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A two-stage bubble formation model is presented for constant-flow conditions to predict the size of bubbles
formed at a single downward-facingnozzle submerged in liquids or liquid metals.

Agreementbetween results calculated by this model and experimental data for water was fairly good over a wide
range of experimental conditions, but not good for copper melt. The reasons for this discrepancy are discussed.

Introduction

Gas dispersion in liquids has played an important
role in many physical and chemical processes in

bringing about efficient mass and heat transfer be-
tween gas and liquid phases. Bubbling phenomena in
copper converting and steelmaking have also recently
received muchattention.
One commondispersion method is blowing the gas

through nozzles or orifices submerged in liquids.

Muchresearch has been done on bubble formation
from upward-facing nozzles or orifices in liquids and
molten metals.4j9'13) Some empirical equations and
bubble formation models have been presented to
predict the size of bubbles formed from upward
nozzles and orifices in liquids and liquid metals, but
little has been known about bubble formation from
downward-facing nozzles.14)
The purpose of the present study is to propose a

bubble formation model which predicts the bubble
size when bubbles are formed at a submerged
downward-facing nozzle in liquids and molten metals.
To examine the validity of the proposed model, the
calculated results were compared with experimental
results for water and copper melt.

1. Bubble Formation Model and Mathematical For-
mulation

Some theoretical and empirical equations have
been presented for the size of bubbles formed at
wetted upward nozzles in water and organic liquids2s5)
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and at nonwetted upward nozzles in molten metals.9)
On the other hand, few theoretical and empirical
equations have been obtained for the size of bubbles
formed at downward-facing nozzies in molten metals
or in water or organic liquids. Wraith14) proposed a
one-stage model by considering the simple force
balance between the buoyancy and inertial force

under constant gas flow conditions, and obtained the
following equation for the air-water system.

<4=0.8212°-4 (1)

Though Eq. (1) agrees well with his experimental
results for large gas flow rate, the range of applica-
bility of this model seems to be limited. Therefore, the
following two-stage model is presented for better
understanding of bubble formation for a wider range
of gas flow rate.
The two-stage formation model of bubbles formed

at a single vertically downwardnozzle in liquids and
liquid metals is based on the following assumptions.
(1) The flow rate of gas flowing into the bubble

through a nozzle is constant during bubble formation,
that is, bubbles are formed under constant flow
conditions.

(2) The bubble grows up spherically.
(3) Bubble motion is not affected by the presence

of other bubbles.
(4) The bubble formation consists of two stages,

the expansion stage and the detachment stage, as
shown in Fig. 1.
(a) Expansion stage: The bubble grows up spheri-

cally while it remains at the nozzle as shown in Fig.
la. This stage ends when the detachment stage begins.
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Fig. 1. Schematic diagram of bubble formation.

(b) Detachment stage: This stage begins when the
viscous drag force, inertial force, the rate of gas

momentumand surface tension acting on the bubble
are just balanced by the buoyancy force. The bubble
continues to grow while lifting up vertically, but the
gas is still fed through the nozzle as shown in Fig. lb

and c. This stage terminates when the base of the
bubble detaches from the nozzle tip and the bubble
separates as shown in Fig. Id.
1) In thecase of wetted nozzle When the nozzle is
completely wetted with the liquid, for example, water
or organic liquids, the equations which describe the
phenomenamentioned above are formulated by using
the outer nozzle diameter Doand the inner nozzle
diameter Dt in the following manner:
In the expansion stage, the constant-flow condition

is written as:

Qg = dVJdt = d(4nr3/3)/dt = constant (2)

where initial conditions are r=DJ2 and dr/dt=
QJnDl

The detachment stage begins, (that is, the expan-
sion stage ends) when the following force balance

equation for the bubble lifting up vertically holds:

pl Vb2g = 0. 5CDplTcr2(dr/dt)2 +

d(M[dr/dt)/dt + 4PgQ2g/7iD2 + nDtG (3)

Correcting for the presence of the nozzle, the bubble
volume Vb2 in Eq. (3) is given by volume less the
hatched volume shown in Fig. lb; that is, Vb2=
4nr3/3-nD20r/2. M[ in Eq. (3) is the virtual mass

for ascending motion of bubble. As the bubble as-
cends while surrounding the nozzle, it is difficult to
obtain the precise virtual mass. In this model M[ is
assumed to be 0.5ptVbl for a spherical bubble moving
parallel to the wall,6) which gives only the order of
magnitude of the effect due to the inertia.

