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The definition of a new multiplier and the modification of the multi-0 method of convergence are developed
for solving distillation problems. Furthermore, a procedure for stabilizing the numerical calculations and for
yielding rapid solutions is proposed. It is found that an assumed value of a multiplier in each iterative
computation can be assigned to an arbitrary number, and that it is better to be set equal to unity. To
demonstrate the advantage of the proposed damping method, some numerical examples for distillation with
hydrolysis of methyl acetate are presented. The reactive distillation problems are solved with the proposed
procedure, and the results are compared with those by a conventional method. The proposed method
constricts the large excursion resulting from the Newton-Raphson method. Then the corrected values can be
confined within a region of convergence. The procedure proposed herein may be extended to other types of

multistage separation processes.

Introduction

The multi-6-17 method of convergence proposed in
the previous paper® has been developed and applied for
solving reactive distillation problems involving steady
state or unsteady state. An important aspect of the itera-
tive computation method is to avoid over-correction and
to achieve rapid convergence in obtaining a solution.

Holland? proposed the use of an appropriate
weight factor to estimate the values of the variables for
the next trial. Nelson® reported that, as the iterative
number increases, the Newton-Raphson method
becomes unreliable, often yielding large deviations in
the estimation of the values of the variables for the next
trial calculation; whereas by using the method of
damped least square, convergence may be achieved.
Also, Hirose! demonstrated that a correction factor con-
sisting of an exponential function may be used to avoid
over-correction.

The purpose of this paper is to describe a new mul-
tiplier and a new damping method for solving problems
involving reactive distillation.

1. Mathematical Model

A schematic diagram of a distillation column
illustrating the material balances around the jth stage
counted from the bottom is shown in Fig. 1. The
transient component material balance enclosing stage j is
expressed as follows™:

* Received November 16, 1992. Correspondence concerning this
article should be addressed to H. Komatsu.
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The liquid holdup H’ has been assumed to be
constant and the vapor holdup has been assumed to be
negligible. For steady-state operations, the first term on
the left side in Eq. (1) becomes zero. Thus the material
balance equation is expressed in the following functional
form, where g;; is equal to zero at convergence.

8;i= Vj—lyjAli_(ijji"' Vyi)+Livixjeu+ngi+fi (2
The corresponding equilibrium relation is given by
yi=K;x; 3)
The vapor-liquid equilibrium ratio (Kj;) may be
evaluated by use of the equations of state and other
forms of the vapor-liquid equilibrium relationships.
For example, in the following reaction,
A+B=C+D

the resulting rate expression for the appearance of
component A is expressed in the following form:

ngja==(H; Vi) k3 {xsx,;5—(1/Kg ;) Xjcxp} “)

The rate of appearance of any component i by reac-
tion is given by:

NR;i=ENRja )

where g;=1fori=AorBand g=-1fori=CorD.
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Fig. 1 Schematic diagram of distillation column.

2. Formulation of a Conventional Distillation
Column in Steady-State Operation

For simplicity, consider the case of a column
having one feed plate and constant molal overflow. For
this case, the material balances are given by the fol-
lowing set of equations.

For j = 1 (bottom)

81i=—(W+VK; ) x;+ Loy +ngy; (6)
For 1 <j < f (stripping section)
8i=VK; 1x;_i—(Li+VK;)x;;+Lx; i +ng;  (7)
For j = f (the end of the stripping section),
8;i=VK; 1x; i~ (Ls+ VK )x;i+Loxj,1i+ng;i+qFz,
®)

For j = f + 1 (the beginning of the enriching
section),

8ji=VK;_1i—(L.+ VeKji)xji+Lexj+lj+nRji+(1 -q) Fz,;
©
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where 0 £ ¢ £ 1.0.
For f + 1 <j < n (enriching section)

gji=VeKj-nxj~1i—(Le+Vesz)xji+Lexj+u+”Rji (10)
For j = n (top)
8ji=VeKn-1ixn-1i‘(Le+DKni)xni+"Rn (11)

Wherexdi=Knixni’ Ve= Vs+(1 —q)F’ Le=Ls"qF’ Ve=Le
+Dand L, =RD.

