
T. SATO
KODAI MATH. J.
22 (1999), 286-303

SOME REMARKS ON ALMOST KAHLER 4-MANIFOLDS OF

POINTWISE CONSTANT HOLOMORPHIC SECTIONAL CURVATURE
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1. Introduction

An almost Kahler manifold is an almost Hermitian manifold M = (M, /, g)
whose Kahler form Ω is closed, or equivalently,

g((yxJ) 7, Z) + g((VYJ)Z, X) + g((VzJ)X, Y) = 0,

for all smooth vector fields X, Y, Z on M.
Concerning the integrability of the almost complex structure of an almost

Kahler manifold, S. I. Goldberg [3] conjectured that the almost complex structure
of a compact Einstein almost Kahler manifold is integrable (and the manifold is
necessarily Kahler). In connection with this conjecture, some results have been
proved under a variety of curvature conditions (e.g. [14, 15, 7, 8, 9, 1]).

In particular, the author [12] proved that a 4-dimensional compact almost
Kahler manifold of constant holomorphic sectional curvature which satisfies the
jRA^-condition is a Kahler manifold. More strongly, J. T. Cho and K. Sekigawa
[2] asserted that a 4-dimensional almost Kahler manifold of pointwise constant
holomorphic sectional curvature is a Kahler manifold of constant holomorphic
sectional curvature. But its proof have an error in computation of the square
norm of the curvature tensor \\R\\2. In fact, P. Nurowski and M. Przanowski [5]
recently constructed a non-compact example of strictly almost Kahler, Ricci-flat
manifold which is of pointwise constant holomorphic sectional curvature. How-
ever, the idea of [2] is still interesting.

The purpose of the present paper is to correct the calculations in [2] and to
get some related results. In §2, after preparing some definitions and notations,
we shall give a curvature expression in a 4-dimensional almost Kahler manifold
of pointwise constant holomorphic sectional curvature by using Ay introduced by
[2]. In §3, making use of the above curvature expression, we shall calculate \\R\\2

and some relational quantities. We shall show some results on an almost Kahler
4-manifold of pointwise constant holomorphic sectional curvature under addi-
tional conditions. In §4, we introduce the example constructed by Nurowski and
Przanowski and discuss it.
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Throughout this paper, we assume that the manifold under consideration to
be connected and of class C 0 0 .

The author wishes to express his hearty thanks to Professor K. Sekigawa for
his useful advices and constant encouragement.

2. Preliminaries

Let M— (M,J,g) be an m(= In)-dimensional almost Hermitian manifold
with an almost Hermitian structure (/, g). We denote by Ω and N the Kahler
form and the Nijenhuis tensor of M defined respectively by Ω(X, Y) = g(X,JY)
and N(X, Y) = [JX.JY] - [X, Y] - J[JX, Y] - J[X,JY) for X, Y e X(M), where
X(M) is the Lie algebra of all smooth vector fields on M. The Nijenhuis tensor
N satisfies

N(JX, Y) = N(XJY) = -JN(X, 7), X,Ye Ϊ(M).

We assume that M is oriented by the volume form dM = ((—l)n/n\)Ωn. Further
we denote by V, R = (Rijk

ι), p — (Py), τ, p* = (/?*) and τ* the Riemannian
connection, the Riemannian curvature tensor, the Ricci tensor, the scalar cur-
vature, the Ricci *-tensor and the *-scalar curvature of M, respectively:

R(X,Y,Z,W)=g(R(X,Y)Z,W),

p(x, y) = trace of [z ̂  R(z,x)y],

τ = trace of /?,

p*(χ, y) = trace of [z —> R(x,Jz)Jy],

τ* = trace of/?*,

where X, Y,Z,W e 3E(M), i j , z e TpM, p e M. The Ricci *-tensor p* satisfies

p*(JX,JY)=p*(Y,X), X,Y

An almost Hermitian manifold M is called a weakly *-Einstein manifold if it
satisfies p* = λ*g for some function λ* on M. In particular, if λ* is constant on
M, then M is called a *-Einstein manifold.

