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The flow in the annulus of a water spouted bed of small glass particles 0.574mmand 0.964mmin diameter is
studied in a cylindrical half-column 90 mmin diameter.
An axisymmetric model of flow, which assumes Darcy flow in the annulus and uses the experimental spout-

annulus inter facial boundary condition, predicts the annulus fluid streamlines of fine particle beds well.
The model calculations show that the average fluid velocity at the top of the annulus decreases as particle size and

bed height decrease and the fluid residence time distribution in the annulus is broad.
Particles are observed entering the spout primarily near the spout inlet in agreement with the predicted axial

voidage profile in the spout.

Introduction

The spouted bed is commonly thought of as being
useful only for processes involving coarse particles. It
has been studied quite intensively, but not much
information is available for a bed of fine particles of
dp<1mm.Small particle systems are of interest
theoretically because the inertial force of the jet at
minimumspouting is small relative to the bed pres-
sure drop.

In applying spouted bed technology to fluid-
particle reactions, it is necessary to have a model of
flow in the annulus of a spouted bed from which the
residence time of the fluid and the amount of the fluid
flowing through the annulus at any bed level can be
calculated. Since one-dimensional models3'9) devel-

oped for predicting the axial pressure and velocity
distributions of the fluid in the annulus of a spouted
bed cannot predict the actual streamlines, they are not
useful whenever such information is important.
There are two types of axisymmetric flow models in

the literature. Lefroy and Davidson51 solved a bound-
ary value problem assuming Darcy flow in the
annulus. This model has been modified by many
workers.2'7'16* The other type of axisymmetric flow

model reported is that of Lim and Mathur.6) The
characteristics and differences of these models have
been well described by Littman et al.8)

Recently, Littman et al.8) presented an axisym-

metric flow model of the kind first proposed by
Lefroy and Davidson5} which took into account non-
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Darcy flow in the annulus. Using the Morgan and
Littman13) spout-annulus pressure boundary con-

dition, they showed that the model represented the
pressure and stream-function fields in the annulus
well and calculated the axial velocity profile and the
residence time distribution of the fluid.
In this work, the flow characteristics of a water

spouted bed of small glass particles, 0.574mm and
0.964mm in diameter, are studied in a cylindrical
half-column 90 mmin diameter. Using experimentally
measured model parameters, an axisymmetric flow
model of Lefroy and Davidson type5) which assumes
Darcy flow in the annulus is used to predict the
streamline, velocity and residence time of the fluid
there. The predicted streamlines and residence times
of the fluid are compared with the experimental data.
In addition, the axial fluid velocity and spout voidage
profile are calculated and compared with those for air
spouted beds of coarse particles.
1. Flow Model

For the spouting of small particles, dp < 1 mm, with
water, Darcy's law is applicable in the annulus at
minimumspouting since the non-linear term in the
Ergun equation is less than 10% of the linear term in
general. The equations for the flow in the annulus are
the same as those of Lefroy and Davidson5) except
for the spout-annulus inter facial boundary condition.

V-u=0 (1)

VP= -Au (2)

The voidage in the spout is higher than that in the
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annulus and the bed voidage varies smoothly, axially
as well as radially. However, we assumed that ft is
constant since we observed that the voidage in the
annulus was essentially constant except for,the region
very close to the spout-annulus interface.

From Eqs. (1) and (2), the pressure field in the
annulus is

V2p =0 (3)

For axisymmetric motion about the z axis of the
cylinder, the boundary conditions are

apML o (4)dz
p(r, H)=0 (5)

% *U (6)or
p(rS9 z) =f(z) (7)

The spout-annulus inter facial boundary condition
is obtained experimentally and described in terms of
the polynomial

/(*) =Pst(z) -Pst(H) = APSi(a + b£ + c? +d?)
where a, b, c and d are constants. The values of these
constants are given in Eqs. (9) and (10).