3. The Definition of New Multipliers

New multipliers (6;’s) are defined as follows:

x;;=x5,6; (12)
6,,=605,+A6, 13)

The superscript a refers to assumed values of the
variables in a foregoing trial step. The definitions
utilized in this procedure differ in form from those
proposed in the previous paper®. Multipliers (6’s) are
defined for every component and every plate. The new
set of x;’s corrected for the next trial are found by use of
the most recent set of 6;’s. Thus, the component material
balance equations (the g;’s given by Eq. (2)) are
expressed as a function of only the ;s for plates j and
the plates adjacent to it, j — 1 and j + 1, as follows:

8,’i=F(01‘-1b ejiand0j+li) (14)

The values of 6;’s for the next trial are found by
using the Newton-Raphson method. The complete set of
Newton-Raphson equations is stated in the following
matrix form for each component:

J(GI18)A8=-G (15)

where J (G / O) is the Jacobian matrix containing
the partial derivative of g;’s with respect to 6;’s; AO@is a
column vector including the increments of 8;’s; And G is
a column vector including the values of the component
material balance equations.

4. Evaluation of Elements of Jacobian Matrix

The elements of the Jacobian matrix are evaluated
by use of the following equations of the g;;’s.
Fork=j-landatl <j<f+1,

agji

39“=V:Kj-1ix}'--1i=Ajt (16)
But, atj =1, A;’s do not exist.
Atj+1<j<n,
98 _yg xe =a 17
30“— eKj—lixj—li_ ji 17

For k =j and j = 1 (bottom),

9g;i _dngy
A6, 90y

-(W+VKy)xf;=By; 18)
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At 1 < j £ f(stripping section),

98ji _ Onpui
L i_ Yoo =B 19
89“ 39“ (Ls+VS,Kk,)xkl B'” ( )
Atf+1<j<n (enriching section),

98 _Ingy, o

96~ 90y, —(Le+ ViKii) g =B;; (20)
At j = n (top),

98ji _ Onpyi .

T PR )

Fork=j+1landatl gj<f,

agji p

30, L= @
Atfsj<n,

agji p

aoki—Lexki—Cji (23)

Atj=n, Cj,-’s do not exist.

The partial derivative of ng;’s given by Egs. (4)
and (5) with respect to 6;’s are as follows:

For reactants,i=AorBandk =B or A,

dng;;
3 ;k’i == (H; v]) (x4 5:) 24)
Also, for products,i=CorDandk =D or C,
an ii ,
2 ;kji == (H; IV}) (K% jix7)) 25)

where &’ is a reverse reaction-rate constant (K’ = k / Kp).
The Jacobian matrix reduces to a tridiagonal matrix for
every component. Therefore, the simultaneous equation
with respect to A 6;’s is represented as:

B, C, A8, 81
A, B, G A6, §2
A, B, C AB; |7 g (26)
A, 1B, C,_(||AG,_, 8n-1
A, B, ||AG, &n

The solution, a set of A Bﬁ’s, is obtained by use of
the Thomas method. The desired solution is the set of
positive values of 8;’s that makes g;’s equal to zero for
every component and for every plate, simultaneously.
The new set of x;;’s is corrected by Eq. (12). Since the
sum of the mole fractions must be equal to unity, the pre-
dicted mole fractions are normalized as follows:

x;;=x9,0;,/1Zx%,0;; 27

5. Discussion of New Damping Methods

Convergence of the Newton-Raphson method can
be assured, provided that the set of assumed values of
the variables for each trial lie within the region of
convergence. However, the Newton-Raphson method
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Table 1. Values of constants in Eq. (34)