We define a tensor field G = (Gyki) by

G(X, Y,Z, W) = R(X, Y,Z, W) - R{X, Y,JZ,JW).

Then we have

(2.1) £ <?(£„*, Y,Eι)=p(X, Y)-p*{X, Y),

where {Et}ι=ι m is a local orthonormal frame of M.



288 TAKUJI SATO

An almost Hermitian manifold M is called an RK-manifold if it satisfies

(2.2) R(JX, JY, JZ, JW) = R{X, Y, Z, W)

for X, Y,Z, WeX(M) ([16]).

Now we assume that M = (Λf, /, g) is an almost Kahler manifold. Then we
have

It is well-known that ([4])

(2.3) G{X, Y, Z, W) + G{JX, JY, JZ, JW)

+ G(JX, Y,JZ, W) + G{X,JY,Z,JW)

= 2g((VxJ) Y - (VYJ)X, (Vz/) W - (VWJ)Z).

By (2.1) and (2.3), we have

(2.4) p(X, Y)+p{JX,JY)-p*{X, Y)-p*{JX,JY)

l=\

(2.5) τ-τ* = -

In the sequel, we shall adopt the following notational convention: for an
orthonormal basis {<?;} of a tangent space TPM,

Jij = g(Jeh ej), VtJjk = g({VeiJ)ej, ek),

Nijk = g(ei, N(ej, ek)), Rm = R(eu eh ek, £?/),

Gijki = G(eh eh ek, eft, WjJjk = g({VJejJ)ej, ek),

Njjh = g(Jei, N(ej, ek)), N~ι]k - g(Jeu N(Jej, ek))>

Rijkl= R(e» eh ek, Jei), Gijkϊ = G(eu ej, Jek, Jeή, etc.

Then it is easy to see that

Nijk = -2VjJjk, 2VιJjk = Nljk.
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By the Ricci identity, we have

(2.6) 2Gijkι = ^N'ijNtu - ViNfkl + WjNfkl

= ViNju - VJNM + l- (NilaNjk

a - NikaNβ

a).

Now, let M — (Λf, /, g) be an almost Kahler manifold of pointwise constant
holomorphic sectional curvature c = c(p) (p e M). Then, taking account of [11]
and (2.6), we have

(2.7) Rijki = ~ {gugjk - Qikΰji + JaJjk ~ JucJji - ^hj

^ - N'aNtjk + 2 7 V V ^

where

- VjNΓu + VkNΓij - V,NΓij}

- V F % + VTNifk - VjNa + V-kNβJ}

2{V,NfkΊ + VJNJU + VjNikl + VjNΊΠ}

Then, from (2.7), we have

(2.8) τ = « ( » + l ) c -

(2.9) τ* = n ( n + i ) c + ^

(2.10) τ + 3τ* = m(m + 2)c.

In the sequel, we shall consider the case dim M = 4. We set
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Λij = g(eh (VejN)(eue3)) = VyJV/ia,

for a unitary basis {βi} = {e\,e2 = Je\,e^,e4 = Je^} of TpM,p e M. We note
that

Ay — Aβ — —2GyU.

Then, from (2.7), J. T. Cho and K. Sekigawa obtained the following

PROPOSITION 2.1 ([2]). Let M be a 4-dimensional almost Kάhler manifold of
pointwise constant holomorphie sectional curvature c = c(p) (p e M). Then

R\2U = ^3434 = -C(p),

^(τ* -τ)+-(Au~A3ι- A24 + A42),

RHU = -

4 + 32

•̂ 1334 = --^2434 = ~ τ ( ^ 3 4 ~ A42),

R\2tt = —R\224 = -j(A\2 — A21),

i?1434 = -̂ 2334 = ~ τ ( ^ 3 3 + Λ44),

= -^(Au+ A22),

= o (AH + A4\ + A32 - 3A2i),
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^2324 = Q (A\4 + A41 + A23 ~ 3^32),

^1424 = -Q{A23 + A32 -h -441 ~

for any unitary basis {e;} of TpM at each point p e M.

