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SOME REMARKS ON ALMOST KAHLER 4-MANIFOLDS OF
POINTWISE CONSTANT HOLOMORPHIC SECTIONAL CURVATURE
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1. Introduction

An almost Kéhler manifold is an almost Hermitian manifold M = (M, J, g)
whose Kéhler form Q is closed, or equivalently,

9(VxN)Y,Z) +g((V¥J)Z, X) +9((V2/)X, Y) =0,

for all smooth vector fields X, Y,Z on M.

Concerning the integrability of the almost complex structure of an almost
Kahler manifold, S. I. Goldberg [3] conjectured that the almost complex structure
of a compact Einstein almost Kéhler manifold is integrable (and the manifold is
necessarily Kdhler). In connection with this conjecture, some results have been
proved under a variety of curvature conditions (e.g. [14, 15, 7, 8, 9, 1]).

In particular, the author [12] proved that a 4-dimensional compact almost
Kaéhler manifold of constant holomorphic sectional curvature which satisfies the
RK-condition is a Kéhler manifold. More strongly, J. T. Cho and K. Sekigawa
(2] asserted that a 4-dimensional almost Kéhler manifold of pointwise constant
holomorphic sectional curvature is a Kéhler manifold of constant holomorphic
sectional curvature. But its proof have an error in computation of the square
norm of the curvature tensor ||R||%. In fact, P. Nurowski and M. Przanowski [5]
recently constructed a non-compact example of strictly almost Kéhler, Ricci-flat
manifold which is of pointwise constant holomorphic sectional curvature. How-
ever, the idea of [2] is still interesting.

The purpose of the present paper is to correct the calculations in [2] and to
get some related results. In §2, after preparing some definitions and notations,
we shall give a curvature expression in a 4-dimensional almost Kédhler manifold
of pointwise constant holomorphic sectional curvature by using 4; introduced by
[2]. In §3, making use of the above curvature expression, we shall calculate ||R||?
and some relational quantities. We shall show some results on an almost Kihler
4-manifold of pointwise constant holomorphic sectional curvature under addi-
tional conditions. In §4, we introduce the example constructed by Nurowski and
Przanowski and discuss it.
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Throughout this paper, we assume that the manifold under consideration to
be connected and of class C®.

The author wishes to express his hearty thanks to Professor K. Sekigawa for
his useful advices and constant encouragement.

2. Preliminaries

Let M = (M,J,g) be an m(= 2n)-dimensional almost Hermitian manifold
with an almost Hermitian structure (J,g). We denote by Q and N the Kéhler
form and the Nijenhuis tensor of M defined respectively by Q(X,Y) = g(X,JY)
and N(X,Y) =[JX,JY] - [X,Y]-J[JX,Y] - J[X,JY] for X,Y € X(M), where
X(M) is the Lie algebra of all smooth vector fields on M. The Nijenhuis tensor
N satisfies

N(JX,Y)=N(X,JY)=—JN(X,Y), X,YeX(M).

We assume that M is oriented by the volume form dM = ((—1)"/n!)Q". Further
we denote by V, R=(Ry'), p=(p;), 7, p* = (p}) and t* the Riemannian
connection, the Riemannian curvature tensor, the Ricci tensor, the scalar cur-
vature, the Ricci *-tensor and the x-scalar curvature of M, respectively:

R(X,Y)Z = [Vx,Vy]Z - Vix, nZ,
R(X,Y,Z,W) =g(R(X,Y)Z, W),
p(x, y) = trace of [z — R(z,x)y],
7 = trace of p,
p*(x,y) = trace of [z — R(x,Jz)Jy],
t* = trace of p¥,
where X, Y, Z, W e X(M), x,y,z€ T,M, pe M. The Ricci *-tensor p* satisfies
prIJX,JY)=p"(Y,X), X,YeX(M).

