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The behavior of vortex rings in the initial region of an axisymmetric pulsed jet was simulated by replacing an
annular shear layer with a particular vorticity distribution by an array of discrete vortex ring filaments. This
modeling was restricted to an inviscid and axisymmetric condition. Consequently, the detailed structure in a real jet
cannot be explained by this model. Nonetheless, it provided a good representation of the rolling-up of the shear
layer, the vortex ring formation and the transport velocity of the vortex ring. The experimental result, that the
pattern of vortex ring formation was roughly classified into three types by Strouhal number, was also explained by
this model. The behavior of the vortex ring after formation (for example, vortex ring coalescence) was successfully
simulated by replacing a vortex ring by a single vortex ring filament. It was found that vortex ring motion in the
initial region of a jet was essentially inviscid.

Intr oduction

Mathematical models of inviscid vortex filaments
have been frequently employed to explain phenomena
in fluid mechanics, aerodynamics and meteorology.
The availability of high-speed computers and recent
experimental evidence of organized vortex-like struc-
tures in turbulent shear layers have stimulated the
numerical modeling of flow fields by interacting vor-
tices. The use of numerical techniques to study the
motion of continuous vortex sheets represented by
discrete arrays of point vortices is not new. The first
work of significance in this field was that of

Rosenhead,6) who used a line of point vortices to
represent a single vortex sheet in order to computethe
effect of a sinusoidal perturbation on the motion of
the sheet. The successful explanation of phenomena,
that the shear layer rolled up and the vortex ring
formed in an axisymmetric jet, was found by
Michalke4) by use of the linear stability theory.
Streaklines in the rolling-up shear layer were calcu-
lated and compared with photographs of visualized
axisymmetric un forced jets. Grant3) reported that the
flow field in the initial region of an axisymmetric jet
was realized by numerical integration of the time-
dependent Navier-Stokes equations. The calculation
result showed that the flow field was dominated by the
large-scale vortex ring structure observed experimen-
tally. But this calculation required great amounts of
computer storage and time.
In the present work, a simple numerical approach
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was used to study the rolling-up of a vortex sheet in
an axisymmetric pulsed jet, replacing an annular
shear layer with a particular vorticity distribution by
an array of identical vortex ring elements. The effect
of parameters (the pulsation amplitude, the smooth-
ing distance, etc.) used in this numerical technique

was investigated. The effect of Sr0 on the jet behavior
has been investigated experimentally by many au-
thors.2) However, numerical modeling of the flow field
in the pulsedjet for a wide range of Sr0 has not been
reported. This modeling is expected to provide some
interpretation of the features observed experimentally
in pulsed jets for a wide range of Sr0.
1. Calculation Method

Twovortex ring elements, /, j were respectively
located at xi9 Xj in cylindrical coordinates (x, r, cj>) as
shown in Fig. 1. The induced velocity of the point
P(xt, rb 0) on the vortex ring element / caused by the
small volume dV in the vortex ring element j is

expressed as Eq. (1) according to Biot-Savart's law.
S V^ Kayj X r.WnrDW (1)

where

dV=arjdc/) , r\=(xt-Xj)2+rf+r)-2rirjcos</> ,

and rt, r} denote the radii of the two vortex ring
elements, a and Wj are the area of cross section of
vortex ring filament j and the vorticity of dV re-

spectively. Assuming that vortex ring elements /, j are
axisymmetric, the total induced velocity of point P
from the whole of vortex ring elementy is expressed as



Fig. 1. Induced velocity between vortex ring filaments

Eq.(2).

vu=f^rofK^oW (2)
J v ^nroJo

Xcomponentand r componentof Vtj are expressed as
follows:

% =S | (o-^cos#/0 (3-a)znroJo

Vijr= -££l \\xj-xdcos m (3-b)Z7iroJo

where

The self-induced velocity of vortex ring element /
has only x component and is assumed as follows:

VJ U0 = k(D/r) (riir0) (4)

where Uo is the mean centerline velocity of thejet and
D is the nozzle diameter, k is a proportional constant.
The meanvelocity at r=D/2 near the nozzle exit was
about 0.7Uo in the experiments. On the assumption

that vortex ring elements at r=D/2 near the nozzle
exit were swept downstream by the speed of 0.7Uo, k

was set at 0.35 in this computation.
The process of the rolling-up of disturbed free shear

layer and the vortex growth were described by the
motion of each vortex ring element. The subsequent
position of each ring element was calculated from the
total velocity induced in each ring. This velocity was
the sum of the self-induced velocity, Eq. (4), and the

total induced velocity caused by all other vortex
elements, computed from Eqs. (3-a, b). The new

position of each vortex ring element was given ap-

proximately by:
P£t+ At) = Px{t) + Vt(t)At +(dVt(t)/dt)(At)2/2

Therefore

p.(*+At)=Pi(t)+{3 Vi(t)- VjLt-At)}(At/2) (5)

where Pt is (xt, rt)9 the position of the ith vortex ring
element, and Vt is the corresponding velocity.

