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Grinding tests on brittle materials were carried out both under reduced pressure and under atmospheric pressure,
using a laboratory hammermill and a vacuumvessel. Finer products were obtained under reduced pressure than
under atmospheric pressure.
To explain the experimental results from the standpoint of single fracture, a model calculation was carried out by

using a simplified model of the hammermill. In the model calculation, the friction drag of air, the effect of
atmospheric pressure on the strength of brittle particles, the dependence of Young's modulus, Poisson's ratio and
the strength on the loading rate, and the dependence of the strength on the particle's volume were taken into
account. It was found that a part of the experimental results was explained by the model calculation.

Introduction

A hammer mill is a well-known, representative

impact crusher. Its grinding mechanism is presumed
to fracture a large particle by collision with rotating
hammers. A small particle is, however, supposed to be
fractured by collision not only with the hammers but
also with the other particles which have already been
accelerated by the rotating hammers or by an air

stream produced by the rotating hammers. Relative
impact velocity of these particles is reduced by the
friction drag of air until the collision occurs. Since the
effect of the friction drag of air on the reduction of
relative impact velocity is larger for small particles
than for large ones, it is expected that, in comparison
with grinding under atmospheric pressure, finer pro-
ducts can be obtained by grinding under reduced

pressure, where the friction drag of air is negligible.
It was shown by Tanaka et al.6) that finer products

were obtained by impact crushing under low pressure.
In grinding tests using a simplified impact crusher and
a vacuum vessel, they investigated the effect of the
friction drag of air, pressure of the atmosphere and
particle size on crushing efficiency.

In this study, grinding tests on brittle materials
were carried out both under reduced pressure and

under atmospheric pressure, using a laboratory ham-
mer mill and a vacuum vessel. In addition, a model
calculation was made in order to explain the experi-
mental results from the standpoint of single fracture,
by using a simplified model of the hammer mill.
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1. Sample and Experimental Apparatus and
Procedure
Three kinds of brittle materials were used in this

work: limestone, marble and gypsum. These samples
were prepared by sieving, using a 21/2 or 21/4 series of
JIS style standard sieves, after grinding by a ball mill.
The density, Mohs' hardness, Young's modulus and
Poisson's ratio of the samples are tabulated in Table
1. The values ofYoung's modulus and Poisson's ratio
in the table were measured under a conventional rate
of loading.

A laboratory hammermill with a screen was used
for grinding tests. The mill has six swing hammers,
and their peripheral speed was regulated to 60m/s.
Grinding tests were carried out both under atmo-
spheric and under reduced pressure. The latter tests
were conducted by putting the mill into a vacuum
vessel. The pressure in the vessel was 4.3 to 14.7Pa by
Pirani gauge during the tests. A 500-g sample wks fed
into the mill at rates of0.5 to 2.5 g/s by a screw feeder.
Ground products were collected through a screen
having round openings 1 mmin diameter. Newsur-
face area produced by grinding was determined as the
difference in the specific surface area between the feed
and the products by a permeability method.
2. Experimental Results

Experimental results such as new specific surface
area produced by grinding under reduced pressure

ASwv,that under atmospheric pressure ASwa9their
ratio ASwJASwa and average size of the feed are
presented in Table 2. As shown in the table, ASwvis
larger than ASwain all experiments, and their ratio is
larger for small particles than for large ones. It is,
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Table 1. Properties of samples

Mohs' Young's Poisson's Sphere compressive
Sample Density hardness modulus* ratio* strength* *

p H Y v Ss
[k g/ m3 ] [-] [Pa] [-] [Pa]

Limestone 2.70 x 103 4 6.80 x lO10 0.32 4.32 x 106
Marble 2.70x l03 3 5.34x lO10 0.30 3.ll x 106

Gypsum 2.30x 103 2 3.78 x lO10 0.32 2.77x 106

* Measured under the conventional rate of loading by using cylindrical specimens having a diameter of 2.0cm and a length of 4.0cm.
** Measured under the conventional rate of loading by using spherical specimens having a diameter of 2.0cm.

