkÞð1� aq2kÞ � � � ð1� aqðn�1ÞkÞ; n > 0; k > 0;

ða; qkÞ0 ¼ 1:

Also let ða1; a2; . . . ; ar; qkÞn ¼ ða1; qkÞnða2; qkÞn � � � ðar; qkÞn and ða; qkÞy ¼Qy
n¼0ð1� aqknÞ.

A basic hypergeometric series rþ1Fr is defined as

rþ1F
ðqkÞ
r

a1; a2; . . . ; arþ1;

b1; b2; . . . ; br
z

� �
¼ rþ1F

ðqkÞ
r ½a1; . . . ; arþ1; b1; . . . ; br; z�ð2:1Þ

¼
Xy
n¼0

ða1; a2; . . . ; arþ1; q
kÞnzn

ðqk; b1; b2; . . . ; br; q
kÞn

:

The series (2.1) converges for jzj < 1, jqj < 1.
Further, let

rþ1F
ðqkÞ
r

a1; a2; . . . ; arþ1;

b1; b2; . . . ; br
z

� �
m

¼ rþ1F
ðqkÞ
r ½a1; . . . ; arþ1; b1; . . . ; br; z�m

denote the m th partial sum
Pm

n¼0ðða1; a2; . . . ; arþ1; q
kÞnzn=ðqk; b1; b2; . . . ; br;

qkÞnÞ of the basic hypergeometric series.
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Whenever k ¼ 1, it shall be omitted from all the above symbols including the
F-symbol.

3. Definitions of partial mock theta functions of order three, six and
Jacobi’s theta functions

N. J. Fine [4] represented Ramanujan’s [7, p. 129–130] third order mock
theta functions as particular cases of a 2F1½q; a; b; z� as follows:

(i) f ðqÞ ¼ 2q

ð1þ qÞ þ
1

ð1þ qÞ 2F1½q; o;�q;�q2�;

(ii) fðqÞ ¼ ð2þ q� iqÞ
ð1� iqÞ � 1

ð1� iqÞ 2F1½q; o;�iq; iq2�;

(iii) cðqÞ ¼ q

ð1� qÞ þ
q5

ð1� qÞ 2F
ðq2Þ
1 ½q2;�q2; o; q3�;

(3.1)

(iv) wðqÞ ¼ ð1þ q� o2 þ o2qÞ
ð1þ o2qÞ þ o2

ð1þ o2qÞ 2F
ðq2Þ
1 ½q; o;�oq;�o2q2�;

where o ¼ e2pi=3.

(v) oðqÞ ¼ 1

ð1� qÞ þ
q

ð1� qÞ2 2F
ðq2Þ
1 ½q2; o; q3; q3�;

(vi) uðqÞ ¼ 1

ð1þ qÞ þ
q2

ð1þ qÞ 2F
ðq2Þ
1 ½q2; q; o;�q3�;

(vii) rðqÞ ¼ ð1� oqÞ þ oq2F
ðq2Þ
1 ½q2; o;oq3; q3o�1�;

where o ¼ e2pi=3.

Andrews and Hickerson [3] called the following four mock theta functions as of
order ‘six’ without ascribing any reason. R. P. Agarwal and Anju Gupta [5]
represented these four mock theta functions in terms of a particular 2F1½q; a; b; z�
series in the following form:

(i) fLðqÞ ¼
2ð1� oÞ

3
þ 2oð1� oÞ
3ð1� o2qÞ þ

2o2

3ð1� o2qÞ 2F1½q; o;oq;o2q2�

þ 1

3

jðq; q2Þ2

jð�q; q3Þ ;

(ii) sLðqÞ ¼
1

2
ð�q; q2Þ2y jð�q3; q6Þ � 1

6

jðq2; q4Þ2

jð�q2; q6Þ �
ð1� oÞ

3
� oð1� oÞ
3ð1� o2q2Þ

(3.2)