From Eqs. (2) and (3) together with the boundary
conditions, we obtained the stream function in the

annulus as

Mr7\= APsir h(á")Ki(mrc)-h(á"c)KMr)
n' ' /i r/o(wrs)X1(mrc)+/1(wrc)Xo(inrs)

x f; ^sin(nnz/2H) (8)
n=l,3,5 n

where

cn=\ -FT-ryf^^^W^+T^L rrn2 n5n3 trie]

2. Experiments

The experiments were carried out in the apparatus
shown schematically in Fig. 1. The spouted bed shown

in the figure is a cylindrical half-column, 90mmin
diameter and 800 mmhigh. It is made of Plexiglas and
has a flat base. The flat face of the half-column has a

non-uniform rectangular grid of 44 pressure taps, all
connected to the piezometer tubes. The water tem-
perature was generally kept at about 25°C.
The bed pressure drop, annulus height, jet penet-

ration and spout fountain height are shownin Fig. 2
as a function of flow rate for 0.964-mmparticles. The
bed is shallow enough for thejet to penetrate it. With
increasing flow rate thejet begins to penetrate the bed,
and as the flow rate is increased, penetration con-
tinues rapidly with decreasing bed pressure drop until
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Fig. 1. Schematic diagram of experimental apparatus: 1,
water tank; 2, water filter; 3, pump; 4, rotameter; 5, spouted

bed. Arrows indicate direction of water flow.

the jet reaches the top of the bed at point A'. On
decreasing the flow rate from above the minimum
spouting, thejet ceases to penetrate the top of the bed
at point A. This flow rate, seen in Fig. 2, is defined as
the minimumspouting flow rate. AP^ is the measured
pressure drop, [ps(0)-Ps(H)L along the axis of sym-
metry in the minimumspouting condition. The spout-
annulus inter facial pressure drop, APSi, is the pressure
drop measuredin the spout close to the interface and
is essentially the same as APS.

Above a certain bed height, the jet does not pene-
trate to the top of the bed regardless of flow rate,
because the bed expands faster than the jet can

penetrate it. The criterion for determining Hmand
(umS)Hmfor these beds was formulated by observing

the change in shape of the jet with decreasing flow
rate. As the fluid velocity is lowered from above

(umS)Hrn, the jet narrows at the top, finally assuming a
flame tip shape. (umS)Hm is the highest velocity for

which the flame tip-shape jet is visible and is slightly
higher than umF (Tables 1 and 2). The height of the
spout to the tip of the flame shape jet at {umS)Hrnis
denoted Hm. (APmS)Hmis the spout pressure drop at
(ums)Hm m tne bed of height Hm.

The fluid streaklines and residence times were
measured by use of dye tracer techniques. Methylene
blue solution, 1% by weight, was injected into the
annulus and the streakline was photographed and the
residence time along the streamline measured. Using
colored particles, the particle pathlines in the annulus

along the flat face of the half-column were measured.
During the experiment, no air bubbles were observed
in the bed and the pressure readings were steady. A
cylindrical column, 80mmin diameter, was used to
carry out the fluidization experiments.
The fluidization and particle properties of the sys-
tem studied are listed in Table 1 and the spouted bed
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Fig. 2. Bed pressure drop, annulus height, jet penetration
and spout fountain height as a function of flow rate: dp=

0.964mm; , increasing flow rate; , decreasing
flow rate.

Table 1. Flow and particle properties of the system studied

Z)c= 80mm

dp pp o smF umF
[mm] [kg/m3] [m2/s] [mm/s]

0.574 2340 0.894 x lO~4 0.400 3.04

0.964 2460 0.894 x lO~4 0.402 6.30

Table 2. Experimentally measured spouted bed properties
Z)c=90mm, 2),,=55mm, dt=6.7mm

dp H umS ds A PmS A PmF
[m m] [mm] [mm/s] [mm] [kPa] [kPa]

0.574 40.0 1.31 9.0 0.200 0.318
67.8 2.24 9.9 0.333 0.524
88.0 2.68 10.6 0.445 0.683

109.8 3.06 1 1.6 0.567 0.843
130.8 3.36 12.8 0.716 1.006
156.5* 3.46 13.8 0.918 1.207

0.964 67.0 5.03 12.3 0.331 0.541
88.8 5.80 13.6 0.444 0.708

103.2 6.74 14.6 0.515 0.820
111.0* 6.81 15.1 0.558 0.877

*Hm.

properties in a bed of height equal to or less than Hm
at minimum spouting are listed in Table 2. The

particles are spherical and the average spout diameter
listed in Table 2 is the mean value, that is, $lds(z/H).

3. Results and Discussion
3.1 Spout-annulus inter facial boundary condition

The spout-annulus inter facial boundary condition
VOL 19 NO. 4 1986

is the critical condition required for calculating the
flow field in the annulus. For this reason, we mea-
sured the axial pressure in the spout close to the
interface and compared it with the spout pressure

distributions by various methods.5'9'13)
As can be seen in Table 2, the normalized minimum
spouting pressure drop, APmS/APmF, increases with
H/Hm approximately linearly and reaches 0.760 and

0.636 at H=Hm for 0.574mm and 0.964mm, re-
spectively. These are in good agreement with the

maxima predicted by the Mamuro and Hattori9) and
Lefroy and Davidson5) theories (0.75 and 0.64, re-
spectively). The Morgan and Littman13) theory pre-
dicts that (APmS)HJAPmFdecreases as the particle size
is increased for a given system. However, their theory

predicts the values for (APmS)HJAPmF as 0.502 for
0.574-mm and 0.402 for 0.964-mm particles, which
are substantially lower values than those found
experimentally.