Table 2. Experimental results

Newspecific surface area
. . produced by grinding

n t AverageparticleSample . ff a
under reduced under atmospheric

pressure pressure
d ASwv ASwa ASwJASwa Ss /Ss (Ss /Ss )5'3

[m] [m2/kg] [m2/kg] [-] [-] " \-]

Limestone 1.41 x 10~3 3.ll x 102 2.33x 102 1.34 1.18* 1.32

4.60x lO~5 3.96x lO2 2.87x 102 1.38
Marble 9.12x l0"4 3.04x l02 2.00x l02 1.52 1.25* 1.45

Gypsum 1.41 x lO"3 4.24x lO2 3.43x 102 1.24 1.05** 1.08

7.11xl0~4 4.91 x lO2 4.06x l02 1.21

1.78x l0~4 7.34x lO2 5.77x 102 1.27

4.60x l0"5 4.16x lO2 3.02x l02 1.38

* Measured by Yashima et al.9)
** Measured by Hayakawa.2)

therefore, concluded that finer products would be
obtained by grinding under reduced pressure than

under atmospheric pressure.
3. Model Calculation
A simplified model of the hammer mill, shown in
Fig. 1, was considered to explain the experimental
results. The model consists of two regions, one the
region of rest into which particles are fed, the other
the region of air stream in which the hammersand
particles moveat the same speed in the same direction
as the air stream. The region of air stream has the
samewidth as the hammers.Particles fed into the
region of rest dive into the region of air stream and
are accelerated due to the friction drag of air. During
acceleration, some of the fed particles will collide with
particles whichare movingin this region at the same
velocity u0 as the air stream, and others will collide
with the hammers. The model is transformed into the
following by fixing coordinates on the moving ham-
mer. That is, fed particles having an initial velocity u0
and a diameter d dive into the region of rest in which
stationary particles are dispersed, as shown in Fig. 2.
The speed of the fed particles is reduced due to
the friction drag of air, and they collide with the
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Fig. 1. Simplified model of hammer mill.

Fig. 2. Equivalent model of hammer mill.

stationary particles or the hammers during decelera-
tion. Mean free path S of the fed particles until the
first collision occurs is given by the following equa-
tion (see Appendix A):

S=^- (1)
6(1-e)
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where s is the void fraction in the hammer mill.

According to Rumpf,5) the value of (1 -e) in impact
crushers ranges from 10~2 to 10~3. S is therefore

given as

S^ 20d- 200d (2)

In this study, S was assumed to be 100 times the
diameter of the particle. All the fed particles were
assumed to dive into the region of rest at a middle
point in a space between two rotating hammers and to
have a mean free path which is 100 times their

diameter. Since the distance between two hammersis
60mm, all the fed particles more than 0.3mmin size
collide with a hammer.
Under reduced pressure, however, all the fed par-

ticles were assumed to collide with the hammersat the
impact velocity w0, because of negligible friction drag
of air stream in the mill.

Impact of two elastic bodies can be described by
using the equation of motion and theory of elasticity,
assuming that the elastic bodies were in static con-
dition even under impact loading. The relationship

between deformation A and the compressive load L
acting between the two elastic bodies at a contact
surface during impact is given by the following equa-
tion, which was obtained by modifying the expression
of Timoshenko7):

A =KL2'3 (3)

where

^O,25|^yv^?+i^y (4)

In Eq. (4), rx and r2 denote radii of curvature of the
elastic bodies at the contact point, Y1 and Y2 Young's
moduli, and vt and v2 Poisson's ratios. The equation
of motion for the two bodies is given as

d2A
(5)

where Mrdenotes reduced mass and is given by the
equation

Mr = M1M2/(M1 + M2) (6)

In Eq. (6), M1 and M2 denote masses of the bodies.
The relation between the impact velocity u and the

maximumcompressive load Lmaxduring impact is
given by the following equation, which was obtained
by combining Eqs. (3) and (5):

t/ = 0.894M - 1/2^1/2L5m/a6x (7)