In the detachment stage, the constant-flow con-
dition is written as:

Qg = dVb3/dt = constant (4)
Correcting for the presence of the nozzle, the bubble

volume Vb3 is given by the bubble volume less the
hatched volume shown in Fig. lc; that is
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Vb3 =4nr3/3-nD20(r+x)l4. x is the vertical distance
between the bubble center and the nozzle tip. Positive
values for x are measured upward from the nozzle tip.

By considering the inertial force, the buoyancy

force, viscous drag force, the rate of gas momentum
and surface tension on the bubble, the equation of
motion for the bubble in the detachment stage is
written as follows:

d(M2'dx/dt)/dt = pl Vb2g -

0.5CDplnr2(dx/dt)2-4pgQ2/7iD2-nDia (5)

By the correction for the presence of the nozzle,
virtual mass M2is assumed to be 0.5ptVb3.
The equations of the detachment stage, Eqs. (4) and

(5), can be solved for the initial conditions r=ref9
dr/dt=dr/dt\ef, x= -ref and dx/dt=0.
The end of the detachment stage is assumed to be
when the bubble base detaches from the nozzle tip.

x-r^O (6)

As the drag coefficient CD in Eqs. (3) and (5), it is
appropriate to use the drag coefficient of a bubble
sphere rather than a solid sphere, so that CD-Re
relation for the bubble sphere was used to calculate
bubble formation at an upward-facing orifice in
liquids.12)

The simultaneous differential equations described
above are solved numerically and the final bubble

volume Vb and the final equivalent spherical diameter
db in the detachment stage are obtained as follows:

Vb = 47zr3/3 - nD20r/2 (7)

db =(6 Vbln)^ (8)

2) In the case of nonwetted nozzle When the

nozzle is nonwetted with the liquid, for example, a
liquid metal, the surface tension terms in Eqs. (3) and
(5) are rewritten by using outer nozzle diameter Do
instead of inner nozzle diameter D{ as follows:
Pl Vb2g = 0.5CDPlnr2(dr/dt)2

+ d(Midr/dt)/dt + 4pgQ2/nD2 + nD0G (9)

d(M2'dx/dt)/dt = pl Vb2g
-0.5CDplnr2(dx/dt)2 -4PgQ2/7iD2-nDo(T (10)

Initial conditions in the expansion stage are rewritten
as r=DJ2 and dr/dt=QglnD2.

The other equations are the same as those in the
case of a wetted nozzle, and the final bubble volume
and the final equivalent spherical diameter are ob-
tained from Eqs. (7) and (8).
2. Experimental Apparatus and Procedures

Figure 2 showsa schematic diagram of the experi-
mental apparatus. The nitrogen gas was fed into a 10 1
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Fig. 2. Schematic diagram of experimental apparatus.

glass beaker of 0.21 m diameter and bubbles were
formed in water through an alumina nozzle of outer
and inner diameters ll.8xlO"3 and 7.7xlO~3m

respectively. The bubbles formed at the nozzle were
photographed by a 16-mm high-speed camera and the

films obtained were analysed with a film analyser. To
prevent the distortion of bubble shape in the film, the

beaker was set in a square box madeof acrylic resin
filled with water. By assuming that the bubbles were
all of the same size, the bubble volume was calculated

by dividing gas flow-rate by the bubble formation
fre quency.
3. Results and Discussion
3.1 Effect of nozzle diameter

