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We use a front-tracking method to simulate inward solidi�cation in a cylindrical container with volume change. The 
problem includes temporal evolution of three interfaces that meet at a triple point. The governing Navier–Stokes and 
energy equations are solved for the whole domain, setting the velocities in the solid phase to zero and with the non-slip 
condition on the solid–liquid interface. Computational results show that a cavity forms in the center of the cylinder if the 
density of solid is higher than that of liquid, i.e. ρsl>1.0. In contrast, if ρsl<1.0, the solidi�ed product has a conical shape 
in the central region of the cylinder. The triple point also a�ects the solidi�cation process as an increase in the growth 
angle results in a decrease in the cone angle at the top in the case of volume expansion.

Introduction

A solid–liquid phase change problem in which there is 
the presence of solid, liquid and gas appears in many meth-
ods of growing crystals from melts such as Czochralski crys-
tal growth (Porrini, 2001), float-zone processing (Markvart, 
2000) and laser welding (Booth, 2004). In these solidifica-
tion processes, a tri-junction at which the three phases meet 
plays an important role in the formation of the solidified 
product. In addition, volume change caused by the density 
difference between solid and liquid can produce a curious 
shape (Ajaev and Davis, 2004).

The phase change problem including moving boundary 
during inward solidification from a cooled horizontal cylin-
der has received much attention (Riley et al., 1974; Bilir and 
İlken, 2005). Experimental investigations can be found in 
Stewart and Smith (1987). Simplified analytical solutions of 
this problem have been presented by Riley et al. (1974), and 
Guenigault and Poots (1985).

Numerically, Tao (1967) developed a numerical method 
for the solidification problem of a saturated liquid con-
tained in a cylindrical or spherical container. Voller and 
Cross (1981) presented an explicit technique based upon 
the enthalpy method to obtain the solidification and melting 
time for two-dimensional regions with cylindrical symme-
try. Bilir and İlken (2005) used the enthalpy method with 
control volume approach to study the inward solidification 
in a cylindrical and spherical container with an initial tem-
perature different from the fusion value.

Investigations accounting for volume change in the prob-
lem are rather limited. Viskanta and Gau (1982) adopted the 

integral and finite difference methods for the inward solidi-
fication in a horizontal tube. The authors also accounted for 
the effects of density difference on the solidification process. 
However, the effect of the tri-junction, i.e., presence of three 
phases, was not included.

A survey of experimental literature (Satunkin, 2003; Li 
et al., 2011, 2012; Schmid et al., 2012) leads us to recognize 
that volume change and the presence of three phases have 
strong effects on the solidification process. For instance, a 
cavity was found in the case of shrinkage (Allison and Pond, 
1983; Assis et al., 2009). For volume expansion, e.g., in the 
case of silicon, conical shapes were found [see Figure 2 in 
Li et al. (2011) and Figure 2 in Schmid et al. (2012)]. It is 
evident that the inward solidification process in cylindrical 
containers, which includes volume change and the pres-
ence of three phases, i.e. tri-junction effects, is extremely 
important both academically and in its industrial applica-
tions. However, it appears that numerical calculations are 
still lacking in the literature. These gaps motivate the present 
study on this problem.

Here, we apply the front-tracking/finite difference meth-
od for three-phase computations of solidification (Vu et al., 
2013, 2015) to simulate the inward solidification of pure 
phase change materials in cylindrical containers. We focus 
on the effects of the solid–to–liquid density ratio (volume 
change) and the growth angle (tri-junction condition) on 
the solidification process.

1.　Mathematical Formulation and Numerical 
Method

Figure 1(a) shows the investigated problem, i.e., an axi-
symmetric solidification. A liquid with gas at temperature 
T0 is placed in a circular cylinder. The fusion temperature of 
the liquid is Tm (Tm≤T0). At time t=0, the cylinder temper-
ature is suddenly lowered to Tc below Tm, i.e., Tc<Tm, and 
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is kept at that temperature for t>0. A solid layer is formed 
near the cold wall, and then the solidification front propa-
gates to the center of the cylinder. We assume that the fluids 
are incompressible, immiscible and Newtonian. We treat all 
phases as one fluid with variable properties such as density 
ρ, viscosity µ, thermal conductivity k and heat capacity Cp. 
In addition, volume change is assumed to occur only at the 
solidification front. In the case of volume expansion, the 
liquid is assumed to not flow over the top solid surface. Ac-
cordingly, the governing equations are given as Eqs. (1) to 
(3). The heat source at the solidification front q̇ f is given as 
Eq. (4). 
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Equation (3) accounts for volume change at the solidifica-
tion front due to the density difference between solid and 
liquid (Vu et al., 2013, 2015). The last term in Eq. (1) is the 
Boussinesq approximation for density changes due to ther-
mal gradients (Gan et al., 2003). The effect of the tempera-
ture on the surface tension force acting on the gas–liquid 
interface (Nas and Tryggvason, 2003) is given as Eq. (5). 

