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GROWTH OF SOLUTIONS OF AN n-th ORDER LINEAR

DIFFERENTIAL EQUATION WITH ENTIRE COEFFICIENTS

Benharrat Belaïdi and Saada Hamouda

Abstract

We consider a di¤erential equation f ðnÞ þ An�1ðzÞ f ðn�1Þ þ � � � þ A1ðzÞ f
=þ

A0ðzÞ f ¼ 0, where A0ðzÞ; . . . ;An�1ðzÞ are entire functions with A0ðzÞ2 0. Suppose that

there exist a positive number m, and a sequence ðzjÞj AN with lim j!þy zj ¼ y, and also

two real numbers a; b ð0a b < aÞ such that jA0ðzjÞjb eajzj j
m

and jAkðzjÞja ebjzj j
m

as

j ! þy ðk ¼ 1; . . . ; n� 1Þ. We prove that all solutions f 2 0 of this equation are

of infinite order. This result is a generalization of one theorem of Gundersen ([3],

p. 418).

1. Introduction

For nb 2, we consider a linear di¤erential equation

f ðnÞ þ An�1ðzÞ f ðn�1Þ þ � � � þ A1ðzÞ f 0 þ A0ðzÞ f ¼ 0;ð1:1Þ

where A0ðzÞ; . . . ;An�1ðzÞ are entire functions with A0ðzÞ2 0. Let rð f Þ denote
the order of an entire function f , that is,

rð f Þ ¼ lim
r!þy

log Tðr; f Þ
log r

¼ lim
r!þy

log log Mðr; f Þ
log r

;

where Tðr; f Þ is the Nevanlinna characteristic function of f (see [6]), and
Mðr; f Þ ¼ maxjzj¼rj f ðzÞj.

It is well-known that all solutions of (1.1) are entire functions, and if some
of the coe‰cients of (1.1) are transcendental, then (1.1) has at least one solution
with order rð f Þ ¼ þy.

The question which arises is: What conditions on A0ðzÞ; . . . ;An�1ðzÞ will
guarantee that every solution f 2 0 of (1.1) has infinite order?

In this paper we prove three results concerning this question. Accord-
ing to [5], [7, pp. 199–209], [8, pp. 106–108], [9, pp. 65–67], we know that if
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A0ðzÞ; . . . ;An�1ðzÞ are polynomials with A0ðzÞ2 0, then every solution f of (1.1)
is an entire function with finite rational order.

In the study of the di¤erential equation

f 00 þ AðzÞ f 0 þ BðzÞ f ¼ 0;ð1:2Þ

where AðzÞ and BðzÞ2 0 are entire functions, Gundersen proved the following
result:

Theorem 1.1 ([3, p. 418]). Let AðzÞ and BðzÞ2 0 be entire functions, and
let a, b, y1 and y2 be real numbers with a > 0, b > 0 and y1 < y2. If

jBðzÞjb expfð1þ oð1ÞÞajzjbgð1:3Þ

and

jAðzÞja expfoð1Þjzjbgð1:4Þ

as z ! y with y1 a arg za y2, then every solution f 2 0 of (1.2) has infinite
order.

Remark. Theorem 1.1 was recently extented for an n-th order linear dif-
ferential equation (see [1]).

In the same paper, Gundersen also proved the following:

Theorem 1.2 ([3, p. 417]). Let AðzÞ and BðzÞ be entire functions such that
either (i) rðAÞ < rðBÞ or (ii) A is a polynomial and B is transcendental. Then
every solution f 2 0 of (1.2) has infinite order.

2. Statement and proof of results

In this paper we prove the following results:

Theorem 2.1. Suppose that there exist a positive number m, and a sequence
of points ðzjÞj AN with limj!þy zj ¼ y, and two real numbers a, b ð0a b < aÞ
such that

jA0ðzjÞjb eajzj j
m

ð2:1Þ

and

jAkðzjÞja ebjzj j
m

ðk ¼ 1; . . . ; n� 1Þ;ð2:2Þ

as j ! þy. Then every solution f 2 0 of (1.1) has infinite order.