From Proposition 2.1, we have the following

LEMMA 2.2. Let M be a ^-dimensional almost Kάhler manifold of point-
wise constant holomorphic sectional curvature. Then M is an RK-manifold if and
only if

+ 0424-^42) - 0 ,

+ (^31 +A42) =0,

A\2 = A21,

A34 = A41,

A\4 = A23,

A4I = -432,

^11+^22 = 0,

^33 + A44 = 0,

for a unitary basis {e, } of TpM at each point p e M.

Further, by Proposition 2.1, we have easily

Pw = 4 + 2^ 4

P22 = 4 - 2 ( ^

(2.11) />44 = ^ + 2
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Pn = 2^Al3

(2.12)

Pn = -P24 = -7{(^11 + ^22) - (^

Pu = P23 = ^{(^12 - Λ2\) - (-434 -

P34 = 2

P\2 = P2\ = P34 = = P43 = U>

(2-13) j

* =- * = * =-* =--μ
4

and

(2.14) \\p*f=£L + hAn+Al

4(^12 - ^ 2 1 +-434 -Λ43) 2.

3. Some results

In this section, we show some results on a 4-dimensional almost Kahler
manifold of pointwise constant holomorphic sectional curvature. By (2.11) and
(2.13), we have the following lemmas.

LEMMA 3.1. Let M be a 4-dimensional almost Kahler manifold of pointwise
constant holomorphic sectional curvature. Then M is Einstein if and only if



ALMOST KAHLER 4-MANIFOLDS 293

A\3 + ^24 = 0,

An + A42 = 0,

A\4 = A23,

A41 = A32,

An +A22 = A33 + A44,

An - A21 = A34 - A43,

for a unitary basis {eΐ\ of TPM at each point p e M.

LEMMA 3.2. Let M be a 4-dίmensional almost Kάhler manifold of poίntwise
constant holomorphic sectional curvature. Then M is weakly *-Einstein if and
only if

An + A22 + ^33 4- A44 = 0,

An ~ A2\ + A34 - A43 = 0,

for a unitary basis {e/} of TPM at each point p e M.

If p (resp. p*) is /-invariant, then it is obvious that the conditions in Lemma
3.1 (resp. Lemma 3.2) are satisfied. So we have the following

PROPOSITION 3.3. Let M be a 4-dimensional almost Kάhler manifold of
pointwise constant holomorphic sectional curvature. If the Ricci tensor p (resp. the
Ricci *-tensor p*) is J-invariant^ then M is an Einstein (resp. a weakly *-Einsteiri)
manifold.

By comparing with above Lemmas 2.2, 3.1 and 3.2, we have the following

PROPOSITION 3.4. Let M be a 4-dimensional almost Kάhler manifold of
pointwise constant holomorphic sectional curvature. Then M is an RK-manifold if
and only if it is an Einstein and weakly *-Einstein manifold.

From these results, we get again the following

THEOREM 3.5 ([12]). Let M be a 4-dimensional almost Kάhler manifold of
constant holomorphic sectional curvature. If M satisfies the RK-condition, then M
is a Kάhler manifold.

Proof By Proposition 3.4, we see that M is an Einstein and weakly *-
Einstein manifold. Since c and τ are constant on M, τ* is also constant by
(2.10), that is, M is *-Einstein. Then, taking account of the theorem of Oguro
and Sekigawa [9], we can conclude that M is Kahlerian. •
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Note that the compactness assumption in the above theorem is not necessary
due to [9]. The example in §4 shows that the condition of constant holomorphic
sectional curvature can't be replaced by that of pointwise constant holomorphic
sectional curvature.