An almost Hermitian manifold M is called a weakly *-Einstein manifold if it
satisfies p* = 1*g for some function 1* on M. In particular, if A* is constant on
M, then M is called a *-Einstein manifold.

We define a tensor field G = (Gyu) by

G(X,Y,Z,W)=R(X,Y,Z, W) — R(X,Y,JZ,JW).

Then we have

@.1) S G(E, X, ¥,E) = p(X, ¥) — p*(X, Y),
1=1

where {E.},_; , is a local orthonormal frame of M.
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An almost Hermitian manifold M is called an RK-manifold if it satisfies
(2.2) R(JX,JY,JZ,JW)=R(X,Y,Z, W)
for X,Y,Z, W e X(M) ([16]).

Now we assume that M = (M, J, g) is an almost Kahler manifold. Then we
have

29((VxJ)Y,Z) = gUX, N(Y, Z)).
It is well-known that ([4])
(2.3) G(X,Y,Z, W)+ GUX,JY,JZ,JW)
+GUX,Y,JZ, W)+ G(X,JY,Z,JW)
= 2((VaD)¥ = (Vy D)X, (VD)W — (ViJ)2).
By (2.1) and (2.3), we have

2.4) p(X, ¥) + pUX, TY) = p*(X, ¥) — p*(JX,JY)
= =3 o(VEDX, (VE)Y),
=1

* __ 1 2 _ 1 2
@3) rtt = W =~ LI

In the sequel, we shall adopt the following notational convention: for an
orthonormal basis {e;} of a tangent space T,M,

Jij = g(Jei, ), ViJie = g((VeJ)ej, ex),
Nijk = g(ei, N(ej,ex)), Ry = R(ei, e, ex,€1),
Gy = Glei,ej,exser), Vil = g((VieJ)e), ex),
Ny = g(Jei, N(¢j,ex)), Nij = g(Jei, N(Jej, ex)),
R,.jkf = R(e;, ¢}, ex, Jey), GijET = G(e;, ¢j, Jex, Jey), etc.
Then it is easy to see that
ViJji + Vi = 0,
Vidie = ViJye = Vid

Ny = =2ViJj, 2V Jjx = Ny
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By the Ricci identity, we have

1
(2.6) 26y = “2‘N "¥Nut = ViNgg; + ViNg

1
= ViNjuy — VN + 3 (NiaNi® — NikaNji®).

Now, let M = (M,J,g) be an almost Kédhler manifold of pointwise constant
holomorphic sectional curvature ¢ = ¢(p) (p € M). Then, taking account of [11]
and (2.6), we have

c
(2.7) Riwt =7 {gagix — gigjt + JuJix — JucJj — 205}
4
1
+ 16 {NtithjI - Ntithj'k + 2N’ijN,k1}

1
+ %Qijkl»
where
Qt‘jkl = ’_13{Vi.NT 7 Nkl + Vth] kl]}

+ 3{V il = ViNyg + VN — VTNkii}

{V i — ViNi + ViNig — ViNgic
— ViNp + ViNgie — ViNg; + VN }

+ {V 7~ VeV,

y,+VNhk ViN.x

Jjik
VN,Jk—FV ik VNk11+VN,1}
+ 2{ViNz7 + VilNj + ViNiwt + ViNig7}

+ ViNygr + ViNg, + VN + VN7

— ViNyz — ViNg, — ViNji — ViNi 7.

ik Tik
Then, from (2.7), we have

3
(2.8) t=n(n+1)c—= [|N||2,
(2.9) " =n(n+1)c + — ||N||
(2.10) T+3t" = m(m +2)c.

In the sequel, we shall consider the case dimM =4. We set
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for a unitary basis {e;} = {ej,e; = Jey,e3,e4 = Je3} of T,M,pe M. We note

that

TAKUJI SATO

Aij = g(ei, (Ve,N)(e1,€3)) = ViNus,

A,’j — Aj,' = —2Gij13.

