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Results by modification of the time transient method are presented, in which the superficial average velocity
(streaming velocity) can be obtained in addition to molecular number density. The molecular number flux was
thus obtained by the product of molecular number density and superficial average velocity.

The results of analysis of molecular flow in a circular tube were newly studied. The study revealed that there
was a distortion of molecular number density distribution affected by outer storage. It became clear that the
jumps in molecular number density and superficial average velocity at inlet and outlet openings were induced by
discontinuity of macroscopic transfer rate (molecular number flux) between the tube and the outer space.

For a finite length tube, using Knudsen’s simple equation for a tube of infinite length, the transfer rate, i.e. the

conductance, can be easily calculated by applying the slip distance.

Introduction

Many analyses of rarefied gases flow have been
performed. In these analyses, the statistical in-
deterministic Monte Carlo method is recently
becoming a powerful method.

The authors have reported the application of the
Monte Carlo method to the transient flow region® by
taking intermolecular collision into consideration. We
have also performed an analysis of flow through
‘complicated conduits with diverging-converging cross
section® and equal-spheres packed bed® under free
molecular flow.

At that time many analyses of the overall transfer
coefficient, i.e. conductance, had been made, but
analyses with respect to local properties in the conduit
such as local molecular number density (pressure
distribution) were quite few. Only Sparrow et al.”
have published regarding molecular number flux*.

Later authors® have proposed the Monte Carlo
method with time concept (time-transient method) to
calculate the molecular number density under free
molecular flow. After that, in the previous paper,® we
have improved on the illogically low value appearing
in this method for the vicinity of the inlet opening.

Received May 19, 1989, Correspondence concerning this article should be addressed
to M. Sese, Research and Development, Idemitsu Kosan Co., Ltd. Tokyo 100.

* Sparrow et al. reported a velocity distribution, which
corresponds to molecular number flux in this paper.
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Since this improvement enables us to calculate
stable local molecular number density in the whole
tube, local properties in the finite length tube are newly
studied in the present work by combining the local
superficial average velocity (streaming velocity).

1. Theoretical considerations

In the time-transient Monte Carlo method,
described in this paper, time histories of sample
molecules are traced. Since the basic calculation
technique and procedure are the same as in the
previous paper,>® only the main points are
mentioned in the following.

1.1 Calculation procedure (time-transient method)

The model tube and coordinates system for the
simulation are shown in Fig. 1. After determination
of the geometrical conditions, trial molecular
numbers, transient time interval and the like, the trial
molecules start at the inlet opening. To eliminate
unnecessary complexity, the molecular number density
of outlet side n, is assumed to be zero in this paper.
The treatment for the case of n,%0 is discussed in
the previous paper.®
1) Initial condition and boundary condition Initial
conditions are given as follows:

- GTI)-

=0 %=1

Fig. 1. Schematic diagram of the circular-section tube
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n=0 at (<0, x=0~L )

The tube connects with two large reservoirs in which
molecular number density #=r; in equilibrium at the
inlet side and n=n,=0 at the outlet side.

2) Resident probability of sample molecules in a
volume element V; Now let the number of molecules
which enter the inlet opening with sectional area A
during unit time interval U be Ny, which is given by
conventional molecular dynamics as follows:

Ny=(1/4)n,5UA )

Equation (2) means that molecular number flux
through a circular orifice is the product of (1/2)n; and
(1/2).

As sample molecules, N out of Ny are chosen. The
trajectory direction and velocity component are
determined by the conventional method,>® and
sample molecules start one after another at equal
intervals during transient time interval U. We consider
the trial molecules N in unitary interval U as one
group. Let the unit number of transient time interval
be 7, which is an integer. The resident probability of
trial molecules of one group f is

fi=Ni[N 3

where N7 is the number of molecules which stay in a
volume element V; after tU.

3) Molecular number density Because under free
molecular flow the sample molecules groups behave
independently of each other, the resident probability
of every sample molecular group after equal time lapse
is consistent with those of the other groups. Therefore,
time transient variation can be obtained by super-
posing the result for the initial group, as follows:

if= 3 Nofi(Vin) @

where 7 =n/n;. The steady-state value can be obtained
as the ultimate result of transient calculation after ¢
is large enough.