Next, we shall calculate the square norm ||1£||2 of the curvature tensor at an
arbitrary point p of M. By the same way as J. T. Cho and K. Sekigawa [2], we
have

(3.1) \\R\\2 = 4 £ ( * ? „ „ + R\alh + R2

aib + RiJ
a,b

- 4(Λ 1 2 1 2 + ^1313 + ^1414 + ^2323 + ^2424 + ̂ 3434)

+ 8(^1234 + ^1324 + Λ1423)»

(3.2) 4 Σ ( R l ι b + R2

2a2b + R2

3a3b + R2

4a4b)
a,b

= 1 8 c 2 + § ( τ * " τ ) 2 " y ( τ * " τ ) + τ ~ τ 1 {An ~~An ~ A24

{An - A2i)
2 + (Au + A22)

2 + {A34 - A4i)
2 + (A33

^ - A3l)
2 + (A24 - A42f + (Λi3 + AA2)

2 + (A31 + A24)
2}

- { ( Λ n - A3l)(A24 - A42) + (An + A42)(A3l + A24)}

{(^ + A32 + A14 - 3A4l)
2 + (Al4 + A4X + A23 - 3A32)

2

(Al4 + A4λ + A32 - 3A23)
2 + (A23 + A32 + A4l - 7,AX4)

2},

(3.3)

(A24 - A42)
2 + (Au + A42)

2 + (An + A24)
2}

{(Λ - A3i)(A24 - A42) + (Aί3 + A42)(A3l + A24)}
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and

(3.4) S(R2

234 + R2

m + R2

423)

= 3c2 + ^ (τ - τ) 2 + j (τ* -τ) + l- {An - A3l - A24 + A42)
2

τ* - τ
H T — (An - M\ - A24 + A42).

By (3.1), (3.2), (3.3) and (3.4), as a correction of [2], we have the following

LEMMA 3.6. Let M be a 4-dimensional almost Kάhler manifold of pointwise
constant holomorphic sectional curvature c = c(p) (p e M). Then we have

(3.5) ^ τ ^ ^^(ττ) + ^^(AnAnA2416 2

- A2\)2 + (An + A22)
2 + (A34 - A43)

2

\ - A^)1 + (A24 - A42)
2 + (Al3 + A42)

2 + (^31 + A24)
2}

2 {(^13 Λ3Ϊ)(A24 - A42) + (4i3

+ ^{(^23 - ^32)2 + (^23 ~ AX4)
2 + (A23 - A4l)

2

+ (^32 - Al4)
2 + (A32 - A4X)

2 + (Al4 - A4l)
2}.

It is assured, after long and tedious calculations, that the right hand side of
(3.5) is invariant under the change of unitary bases.

In particular, if M is Einstein, then by Lemma 3.1, (3.5) reduces to

(3.6) ||Λ||2 = 12c2 + ^ ( τ * - τ) 2 + (τ* - τ)(Au - A3l)

+ 2{(An - A2λ)
2 + (An + Λ 2 2 ) 2 + (Au - A3l)

2 + (Al4 - A4X)
2}.

From now on we assume that the manifold M is compact. We shall
calculate the characteristic classes of M by using Ag. By (2.12), (3.5) and the
Gauss-Bonnet formula, we have the following

PROPOSITION 3.7. Let M be a 4-dimensional compact almost Kάhler manifold
of pointwise constant holomorphic sectional curvature c = c(p) (p e M). Then the
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Euler class of M is given by

(3.7) χ(M) =~^[l2c2 +^(τ* -τ)2 + Z-^(Al3 - A3l - A24 + A42)

- A3l)
2 + (A24 - A42)

2 + (Ai3 + A42)
2 + (An + A24)

2}

- A32)
2 + (A23 - A41)

2 + (A32 - AUΫ + (Al4 - A4l)
2}

+ 2{(An + A22)(A33 + AM) + (An - A2\)(AM - A43)}

+ -{(Aί3 - A3i)(A24 - A42) + (Al3 + A42)(A3l + A24)}

-2{(Al3+A24)
2+(An+A42)

2}~{(A23-AH)2+(A32-A4l)
2}\dM.