i 2 3 4

k 3 4 1 2 1 2

o 0.461 0.0841 0.0304 -0.234 -1.070  -1.180
o, 0.0726 0.693 -0.541 -0.208 -0.259 -0.732
0y 0.0466 -0.114 -0.332 -0.226 0.0989 -0.294
o 00136 -0.0136 0.028 0.028 1.06 1.06
o -0.251 -0.251 0.558 0.558 0.0628 0.0628
[+ 0.0574 0.0574 0.315 0.315 0.0616 0.0616
By 5.864 5.864 5.898 5.898 5.132 5.132
m 0.33 0.33 -0.10 -0.10 0.21 0.21

p 2.60 2.60 2.00 2.00 2.00 2.00

r 3.50 3.50 3.50 3.50 5.00 5.00

may occasionally exhibit large deviations at the
beginning of a trial, which may make it necessary to
improve upon the value so obtained for the multipliers
(eji’s)'

According to the new definition of the multipliers,
the following equations are obtained from Eq. (12) and
Eq. (13).

Axji=x;-x4;=x%,(605,—1.0)+ A 0, x5 28)

From the formulation of the Newton-Raphson
method,

Ax;;=—[g%1(98419x;))] (30)

Since the 6;”’s are arbitrary numbers, they can be
selected in a manner that promotes convergence. For
example, if they are set equal to unity, Eq. (28) reduces

to Eq. (31):

g,qi &
ij:‘:“ [ag;’,) =— [ag;’,) X]q,' (31)
axk 39,“-

The middle term of Eq. (31) is the correction given
by the Newton-Raphson method, and the right-hand side
of this equation is the correction given by the multi-8
method of convergence, In the application of the multi-0
method of convergence, the initial value of 6% is set
equal to unity. Although its value may differ from unity
in subsequent trials, its value is also set equal to unity at
the beginning of each trial as follows:

6,,=10+A06, (32)

This procedure promotes convergence. And this
correction method is called the “damping method”.

6. Calculation Procedure

On the basis of the operation conditions and the
specifications (R, g, F, z;, V,and n), D, L,, V,, L, and W
are determined. Let the initial set of values for liquid
compositions (x;’s) be the feed compositions (z;). The
steps of the proposed calculation procedure are summa-
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Table 2. Specification of examples
F =1.00 mol'min-, z, = 0.019, z, = 0.021, z; = 0.500, z, = 0.460,
H,=1.00dm? H,~H,, = 0.60 dm’, m = 0.023 kg-catalyst/dm?