4) Average velocity in the volume element V; The
time transient average velocity in the flow direction is
given by averaging the velocity component of all the
molecules in V; after tU, as follows:

t=1N=

=% 3 (Vi) X N ©

Where #1=u/?. The steady-state value can be obtained
as the ultimate value. The above value is called the
“superficial average velocity” to distinguish it from
macroscopic flow velocity under continuous (viscous)
flow condition.

5) Molecular number flux The steady-state macro-
scopic molecular number flux, based on the inlet
opening, is given by Clausing? as follows:
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F=(1/4)n,50 (6)

The transmission probability can be calculated as
a=Ny/N by trial molecules N, when N, pass out
through the outlet opening.

The local molecular number flux in the tube is given
by the product of a local molecular number density
and a local superficial average velocity by the following
equation:

Fi=niui/F ()

The local value in the above equation is normalized
with the steady-state macroscopic value F based on
the inlet opening. The steady-state value can be
obtained as the ultimate value of transient calcula-
tions.
1.2 Calculation conditions

The same conditions as described in the previous
paper® are selected: a temperature of 20°C and
nitrogen as the sample gas. Calculation parameters
are shown below.

Sample molecules N=10,000
Model tube radius R=5mm
Geometric parameter L/R=0.01-100
Transient time interval U=1071°-10"%s
Model tube division axial i=10

In the vicinity of openings, volume elements are
divided into smaller ones when it is necessary to check
in detail. A schematic diagram of the model tube is
shown in Fig. 1.

2. Results and Discussion

2.1 Molecular number density

In Fig. 2 the calculated results of molecular number
density in the circular-section tube are shown for
various geometric parameters R/L. The plotted keys
and solid lines stand for results by the time-transient
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Fig. 2. Molecular number density in flow direction
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Monte Carlo method in the present work.

To calculate the conductance of a finite length tube,
Dushman'® proposed the following equation by
adding the conductance of orifice and long tube in
series as follows:

C=(1/4)d(rD?/4)(4D/3(L+4D/3)) ®)

The pressure gradient, i.e. molecular number density
gradient, calculated by Eq. (9) below on the basis of
modified tube length is shown in Fig. 2 by dashed
broken lines. The other broken line, representing an
equivalent tube, is discussed later.

Ap/L=(pr—po)/(L+4D/3) ©)

The molecular number density by present work
agrees with the linear line of Dushman’s Equation
(Eq. () for a long tube, L/R=100. In a
medium-length tube, L/R= 10, it is almost consistent
with the linear line in the inner part of the tube, but
diverges slightly in the vicinity of inlet and outlet
openings where it distorts. For a short tube, L/R=1,
the distribution diverges seriously from the linear line
of Eq. (8). As L/R decreases, the tube approaches the
orifice. The variation of distribution in the flow
direction is so small that it superficially becomes linear
and agrees with the linear line of Eq. (8).

The distribution of the finite length tube distorts
toward the outer value, but values are not consistent
with the outer value (fiy_o31, fiy— %0). Therefore,
there is a discontinuity, i.e. a jump, at the inlet and
outlet openings.

Even though the linear line of Eq. (8) does not
completely agree with the calculated results in the
present work, it can be said that Dushman’s
modification is reasonable supposing that a jump
occurs at inlet and outlet openings.

2.2 Distribution of superficial average velocity

In Fig. 3 the distributions in the flow direction for
the various L/R are shown. The keys and solid lines
represent the calculated results of the present work.

The distribution of superficial average velocity of a
very short tube converges to the theoretical value of
orifice (1/2)s. At this point, it can be said that the
calculated results are appropriate. For a tube of finite
length, the velocity increases generally from inlet to
outlet. Around L/R=1 the variation is small. As
L/R=increases to nearly that of the long tube, the
absolute value near the entrance decreases and near
the outlet the vaiue sharply accelerates to nearly sonic
velocity.