The loading duration tmax at maximumcompression is
given by the equation

t^=^ l\l-x^2y1/2dx=lAlA^ (8)u Jo u
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where Amax is the deformation at maximumcom-
pression and x is a variable. tmax corresponds to half
the loading duration which Timoshenko7) described
in his article. The rate of loading the bodies v at max-
imumcompression is therefore given by the equation

*> = ^max/'max = 1 MuLmJAm,x (9)

The relationship between v and u is given by Eq. (10),
by combining Eqs. (3), (7) and (9):

v=0.1UM1r/5K-6/5u1/5 (10)

According to studies of single fracture, Young's

modulus, Poisson's ratio and the strength of brittle
materials, which were used in this work, vary with the
loading rate. The dependence of Young's modulus
and Poisson's ratio on the loading rate, which was
investigated by Yashima et al.,n) is expressed by the
following empirical formulas:

Y= Y0(v/voy (1 1)

v = vo(v/VOY (12)

where v0 is a standard loading rate, a and j8 are

exponents, and Yo and v0 are the value of Yandv at
v = v0 respectively. The constants in these formulas are
presented in Tables 3 and 4.

As for the dependence of the sphere compressive
strength Ss, which corresponds to tensile strength,
eight kinds of brittle materials were also investigated
by Yashima et al.8) The empirical formula between Ss
and v is given by the equation

Ss = SSo(v/vo)y (13)

where y is an exponent and Sso is the value of Ss at
v=v0.

Furthermore, Ss depends on the brittle particle's
volume V. Its dependence is expressed by the empiri-
cal formula10)

Ss=AV~1/m (14)

where A is a constant and m is Weibull's coefficient of
uniformity.

The relation between Ss and fracture load Lf is
given by the following equation, proposed by
Hiramatsu et al?\

Ss = 2.SLf/nd2 (15)

Equations (13), (14) and (15), which were obtained
from the compression of spherical specimens between
two parallel loading platens, were assumed to apply
to the case wherea particle wasloaded on one side.
Equations (ll), (12), (13) and (14) were assumed to be
extrapolated whenthe loading rate or the particle's
volume was out of its applicable range.
According to Kuwahara,4) the probability of break-

age pf of a brittle particle having an average fracture
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Table 3. Empirical formulas for dependence of Young's modulus on loading rate11}
Y= Yo(v/vof [Pa]

Y a Probable Range of loading
Sample ° a error rate, v

[P a] [-] [Pa] [N/ s]

Quartz glass 5.15x lO10 6.81 x 10~2 5.55x 109 1.63x IOM.IOx 107

Borosilicate glass 5.02 x l010 6.65 x lO~2 4.60x l09 1.63 x 101-5.95 x 107
Quartz 6.13x lO10 8.00x lO~2 1.12x lO10 8.17 -1.80x l07
Feldspar 3.59x l010 7.47x lO~2 5.40x l09 8.17 -1.79x lO7
Limestone 8.89x lO10 1.37x lO"2 1.17x lO9 8.17 -5.12x 106

Marble 5.77x 1010 l.OO x lO"3 4.80x l08 3.27 -1.79x lO6
Gypsum 3.08 x 1010 3.20x l0"2 2.91 x 108 1.63 -3.09x l06
Talc 2.24x lO10 4.02x l0"2 2.44x lO9 1.63 -1.39x lO6

vo=1.63x lO'1N/s.