The experimental pressure profile along the spout-
annulus interface is normalized and correlated in
terms of a third-degree polynomial. Our correlations
for the normalized inter facial pressure profiles are
Psi(z) - Psi(H)

APv
-=1.00-0.25£-l.llC2+0.36£3 (9)

for 0.574-mm particles; correlation coefficient = 0.975
and

Ps^)-PS^)=100_QllC_1 16C2+027C3 (1Q)

for 0.964-mm particles; correlation coefficient = 0.972.
Equations (9) and (10) are shown in Fig. 3 along
with the profiles of Grbavcic et ai3) and Lefroy and
Davidson.5) The profiles ofMorgan and Littman13) fall
in between those of Grbavcic et al?) and Lefroy and
Davidson5} and their theory predicts that the nor-

malized pressure for 0.574-mm particles is slightly
lower than that for 0.964-mm particles for a given
value of z/Hm.
As can be seen in Fig. 3, the theories3'5) represent
the normalized inter facial pressure profile quite well.
However, there are substantial differences between

the experimental correlations and the theoretical pro-
files3'5'1^ in the slopes of the profiles as z/Hm ap-

proaches zero, which have again a substantial effect
on the flow in the annulus and the spout voidage
profile. Note that all the theories3'5'13) predict that the

slope of the normalized inter facial pressure profile at
z/Hm=0 is zero, but our correlations give the values
as -0.25 and -0.ll for 0.574-mm and 0.964-mm
particles, respectively. For this reason, our corre-
lations are used for model calculations. However,
except for the region close to the spout inlet, the

Grbavcic et a/.3) and Lefroy and Davidson5) theories
predict the spout pressure drops, (APmS)HJAPmF,and
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Fig. 3. Normalized spout-annulus inter facial pressure
profile.

the normalized pressure profiles at the interface well
overall for 0.574-mm and 0.964-mm particles,
re spectively.
3.2 Stream-function fields and streamlines

Equation (8) was used to calculate the fluid stream-
lines and velocities in the annulus, and the results are
shown in Figs. 4 and 5 for 0.574-mm and 0.964-mm

particles, respectively, together with the measured
fluid streaklines and particle pathlines. Each bed is at

its maximumspoutable height in the condition of
minimumspouting.

As can be seen in the figures, our model predicts the
fluid streamlines well. It is generally known that the
particle pathlines in the annulus of a gas spouted bed
of coarse particles are approximately parabolic and

practically identical with the fluid streamlines.10) In

addition, the particle cross flow rate per unit height of
the interface is constant.lo'n'17)

For the spouting of small glass particles with water
at minimum spouting, the particles are observed

entering the spout primarily in the region close to the
spout inlet, z/i/m <0.3, and reentering the annulus in

the upper part of the bed, z/Hm>0.7, forming an
inner circulation pattern as shown in Figs. 4 and 5.
Grbavcic4) has reported the same particle circulation

pattern in a water spouted bed of 2.5-mm glass
particles at u=umS and H=Hm(see Figure SI.8 of
Grbavcic). It is obvious that the particle cross flow rate
from the annulus to the spout is not constant in this
case. The particle velocity and circulation will be dealt
with in another paper.
3.3 Average axial fluid velocity in the annulus

The radially averaged axial fluid velocity in the
annulus was calculated from the model, and Fig. 6
shows a comparison of the various models at the

maximumspoutable height and in the condition of
minimumspouting.
In the Lefroy and Davidson5) and Grbavcic et al.2)
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Fig. 4. Fluid streamlines and particle pathlines: dp=

0.574mm; u=umS; H=Hm; , fluid streamlines (calcu-
lated); , fluid streaklines (measured); , particle

pathlines (measured); O, injection point of dye tracer.