0 T m( )σ σ σ T T− −=   (5) 

Here, σ0 and σT are the surface tension coefficient at a refer-
ence temperature Tm and the Marangoni tension coefficient.

We use here a front-tracking/finite difference method 
for the presence of three phases, phase change and volume 
change (Vu et al., 2013, 2015). The interface is represented 
by connected elements that move on a fixed, rectangular 
grid (Figure 1(b)). The three phases and their properties are 
specified using indicator functions that are determined from 
known positions of the interface points: the points of the 
solidification and solid–gas fronts are used to construct the 
indicator Is (Is=0 in solid and Is=1 in liquid and gas) while 
the indicator Il (Il=0 in liquid and solid and Il=1 in gas) is 
built from the points on the solid–gas and liquid–gas inter-
faces. Accordingly, the values of the material property fields 
at every location are then given as Eq. (6). 

g l l l s s s(1 )[ (1 ) ]φ φ I I φ I I φ− −= + +   (6) 

Here, φ stands for ρ, μ, Cp, or k. Is is also used to set the ve-
locity field in the solid phase to zero. The solidification front 
propagates with the normal velocity Vn, Vn=−q̇ f/(ρsLh), 
while the liquid–gas front is advected by the velocity inter-
polated from the fixed grid velocities.

At the triple point, we correct the position of this point 
by applying a constant growth angle ϕgr=ϕs−ϕl, where ϕs 
and ϕl are the angles between the tangent to the solid–gas 
interface and the horizontal and between the tangent to the 
liquid–gas interface and the horizontal (see Figure 1(b)). 
We adjust the position of the triple point to satisfy the pre-
scribed growth angle. A more detailed description of the 
method can be found in our previous works (Vu et al., 2013, 
2015).

2.　Numerical Parameters

We choose the radius R of the cylinder as a scaling length, 
and τc=ρlClR2/kl as the characteristic time scale. The charac-
teristic velocity scale is taken to be Uc=R/τc.

With these above choices, the dynamics of the problem are 
governed by the following dimensionless parameters: Prandtl 
number Pr=Cplμl/kl; Stefan number St=Cpl(Tm−Tc)/Lh; 

Fig. 1 Inward solidification in a cold tube: (a) computational domain and (b) front-tracking representation; in (a) the dash-line represents the initial 
liquid–gas interface
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Bond number Bo=ρlgR2/σ; Weber number We=ρlUc
2R/σ; 

Rayleigh number Ra=gβ(Tm−Tc)R3/(νlαl); Marangoni 
number Ma=σTR(Tm−Tc)/(μlαl); initial dimensionless tem-
perature of the liquid θ0=(T0−Tc)/(Tm−Tc); density ratios 
ρsl=ρs/ρl and ρgl=ρg/ρl; viscosity ratio μgl=μg/μl; thermal 
conductivity ratios ksl=ks/kl and kgl=kg/kl; heat capacity 
ratios Cpsl=Cps/Cpl and Cpgl=Cpg/Cpl; and expansion coef-
ficient ratio βgl=βg/βl. The temperature is non-dimension-
alized as θ=(T−Tc)/(Tm−Tc). The dimensionless time is 
τ=t/τc.

As previously mentioned, in this study, we focus only on 
the effects of volume change (ρsl) and tri-junction condi-
tions (ϕgr), and thus other parameters are kept constant, 
i.e., Pr=0.01, St=0.1, Bo=10, Ma=300, We=1×10−2, 
Ra=1×104, θ0=1.4, ksl=1.0, kgl=0.005, Cpsl=Cpgl=1.0, 
μgl=0.05, and βgl=1.0. The values of these parameters cor-
respond to such materials as metal, silicon or germanium 

with R in the range of a few millimeters. The aspect ratio of 
the computational domain H/R is two with a grid resolution 
of 256×512.

Method validations have been extensively carried out in 
our previous works (Vu et al., 2013, 2015), and thus are not 
presented in this paper.

3.　Results and Discussion

Some materials, e.g., water and silicon, have a liquid 
phase denser than the solid phase, i.e. ρsl<1.0, while some 
others, e.g., n-octadecane and aluminum, have ρsl>1.0. This 
density difference causes volume change and affects the so-
lidification process. Figure 2 shows the predicted evolution 
of the solid–liquid and liquid–gas interfaces at τ=0.3 and 
τ=1.8 for three density ratios ρsl=0.9, 1.0, and 1.1. It can be 
seen that the evolution of the solidification front is strongly 

Fig. 2 Evolution of the solidification and liquid–gas fronts at time τ=0.3 (upper) and τ=1.8 (lower), for the density ratios ρsl=0.9 (left), 1.0 (mid-
dle) and 1.1 (right); the reference vector normalized by Uc has a value of 0.5; other parameters are shown in the text
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affected by the density change. For ρsl=0.9 (the left frames 
in Figure 2), the density of the solid is lower than that of the 
liquid and this causes volume expansion upon solidification. 
The liquid flows away from the solid–liquid interface. This 
flow affects the liquid–gas interface and the circulation flow 
due to natural convection in the gas phase (as seen in the 
equal density case, i.e. the middle frames in Figure 2). The 
velocity field also indicates that the process tends to expand 
in the vertical direction rather than in the horizontal direc-
tion. Contrarily, the density ratio ρsl=1.1 (the right frames 
in Figure 2) results in shrinkage upon solidification since the 
solid has a higher density than the liquid. The liquid flows 
toward the solidification interface to compensate. Accord-
ingly, it reduces the liquid level as shown in Figure 2.