Table 4. Empirical formulas for dependence of Poisson's ratio on loading rate11*
v=vo(v/voy [-]

Probable Range of loading
Sample ° p error rate, v

H H H [N/s]
Quartz glass 2.01 x 10"1 -8.50x lO~3 2x lO"3 1.63x IOM.IOx 107

Borosilicate glass 2.49X 10"1 -1.53x lO"2 1 x 10~3 1.63x 101-5.95x 107

Quartz 1.50x lO"1 -2.39x 10"2 4x lO"3 8.17 -1.80x 107

Feldspar 3.03x lO"1 -1.48x lO~2 1 x 10~3 8.17 -1.79x lO7

Limestone 4.ll x lO"1 -2.12x lO~2 2x lO"3 8.17 -5.12x lO6

Marble 3.06X 10"1 -3.87x lO~2 1.4x lO~2 3.27 -1.79x lO6

Gypsum 3.25x lO^1 -4.30x lO~3 2x lO"3 1.63 -3.09x 106

Talc 3.49x lO"1 -1.73x lO"2 7x lO~3 1.63 -1.39x 106

i50=1.63x lO"1N/s.

load Lf is given by the following equation, when the
load L acts on the particle:

pf= l -exp[-(L/Lf)2 5] (16)

The effect of the atmosphere on the strength of
brittle particles was also considered in this study. Ss
was measured both under reduced and under atmo-
spheric pressure by Yashima et al9) at a conventional
rate of loading. They found that Ss has a tendency to
be larger under reduced pressure than under atmo-
spheric pressure. The ratio of the sphere compressive
strength under reduced pressure SSv to that under
atmospheric pressure SSa is presented in Table 2.

The drag force of air was calculated by using

Stokes', Allen's or Newton's law1} governed by the
range of Reynolds number.
It was assumed that the effects of the loading rate,
particle volume and atmosphere on the crushing
behavior of the brittle particle are independent of
each other.
4. Results of Model Calculation

The probability of breakage of the fed particle,
which was calculated for a wide range of particle size,
is illustrated in Figs. 3, 4 and 5, for limestone, marble
VOL 20 NO. 4 1987

Fig. 3. Relationship between probability of fracture and
particle size calculated by using a simplified model
(Limestone).

Fig. 4. Relationship between probability of fracture and
particle size calculated by using a simplified model (Marble).

and gypsum respectively. From the figures, the prob-
ability of breakage of large particles is close to unity
whether under reduced or under atmospheric pres-
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Fig. 5. Relationship between probability of fracture and
particle size calculated by using a simplified model (Gypsum).

sure. However, the probability of breakage of par-
ticles less than 1 x 10~4m for limestone, 4x 10~4m
for marble and 5 x 10~5 m for gypsum under reduced
pressure is larger than that under atmospheric pres-
sure. It suggests that fine products can be more

readily produced under reduced pressure than under
atmospheric pressure.

In single fracture of a brittle particle, specific
surface area produced by fracture ASw is in pro-

portion to specific strain energy E/M, accumulated in
the particle until fracture occurs at the same loading
rate. From the theory of elasticity and Eq. (15), E/M

is proportional to S5J3 (see Appendix B). If the
probability of breakage is close to unity and the load
on the brittle particle acts at the same loading rate, the
ratio of ASwvto ASwaapproximately agrees with the
value of (SJSJ5'3. The value of (SJSJ513 is also

tabulated in Table 2 together with the experimental
results of ASwJASwa. As shown in the table,
ASwJASwa approximately agrees with the value of
(SJSJ513 for large particles for which the probability
of breakage is close to unity, except for gypsum. For
small particles, ASwJASwahas a tendency to increasewith decreasing particle size. This agrees with the

results of the model calculation.

Conclusion

Grinding tests on brittle materials were carried out
both under reduced and under atmospheric pressure,
using a laboratory hammer mill. Finer products were
obtained under reduced pressure than under atmo-

spheric pressure.
In addition, a modelcalculation was carried out to
explain the experimental results from the standpoint
of single fracture by using a simplified model of the
hammermill. Results of the model calculation in-
dicated that a part of the experimental results was
explained by this model.

