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The shape and rising ve]ocity; pressure variation of a bubble and pressure spectrum from the pressure variation
due to the rise of a bubble in water have been studied for bubble volumes from 1x 10~ ¢ to 5x 105 m?,
The vertical bubble length and radius of curvature are found to be 0.393 and 1.21 times the equivalent bubble

diameter, respectively.

The mean frequency of the pressure spectrum decreases with increase in bubble size. The dynamic minimum
pressure is related to the radius of curvature and the maximum pressure to the vertical bubble length. The pressure

spectrum is correlated with the bubble properties.

The energy dissipation rate was determined from the pressure spectrum and was found to increase with increase

in the bubble radius of curvature.

Introduction

Bubble properties (size, rising velocity and shape)
can provide basic information for interpreting bubble
characteristics in bubble columns and three-phase
fluidized beds.

Pressure variation from a single bubble rising
through a liquid is an important parameter for
estimating bubble properties and the hydrodynamics
around bubbles. Furthermore, the Fourier transform
associated with such pressure variations can be used
to evaluate bubble characteristics in bubble columns
and three-phase fluidized beds by matching the
Fourier transform of pressure fluctuations.'? ’

Bubble properties in liquids have been studied on
the basis of momentum balance, drag on wake behind
a bubble, drag on bubble frontal area with its velocity
and buoyancy force. The bubble shape,®*1? rising
velocity!>-8:2%9 and drag coefficient have been studied
previously. In addition, studies of pressure variation
in gas-fluidized beds!317-18:23 have received consider-
able attention. However, studies of pressure fluctua-
tions of a single bubble in liquids are very few.

Therefore, in this study, pressure variation and
bubble properties such as size, shape and rising
velocity of a single bubble rising in water have been
determined. Also, the rate of energy dissipation based
on the pressure spectrum has been determined and
compared with the values of Davies and Taylor.®

* Received September 18, 1989. Correspondence concerning this article should be
addressed to S. D. Kim:
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Theory

The surface pressure distribution over a spherical
cap bubble has been described by Davies and Taylor®
as

110#=~9—sin2 0 (1)
3pUj 4
where P, P,, p, and U, are the pressure at the surface
of a bubble nose and at the angle 6, density of liquid,
and bubble rising velocity, respectively.

Bubble shapes have been expressed in terms of the
Morton, E6tvos and Reynolds numbers.>'? Con-
sidering the wake behind a bubble, Collins>®
proposed a two-dimensional plane bubble as a bubble
sink in a form of doublet in liquids. Simplifying the
bubble shape as shown in Fig. 1, the following
equation can be derived:

Fig. 1. Shape of a spherical cap bubble
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(A)
Fig. 2. Schematics of experimental apparatus

(B)

A) Overview: 1. main column 2. probe 3. bubble chamber 4. probe circuit 5. amplifier 6. oscilloscope 7.

A/D converter 8. microcomputer

B) Bubble chamber: 1. hemisphere 2. syringe 3. three-way cock 4. rotating axis 5. needle

V+~Z—l;"

R, E @
where R,, /, and V are the radius of curvature, the
vertical bubble length and the volume of a bubble,
respectively.

If pressure fluctuations are made up of the sum of
signals with different frequencies, they can be analyzed
by the Fourier transform. Since the pressure variation
is known to be a function of bubble size, shape, rising
velocity and wake properties, the bubble character-
istics can also be determined from the Fourier
transform.

The Fourier transform, P(w), in the frequency
domain is subject to the signal P(?) in the time domain
by

Sp(w)z—;n— f T Pwyeiotdr )

The energy dissipation rate has been determined
from the energy spectrum by Tennekes and Lumely?#
when its velocity fluctuations can be transformed by
the Fourier transform.

The energy dissipation rate can be expressed as

w
e=2vs;;8;; =2vj - w?E(w)dw €Y
]

where v and s;; are kinematic viscosity and shear stress,
respectively.

Frost and Moulden® and Mazumdar!® proposed
a pressure spectrum which can be related to the energy
spectrum, similarly to the relationship between the
pressure and velocity fluctuations. The proposed
relationship between the pressure and energy spec-
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trums is given by Eqgs. (5) and (6).
S (w)=kp*wE*(w) 5
f " ot (w)do = 125” ’ [% r sz(m)de2 (6)

0 0

where constant k is 0.49 from the theory of Hinze!?
and 0.336 from the experiments of Batchelor.? These
k values have been obtained from the relationship
between the pressure and velocity fluctuations.