Figure 3 shows the shapes of the solid phase at the nearly 
final stage of solidification for these density ratios. It is evi-
dent that the volume change affects considerably the shape 
of the solidified product, i.e. expansion forming a cone, 
shrinkage forming a cavity near the axis of symmetry (Al-
lison and Pond, 1983; Li et al., 2011).

Next, we consider the effects of the tri-junction in terms 
of the grow angle. Reported experiments have yielded 
growth angles in the range of 0–28° for drop solidification 
(see Table 1 in Vu et al., 2015). For instance, a zero growth 
angle is found for water (Anderson et al., 1996), while those 
of silicon, germanium, and indium antimonide are respec-
tively 12°, 14° and 25° (Satunkin, 2003). Accordingly, we 
investigate the effect of the growth angle by varying it in the 
range of 0–20° with ρsl=0.9, as shown in Figure 4. For a 
zero grow angle ϕgr=0°, the solidified product forms a coni-

cal shape at the central region due to expansion. At higher 
ϕgr, the height of the solidified product increases. Accord-
ingly, an increase in the growth angle results in a decrease in 
the cone angle at the top. This trend is similar to that for the 
drop solidification as reported in Vu et al. (2013, 2015).

Conclusions

We have presented the simulation results of the inward 
solidification in a cylinder, with the effects of the den-
sity difference between the solid and liquid phases and of 
the tri-junction. The results were obtained by the front-
tracking method (Vu et al., 2013). Computational results 
show that volume change due to this density difference and 
the tri-junction have considerable effects on the shape of 
the solidified products. Expansion upon solidification, i.e. 
ρsl<1.0, forms a conical shape near the axis of symmetry, 
while shrinkage, i.e., ρsl>1.0, produces a cavity. In addition, 
with expansion, an increase in the growth angle results in a 
decrease in the cone angle at the top. These numerical calcu-
lations provide a valuable picture of how volume change and 
the tri-junction affect the inward solidification process, and 
help to understand more comprehensively about the forma-
tion of the cavity or conical shapes in the related experi-
ments and industrial processes (Markvart, 2000; Assis et al., 
2009; Schmid et al., 2012).

Acknowledgement

This research is funded by the Vietnam National Foundation for Sci-
ence and Technology Development (NAFOSTED) under grant number 
107.03-2014.21. The author is grateful to Prof. John C. Wells at Ritsu-
meikan University, Japan for facilitating computing resources.

Fig. 3 The profiles of the nearly final stage of the solidification pro-
cess for three different densities presented in Figure 2; other 
parameters are shown in the text

Fig. 4 The profiles of the nearly final stage of the solidification pro-
cess for three different growth angles; other parameters are 
shown in the text
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Nomenclature

Bo =  Bond number [—]
Cp =  specific heat capacity [J/(kg K)]
g =  gravitational acceleration [m/s2]
H =  computational domain height [m]
I =  indicator function [—]
k =  thermal conductivity [W/(m K)]
Lh =  latent heat of fusion [J/kg]
Ma =  Marangoni number [—]
n =  unit normal vector [—]
p =  pressure [N/m2]
Pr =  Prandtl number [—]
q =  heat flux [W/m2]
R =  cylinder radius [m]
Ra =  Rayleigh number [—]
S =  surface [m2]
St =  Stefan number [—]
T =  temperature [K]
t =  time [s]
Uc =  characteristic velocity [m/s]
u =  velocity vector [m/s]
Vn =  solidification rate [m/s]
We =  Weber number [—]
x =  position vector [m]

α =  thermal diffusivity [m2/s]
β =  volumetric expansion coefficient [K−1]
δ =  delta function [m−3]
ϕ =  angle [°]
κ =  curvature [m−1]
μ =  dynamic viscosity [Pa s]
ν =  kinematic viscosity [m2/s]
θ =  dimensionless temperature [—]
ρ =  density [kg/m3]
σ =  interfacial coefficient [N/m]
τ =  dimensionless time [—]

‹Subscripts›
0 =  initial state
c =  cold
f =  interface
g =  gas
gr =  growth
h =  hot
l =  liquid
m =  melting
s =  solid

‹Superscript›
T =  transpose
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