Appendix A

Collision of a fed particle with a stationary particle occurs when
the distance between the center of the fed particle and the center of
the stationary one equals d. The probability of collision of the fed
partjcle with the stationary one, having the free path ofS to S+ AS,
is given by the product of two probabilities. One is the probability
that no center of a stationary particle is included in a cylindrical
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space of diameter Id and length S, which was formed along the free
path. The other is the probability that only one center is included in
an incremental cylinder of length AS, as shown in Fig. 6. The

probability p(k; NV) that k centers of stationary particles are
included in a space of volume V is given by the following Poisson
distribution:

(NVf
p(h; NV)= exp(-NV) (A-l)

k\

where N denotes the numberof stationary particles in unit volume,
assuming that the stationary particles are dispersed at random in
position. Therefore, the probability of the collision Ap having the
free path of S to S+AS, is given by the equation

Ap=p(0; Nnd2S)p(\; Nnd2AS)
=Nnd2AS cxp[-Nnd2(S+ AS)] (A-2)

The probability density of the collision /? (S) having the free path of
S is, therefore, given by the equation

p(S)= lim ApjAS
AS-+0

=aQxp( -aS) (A-3)

where

a = Nnd2 (A-4)

Meanfree path S is given by the equation
_f00 f00

S= Sp{S)dS=a Sexp(-aS)dS

= l/a= l/Nnd2 (A-5)

N is expressed by using the void fraction s and the diameter d, as
follows:

N= 6(1 -e)/nd3 (A-6)

From Eqs. (A-5) and (A-6), the following relationship is obtained:
S=d/6(\ -s) (A-l)

Appendix B
The strain energy E accumulated in a brittle particle until

fracture occurs is given by the equation

E= LdA (B-l)

where Af denotes the deformation of the particle at the breaking
point. From Eqs. (3) and (B-l), the relation between E and the
fracture load Lf is given by the equation

CLf2
E= -KL2/3dL=0AKL^/3 (B-2)

Jo 3

From Eqs. (15). and (B-2), E/M is related to Ss by the equation
E/M= 0.4 KM ~ W2/^)5^3 (B-3)

where M is the mass of the particle. The following relationship is,
therefore, found to be applicable:

E/M oc S5J3 (B-4)

Nomenclature
A = coefficient in Eq. (14)
d = diameter of particle [m]
E = strain energy (=fracture energy) [J]
E/M = specific fracture energy [J/kg]
H = Mohs'hardness [-]

JOURNAL OF CHEMICAL ENGINEERING OF JAPAN



Fig. 6. Cylindrical space formed along free path of fed
particle.

K = coefficient given by Eq. (4) [m-N"2/3]
k = number of particles [-]
L = compressive load [N]
Lf = fracture load [N]
Lf = average fracture load [N]

Anax = l°a(i at maximumcompression [N]
M,M1,M2= mass of particle [kg]
Mr = reduced mass [kg]
m = WeibulFs coefficient of uniformity [-]
N = number of particles in unit volume [-]
Pf = probability of fracture [-]
p(k;NV) = probability that k points are included

in a space of volume V [-]
p (S) = probability density of collision having

free path S [m~l]
Ap = probability of collision having

free path ofSto S+AS
= radius of curvature
= free path
= mean free path

= sphere compressivestrength

( = tensile strength)
= coefficient in Eq. (13)
= Ss under atmospheric pressure
= Ss under reduced pressure
= incremental free path

= specific surface area produced by fracture
or grinding

= ASwunder atmospheric pressure
= ASwunder reduced pressure

t = loading duration [s]
tmax = loading duration at maximumcompression [s]
u = impact velocity [m/s]

uQ = peripheral speed of hammer [m/s]
V = volume [m3]

v = loading rate (at maximumcompression) [N/s]
v0 = standard loading rate [N/s]
x = variable of integration [-]
Y, YU Y2 = Young's modulus [Pa]
Yo = coefficient in Eq. (ll) [Pa]

a = exponent in Eq. (ll) [-]
P = exponent in Eq. (12) [-]
y = exponent in Eq. (13) [-]
A = deformation [m]
Af = deformation at breaking point [m]
Amax = deformation at maximumcompression [m]
£ = void fraction [-]
v = Poisson's ratio [-]
v0 = coefficient in Eq. (12) [-]
p = density [kg/m3]
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