Another approach to determine the energy
dissipation rate based on the drag force and the volume
of wake behind a bubble in a liquid has been proposed
by Davis and Taylor.®

Energy dissipation of a bubble is the product of
mass and the rising velocity of a bubble. Thus, it would
be proportional to the energy of buoyancy force®:

1
8=CDnA279U§UB=ngUB (7

where Cp, A, Ug, and V are the drag coeflicient,
projected area, rising velocity and volume of a bubble,
respectively.

1. Experimental

Experiments were carried out in a Plexiglas column
of 0.1 m ID and 1.6 m height, as shown in Fig. 2. The
main section of the column was constructed by
flanging together two pieces of 0.1 m-ID x 0.8 m-high
Plexiglas pipes. A rotatable hemispherical Plexiglas
bubble chamber of 70 mm ID was placed at the center
near the bottom of the column. A known volume of
air was fed to the downfacing hemispherical chamber
from a hypodermic needle with a syringe.

An electroresistivity probe was made of iron-
constantan thermocouples as used by Park et al?V
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The vertical distance between its two tips was 3 mm.
The bubble probe was placed perpendicularly to the
direction of bubble motion in order to reduce the
interaction of bubbles with the probe.??

The bubble chamber was then flipped over so that
a bubble was generated in the water column. As a
bubble rose through the water column, the bubble
properties and the mean pressure variation due to the
bubble’s rise in the column were measured at 0.6m
above the bubble chamber using an electroresistivity
probe and a pressure transducer (PCB Elec. Co., 102A)
with a power supplier and amplifier (PCB Elec. Co.,
408) which measure the variation of absolute pressure
due to a single bubble’s rise in the column. The signals
were observed by an oscilloscope and then amplified
and stored in a microcomputer (Apple 1) via an A/D
converter. From these digitized data, bubble char-
acteristics such as vertical bubble length, rising
velocity?? and pressure fluctuations were determined.
The bubble volume was varied from 1x107° to
5% 107> m?3.

From the bubble probe signals (Fig. 3), the bubble
rising velocity, U,, can be calculated from the
following relation:

Uy=3x1073/t, (8)

where ¢, is the time delay between the corresponding
pulses in the two channels of the recorded data.

The vertical bubble length, /,, can be determined
from the signal with the following relation:

=1ty x Uy=3x10"3(t,/t,) ©9)

where ¢, is the pulse width in the unit of time in the
signal.

To compare the bubble size from the bubble probe
and that from the still photographic measurements,
the bubbles in a two-dimensional acrylic column
(0.025 m thickness x 0.44 m width x 1.8 m height) were
measured by the probe and photographic methods. It
was found that the bubble sizes were determined by
the photographic method are slightly larger than those
determined by the probe method, but the difference
is less than 10%.

2. Results and Discussion

Typical response curves of variations in dynamic
pressure and in electroresistivity due to a bubble rising
in water are shown in Fig. 3. In general, the output
signals have same general shapes with good reproduc-
ibility. From the electroresistivity signals, the bubble
chord length, /, and its rising velocity, U,, have been
determined?? from Egs. (8) and (9). Also, bubble
shape in terms of the radius of curvature has been
determined from Eq. (2) with the knowledge of bubble
length and volume.

The pressure variation with time exhibits a
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Fig. 3. Typical pressure and resistivity signals during a
single bubble rise (bubble volume=1x 10~%m?)

maximum and a minimum dynamic pressure. When
a bubble reaches the probe, the maximum pressure is
obtained at the nose of a bubble. While a minimum
pressure is obtained at the center of the wake (Fig.
3), however, the reason why a minimum pressure
appears at the center of the wake is not clear.'®

2.1 Bubble shape

The shape of the equivalent diameter of a bubble
exceeding 12 mm is observed to be a spherical cap with
an open unsteady wake in the present experimental
conditions'® on the basis of the bubble shape
classification of Bhaga and Weber.