Then, from (2.7), J. T. Cho and K. Sekigawa obtained the following

ProposITION 2.1 ([2]). Let M be a 4-dimensional almost Kdhler manifold of
pointwise constant holomorphic sectional curvature ¢ = c(p) (p e M).

Ri212 = Ragzs = —c(p),

Rizs = —@— 11_6(1* -1),

Riza = —@4'3%(7* - 1) +%(A13 — A3 — A + Ag),
Rig = %{—’2 +%(r* - 1) +é(A13 — A3 — Ay + Ax),
Riziz = —@4—;—2(1‘* —-1) —%(Alii —An) — é(AM — Ag),
Rugs = —¥+%(T* —1) _%(AB + As) _%(A.’»l + A2),
Ro3s = -f%pz-l—%(f* - 1) +é(A31 + Ao4) +§(A13 + An),
Rogpa = —@+%(T* - 1) +%(A24 — An) +é(A13 — As1),

1
Riz3a = —Rogzg = _Z(A34 — As),

1
Ri213 = —Riza = — = (A2 — A1),

4
1
Riszs = R334 = _Z(A33 + Aua),
1
Ri214 = Rigpz = _Z(A” + A»),

1
Rizs = g(Am + A4y + A3y — 3423),

Then
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(A14 + Az + A2z — 343),

OO | =—

Ry =

1
Ri31s = —5 (A2 + A + A1a — 3441),

(o]

1
Riaa = —g(Azs + A + Ay — 3414),

for any unitary basis {e;} of T,M at each point pe M.
From Proposition 2.1, we have the following

LEMMA 2.2. Let M be a 4-dimensional almost Kdihler manifold of point-
wise constant holomorphic sectional curvature. Then M is an RK-manifold if and

only if
(A13 — A31) + (A2s — Asz) =0,

(A13 + A2s) + (431 + Aa2) =0,

Ay = An,
Azq = Ags,
A = Az,
A4 = Az,
Ay +A4n =0,
Asz + Aag = 0,

for a unitary basis {e;} of T,M at each point pe M.

Further, by Proposition 2.1, we have easily

T 1
—Iis 4
P11 4+2(A13+ 24)5
YN
,022—4 2 13 24),
T 1
P =75 —§(A31 + Ag),
T 1
(2.11) Pas = Z+§(A31 + Ag),
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(A — Awa),

-

P12 =
1
P13 = —Pau = —Z{(A“ + Axn) — (A3 + Aw)},
1
P1a =Py = Z{(A” — A2) — (434 — Ag3)},

1
P = §(A32 — Aa),

2 1
(2.12) ”p”2 = Z + 5 {(A13+A24)2+(A31 +A42)2+(A23 —A14)2+(A32—A41)2}

+ ‘1_‘ {(A11+A42)— (433 +A44)}2‘i‘}1 {(A12—A21) — (434 —As3)}?,

2.13) |
Pi3 =Py = —Pr=—P3 = Z(A“ + Ap + A3z + Aw),
* * * * 1
P1a=—P3p=P33 =Py = _Z(Alz — Ay + Azs — Ag3)
and
%12 (T*)Z 1 2
@19 71 = EL Lt + 4+ )
1 2
+Z(A12 — Ay + Az — As3)”.

3. Some results

In this section, we show some results on a 4-dimensional almost Kihler
manifold of pointwise constant holomorphic sectional curvature. By (2.11) and
(2.13), we have the following lemmas.

LemMmA 3.1. Let M be a 4-dimensional almost Kdihler manifold of pointwise
constant holomorphic sectional curvature. Then M is Einstein if and only if
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A3+ Ay =0,
A3z + Agp =0,
Aa = Az,
Aq = Az,

An + Axn = A3z + Aag,
App — Ay = Aza — Ass,
for a unitary basis {e;} of T,M at each point pe M.