It is considered that the outer and inner nozzle
diameters affect the bubble size. Figure 3 shows the

relations between bubble size db and gas flow rate Qg
in water for various combinations of outer and inner
nozzle diameters obtained from our experimental

results and other researchers' experimental results.3>8)
The results calculated by this model, shown by curves,
fit adequately with the experimental results in the case
of water.
It can be seen that the nozzle diameter, especially
outer diameter, affects largely the bubble size for

small gas flow rates, while it has small effect on the
bubble size for large gas flow rates.
In Fig. 3, Eq. (1) by Wraith14) is also shown. It
agrees well with experimental data and our model
calculation for large gas flow rates.
3.2 Effect of the physical properties of liquids
When the nozzle is not wetted with the liquid, it is
considered that the effect of inner nozzle diameter on
bubble size is negligible and only outer nozzle diam-
eter affects the bubble size. Figure 4 shows the calcu-
lated results between bubble diameter db and the gas
flow rate Qg with the physical properties of the liquid

as a parameter for the nonwetted nozzle of outer
diameter 6.0 x 10~3m. The curves in the figure cor-
respond to the conditions of the physical properties of
liquids as follows: Curve 1, copper melt at 1573K;
Curve 2, hypothetical copper melt whose density is
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the same as that of water; Curve 3, hypothetical
copper melt whose surface tension is the same as that
of water; Curve 4, water; Curve 5, Eq. (ll), the
empirical equation for the upward-facing nozzle in

liquid metals.9)
db=0.569(QgD°o 5)0-289 (1 1)

Except for high gas flow rates, the effects of both
density and surface tension on bubble size are sig-
nificant, and the bubble size increases with increas-
ing surface tension and with decreasing liquid density.

In the same figure, the experimental results are
shown for copper melt at 1573K' (pj=7.80x
103kg/m3, ft=2.67mPaà"s, a=1270mN/m) with

alumina downwardnozzle of outer diameter 6.0 x
10~3m submerged in the column of5 x lO"2m diam-
eter.^ They are nearly equal to the model calculation
of Curve 2, but are muchlarger than that of Curve
1 for copper melt.

The most likely reasons for the discrepancy be-
tween the calculated and experimental results are

considered to be as follows:
1) As the gas holdup s in the liquid metal affects
the density of the liquid metal.pl9 the apparent density
of liquid metal p{ is written as follows:

Pl=pt\-s) (12)

Gas holdup s in the bubble column is given by
considering the difference between the rising velocity
of a single bubble ub and that of the bubble swarm7}:

G= Ug/(ug+ub) (13)

where ug is the superficial gas velocity. The rising
velocity of a single bubble in liquid metals is given by
the following dimensionless correlation equations
corrected by the wall effect Ln)
l2MoOA5 < Ga°-5Mo°-23 < 7A:

ReMo°'23/(l -X1'5)=2A2(Ga°-5Mo0-23)0'523 (14)
7A<Ga0 5Mo0-23 <23:

ReMo°'23l(\ -k1 5)= \m(Ga0 5Mo0-23f m5 (15)

23 < Ga0 5Mo0-23:

ReMo°-23l{\ - }}<5)=Q.l\6Ga0'5Mo0'23 (16)

The bubble diameter in molten metals is estimated
from the following equation.10)

db= 6.90(c/Pl)0-5u°g " (17)

When the gas flow rate Qg is given, bubble diameter
dh is obtained from Eq. (17), ub from Eqs. (14)-(16), e
fromEq. (13) and p{ from Eq. (12). Table 1 shows the
calculated results for copper melt at 1573K for gas
flow rates of 1 x 10"5 and 1 x 10~4m3/s, which cor-
respond to Fleischer's experimental data.3) Whenthe
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Fig. 3. Relation between bubble diameter and gas flow rate.

Fig. 4. Effect of the physical properties of liquids on bubble size.