Bubble shape in terms of the radius of curvature
and vertical length is shown as a function of bubble
diameter in Fig. 4. As can be seen, the radius of
curvature and the vertical bubble length increase with
increase in equivalent bubble diameter. If a bubble
shape is spherical, the radius of curvature should be
half of the equivalent diameter. However, the radius
of curvature is found to be approximately 1.21 times
the equivalent diameter of the same bubble volume
of the spherical cap shape.

The relationship between bubble shape and
equivalent bubble diameter has been obtained as:

1,=0.393d, (10)

with a correlation coefficient of 0.988. Also, the
relationship between R, and d, can be derived from
Egs. (2) and (10) with the known volume of a bubble
as:

R,=1.210d, an

It has been reported that the wake angle, 6, for a
spherical cap bubble in a Newtonian liquid depends
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Fig. 4. Relationships between equivalent bubble diameter
and curvature of radius (a) and vertical bubble length (b)
@: Davies and Taylor (1950), O: present data of R,, A\ present
data of /,, ———— spherical bubble

on the bubble Reynolds number® and is represented
empirically by

0,,= 50+ 190 exp( —0.62 Rel*) (12)

where Re, is the bubble Reynolds number. In the
present study, Re, is greater than 3000, for which
condition the above equation gives 0,=50degrees
with sufficient accuracy. On the other hand, according
to Fig. 1, tan @, and substituting R, of Eq. (11) and
1, of Eq. (10) gives tan 6,,=1.09, hence 0,, =48 degrees.
This accords well with the prediction from Eq. (12).
2.2 Rise velocity

Bubble rising velocity is a function of buoyancy,
gravitational, drag, and surface tension forces. These
forces may dissipate to the drag on the bubbles,
momentum of the rising bubbles and that of the
wakes.®

A theroretical model of a rising bubble as a function
of the radius of curvature has been proposed by Davies
and Taylor,® using the surface pressure distribution
over a spherical bubble as

Up=k\/9R, (13)

where k is 2/3 and R, is the radius of curvature.
The relationship between the bubble rising velocity
and the radius of curvature is shown in Fig. 5. In the
figure, the experimental values of the present study
and of Davies and Taylor® are compared with the
theoretical values from Eq. (13). As can be seen, the
bubble rising velocity increases with increase in the
radius of curvature according to Eq. (13). However,
when the radius of curvature is greater than 11 mm,
the rising velocity exhibits lower values than that of
the theoretical ones since bubble size larger than
12.5mm in diameter in the present experimental
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Fig. 5. Relationship between bubble rising velocity and
radius of curvature

apparatus may exhibit the wall effect.*” As can be
observed, the spherical cap shaped bubbles agree quite
well with the theoretical values of Eq. (13). However,
the shape changes from oblate to spherical cap when
the bubble diameter exceeds about 12mm!'? as
observed in the present study. Under these conditions,
the observed bubble rising velocity begins to deviate
from the above model as the radius of curvature
becomes 1.21 times the bubble diameter (Eq. 11).
When the bubble volume exceeds 1 x 1079m?3, the
rising velocity exhibits somewhat higher values than
those from Eq. (13) since the observed bubble shape
is ellipsoidal rather than spherical cap.'®. Based on
an approximate predictive equation of Wallis,* the
bubble rising velocity of maximum bubble size
(45.6 mm) would be reduced about 28% compared to
the bubble rise velocity in an infinite space.
2.3 Pressure variation

Dynamic pressure is found to be high at the bubble
nose and low at the bubble wake. The field of minimum
pressure has been observed at the center of the wake.
Similar results have been observed around two
dimensional bubbles in a gas-fluidized bed by Lirag
and Littman.*®

The positions of minimum pressure as a function
of the radius of curvature and of the maximum
pressure as a function of the vertical bubble length
are calculated from the product of the time lag (47)
from the maximum to minimum pressures and a single
bubble rising velocity (U,,) as shown in Fig. 6 in which
the solid and dashed lines represent the values
corresponding to the bubble nose, /,, and the center
of the wake, (2R,—/,)/2 from the bottom of a bubble,
respectively.