Example number 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Number of plates 10 10 10 10 10 10 10 10 10 10 10 10 10 20 5
Feed plate 5 5 5 5 10 10 10 10 1 1 1 1 5 10 3
V [mol-min~"] 3.0 3.0 5.0 5.0 3.0 3.0 5.0 5.0 3.0 3.0 5.0 5.0 3.0 3.0 3.0
RI[-] 8.0 10.0 8.0 10.0 8.0 10.0 8.0 10.0 8.0 10.0 8.0 10.0 20.0 8.0 8.0
D [mol-min~'] 0.333 0273 0.625 0.455  0.333 0.273  0.625 0455 0333 0.273 0.625 0455 0.333 0333 0.333
W [mol-min~'] 0.667 0.727 0.375 0.545  0.667 0.727 0375 0545 0667 0.727 0375 0.545 0.667 0.667 0.667
Table 3. Profiles of 6; calculated without the proposed damping method for example 1
bottom feed plate top
i 1 2 3 4 1 2 3 4 1 2 3 4
Iter. No
1 52 35 0.4 -0.9 -0.2 1.7 -0.6 -0.6 0.7 1.6 0.0 0.5
2 57 3.8 1.4 -0.6 0.1 23 0.1 0.9 -0.9 2.5 39 2.0
3 5.0 3.1 1.9 5061. 0.6 1.4 15560. 2.1 1.7 2.0 52 2.6
4 4.2 24 34 5065. 5.4 0.6 15560. 3.1 11.7 1.6 5.8 3.0
5 39 1.5 30.5 5064. 3547. 12.4 15560. 3.1 16.2 2.1 9.6 35
6 841.9 443 3719. 5063. 19850. 13710. 15560. 6.1 18.6 3.6 14.2 39
divergence divergence divergence
Table 4. Profiles of 6; calculated with the proposed damping method for example 1
bottom feed plate top
i 1 2 3 4 1 2 3 4 1 2 3 4
Iter. No.
1 6.170 4.516 1.422 0.077 0.814 2.700 0.398 0414 0.132 2.592 0.005 1.539
2 0.547 0.238 0.997 0.325 0.255 0.610 0.527 1.500 0.003 0.898 4.885 1.490
3 0.705 0.493 1.911 1.203 0.732 0.493 0.962 1.566 4.972 1.374 1.833 1.373
4 0.843 0.990 0.800 1.747 0.850 1.209 1.481 1.308 1.838 1.302 1.297 1.312
5 0.850 1.152 0.821 1.848 1.325 1.265 1.334 1.203 1.297 1.216 1.334 1.207
6 0.919 1.339 0.870 1.499 1.250 1.122 1.214 1.085 1.287 1.042 1.177 1.090
7 1.000 1.094 0.988 1.045 1.046 0.984 1.017 0.991 1.046 0.931 0.975 0.996
8 1.007 1.031 1.003 0.994 1.001 0.979 0.991 0.996 0.975 0.967 0.974 0.997
9 1.002 1.000 1.003 0.991 1.002 1.000 1.003 0.991 0.975 0.996 0.991 1.000
10 0.999 0.995 1.001 0.998 0.997 0.998 0.999 1.001 0.991 1.004 1.000 1.000
11 0.999 0.998 1.000 1.001 1.000 1.001 1.001 1.000 1.000 1.002 1.001 1.000
12 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

rized as follows.

Step 1: Assume a set of temperatures (Tj) and a set of
liquid compositions (x;;’s). The set of vapor compositions
(ji’s) corresponding to the set of assumed liquid compo-
sitions are found by use of the vapor-liquid equilibrium
relationships accompanied by chemical reaction. Then
normalize y;’s. Assume that each 6 is equal to 1.0.
Calculate the reaction rate (ng;) for each component and
on each plate.

Step 2: On the basis of 7}, x;;, y; K; and ng; assumed in
step 1, calculate the elements of the Jacobian matrix in
Eq. (26) by use of Egs. (16) through (25).

Step 3: Calculate A 6;’s by solving Eq. (26). Apply the
damping method by use of Eq. (32).

Step 4: Correct a set of liquid compositions by use of Eq.
(12) and Eq. (13). Normalize the set of liquid composi-
tions for each plate by Eq. (27).

Step S: If A 6;’s and g;;’s are within an acceptable toler-
ance, convergence has been achieved. If not, repeat steps
1 through 4 on the basis of the most recent set of values
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of variables, until convergence has been achieved.

7.  Vapor-Liquid Equilibrium Relationships

K-values are evaluated according to the correla-
tions of the vapor-liquid equilibrium relationships
accompanied by chemical reaction which occurs in the
liquid phase®. For example, in the esterification of meth-
ylacetate, the K-values of methyl alcohol (2), water (3)
and methyl acetate (4), except acetic acid (1), are evalu-
ated by the following equation

InK;=A,/T+B, (33)

where A, = -1.98 x 103, A; = —2.20 x 10> and A, = -1.69
x 10%.