� o2

3ð1� o2q2Þ 2F
ðq2Þ
1 ½q2; o;oq2;o2q4�;
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(iii) mLðqÞ ¼
2ð1� oÞ

3
þ 2oð1� oÞ
3ð1� o2q2Þ þ

2o2

3ð1� o2q2Þ 2F
ðq2Þ
1 ½q2; o;oq2;o2q4�

þ 1

3

jðq2; q4Þ2

jð�q2; q6Þ �
1

2
ðq; q2Þ2y jðq3; q6Þ;

(iv) gLðqÞ ¼ � 2o2

ð1þ oÞ þ
o2

ð1� o2Þ 2F1½q; o;oq;o2q2�:

where jðx; qkÞ :¼ ðx; qkÞyðqk=x; qkÞyðqk; qkÞy and su‰x L denotes that these
mock theta functions were found by Andrews in the ‘Lost’ Notebook. Agarwal
[1] in view of his definition of the order of a mock theta function designated
the above four functions (3.2) as belonging to order three.

The classical three out of four Jacobi’s theta functions [6, p. 324–325] are
defined as:

(i) y2ð0Þ ¼ 2q1=4
Xy
n¼0

qnðnþ1Þ;

(3.3) (ii) y3ð0Þ ¼ 1þ 2
Xy
n¼0

qn2

;

(iii) y4ð0Þ ¼ 1þ 2
Xy
n¼0

ð�1Þnqn2

:

These three theta functions are limiting cases of 2F1½q; a; b; z�.
The partial sums of the series (3.1(i–vii)), (3.2(i–iv)) and (3.3(i–iii)) by tak-

ing 2F1½q; a; b; z�m ¼
Pm

n¼0ððaÞnzn=ðbÞnÞ called the partial mock theta functions of
order three, six and partial theta functions be denoted by fmðqÞ, fmðqÞ, cmðqÞ,
wmðqÞ, omðqÞ, umðqÞ, rmðqÞ, fLmðqÞ, sLmðqÞ, mLmðqÞ, gLmðqÞ, y2;mðoÞ, y3;mðoÞ,
y4;mðoÞ respectively.

4. An identity connecting series of the type
Pm

n¼0ððaÞnzn=ðbÞnÞ

It is not di‰cult to prove, by series manupulation, the identity

ð1� tÞ
Xm
n¼0

ðaqÞntn
ðbqÞn

� ðb� atqÞ
Xm
n¼0

ðaqÞntnqn

ðbqÞn
ð4:1Þ

¼ ð1� bÞ �
ðaqÞmþ1t

mþ1

ðbqÞm
:

Proof. In fact the left hand side of (4.1) is
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ð1� tÞ
Xm
n¼0

ðaqÞntn
ðbqÞn

� ðb� atqÞ
Xm
n¼0

ðaqÞntnqn

ðbqÞn

¼ ð1� tÞ � ðb� atqÞ þ
Xm
n¼1

ðaqÞntn
ðbqÞn

� b
Xm
n¼1

ðaqÞntnqn

ðbqÞn

� t
Xm
n¼1

ðaqÞntn
ðbqÞn

� aq
Xm
n¼1

ðaqÞntnqn

ðbqÞn

" #

¼ ð1� bÞ � tð1� aqÞ þ
Xm
n¼1

ðaqÞntn
ðbqÞn�1

� t
Xm
n¼1

ðaqÞnþ1t
n

ðbqÞn

¼ ð1� bÞ �
ðaqÞmþ1t

mþ1

ðbqÞm
:

This proves (4.1).

In fact (4.1) can be obtained by simple manupulations in di¤erent ways.

Note. On taking limit as m ! y in (4.1), we get the following identity
given by N. J. Fine [4, p. 2]

ð1� tÞ
Xy
n¼0

ðaqÞntn
ðbqÞn

� ðb� atqÞ
Xy
n¼0

ðaqÞntnqn

ðbqÞn
¼ ð1� bÞ:ð4:2Þ

5. An infinite continued fraction representation for the partial series of
the type

Pm
n¼0ððaÞnzn=ðbÞnÞ

Theorem I.