LemMA 3.2. Let M be a 4-dimensional almost Kdhler manifold of pointwise
constant holomorphic sectional curvature. Then M is weakly x-Einstein if and
only if

A+ Az + A3z + Aaa = 0,

A — Aoy + Azg — Az =0,
Sor a unitary basis {e;} of T,M at each point pe M.

If p (resp. p*) is J-invariant, then it is obvious that the conditions in Lemma
3.1 (resp. Lemma 3.2) are satisfied. So we have the following

ProrosiTiON 3.3. Let M be a 4-dimensional almost Kdihler manifold of
pointwise constant holomorphic sectional curvature. If the Ricci tensor p (resp. the
Ricci x-tensor p*) is J-invariant, then M is an Einstein (resp. a weakly *-Einstein)
manifold.

By comparing with above Lemmas 2.2, 3.1 and 3.2, we have the following

PropoSITION 3.4. Let M be a 4-dimensional almost Kdihler manifold of
pointwise constant holomorphic sectional curvature. Then M is an RK-manifold if
and only if it is an Einstein and weakly *-Einstein manifold.

From these results, we get again the following

THEOREM 3.5 ([12]). Let M be a 4-dimensional almost Kdhler manifold of
constant holomorphic sectional curvature. If M satisfies the RK-condition, then M
is a Kdihler manifold.

Proof. By Proposition 3.4, we see that M is an Einstein and weakly *-
Einstein manifold. Since ¢ and 7 are constant on M,7* is also constant by
(2.10), that is, M is *-Einstein. Then, taking account of the theorem of Oguro
and Sekigawa [9], we can conclude that M is Kéhlerian. O
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Note that the compactness assumption in the above theorem is not necessary
due to [9]. The example in §4 shows that the condition of constant holomorphic
sectional curvature can’t be replaced by that of pointwise constant holomorphic
sectional curvature.

Next, we shall calculate the square norm ||R]|2 of the curvature tensor at an
arbitrary point p of M. By the same way as J. T. Cho and K. Sekigawa [2], we
have

(3.1 IRI* = 4 Z(R%alb + Rl + Ry + Riuy)
a,b
— 4(REy + Rizs + Riyiy + Ropgs + Rl + Rigsy)
+8(Ry4 + Ringg + Rips),
(3:2) 4Z(R12a1b + Ry + Rizp + Riy)
a,b

Tt —1

2

—c(t*—r)+

= 18c2+—1—§(r* -7 - 5

3 (A13 — A31 — A2 + Aw)

+ (A2 — Ao1)? + (A1 + An)* + (A3 — A)* + (A3 + A’
+§{(A13 — A31)? + (A2s — An2)’ + (A3 + A2)* + (A3 + A2a)’}
+%{(A13 — A31)(A24 — Ax2) + (A13 + Ag2)(A31 + A24)}

+%{(A23 + An + A1 = 34a)’ + (Aia + Ay + Ax3 — 343)°

+ (A1 + Aa1 + A3y — 3423)* + (Ag3 + A3y + Ag1 — 3414)%},

(3.3) — 4(Riyy + Rizjs + Riyps + Risgy + Rl + Rigay)
13, 3¢, Tt -1
=—9C2—a(f —7)2‘*’7(7 —1) - (A13 — 431 — A + Aa2)

5
- g{(AB — A31)2 4 (A2s — Ap)> + (413 + Ap) > + (431 + A24)*}

- %{(An — A31)(A2 — Aaz) + (A13 + Aa2) (431 + A2a)}
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and

(3.4)  8(Riys + Ripg + Rips)

7, . 3¢, , 1
=3cz+a(‘[ —T)2+—I(‘C —T)+Z(A13—A31—A24+A42)2
-1
+—2 (A13 — A3 — Aos + As2).