The dynamic pressure variations with the equivalent
bubble diameter are shown in Fig. 7. The obtained
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Fig. 6. Position of the maximum and minimum dynamic
pressure during a single bubble rise in water
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Fig. 7. Relationship between maximum and minimum
pressure change and equivalent diameter

maximum and minimum pressures are lower and
higher than those from the equation (P=pgd,) of
Davidson.” This may be due to the fact that the
Davidson’s model assumes the bubbles in a
gas-fluidized bed to be spherical in shape. However,
the bubbles in liquids is very close to a spherical cap
shape. Bubbles in liquids may have a large wake with
large amount of eddies. Therefore, the ratio of
minimum to maximum pressures is in the range of 3
to 5. The maximum pressure on the bubble nose is
the potential energy that may move liquid downward
which may affect the vertical bubble length. However,
the minimum pressure seems to be affected by the
wake and its size is related to the radius of curvature.
Therefore, the dynamic maximum pressure could be
related to the vertical bubble length and dynamic
minimum pressure to the radius of curvature in terms
of the following relevant dimensionless term as shown
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Fig. 8. Pressure spectrum of a single bubble rise in water

in Egs. (14) and (15).
P = +0.566 pgl, (14)
Pyia= —0.566 pgR, (15)

where + and — denote the positive and negative
pressure fields, respectively (Fig. 2). Also [, is the
vertical bubble length; R, is the radius of curvature,
respectively.
2.4 Pressure spectrum

The pressure spectrum of a single bubble is shown
in Fig. 8. If the signal is a sine function, its spectrum
has a peak at a given frequency. Since the present
signals have multiple frequencies, their pressure
spectrum can be obtained from the discrete Fourier
transform.'® Since the time lag between the maximum
and minimum pressures is a function of the velocity
and the radius of a bubble, the main frequency in the
pressure spectrum can be expressed as the reciprocal
of the time lag.

1
wmam 2AT (16)
where AT is the time lag from maximum to minimum
pressures.

The time lag should be a function of the vertical
bubble length, the radius of curvature and the rising
velocity. Assuming that the pressure change can be
represented by the model of Davidson” and the
velocity by the model of Davies and Taylor,® the

present frequency can be represented by
an

The frequency between the main frequency of the
pressure spectrum and the radius of curvature is shown
in Fig. 9. As can be seen, the peak frequency obtained
from the time lag (Eq. 16) is higher than that from
Eq. 17.7 Therefore, the bubble characteristics cannot
be determined from a peak frequency alone. Also, the
peak frequency from the pressure spectrum is found
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Fig. 9. Relationship between radius of curvature and peak
frequency

O: calculated from AT (equation 12), @: calculated from
the spectrum

to be lower than that calculated from Eq. 17.” Thus,
the bubble properties should be determined from the
pressure spectrum of a single bubble (Fig. 8) from
which the bubble properties in bubble columns and
three-phase fluidized beds can be deduced.

To determine the pressure spectrum of a single
bubble, the relationship between the frequency of
pressure spectrum, S, (w), and its amplitude, 4,,,, is
needed. Such a relationship has been correlated with
the bubble properties (Fig. 10) of the present study as:

_ﬂﬂw—%oz]z
p?

Sp(a))=Ampexp[ (18)

where

App=1.53542
o, =1.865d, 140
p2=1.10

in which «, and f, are the mean and standard
deviation of the pressure spectrums, respectively.

In general, the time lag between the minimum and
maximum pressures is proportional to the square root
of the bubble radius. Large bubbles have low peak
frequency in the pressure spectrum.

2.5 Energy dissipation rate

The energy dissipation rates obtained from Egs. (4)
and (7) are shown in Fig. 11. Since the energy
dissipation rates from the above equations are based
on the whole bubble volume, the frontal area of a
bubble has been multiplied to the energy dissipation
rate from the pressure spectrum.”

Since the pressure signal varies along the vertical
axis of a bubble, the bubble length is an indicator of
the energy dissipation rate in the pressure spectrum.
Also, the energy dissipation rates have been used to
interpret the mass and heat transfer mechanisms in
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Fig. 11. Relationship between radius of curvature and
energy dissipation rate in water

@ from Eq (7) [Davis and Taylor®]

O from A; ¢ [Frost and Moulden®]

A from ¢ [Frost and Moulden®’]

A from ¢ [Mazumdar!®]

fluidized beds.'**> Therefore, the energy dissipation
rate of a single bubble can be extended to the
multibubbles in bubble columns and three-phase
fluidized beds to estimate the bed hydrodynamics,
mass and heat transfers.