The computation time was reduced further by
neglecting the velocity field induced by any ring

element beyond an axial distance D from the obser-
vational ring element. Calculations showed that the

velocity ignored was less than 0.2% of the self-

induced velocity of the vortex ring element. The effect
of vortex ring elements beyond D, though cumulative,
was small compared with the total velocity induced by
closer vortex ring elements. The velocity induced by
any vortex ring element beyond Z>/2, 3D/2 or ID was
respectively less than 0.54%, 0.08% and 0.03% of the
self-induced one.

The digitization of the shear layer caused small

instabilities owing to high induced velocities by neigh-
boring vortex ring elements. The "smoothing dis-
tance" was defined as a constant fraction ofD. For D/
20-D/30, the position of vortex ring formation as a
cluster of vortex ring elements became far down-
stream from the nozzle exit because of the small
induced velocity caused by other vortex ring elements.
The calculation results were not coincident with the
experimental ones. For D/50-D/30, small-scale in-

stability was often observed for large values of Sr0. As
a result, the smoothing distance was set at D/40 in this
computation. Induced velocities within the smoothing
distance were obtained by linearly interpolating with
the ratio of the distance between the two vortex ring
elements to the smoothing distance.
A non-dimensional time parameter, T, was defined

as T= Uot/D. As a result of checking the effect of the
time step for various values of Re and Sr0, no effect of
the time step on calculation results was observed for
values of Tless than 0.03. The time step, DT, was set
at about 0.026 in this computation.
The strength of each vortex ring element, i.e., the

circulation T, was determined by the strength of
vortex sheet per unit length and the number of vortex
ring elements per unit length, n. On the assumption
that the velocity profile in the shear layer was not
varying in the axial direction near the nozzle exit, the
circulation along the four sides of a square which
surrounded the shear layer was expressed as Uo x L. L
was the length of the square side in thejet core region.
Consequently, the strength of the vortex sheet per
unit length was adopted as Uo. The effect of pulsation
was incorporated into the model by causing the
vortex ring element circulation to fluctuate harmoni-
cally. The fluctuating strength of the /th vortex ring
element was defined as:

r~ro(l +^ sin27r/00 (6)

where ro=Uo/n. At the time the /th vortex ring
element left the nozzle exit, the circulation, Fi9 was
fixed at that current value. Calculating Eq. (5) with
Eqs. (3-a, b), (4) and (6), the motion of the continuous
vortex sheet was represented by that of discrete vortex
ring elements.
2. Result of Calculation and Discussion

The process of rolling-up of the shear layer is
2
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Fig. 2. Feature of rolling-up of shear layer

Fig. 3. Visualization of jet and feature of vortex ring
formation in computation

described by motions of vortex ring elements for Re =
4000, Sro=1.0, A=0.3 and BN=20 in Fig. 2. BN

denotes the numberof vortex ring elements per wave
length of pulsation. "S shape" instability of array of
vortex ring elements is observed at nearly x/D=0.2 in
Fig. 2(a). Vortex ring formation as a cluster of vortex
ring elements is observed at nearly x/D=0.3 in Fig.
2(b). The growth of the vortex ring by gathering

nearby vortex ring elements is described in Fig. 2(c).
The frequency of vortex ring formation was coin-
cident with that of pulsation. This model, in which an
annular shear layer was replaced by an array of
identical vortex ring elements^ provided a good in-

terpretation of vortex ring formation experimentally
observed in a real jet.
Computations were done for ite=2000, 4000 and
6000 with various Sr0 values in the range of0.3-5.2. It
was found that the pattern of vortex ring formation in

Fig. 4. Visualization of jet and feature of vortex ring
formation in computation

Fig. 5. Visualization of jet and feature of vortex ring
formation in computation

the computation was roughly classified into three
types by Sr0. For 0.3<SV0<0.9, one pair of vortex
rings, a larger one and a smaller one, was produced at
the same periodic intervals as the pulsation. The result
of calculation and the visualization of the real jet for
Re=39S6, Sr0=0.45 are shown in Fig. 3. The vortex
ring (shown in the photograph) is represented as a
cluster of vortex ring elements (shown as a cluster of
points in the figures) in this calculation. For
0.9^Sr05^2.0, equal-sized vortex rings were pro-
duced distinctly at the same periodic intervals as the
pulsation (cf. Fig. 4). For 2.6 < SVO, vortex rings were
produced independently of Sr0 (cf. Fig. 5). This result
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of calculations was coincident with the experimental
result reported in the previous paper.7) However, it