It can be seen that the superficial velocity is not
zeroin the tube at inlet and outlet openings. Therefore,
- it can be said that superficial average velocity has a
discontinuity or jump at both the inlet and outlet
openings as well as molecular number density jumps
at those locations.
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Fig. 3. Superficial average velocity in flow direction

2.3 Effect of outer space on the properties in the tube

Let us discuss the molecular number density under
equal pressure in detail so as to consider the distortion
of distribution which occurs near the entrance in tubes
where there is flow,

Under equal pressure condition, the molecules that
stay in a volume element V; can be classified into the
following groups.

1) Molecules that come from the inlet opening and

collide with the tube wall Niw
2) Molecules that come from the tube wall and
flow out through the inlet opening Ny
3) Molecules that come from the outlet opening
and collide with the tube wall No.w
4) Molecules that come from the tube wall and
flow out through the outlet opening Nw.o

5) Molecules that come from the inlet opening and

directly flow out thorough the outlet opening

N, I1-0

6) Molecules that come from the outlet opening
and directly flow out through the inlet open

No.r

7) Molecules that come from the tube wall and

collide with the tube wall again Ny.w

The calculated distribution of each group is shown

in Fig. 4 for L/R=10, selected as a sample finite-length

tube. The ordinate represents the location, normalized

with tube radius R, in the flow direction. Since it is

under equal pressure, the sum total of molecules 1-7)

is constant (7=1) at every location along x and each

distribution is symmetrical with respect to the

mid-point of the tube. In the low part of the figure

molecular number densities of less than 1% are shown

in detail. The calculated results were obtained by the

simulation of molecules starting at an opening and

the wall respectively.
As shown in Fig. 4, N, is consistent with
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Fig. 4. Classification of molecular number density in a
circular-section tube

corresponding Ny_; and N_p with Ny, and it can
be said that the calculated results are appropriate.
From the results shown in Fig. 4, it can be seen that
molecules which interact with the tube wall, i.e.
Niws Ny, Noows Ny.o and Ny,_y, make up most
of the molecular number density. There are very few
molecules that directly pass out through the opposite
opening N;, and N,_,. Since the total is less than
about 0.5%, the effect on the distribution is extremely
small.

As the distribution is symmetrical, let us take the
inlet side in the tube as an example. In the vicinity of
the inlet opening, the molecules N, and Ny are
about 50% each and their total is nearly 100%; they
compose almost the entire molecular number density.
In the inner part of the tube, this value decreases
sharply and finally, at x>4R, the contribution
becomes less than 1%, so the effect on the distribution
is very small. Thus it may be considered that the range
of distribution affected by the inlet opening, i.e.
external space, is around 4R. On the other hand, the
molecules that come flying from wall to wall Ny _y
increase sharply in the inner part of the tube, and
finally at x>4R they make up nearly 100% of the
molecules in the tube.

Thus it becomes clear that the external space hardly
affects the distribution in the central part of the tube.
We chose L/R=10 as a sample of finite-length tube.
As L/R becomes larger, it is clear that the external
reservoir has no effect on the distribution in the inner
part of the tube, in the range of 4R<x <L —4R.

In Fig. 5, the molecular number density, superficial
average velocity and molecular number flux calculated
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Fig. 5. Molecular number density, superficial average
velocity and molecular number flux for L/R=10

by the present method are shown, where molecular
number flux is obtained by the product of local
molecular number density and superficial average
velocity. The molecular number flux shows a constant
value (F=1) at every location, supporting the
conclusion that molecular number density and super-
ficial average velocity values obtained by the present
method satisfy the law of conservation or continuity.
As a result, it can be said that the calculated results
of molecular number density and superficial average
velocity are appropriate. The linear line along the
calculated molecular number density is a gradient
calculated by using Knudsen’s Eq. (12) to equalize the
transfer coefficient, i.e. conductance, by present work
(hereafter called equivalent tube).

Although in Fig. 5 the calculated results under
non-equilibrium with flow are shown, the phenomena
should be based on behavior under equilibrium as in
Fig. 4. As shown in Fig. 5 the density distribution
agrees with the linear line of equivalent tube in the
central part of the tube 4R<x<L—4R. At the inlet
side x<4R and outlet side x> L—4R, however, the
distribution diverges from the linear line and distorts
toward the external value as the location approaches
the inlet and outlet openings.