The energy dissipation rate obtained from the
pressure spectrum is lower than that obtained from
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Eq. (7) based on the drag coefficient. The difference
can be attributed to the way of determining the bubble
volume and the bubble frontal area.

The relationship between the energy dissipation rate
and the radius of curvature on the basis of drag
coefficient is as follows.

e=0.2¢"pR33 (19)

As can be seen, the energy dissipation rate is well
represented by the radius of curvature (Fig. 11).
However, the dissipation rate based on the drag
coefficient is found to be about twice that based on
the bubble frontal area.”

It is known that the viscous forces mainly govern
energy dissipation in small-scale eddies. Prior to
energy dissipation, the energy is transferred from a
large to a smaller eddy. With this transfer mechanism,
the energy transfer or dissipation may contribute to
the mass and heat transfer in bubble columns and
three-phase fluidized beds. The overall energy
dissipation rate of a bubble has been proposed by
Davies and Taylor.®» However, their values are much
higher than those from the pressure spectrum®'? (Fig.
11). This difference may be due to the instability of
the wake since the energy dissipation is related to the
momentum balance and the instability of bubbles
which may affect the bubble rising velocity. However,
pressure variation due to the eddy motion is more
important than the instability. Nonetheless, the energy
dissipation rate increases with increase in radius of
curvature. Since energy dissipation based on the drag
includes the energy production term, energy’ dissipa-
tion in the bubble can be characterized by the bubble
size which affects small-scale eddies.

Conclusions

The rising velocity of bubbles of more than 12 mm
in diameter and of spherical cap shape is well
represented by the equation of Davies and Taylor.®
The vertical bubble length is 0.393 times the equivalent
bubble diameter and the radius of curvature is
approximately 1.21 times the equivalent bubble
diameter. Dynamic maximum and minimum pressures
have been observed at the bubble nose and the center
of the wake, and these values have been correlated
with a dimensionless term in Eqs. (14) and (15). The
main frequency of pressure spectrum of a single bubble
decreases with increase in bubble size. The pressure
spectrum of a single bubble can be correlated with the
equivalent bubble diameter according to equation
(18). The energy dissipation rate from the pressure
spectrum is found to have a similar trend to that of
Davies and Taylor.® This rate can be correlated with
the radius of curvature and liquid density by equation

(19).
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Nomenclature
A = projected area of a bubble [m?%]
Ay = bubble frontal area [m?]
App = amplitude of pressure spectrum [N/m?]
Cp = drag coefficient
d, = equivalent bubble diameter [m]
D = distance between maximum and minimum

pressures in a single bubble [m]
E(w) = energy spectrum
g = gravitational acceleration {m/s?]
J = complex variable
k. = proportional constant in Eq. (5)
I = vertical bubble length [m]
P(1) = transient pressure response [N/m?*]
Py = dynamic maximum pressure [N/m?]
Prin = dynamic minimum pressure [N/m?]
P, = pressure at nose of bubble [N/m?]
P, = pressure at angle 0 [N/m?]
r = radial distance [m]
R, = radius of curvature of bubble [m]
R, = bubble Reynolds number
S5 = stress [N/m?]
Sy(w) = pressure spectrum related to energy

spectrum [N/m?]
t = time [s]
t = time delay between corresponding pulses

in the two channels of recorded data [s]
t, = pulse width in the unit of time

in the bubble signal [s]
AT = time difference between maximum and

minimum in the pressure-time curve [s]
U, = bubble rising velocity [m/s]
Uy = single-bubble rising velocity [m/s]
vV = volume of bubble [m3]
x = Cartesian coordinate [—1
y = Cartesian coordinate [—]
oy = logarithmic mean of pressure spectrum  [N/m?]
B = logarithmic standard deviation of

pressure spectrum [N/m?]
p = density [kg/m?3]
n = viscosity [Pa/s]
v = kinematic viscosity [m?]
2 = energy dissipation rate [J/s]
7] = surface tension [N/m]
[%} = angle
0, = wake angle
w = frequency [Hz]
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