By (3.1), (3.2), (3.3) and (3.4), as a correction of [2], we have the following

LEMMA 3.6. Let M be a 4-dimensional almost Kdhler manifold of pointwise
constant holomorphic sectional curvature ¢ = c(p) (p € M). Then we have

*

T —7

5
(3.5) ”R“2 =12¢? +E(T* — T)2 + (A13 — A3 — Ay + Asa2)

+ (A2 — A2 + (A + An)? + (A34 — Ag3)? + (A3 + Agg)?
3 2 2 2 2
+Z{(A13 —A31)" + (A2 — Aa)” + (A13 + Aa2)” + (A31 + A24)7}

1
+ 5{(/113 — A31)( A2 — Aaz) + (A13 + Aaz2) (431 + A2)}

1
+5{(das — An) + (A — A1a)” + (A2s — Aa)’

+ (A3 — A14)? + (A32 — Aa)? + (A1a — Aa)?}.

It is assured, after long and tedious calculations, that the right hand side of
(3.5) is invariant under the change of unitary bases.
In particular, if M is Einstein, then by Lemma 3.1, (3.5) reduces to

3.6)  |R|? = 12¢2 +1—56(r* — ) 4 (2" = ) (A3 — A3)

+2{(A12 — An)* + (A + An)* + (413 — A31)* + (414 — 4a)*}.

From now on we assume that the manifold M is compact. We shall
calculate the characteristic classes of M by using 4;. By (2.12), (3.5) and the
Gauss-Bonnet formula, we have the following

ProrosiTION 3.7. Let M be a 4-dimensional compact almost Kdihler manifold
of pointwise constant holomorphic sectional curvature ¢ = c¢(p) (p € M). Then the
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Euler class of M is given by

B7) 1) =gz | [1260 4+ 5 -7+

™ —7

3 (A13 — A31 — A2 + Ap)

32n? 16

3
+ Z{(A13 — A31)? + (A2a — Az)* + (A13 + Ag2)” + (431 + A24)*}

1
+ 5{(A23 — A3n)? + (A2 — Aa)* + (A2 — A1a)” + (A1s — An)*}

+2{(A11 + A2)(A33 + Aaa) + (412 — A21)(A34 — As3)}

1
+ 5{(A13 — A31) (A2 — Aa2) + (A13 + Ag2)(A31 + A24)}
3
-2{(A13+A24)2+(A31+A42)2}—§{(Azs—A14)2+(A32—A41)2} M.

PROPOSITION 3.8. Let M be a 4-dimensional compact almost Kihler manifold
of pointwise constant holomorphic sectional curvature with J-invariant Ricci tensor.
Then the square of the first Chern class of M is given by

(3.8) (M) = [r2* + 4(A11 + An)® +4(A12 — Az)*] dM.

=
3277.'2 M
If © and t* have same sign, then ¢?(M) is non-negative.

Proof. First of all, we notice that M is Einstein by virtue of Proposition
3.3. It is easy to see that

1
(3.9) yAY=g Z ivadiIa — 2yyyadudn} dM,
1,],k,1
and
(3.10) 81> yuly =2(x+17).

By the definition of the first Chern form y (cf. [13]), we have

8my1y = =4 Jupii — O Ja(VaTu) Vi
L1
=4py; — ZZJklNikhNilh

. 1
=4py + ZZleth,;h
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=4p}, — ‘1-‘2(1\71%)2
=" — {(Ni3)* + (Na13)H)},
8myy; = —4pj, + %Z NiinNaen
=2(A12 — An) + (N113Na13 — NaiaNag3),
87my14 = 4pis — %Z Nikn N3k
= 2(An + A22) — (N113N313 + N213Naps),
8nyy3 = —4p3, + %Z Noien Nk
= 2(A411 + A22) + (N113N313 + N213Naps),
8y, = 4psy — %2 Noien Nk
= —2(A12 — A21) + (N113N413 — N21i3N313),
8mysy = 4pi; — % (N3in)?