As mentioned above, in the case of non-equilibrium
with flow we can see the effect of external space on
distribution described in Fig. 4 under equilibrium. The
distortion in the vicinity of the inlet is caused by
molecules that come from external space and in the
vicinity of the outlet by the molecules passing out
through the outlet opening.

The correctness of calculated molecular number
density is verified by the fact that these values satisfy
the law of conservation. It can be thus concluded that
divergence of molecular number density distribution
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from the linear line is an essential phenomenon.
2.4 Occurrence of jump at inlet and outlet openings

The discontinuity of molecular number density and
superficial average velocity at inlet and outlet openings
is generally called slip or jump. Definition of “jump”
and “slip distance” are shown in Fig. 6. Slip distance
is discussed later.

The jump 4 obtained by the present work and the
jump of Dushman’s linear gradient A" are plotted as
a function of L/R in Fig. 7. The jump converges to
the maximum theoretical orifice value (1/2)n; at
L/R=0. As L/R increases, the jump decreases, the
jump decreases and will become zero for an infinitely
long tube. The jump obtained in the present work is
quite consistent with Dushman’s at small L/R. Around
L/R=1-10, there is a slight difference. As L/R
increases further, the values agree well. The differences

at finite tube length are caused by the distortion

affected by external space as discussed in the previous
section. .

In Fig. 7, the jump of superficial average velocity
at inlet and outlet openings A4,;, 4,0 is shown. The
jump. of inlet side 4,; converges to the maximum
theoretical value of orifice (1/2)0. As L/R increases,
the jump value decreases. The jump of outlet side 4,,;
converges, at extreme tube shortness, to minimum
(1/2)5. As L/R increases, the jump increases and
approaches sonic velocity.

Now we will discuss the mechanism of occurrence
of molecular number density jump and superficial
average velocity jump.

Let us consider the molecular number flux at both
openings. Where the tube approaches either opening,
naturally the flux should be given by Eq. (7).
Therefore, at both openings the following relation
between molecular number density jump and
superficial average velocity jump applies.

F=n,(1—A4)0o4,;=n;404,, (10)

By equating Eq. (6) and Eq. (10), the following
relation can be obtained:

(1=, =A4,0=(1/4) (1n

Using molecular number density jump 4 and
calculated transmission probability, the superficial
average velocity jumps 4,; and 4,, are calculated by
Eq. (11). The correlated results are plotted in Fig. 3
by closed keys at x/L=0 and x/L=1. These values
agree well with the calculated distribution values of
the present work at both the inlet and outlet openings.

Therefore it becomes clear that the molecular
number density jump and the superficial average
velocity jump are related to the molecular number
flux, i.e. the macroscopic transfer rate.

In the external reservoir there is no flow, there is
flow in the tube. This means that the occurrence of
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Fig. 7. Jump of molecular number density and superficial
average velocity

pre-flow in the vicinity of the inlet opening of the
external reservoir and the jet stream at the outlet
opening connects the discontinuity between the tube
and the outer space.

The pre-flow and jet stream near the two openings
are interesting phenomena, but a detailed analysis will
be left for the furture.

2.5 Simple equation for finite-length tube

Generally, for a long tube, Knudsen’s equation is

used:

C=(1/4)#(rD?/4)(4D/3L) (12)

Since this equation neglects the effect of inlet and
outlet opening, for a tube of finite length its usage is
limited of its own accord. To improve this point,
Dushman proposed the previously mentioned Eq. (8).
Now we modify Eq. (12) by introducing slip distance,
{, as follows:

C=(1/49)5(nD*/4)(4D/(3(L+20))) (13)

Using Eq. (12), the molecular number density
gradient is obtained by equalizing the transfer

M



Table 1. Comparison of transmission coefficient by Dushman and equivalent tube with Clausing