From Theorem 2.1, we deduce the following two results:
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Corollary 2.2. Suppose that

maxfrðAkÞ : k ¼ 1; . . . ; n� 1g < rðA0Þ:ð2:3Þ
Then every solution f 2 0 of (1.1) has infinite order.

Corollary 2.3. Suppose that A1ðzÞ; . . . ;An�1ðzÞ are polynomials and A0ðzÞ
is transcendental. Then every solution f 2 0 of (1.1) has infinite order.

Corollary 2.2 and Corollary 2.3 were proved by Z.-x. Chen and S.-a. Gao in
[2]. In this paper, we give another proof.

In the proof of Theorem 2.1, we need the following lemma:

Lemma 2.4 ([4, p. 89]). Let w be a transcendental entire function of finite
order r. Let G¼fðk1; j1Þ; ðk2; j2Þ; . . . ; ðkm; jmÞg denote a finite set of distinct pairs
of integers satisfying ki > ji b 0 for i ¼ 1; . . . ;m, and let e > 0 be a given constant.
Then there exists a set EH ½0; 2pÞ with linear measure zero such that, if c0 A
½0; 2pÞ � E, then there is a constant R0 ¼ R0ðc0Þ > 1 such that for all z satisfying
arg z ¼ c0 with jzjbR0 and for all ðk; jÞ A G, the following estimate hold:

wðkÞðzÞ
wð jÞðzÞ

����
����a jzjðk�jÞðr�1þeÞ:

Proof of Theorem 2.1. Suppose that f 2 0 is a solution of (1.1) with
rð f Þ < þy. We can write (1.1) as

1

A0ðzÞ
f ðnÞ

f
þ
Xn�1

k¼1

AkðzÞ
A0ðzÞ

f ðkÞ

f
¼ �1:ð2:4Þ

Then by Lemma 2.4, there exists a set EH ½0; 2pÞ with linear measure zero such
that, if c0 A ½0; 2pÞ � E, then there is a constant R0 ¼ R0ðc0Þ > 1 such that for all
zj satisfying arg zj ¼ c0with jzjjbR0 and for all k ¼ 1; 2; . . . ; n, we have

f ðkÞðzjÞ
f ðzjÞ

����
����a jzjjkc ðk ¼ 1; . . . ; n; c ¼ r� 1þ eÞ:ð2:5Þ

Then by (2.1), (2.2) and (2.5), we obtain that

AkðzjÞ
A0ðzjÞ

����
����
f ðkÞðzjÞ
f ðzjÞ

����
����a

1

eða�bÞjzj jm
jzjjkc ðk ¼ 1; . . . ; n� 1; c ¼ r� 1þ eÞ:ð2:6Þ

Since

lim
j!þy

1

eða�bÞjzj jm
jzjjkc ¼ 0 ðk ¼ 1; . . . ; n� 1; c ¼ r� 1þ eÞ;

we see

lim
j!þy

AkðzjÞ
A0ðzjÞ

����
����
f ðkÞðzjÞ
f ðzjÞ

����
���� ¼ 0 ðk ¼ 1; . . . ; n� 1Þ:
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We have also from (2.1) and (2.5) that

1

A0ðzjÞ

����
����
f ðnÞðzjÞ
f ðzjÞ

����
����a

1

eajzj j
m jzjjnc ðc ¼ r� 1þ eÞ;ð2:7Þ

which implies

lim
j!þy

1

A0ðzjÞ

����
����
f ðnÞðzjÞ
f ðzjÞ

����
���� ¼ 0:ð2:8Þ

Letting j ! þy in the relation

1

A0ðzjÞ
f ðnÞðzjÞ
f ðzjÞ

þ
Xn�1

k¼1

AkðzjÞ
A0ðzjÞ

f ðkÞðzjÞ
f ðzjÞ

¼ �1;

we get a contradiction. Thus every solution f 2 0 of (1.1) has infinite order.