=7"— {(N313)2 + (N413)2}'

From these identities, we have

(3.11) Z V¥t
1,7,k,1

= Z()’u}’kl-] 1k + VoVad2k + V3Vadsk + VaViadai)J
=2 Z()’lﬂ’zl + 7374

= 2{(3’12)2 + 2913724 — 2V14723 + (734)2}

= 3‘21;5 [(z)? - 2{(1\’113)2 + (N213)2}r* + {(N113)2 + (N213)2}2

+ 2{(N113Ns13 — Nyi3N3i3)? — 4(A1p — An)*}
+ 2{(N113Na13 + NaisNaiz)? — 4(Ayy + A)*}

+ ()2 = 2{(N313) + (Na13) "} + {(N313)* + (Na3)*}7]
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= 3—217;[2(7*)2 —2||N(e1,e3)||?t* + [N (e, e3)]|*
— 8{(Ay1 + An)* + (412 — An)*Y]
= 3217:2 [(z%) + 72 — 8{(A11 + A2)* + (412 — An)*}].

By (3.9), (3.10) and (3.11),
1
7 A Y=g T+ 4(dn + An)* +4(A1y — An)} dM.
Thus, we obtain (3.8). O
PRrOPOSITION 3.9. Let M be a 4-dimensional compact almost Kdhler manifold

of pointwise constant holomorphic sectional curvature with J-invariant Ricci tensor.
Then the first Pontrjagin class of M is given by

_ 1! 2_1,
(3.12) P(M) =35 JM [2||R|| 37 ] M.
Proof. By definition,
1
(3.13) pi(M) = 3002 MZ{RadinbEij - 2RabindE,'j}dM
1 *
= 3m3 | {41077+ IGI = 2RI} an.

According to Koda [6], an almost Hermitian 4-manifold of pointwise constant
holomorphic sectional curvature is self-dual. By making use of self-duality, we
have

(3.14) Z{(RIZij — Rj)* + (Rizj + Roaj)” + (Riay — Rozy)’}

= ol - g7
On the other hand, we have

> (Ruzg + Raag)” = [lp"|I%,
(3.15) Z(Rlzij — Rogy)* = Z(Gim)z = Z(Gim)z,
> (Ruag + Rosp)® = D (Gyua)® = D (Gys) ™.
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By (3.14) and (3.15), we have

1 . 1
(3.16) IRIZ = gl — 222 + "2 + 7 IGIP.
Consequently, we obtain (3.12) from (3.13), (3.16). O

From Proposition 3.9, we can see again that p;(M)=0 and p;(M)=0
implies that M is of constant curvature (and hence, M is Kébhler).
By (3.6), (3.8), (3.12), and the Wu’s theorem (cf. [13]), we get the following

PropOSITION 3.10. Let M be a 4-dimensional compact almost Kdihler
manifold of pointwise constant holomorphic sectional curvature with J-invariant
Ricci tensor. Then we have

(3.17) JM [‘—lt(r* —1t){rt+3t" +16(413 — 431)} +§(7:* —1)?

+4{(An + An)’ + (A2 — A21)°} + 8{(A13 — A31)” + (414 — An)*}| dM

=0.

Taking account of Aj3 — A3 = —2Gy313, 7+ 37t* =24c¢ and the above
Proposition, we have the following

THEOREM 3.11. Let M be a 4-dimensional compact almost Kdihler manifold
of pointwise constant holomorphic sectional curvature ¢ = c(p) (pe M) with
J-invariant Ricci tensor. If

3
G(X, y,X,J’) é Zc(p)a

Sor any unit vectors x,y € T,M such that g(x,y) = g(x,Jy) =0, at every point p
of M, then M is a Kdhler manifold.

Finally, we shall note a fact related to the theorem of J. Armstrong [1]. He
has proved.

THEOREM 3.12 ([1]). If (M,J,g) is a 4-dimensional compact Einstein almost
Kihler manifold, then we must have that t* =t somewhere on the manifold.