PROPOSITION 3.8. Let M be a 4-dimensional compact almost Kάhler manifold
of pointwise constant holomorphic sectional curvature with J-invariant Ricci tensor.
Then the square of the first Chern class of M is given by

(3.8) c\{M) = 3^2 J [™* + 4(An + A22)
2 + 4(Al2 - A2l)

2} dM.

If τ and τ* have same sign, then c\(M) is non-negative.

Proof First of all, we notice that M is Einstein by virtue of Proposition
3.3. It is easy to see that

and

(3.10) 8

By the definition of the first Chern form γ (cf. [13]), we have

8 π 7 l 2 = - 4 ^ J 2 k P \ k -

4
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= τ* - {(NmΫ + (ΛΓ213)
2)},

= 2{AX1 - A2χ) + (NmNM3 - N2l3N3l3),

8πy14 = 4pl3 - -

= 2(AU + A22) - (NuiNsii + N2ι3N413),

4 +

= 2(AU +A22)

8πy 2 4 = £Σ
- A2ι) + (NmN4l3 - N213Nm),

From these identities, we have

(3-11)

= 2 Σί

= 2{{γnΫ + 2ynγ24 - 2γuγ23

^ ί( τ*)2 - 2{(Nm)2 + (ΛT2i3)V + {(Nm)2 + (Nm)2}2

2{(NmNm - N2l3N313)
2 - 4{An - A2X)

2}

2{(WmiV3i3 + N2nNm)2 - 4(An + A22)
2}

(τ*)2 - 2{(N3l3)
2 + (Nmf}τ* + {(Nm)2 + (N4l3)

2}2}
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= ^[2{τ*)2 -2\\N{eue,)\\2τ* + \\N{eue,)\\"

1

~32π2L V '

By (3.9), (3.10) and (3.11),

Thus, we obtain (3.8). •

PROPOSITION 3.9. Let M be a 4-dimensional compact almost Kάhler manifold
of pointwise constant holomorphic sectional curvature with J-inυariant Ricci tensor.
Then the first Pontrjagin class of M is given by

(3.12) Px{M) = J - ^ J ^ p l l 2 - i τ 2 ] dM.

Proof By definition,

(3.13)

According to Koda [6], an almost Hermitian 4-manifold of pointwise constant
holomorphic sectional curvature is self-dual. By making use of self-duality, we
have

(3.14) Σ{{Rmj - Rwj)2 + (Rmj + RIMJ)1 + (Rug - *23//)2}

On the other hand, we have

(3.15) Σ(Rm - R24ij)
2
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By (3.14) and (3.15), we have

Consequently, we obtain (3.12) from (3.13), (3.16). •

From Proposition 3.9, we can see again that P\(M) ^ 0 and P\(M) =0
implies that M is of constant curvature (and hence, M is Kahler).

By (3.6), (3.8), (3.12), and the Wu's theorem (cf. [13]), we get the following

PROPOSITION 3.10. Let M be a 4-dimensional compact almost Kahler
manifold of pointwise constant holomorphic sectional curvature with J-invariant
Ricci tensor. Then we have

c

\2(3.17) U(τ* - τ){τ + 3τ* + \6(AU - A3ΐ)} +^(τ* - τ

+ 4{(An + A22)
2 + (Au - A2l)

2} + &{(Al3 - A3l)
2 + (Al4 - A4l)

2}} dM

= 0.

Taking account of An — A^\ — —2Gπi3, τ + 3τ* = 24c and the above
Proposition, we have the following

THEOREM 3.11. Let M be a 4-dίmensional compact almost Kahler manifold
of pointwise constant holomorphic sectional curvature c = c(p) (p e M) with
J-invariant Ricci tensor. If

G(x,y,x,y) g -c(p),

for any unit vectors x j e TpM such that g(x,y) = g(x,Jy) = 0, at every point p
of M, then M is a Kahler manifold.