was difficult to distinguish the vortex ring formation
from small-scale instability, i.e., small groups of

vortex ring elements, for the range of 2.0<SV0=2.6.
For Sr0 > 2.0, small-scale instability was often observ-
ed because of the narrow space and the large differ-
ence in circulation between neighboring vortex ring
elements. The position of vortex ring formation in the
computation is compared with the experimental one
in Fig. 6. The mean transport velocity of the vortex
ring in the range of0.5<x/D<2.5 is shown in Fig. 7.
The calculated data were coincident with the experi-
mental data ofPetersen,5) but were slightly lower than
our experimental data. This simulation seems to be a
good representation of a pulsed jet observed experi-
mentally as concerns the position of vortex ring for-
mation and the transport velocity of the vortex ring.
The position of vortex ring coalescence, xc, is related
to Sr (based on passage frequency of vortex ring) as
shown in Fig. 8. For 0.5 <Sr<2.0, the correlation xj
D= l.2Sr~1 was obtained in our experiments while

Petersen proposed the experimental correlation xj
D= Sr~x. For that range of Sr, calculated data show-

ed a trend similar to that of the two correlations,
though data were rather scattered. For 2.0 <Sr<2.6,
the calculated data were rather larger than experimen-
tal ones and were unreliable because of small-scale
instability. This simulation was not a good repre-

sentation of the vortex ring coalescence observed
experimentally. The circulation is an important factor
in simulating the process of coalescence. The scatter-
ing of data appeared to be caused by an unreasonable

evaluation of the circulation. It appeared doubtful
that the circulation of the vortex ring in coalescing

was the sum of circulations of vortex ring elements
which represented the shear layer. So the vortex ring
behavior after formation was simulated by replacing
a vortex ring by a single vortex ring element, not by a

cluster of vortex ring elements, assuming that cir-
culation of vortex ring elements which concern the

coalescence could be evaluated by Eq. (3-b) with use
of r directional displacements of the two vortex
ring elements. An example of the calculation result
is shown in Fig. 9. Trajectories of the two vortex
rings which concern the coalescence are coincident

with calculated ones except in the region where the
two vortex rings are close together.

In this way, vortex ring behavior in the initial
region of an axisymmetric jet was simulated by the
inviscid model according to Biot-Savart's law.

Acton1} also concluded that the large eddy motion in
this region was essentially inviscid.

The effect of the pulsation amplitude was in-
vestigated by varying the value ofA from 0.005 to 0.3
for various Re and Sr0. When A was larger than 0.05,

Fig. 6. Position of vortex ring formation

Fig. 7. Transport velocity of vortex ring

Fig. 8. Position of vortex ring coalescence

Fig. 9. Trajectories of vortex rings in coalescing
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the effect of pulsation was observed. With an increase
of A over 0.05, clearer distinct vortex rings were
produced, and a small effect of A on the position of
vortex ring formation was observed. No effect ofA on
the pattern of vortex ring formation was observed.
Conclusion

This simulation, in which an annular shear layer (or
vortex sheet) was replaced by an array of discrete
vortex ring elements, provided a good representation
of the rolling-up of the shear layer in the axisymmetric
pulsed jet. The experimental result, that the pattern of
vortex ring formation was roughly classified into

three types by Sr0 was successfully explained by this
simulation. The simulation was also a good repre-
sentation of vortex ring behavior observed experi-
mentally as concerns the position of vortex ring for-
mation and the transport velocity of the vortex ring.
The behavior of the vortex ring after formation (for
example, vortex ring coalescence) was successfully

simulated by replacing a vortex ring by a single vortex
ring filament. It was found that vortex ring motion in
the initial region of a jet was essentially inviscid.
Nomenclature

= amplitude of pulsation
= number of vortex ring elements per wave

length of pulsation
= nozzle diameter

=dimensionless time step
= mean passage frequency of vortex ring
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/o
k

n

Re
Sr
Sr0
T
t
Uo
V

vs
xc

frequency of pulsation
a proportional constant
numberof vortex ring elements per unit
length
pDU0/n, Reynolds number

fD/U0, Strouhal number

f0D/ U0, Strouhal number
Uot/D, dimensionless time
time

meancenterline velocity of jet
induced velocity vector
self-induced velocity
x position of vortex ring coalescence
x position of vortex ring formation

circulation of vortex
viscosity of fluid
density of fluid
area of cross section of ring filament
vorticity vector

(Subscript)

i,j = vortex ring element /, j
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