A�1
0 ð1� tÞ

Xm
n¼0

ðaqÞntnqn

ðbqÞn
¼ 1

�ðb� atqÞ
ð1� tÞ þ P0 �

Q0

P1 �
Q1

P2 �
Q2

P3 � � � �

ð5:1Þ

where

Pi ¼ ½ðb� atqiþ1ÞAiþ1 þ ð1� tqiþ1ÞAi�=ð1� tqiÞAiþ1;

Qi ¼ ðb� atqiþ2ÞAi=ð1� tqiÞAiþ1;

Ai ¼ ð1� bÞ �
ðaqÞmþ1t

mþ1qiðmþ1Þ

ðbqÞm

" #

and i ¼ 0; 1; 2; . . . :
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The convergence of (5.1) can be dealt by Worpitzky’s Theorem [8, p. 42].

Proof. Replacing t as tq in (4.1), we get

ð1� tqÞ
Xm
n¼0

ðaqÞntnqn

ðbqÞn
� ðb� atq2Þ

Xm
n¼0

ðaqÞntnq2n
ðbqÞn

ð5:2Þ

¼ ð1� bÞ �
ðaqÞmþ1t

mþ1qmþ1

ðbqÞm
:

Solving (4.1) and (5.2), we get

ð1� bÞ �
ðaqÞmþ1t

mþ1qmþ1

ðbqÞm

� �
ð1� tÞ

Xm
n¼0

ðaqÞntn
ðbqÞn

ð5:3Þ

¼
�
ðb� atqÞ ð1� bÞ �

ðaqÞmþ1t
mþ1qmþ1

ðbqÞm

� �

þ ð1� tqÞ ð1� bÞ �
ðaqÞmþ1t

mþ1

ðbqÞm

� ��Xm
n¼0

ðaqÞntnqn

ðbqÞn

� ðb� atq2Þ ð1� bÞ �
ðaqÞmþ1t

mþ1

ðbqÞm

� �Xm
n¼0

ðaqÞntnq2n
ðbqÞn

:

Repeated iteration of (5.3), yields the following continued fraction

Xm
n¼0

ðaqÞntn
ðbqÞn

�Xm
n¼0

ðaqÞntnqn

ðbqÞn
¼ P0 �

Q0

P1 �
Q1

P2 �
Q2

P3 � � � � :ð5:4Þ

From (4.1) and (5.4), we get the required continued fraction (5.1).

Corollary. Taking the limit as m ! y in (5.1), we get

ð1� bÞ�1ð1� tÞ
Xy
n¼0

ðaqÞntnqn

ðbqÞn
¼ 1

�ðb� atqÞ
ð1� tÞ þ R0 �

S0

R1 �
S1

R2 �
S2

R3 � � � �

ð5:5Þ

where

Ri ¼ ð1þ b� tqiþ1 � atqiþ1Þð1� tqiÞ�1;

Si ¼ ðb� atqiþ2Þð1� tqiÞ�1

and i ¼ 0; 1; 2; . . . :
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6. A finite continued fraction representation for the partial series of the
type

Pm
n¼0ððaÞnzn=ðbÞnÞ

Theorem II. For m a finite positive integer, we have

A�1
0;mþ2ð1� tÞ

Xm
n¼0

ðaqÞntnqn

ðbqÞn
ð6:1Þ

¼ 1

�ðb� atqÞ
ð1� tÞ þ P0;mþ1 �

Q0;mþ1

P1;m �
Q1;m

P2;m�1 �
Q2;m�1

P3;m�2 � � � �

� � � �
Qm�2;3

Pm�1;2 �
Qm�1;2

1þ ð1� aqÞtqm

ð1� bqÞ
1

;

where

Pi; j ¼ ½ðb� atqiþ1ÞAiþ1; j þ ð1� tqiþ1ÞAi; jþ1�=ð1� tqiÞAiþ1; j;