L/R Clausing Demarcus Dushman diff. Equivalent diff.
0.1 0.9524 0.9524 0.9639 +1.2% 0.9507 —0.2%
1.0 0.6720 0.67198 0.7273  +82% 0.6749  +0.4%
10.1 0.1973 0.19099 0.2105 +6.7% 0.1938 —1.8%
100.0 0.02658 — 0.0260 +0.7% 0.0266 +3.1%
Table 2. Constants in correlated Eq. (14)
a b ¢ e J g
2.9283 —3.3428 0.9009 —0.9767 0.4346 —0.7454 0.3997

coefficient values calculated in the present work, which
are shown in Fig. 2 by the broken line. The slip distance
in Eq. (13) can be determined by these gradients for
every L/R. In Eq. (8), the modification of length 4D/3
corresponds to slip distance 2.

To calculate the transfer rate, i.e. conductance,
Clausing’s transmission probability is well known and
was verified with numerical calculation by De-
Marcus®. We choose the Clausing coefficient as the
reference. A comparison between Eq. (8) and the
equivalent tube is shown in Table 1. It can be seen
that in the case of the equivalent tube the difference
is 0.2-3.1%, while in the case of Dushman it is
1.2-8.2%. Thus it can be said that a more accurate
transfer rate can be calculated by Eq. (13) using the
slip distance (.

The slip distance of the equivalent tube is shown in
Fig. 8. The plotted keys stand for the values obtained
by the above-mentioned method and the curve
represents the correlated Eq. (14) below. The slip
distance converges to zero at infinite tube length and
becomes infinite at extreme shortness of tube, i.e. at
the orifice. To calculate the conductance using
equivalent tube Eq. (13) the slip distance can be
obtained from Fig. 8 or by correlated Eq. (14). The
constants of Eq. (14) are shown in Table 2.

{=exp(a+b(L/R)+c(L/R)*+d(L/R)>+e(L/R)*
+/(LIR)*+g(L/R)°) (14)

For the finite-length tube the transfer rate can be
obtained by use of the Clausing coefficient, but the
function is complex. The slip distance { defined in this
paper gives the equivalent transfer rate as the present
Monte Carlo method by a simple equation. If
Knudsen’s diffusion coeflicient, derived for long tubes,
is used for the transfer rate for a finite-length tube, it
is recommended that the slip distance be used.

Conclusion

. From a theoretical analysis using the time-transient
Monte Carlo method for free molecular flow in a tube
of finite length, the following results are obtained.

1) In the finite-length tube, a distortion of
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Fig. 8. Slip distance of equivalent tube

molecular number density distribution, affected
by external space, exists at around 4R from the
inlet and the outlet openings.

2) In the case of superficial average velocity, a
discontinuity or jump exists at inlet and outlet
openings, along with a jump in molecular
number density.

3) The jumps in molecular number density and
superficial average velocity are caused by
discontinuity of macroscopic transfer rate at the
inlet and outlet openings between the tube and
the outer space.

4) Applying the concept of slip distance for finite
length in this paper, the transfer rate, i.e.
conductance, can be calculated easily by using
the simple Knudsen’s equation for long tubes.

Acknowledgement

The authors wish to express their sincere thanks Mr. T.
Yamamoto, General Manager and Mr. H. Suve, Deputy
General Manager of the Central Research Laboratory of
Idemitsu Kosan Co., Ltd. for encouragement in this study.

Nomenclature

(o} = Conductance fcm?3/s]
f = molecular resident probability 1
F = molecular number flux [molecules/cm?]
k = Boltzmann constant [erg/K - molecule]
L = length of model tube [em]
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N = molecular number ) [molecules]
n = molecular number density [molecules/cm3]
P = pressure [dyne/cm?]
R = radius of model tube [cm]
T = absolute temperature K]
t = time [s]
U = transient time interval [s]
u = superficial average velocity [em/s]
vV = volume element of model tube [em?3]
v = molecular velocity [em/s]
X = location in flow direction [em]
o = transmission probability [
4 = jump or difference [—]
4 = slip distance -]

{Subscripts and superscripts)

T = time index

increment number in longitudinal direction
inlet side of model tube

outlet side of model tube

I

i
7
o

It
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U
u

transient time interval
superficial average velocity
= normalized and averaged value
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