If M is of constant holomorphic sectional curvature, then from 7+ 3t* =
24c, it can be 7* =7 on the whole of M owing to the above theorem. Con-
sequently, we have the following

THEOREM 3.13. Let M be a 4-dimensional compact almost Kéhler manifold of
constant holomorphic sectional curvature with J-invariant Ricci tensor. Then M is
a Kdhler manifold.
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4. The example of Nurowski and Przanowski

In this section, we shall describe the example of 4-dimensional Ricci-flat
strictly almost Kéhler manifold of pointwise constant holomorphic sectional
curvature constructed by P. Nurowski and M. Przanowski [5]. Following T.
Oguro, K. Sekigawa and A. Yamada [10], we write down explicitly this example.

Let M be a 4-dimensional real half space given by

M = {(xl,X2,X3,X4) ER4|X1 > 0, (xz,x3,x4) € RS}.

We define a Riemannian metric g and almost complex structure J on M re-
spectively by

1 X3 X2 2
4.1) gle(dx,z+dx%+dx§)+x—l(? dX2—?dX3+dX4)

and

6x1 2X1 axz 4X1 6_x4’

_6_) 0 X2 0 X2X3 0

X1 axz 2x1 6)C4.

Then, we can see easily that (J,g) is an almost Hermitian structure on M and the
Kéhler form Q is given by

(4.3) Q= —x1dx; A dxz — _xz_z dxy A dx; +dxy A dxy.

From (4.3), we see immediately that Q is closed, and hence (M,J,g) is an
almost Kédhler manifold. Now, we define a unitary frame field {e;,e; = Jey,e3,
es = Jes} on M by
=t 0 1 0 n 0
YT Umox” T /Eoxs | 2x oxs
(4.4)
0 1 0 x3 0
=V G T R 2w o
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With respect to this unitary frame {e;},_; , 34, we have

Veer =0, V,e=0, V,e3=0, V,es=0,

V e 1 e V €é) = — 1 e
atl 2x|,/x1 » a2 2x1,/x1 b
V o 1 e V..e 1 o
3 2X1\/X1 ’ é 2x1,/x1 3
(45) et 2x1,/x1 S 2 2xh/x1 ’
V e3 = 1 e V, ey = 1 e
a3 2x1,/x1 b 83 2x1./x1 >
V ey = —1 e. V e 1 e
ey 1 2 l\/__l. 4, e4€2 2 1\/_1 3,
V e3 = — 1 e V €4 = — 1 e
et 2X1\/X1 » “ 2x1./x1 b

From (4.5), by straightforward calculation, we have
V3Jig = =V3Jy = VaJp = —V3J3p,

= V4Jiz = —VaJ31 = VaJgp = —Vi4Jou

(4.6) i
- X1/X1’
V.Jix =0 (otherwise),
1
An =0, Ap=0, An=-—, A4u=0,
X
1
Ay =0, An=0, Ayp=0, Ay= el
4.7 !

3
A31=;§, A =0, A3=0, A3 =0,
i

3
Ay =0, A42=—;C—3, Az =0, Aau=0
i

and
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Ry = Ry = — =

2x3°
1
Ring = — =,
1234 2
1
Riza = ——,
X
1
R = — =,
1423 2
1
Risi =,
(4.8) BT
1
Riga = —=—,
1414 27
1
Rony = — 5,
2323 23
1
Rosy = —,
X
R334 = —Roa34 = Ri213 = —Ri224 = Risza = Rz

= Ri214 = Ri223 = Ri323 = Rp324 = Ri314 = Ria4 = 0.

Taking account of Proposition 2.1, (4.7) and (4.8) show that (M, J,g) is a strictly
almost Kéhler manifold of pointwise constant holomorphic sectional curvature
c(p) =1/2x3(p = (x1,%2,x3,x4) € M) and satisfies the RK-condition. From
(4.8), it is easy to see that
p=0, and p° =i3g,
Xi

and hence (M,J,g) is a Ricci-flat, weakly *-Einstein manifold with x-scalar
curvature t* = 4/x}.
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