Qi; j ¼ ðb� atqiþ2ÞAi; jþ1=ð1� tqiÞAiþ1; j;

Ai; j ¼ ð1� bÞ �
ðaqÞj t jqij

ðbqÞj�1

�
ðb� atqiþ1ÞðaqÞj�1t

j�1q jðiþ1Þ�i�1

ðbqÞj�1

" #

and i ¼ 0; 1; 2; . . . ; ðm� 1Þ, j ¼ 2; 3; 4; . . . ; ðmþ 1Þ:

Proof. From (4.1), we get

ð1� tÞ
Xmþ1

n¼0

ðaqÞntn
ðbqÞn

� ðb� atqÞ
Xm
n¼0

ðaqÞntnqn

ðbqÞn
ð6:2Þ

¼ ð1� bÞ �
ðaqÞmþ2t

mþ2

ðbqÞmþ1

�
ðb� atqÞðaqÞmþ1t

mþ1qmþ1

ðbqÞmþ1

:

Replace t as tq and m as ðm� 1Þ in (6.2), we get

ð1� tqÞ
Xm
n¼0

ðaqÞntnqn

ðbqÞn
� ðb� atq2Þ

Xm�1

n¼0

ðaqÞntnq2n
ðbqÞn

ð6:3Þ

¼ ð1� bÞ �
ðaqÞmþ1t

mþ1qmþ1

ðbqÞm
� ðb� atq2ÞðaqÞmtmq2m

ðbqÞm
:

Solving (6.2) and (6.3), we get
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ð1� bÞ �
ðaqÞmþ1t

mþ1qmþ1

ðbqÞm
� ðb� atq2ÞðaqÞmtmq2m

ðbqÞm

� �
ð1� tÞ

Xmþ1

n¼0

ðaqÞntn
ðbqÞn

ð6:4Þ

¼
�
ðb� atqÞ ð1� bÞ �

ðaqÞmþ1t
mþ1qmþ1

ðbqÞm
� ðb� atq2ÞðaqÞmtmq2m

ðbqÞm

� �

þ ð1� tqÞ ð1� bÞ �
ðaqÞmþ2t

mþ2

ðbqÞmþ1

�
ðb� atqÞðaqÞmþ1t

mþ1qmþ1

ðbqÞmþ1

� ��

�
Xm
n¼0

ðaqÞntnqn

ðbqÞn

� ðb� atq2Þ ð1� bÞ �
ðaqÞmþ2t

mþ2

ðbqÞmþ1

�
ðb� atqÞðaqÞmþ1t

mþ1qmþ1

ðbqÞmþ1

� �

�
Xm�1

n¼0

ðaqÞntnq2n
ðbqÞn

:

Repeated iteration of (6.4) yields the following continued fraction

Xmþ1

n¼0

ðaqÞntn
ðbqÞn

�Xm
n¼0

ðaqÞntnqn

ðbqÞn
ð6:5Þ

¼ P0;mþ1 �
Q0;mþ1

P1;m �
Q1;m

P2;m�1 �
Q2;m�1

P3;m�2 � � � � �
Qm�2;3

Pm�1;2 �
Qm�1;2

1þ ð1� aqÞtqm

ð1� bqÞ
1

:

From (6.2) and (6.5) we get the required continued fraction (6.1).