Next, we give two examples that illustrates Theorem 2.1.

Example 1. Consider the di¤erential equation

f 00 � f 0 � e2z f ¼ 0:ð2:9Þ

In this equation, for z ¼ zj ¼ j ! y, we have

jA0ðzjÞj ¼ j�e2zj j ¼ e2j b e2jzj j;

jA1ðzjÞj ¼ 1a e0:jzj j:

It is easy to see that the conditions (2.1) and (2.2) in Theorem 2.1 are sat-
isfied. The two linearly independent functions f1ðzÞ ¼ ee

z

and f2ðzÞ ¼ e�ez are
solutions of (2.9) with rð f1Þ ¼ rð f2Þ ¼ þy.

Example 2. Consider the di¤erential equation

f 000 � ð3þ 6ezÞ f 00 þ ð2þ 6ez þ 11e2zÞ f 0 � 6e3z f ¼ 0:ð2:10Þ

In this equation, for z ¼ zj ¼ ð1þ iÞ j ! y, we have

jA0ðzjÞj ¼ j�6e3zj j ¼ 6e3j > e3j ¼ e3ð
ffiffi
2

p
=2Þjzj j;

jA1ðzjÞj ¼ j2þ 6ezj þ 11e2zj ja 19e2j < eð5=2Þj ¼ e5ð
ffiffi
2

p
=4Þjzj j

and

jA2ðzjÞj ¼ j�ð3þ 6ezj Þja 9e j < eð5=2Þj ¼ e5ð
ffiffi
2

p
=4Þjzj j:

Hence the conditions (2.1) and (2.2) of Theorem 2.1 are verified. The three
linearly independent functions f1ðzÞ ¼ ee

z

, f2ðzÞ ¼ e2e
z

and f3ðzÞ ¼ e3e
z

are
solutions of (2.10) with rð f1Þ ¼ rð f2Þ ¼ rð f3Þ ¼ þy.

We now give a generalization of Example 2.
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Example 3. Consider the di¤erential equation

f ðnÞ þ Pn�1ðezÞ f ðn�1Þ þ � � � þ P1ðezÞ f 0 þ beaz f ¼ 0;ð2:11Þ

where a A R with a > 0, b A C?, and P1; . . . ;Pn�1 are polynomials such that
max1akan�1 degðPkÞ < a. It follows from Theorem 2.1 that every solution f 2 0
of (2.11) has infinite order.

Proof of Corollary 2.2. Let max1akanfrðAkÞg ¼ b < rðA0Þ ¼ a. Then for
a given e, 0 < e < ða� bÞ=2, we have

jAkðzÞj < ejzj
bþe

ðk ¼ 1; . . . ; n� 1Þð2:12Þ

and

jA0ðzÞj > ejzj
a�e

ð2:13Þ

for su‰ciently large jzj. Then by (2.13), there exists a number a > 1 such that

jA0ðzÞj > eajzj
bþe

ð2:14Þ

for su‰ciently large jzj. By making use of (2.12), (2.14) and Theorem 2.1, we
get our result.

Proof of Corollary 2.3. As in the proof of Corollary 2.2, we obtain
immediately Corollary 2.3.
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benharrat belaïdi and saada hamouda244



[ 8 ] G. Valiron, Lectures on the General Theory of Integral Functions, translated by E. F.

Collingwood, Chelsea Publishing, New York, 1949.

[ 9 ] H. Wittich, Neuere Untersuchungen über eindeutige analytische Funktionen, Zweite, korri-

gierte Auflage, Ergebnisse der Mathematik und ihrer Grenzgebiete 8, Springer-Verlag, Berlin,

1968.

Department of Mathematics

University of Mostaganem

B. P 227 Mostaganem-Algeria

e-mail: belaidi.benharrat@caramail.com

belaidi@univ-mosta.dz

Department of Mathematics

University of Mostaganem

B. P 227 Mostaganem-Algeria

e-mail: Hamouda.saada@caramail.com

growth of solutions 245