Finally, we shall note a fact related to the theorem of J. Armstrong [1]. He
has proved.

THEOREM 3.12 ([1]). If (M,J,g) is a 4-dίmensional compact Einstein almost
Kahler manifold, then we must have that τ* = τ somewhere on the manifold.

If M is of constant holomorphic sectional curvature, then from τ 4- 3τ* —
24c, it can be τ* = τ on the whole of M owing to the above theorem. Con-
sequently, we have the following

THEOREM 3.13. Let M be a 4-dimensional compact almost Kahler manifold of
constant holomorphic sectional curvature with J-invariant Ricci tensor. Then M is
a Kahler manifold.
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4. The example of Nurowski and Przanowski

In this section, we shall describe the example of 4-dimensional Ricci-flat
strictly almost Kahler manifold of pointwise constant holomorphic sectional
curvature constructed by P. Nurowski and M. Przanowski [5]. Following T.
Oguro, K. Sekigawa and A. Yamada [10], we write down explicitly this example.

Let M be a 4-dimensional real half space given by

We define a Riemannian metric g and almost complex structure J on M re-
spectively by

(4.1) g = xx(dx\ + dx\ + dx\) + — ( ^
X\ \ Z

and

\dx\J dx?, 2 dx4'

\dx2j 2x\ dx2
(4.2)

d \ _ d X2 d

OX\ 2X\ 0X2

dx4J x\ dx2 2x\ 8x4'

Then, we can see easily that (/, g) is an almost Hermitian structure on M and the
Kahler form Ω is given by

(4.3) Ω = —x\dx\ A dx?> — — dx2 Λ dx^ + dxi Λ dx4.

From (4.3), we see immediately that Ω is closed, and hence (M,J,g) is an
almost Kahler manifold. Now, we define a unitary frame field {<?i,<?2 = «M,<?3,
e4 = Je?,} on M by

- _ L J L -J—A- Xi δ

jx[ dx\' y/5c{ dxi 2^/xγ dx4 '
(4.4)

d 1 d x3 d
^—, e4 = - = — - —
OX4 y/X\ OX2 2y/X\ OX4
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With respect to this unitary frame {e, } l=lj2j3>4,
 w e h a v e

Vβl έ?i = 0, Veι e2 = 0, Vβl e3 - 0, Vβl e4 = 0,

V V

V
2xiV

/xT

2 ^ 7(4.5) 2x1^^X1 2xiΛ/xi

1 1

From (4.5), by straightforward calculation, we have

V3/14 = -V3Λ1 = V3/23 = -V3/32

- V4/13 = -V4/31 = V4/42 = -V4/24

(4-6) j

tJjk = 0 (otherwise),

An = 0, A22 = 0, ^23 = 0 , ^24 = - T ,
Xf

(4-7) 3

^31 = -3-, ^32 = 0, ^33 = 0, ^34 = 0,

A41 = 0, ^42 = 3 , ^43 = 0, ^44 = 0

and
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^ 1 2 1 2 = ^ 3 4 3 4 = ~~ ~Z~^ •>

-^1324 = T ,

(4.8) R i m = x}>

^2424 = - T ,

x\

^1334 = —^2434 = ^1213 = ~ ^1224 = ^1434 = ^2334

= ^1214 = ^1223 = ^1323 = -#2324 = ^1314 = ^1424 = 0.

Taking account of Proposition 2.1, (4.7) and (4.8) show that (M,J,g) is a strictly
almost Kahler manifold of pointwise constant holomoφhic sectional curvature
c(p) = \/2x\(p = (X\,X2,X3,XΛ) e M) and satisfies the ΛK-condition. From
(4.8), it is easy to see that

Λ * l

p = {), and p = — r ^ ,

xf
and hence (M,J,g) is a Ricci-flat, weakly *-Einstein manifold with *-scalar
curvature τ* = A/x\.
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