7. Certain special cases of our results given in the previous two sections

(i) Putting a ¼ 0, b ¼ �1 and t ¼ �q in (5.1), we get

B�1
0 ð1þ qÞ½ð1þ qÞ fmðqÞ � 2q� ¼ 1

1

ð1þ qÞ þ E0 �
F0

E1 �
F1

E2 �
F2

E3 � � � �

ð7:1Þ

where

Ei ¼ ½ð1þ qiþ2ÞBi � Biþ1�=ð1þ qiþ1ÞBiþ1;

Fi ¼ �Bi=ð1þ qiþ1ÞBiþ1;

Bi ¼ 2þ ð�1Þmqðiþ1Þðmþ1Þ

ð�qÞm

� �

and i ¼ 0; 1; 2; . . . :
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(ii) Taking limit m ! y in (7.1), we get

ð1þ qÞ
2

½ð1þ qÞ f ðqÞ � 2q� ¼ 1

1

ð1þ qÞ þ G0 �
H0

G1 �
H1

G2 �
H2

G3 � � � �

ð7:2Þ

where

Gi ¼ qiþ2ð1þ qiþ1Þ�1;

Hi ¼ �ð1þ qiþ1Þ�1;

and i ¼ 0; 1; 2; . . . :

(iii) Putting a ¼ 0, b ¼ �1, t ¼ �q in (6.1), we get
For m a finite positive integer,

ð7:3Þ B�1
0;mþ2ð1þ qÞ½ð1þ qÞ fmðqÞ � 2q�

¼ 1

1

ð1þ qÞ þ E0;mþ1 �
F0;mþ1

E1;m �
F1;m

E2;m�1 �
F2;m�1

E3;m�2 � � � � �
Fm�2;3

Em�1;2 �
Fm�1;2

1� qmþ1

ð1þ qÞ
1

:

where

Ei; j ¼ ½ð1þ qiþ2ÞBi; jþ1 � Biþ1; j�=ð1þ qiþ1ÞBiþ1; j;

Fi; j ¼ �Bi; jþ1=ð1þ qiþ1ÞBiþ1; j;

Bi; j ¼ 2� ð�1Þ jqij

ð�qÞj�1

� ð�1Þ jqðiþ2Þð j�1Þ

ð�qÞj�1

" #

and i ¼ 0; 1; 2; . . . ; ðm� 1Þ, j ¼ 2; 3; 4; . . . ; ðmþ 1Þ:

(iv) Replacing a by a=q, then putting t ¼ z=a, b ¼ 0 and letting limit a ! y
in (6.1) and (6.3) we get the continued fraction representation of the partial seriesPm

n¼0ð�1Þnznqnðnþ1Þ=2 of the following Eisenstein continued fraction representa-
tion [2, p. 66]:

Xy
n¼0

ð�1Þnznqnðnþ1Þ=2 ¼ 1

1 þ
a1

1 þ
a2

1 þ � � � ;ð7:4Þ

where
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a2k ¼ �zqkð1� qkÞ; kb 1

a2kþ1 ¼ q2kþ1z; kb 0:

(v) Putting b ¼ q in (5.1) and b ¼ 1 in (6.1), we get the infinite and finite
continued fraction representations respectively for the partial series of the typePm

n¼0ððaÞnzn=ðqÞnÞ.
Similarly, one can get infinite and finite continued fraction representations

for the other partial mock theta functions fmðqÞ, cmðqÞ, wmðqÞ, omðqÞ, umðqÞ,
rmðqÞ, fLmðqÞ, sLmðqÞ, mLmðqÞ, gLmðqÞ, and Jacobi’s partial theta functions
y2;mð0Þ, y3;mð0Þ, y4;mð0Þ.

8. Concluding remarks

It may be observed that these continued fractions owe their importance in
finding the bounds for the partial and the infinite forms of the various third
order mock theta functions. In the pious hope that one may be able to prove
through the continued fraction representations the second condition [1] of val-
idity for being a mock theta function, namely. ‘‘There is no single theta function
which works for all x, i.e. for every y-function yðqÞ there is some root of unity x
for which f ðqÞ minus the theta function yðqÞ is unbounded as q ! x radially.’’

It may be remarked that the above condition has neither be proved or dis-
proved, thus far. The above study has been continued in a further
communication for the fifth and seventh order mock theta functions also.
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