Also, B; is restated in the polynomial equation of
the hypothetical liquid compositions (X; and X,). These

liquid compositions are restated by the stoichiometry as
the following form:

For evaluating B, if x3 > x4 (i =2 and & = 3), set X,
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xj(mole fraction)

5 .
number of iterations

Fig. 2 Converging behaviours of liquid compositions of water
and methylacetate

=X+ x4 Xy =X+ x4, X3=x3-x4and X, =0
Ifx;<xy(i=2and k=4), set X; = x; + x3, X, = x, + x3,
X;=0and X, = x4 — x3.

Also, for evaluating B; and B,, if x; > x, (i=3 or 4
andk=1),setX; =x;—x,, X, =0, X3 =x3 +x, and X, =
xg+x. Ifx;<x;(i=3ordandk=2),setX; =0,X,=x,
—x1, X3 =x3+x; and X, = x4 + x.

The polynomial equation has been obtained by use
of a curve-fitting method from our data® as follows:

Bi=a,X['(1-X) "+ X (1-X,)"
+oX](1-X)" "+ o (1-X)°

+os(1-X) +og(1-X)+B,, (34)

where constants (¢, 0, 0, 04, 0, O, m, p, r and B,)) in
Eq. (34) are shown in Table 1.

The K-values of acetic acid are evaluated by the
following equation.

t>58°C: K, =1.63x 102 xt-0.936 (¢ in °C)
1< 58°C: K, =0.01 (35)

8. Reaction Rate Equation

To solve the reactive distillation problems, the
reaction rate equations are necessary, together with the
vapor-liquid equilibrium. relationships. Therefore, the
reaction rate equation for the hydrolysis of methylacetate
in the liquid phase has been studied from our experi-
mental data over the temperature range 55°C to 70°C in
a batch reactor with an ion-exchange resin fiber (Amber-
lite IR-120B) as the textile. The reaction rate for disap-
pearance of methylacetate is presented in the following
equation:

ra=m(k,C3Cy— knC Co) = m (kppisx, — kpyxy) v (36)

where m is the concentration of the catalyst, the mass
(kg) of the catalyst per unit volume (dm?) of the liquid
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Fig. 3 Final profiles of liquid compositions
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phase, and k,, and k,,’ are the forward- and reverse-reac-
tion rate constants at m = 1 kg-cat./dm? respectively.

Two reaction rate constants may be restated as
follows:

Ink, =-1.65x10%T -0.59 37
Ink, =—1.38x10%T +0.50 (38)

If the reaction rate is negative, it is set to be zero.

9. Numerical Examples

To show the advantages of the proposed proce-
dures, some numerical examples for reactive distillation
problems in which the hydrolysis of methylacetate
occurs in the liquid phase on each stage are given. Their
specifications are presented in Table 2. Comparisions
between results using of this damping method and those
without it are made.

The values of the multipliers calculated without the
proposed damping method diverged from unity in every
example. These values of 6;’s for Example 1 are
presented in Table 3 as a typical example.

However, the values of ;s corrected by use of the
proposed damping method have been ensured to con-
verge to unity at a trial number less than twenty in every
example. These values of 6,’s for Example 1 are
presented in Table 4 as a typical example. The
convergence behaviours of the liquid compositions of
water and methylacetate in the bottom, the feed plate and
the top are shown in Fig. 2. The final profiles of the
liquid compositions in each stage are shown in Fig. 3 for
Example 1 as a typical example. The final calculated
liquid compositions with the proposed damping method
are presented in Table 5 for all examples in Table 2.

As shown in the tables and the figures, the pro-
posed damping method has confined the corrected
values within a region of convergence.
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Table 5. Final liquid compositions calculated with the proposed damping method