Table 1. Calculation of apparent density of copper melt at
1573K (column diameter: 50- 10~3m)

Qg-\06 ug-\02 db-\02 ub s Pl'-103

[m3/s] [m/s] [m] [m/s] [-] [kg/m3]

10 0.509 0.858 0.249 0.020 7.64

100 5.09 2.36 0.233 0. 179 6.40

gas flow rate increases, the apparent density of copper
melt decreases and then the bubble size formed
becomes larger. But the effect of gas holdup on

bubble size may be neglected in the case of water.
2) As heat transfer between gas bubble and liquid

metal is not considered in this model, the bubble size
will be predicted to be smaller by this model than by
the model considering the heat transfer between bub-
bles and liquid metals.1}
3) Constant flow condition seems to be not ac-

tually fulfilled in Fleischer's setup.3)

C onclusion
To predict the size of bubbles formed at a single

downward-facing nozzle submerged in liquids or liq-
uid metals, a two-stage bubble formation model was
proposed for constant gas flow conditions. The quan-
titative agreement between results calculated by this

model and experimental data for water was fairly
good over a wide range of experimental conditions.
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On the other hand, the agreement between calculated
and experimental results was not so good when

copper melt was used as liquid metal. The reasons for
this discrepancy were discussed.
It is necessary that more experimental data in liquid

metals be accumulated for comparison with the model
calculation.
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Nomenclature

CD - drag coefficient of bubble [-]
D = column diameter [m]
D{ = inner diameter of nozzle [m]
Do = outer diameter of nozzle [m]
db = equivalent spherical diameter of bubble [m]
Ga .= Galilei number, dlgpf/fif [-]

g = gravitational acceleration [m/s2]
M = mass of liquid displaced by bubble [kg]
Mo = Morton number, giif/piP3 [-]
Ms = mass of sphere [kg]
M[, Mf2 = virtual mass of bubble [kg]
Qg - gas flow rate [m3/s]
Re = Reynolds number, dhuhp^\ix [-]

r = radius of bubble [m]
t = bubbling time [s]

ub = rising velocity of single bubble [m/s]
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U9

vb
vbl , vb2, vb3
x

8

X

p

o

superficial gas velocity
final bubble volume
bubble volume in each stage
vertical distance between bubble center and
nozzle tip

=gas holdup
=diameter ratio, dJD
=viscosity
=density
=surface tension

( Subscripts)
ef
9
I

= final value of expansion stage
=gas
=liquid

[m/s]
[m3]
[m3]

[ml

[-]
[-]

[Pa s]
[kg/m3]

[N/m]
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GAS HOLDUP AND PRESSURE DROP IN THREE-PHASE
HORIZONTAL FLOWS OF GAS-LIQUID-FINE
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Gas holdups and pressure drops of gas-liquid-solid cocurrent three-phase flow containing fine solid particles of
30, 60 and 100/im average size were measured in horizontal tubes and the following results were obtained.
(1) Gas holdups at the conditions of homogeneousslurry flow are the same as those of gas-liquid two-phase

flow. However, the heterogeneity of slurry flow reduces the gas holdup. Considering these aspects, a gas holdup
correlation of gas-liquid-solid three-phase horizontal flow is proposed to correlate the data over a wide range of
operating conditions.
(2) Pressure drops of gas-liquid-solid three-phase flow in horizontal tubes are more considerably influenced by

solid intermixing than those in vertical tubes. A correlation to describe the pressure drop of gas-liquid-solid three-
phase horizontal flow is proposed.

introduction

In the design of wet desulfurization and coal
liquefaction plants, it is important to specify the hy-
drodynamics of gas-liquid-fine solid particles three-
phase flow systems. A few published works5'6) on gas-
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liquid-solid flows conceive problems in the applica-
bility to such plant systems containing fine solid
particles, because solid particles above 100/mi in size
were used in the literature. The hydrodynamic infor-
mation from gas-liquid two-phase flows would better
have been used to predict the hydrodynamics of such
plant systems. To reduce that serious problem, gas
holdups and pressure drops of gas-liquid-fine solid

particles flows were measured in vertical up flow and
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