example bottom feed plate top
NO.AiP 1 2 3 4 1 2 3 4 1 2 3 4 ng  No. of trial
1 0065 0038 0709 0.188 0007 0022 0232 0739 0000 0035 0016 0949  0.024 12
2 0061 0043 0635 0261 0007 0024 0246 0723 0000 0048  0.057 0895  0.025 1
3 0068 0000 0932 0000 0023 0012 0917 0048 0000 0042 0125 0833 0015 9
4 0074 002 0831 0069 0005 0026 0208 0761  0.000 0058 0058 0884 0.026 8
5 0066 0051 0638 0245 0006 0027 0175 0792 0000 0024 0153 0823 0.019 13
6 0081 0073 0641 0205 0011 0037 0203 0749 0000 0017 0131 0852 0.023 14
7 0079 0000 0921 0000 0026 0030 0931 0013 0000 0064 0127 0809 0017 9
8 0079 0051 0767 0103 0006 0.051 0.195 0749 0000 0033 0129 0838 0018 8
9 0058 0023 0698 0221 0001 0019 0095 0885 0000 0070 0048 0882 0019 8
10 0053 0024 0645 0278 0001 0019 0092 0888 0000 0077 0046 0877 0018 13
11 0077 0001 0920 0002 0022 0045 0696 0237 0000 0073 0065 0862 0017 8
12 0069 0014 0843 0074 0001 0017 0104 0878 0000 0066 0050 0884  0.018 9
13 0047 0035 0558 0360 0006 0019 0212 0763 0000 0051 0012 0937 0021 6
14 0080 0056 0700 0164 0007 0016 0226 0751 0000 0030 0001 0969  0.033 13
15 0058 0038 0700 0204 0007 0036 0263 0694 0000 0033 0080 0887 0019 6
ng = Total reacted moles
Conclusion k = forward-reaction rate constant [dm3.mol-!-min-']
14 = reverse-reaction rate constant [dm3-mol-"-min~']
The definition of new multipliers and the modifica- L = overflow liquid molal rate (mol-min”']
. A ng = reacted moles [mol-min~']
tion of the multi-6 method of convergence have been q — feed thermal condition ]
developed for solving distillation problems. r = reaction rate [mol-dm=3min']
Since the Newton-Raphson method may not always rT = :?mperamre : [K%
. . . = tume min
assure convergence in the cor.nputatlon of a separat%on W waste rate (mol-min-1]
system exhibiting highly nonideal behaviour, damping v = liquid molal volume [dm>-mol-']
methods must be used to avoid divergence and achieve X = hypothetical mole fraction in liquid compositions (-]
rapid convergence. * = moie ?ac‘ion in liquid H
e y = mole fraction in vapor -
In the proposed procedure, a set of initial values of z — overall feed Compo‘;mon in mole fraction -
the multipliers at each trial step is assigned to unity. The z = liquid-phase feed composition in mole fraction ~ [-]
proposed method can confine the corrected values by use Z = vapor-phase feed composition in mole fraction  []
of the Newton-Raphson method within a region of € = stoichiometric coefficient -l
convergence. <Subscripts>
d = distillate
Acknowledgements e = enriching section
The authors would like to express their appreciation to DENKI f = feed plate
KAGAKU KOGKU K.K., and also wish to thank Mr. Nobuyuki Oji for ! = component number
his experimental assistance. J = stage number counted from bottom
k = component number
Nomenclature s = stripping section
A = constant for each component of Eq. (33) [-] <Superscripts>
= or element of Jacobian materix a —  assumed values
B = constant for each component of Eq. (33) [-1
= or element of Jacobian matrix Literature cited
C = molal concentration [mol-dm-3] 1) Hirose, Y.. KAGAKU KOGAKU RONBUNSHU, 3, 41-47 (1977)
= or element of Jacobian matrix ) 2) Holland, C.D., FE. Hess, S.E. Gallum and G.N. Bentzen:
D = distillate rate [mol~m¥n-‘] Hydrocarbon Processing, 54, NO.1, 101-108 (1975)
Jf T owfeedmollme {"‘°i'"‘?“’i} 3) Hirata, M., H. Komatsu and Y. Misaki: KAGAKU KOGAKU 31,
component ieed mo. rate mol-min~ 1184-1190 (1967)
- H 1 3
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