Fig. 5., Fluid streamlines and particle pathlines: dp=

0.964mm; u=umS; H=Hm; , fluid streamlines (calcu-
lated); , fluid streaklines (measured); , particle

pathlines (measured); O, injection point of dye tracer.

models, <X>Hw is equal to umF and (ua}/umF is a

unique function of z/Hm. Piccinini et al.15) modified
the Grbavcic et al.3) model based on the experimental
data of Epstein et al.1] and proposed

<
Ma>UmUmF L V HmjJ

Recently, Littman et al.8) have shown from their
axisymmetric flow model that <wa>//m/wmF is less than
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Fig. 6. Comparison of models predicting average axial fluid
velocity in annulus: u= umS.

1 and Eq. (ll) is in good agreement with their model
predictions, even for beds of height less than Hm.
For coarse particle beds,2'8) (umS)Hrn is equal to umF.
In our experiments, (umS)Hrn is 13.8% above umF for
0.574-mm particles and 8.1% above for 0.964-mm

particles (see Tables 1 and 2). For this reason, we

normalized <X> with (umS)Hminstead of umF.
As can be seen in Fig. 6, the model predicts that

(ua)/(umS)Hrn increases with z/Hm and reaches 0.67 for
0.574-mm particles and 0.89 for 0.964-mm particles at
z/Hm= 1.0. The value for 0.964-mm particles, 0.89, is
similar to the coefficient in Eq. (ll), 0.88, and the
0.925 figure given by Littman et al.8) However, the
value for 0.574-mm particles, 0.67, is substantial^
lower than those for coarse particles. In addition, the

portion of the fluid flowing through the top of the
annulus calculated at u=umS and H=Hm,

[<ua>Hrn(D2c-Dl)]/[(u^)HrnD2c], is 0.65 for 0.574-mm
particles and 0.87 for 0.964-mm particles. Littman ei

al.8) reported the portion to be 0.872 for 2.94-mm

glass particles spouted with air. These show that both
the fluid velocity and the portion of the fluid flow

through the top of the annulus of a fine particle bed
are substantially lower, than those of coarse particle

beds.

As the particle size is increased in the minimuir
spouting condition, the maximumspoutable heighi

decreases but the spout diameter increases. Thes^
changes cause substantial increase in the spout-

annulus inter facial area per unit volume of the an-
nulus and the flow through the annulus as the partick

size is increased.

As the bed height is reduced below the maximun
spoutable height for each particle size, the mode
calculations show that both the average axial fluic

velocity and the portion of fluid flowing through the
top of the annulus decrease, as can be seen in Fig. 7
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Fig. 7. Effect of bed height on average fluid velocity at top
of annulus and portion of the fluid flowing through top of
annulus: u= umS.

3.4 Residence time distribution
The residence time of the fluid along the various

streamlines was calculated from the model for a bed
of height, Hm, at minimum spouting condition assum-
ing the annulus voidage is smF.

The calculated residence time distribution of the

fluid in the annulus normalized by HJumSis shown in
Fig. 8 for 0.964-mm particles. The normalized res-
idence time distribution for 0.574-mm particles was
similar to that for 0.964-mm particles. As can be seen
in Fig. 8, the fluid residence time distribution is broad
and, as expected, the fluid entering the annulus near
the spout inlet has a longer residence time than the
fluid entering the annulus higher in the interface. This
behavior is similar to that reported for coarse particle
beds.8)

To estimate the degree of deviation between mea-
sured and calculated residence time, the dye tracer
was injected in the annulus at different locations and
the results are shown in Fig. 8 for 0.964-mm particles
for a bed at its maximumspoutable height in the
condition of minimumspouting. Figure 8 shows that
the calculated residence times are in all cases smaller
than the measured ones with an average deviation of
27%, and that the deviations decrease slightly with
closeness of the fluid streaklines to the column wall.
Since we assumed smooth streaklines of fluid in the
annulus (Figs. 4 and 5), the actual pathlines of the dye
tracer would be longer than the ones we used in
calculating the theoretical residence times in Fig. 8.
This factor, which will reduce the deviation if taken
into account, is under investigation.
3.5 Spout voidage and particle movement
The voidage distribution in the spout in low-inertia
systems can be calculated from the simplified spout
momentumequation. For the fluid and particle flow
through an element of the spout assuminga constant
spout diameter and radially averaged velocities,
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Fig. 8. Calculated residence time distribution as a function
of distance from spout inlet at the interface and comparison
of calculated and measured residence times of the fluid from
injection point of dye tracer to top ofannulus: dp =0.964mm;
u=umS; H=Hm.

-(i -zs)(pP-pf)g

(12)

Neglecting the inertial terms, which are small in our
workat minimumspouting, we obtain

£ s=l+r-1- ^ (13)(pP-pf)g dz
which shows the simple connection between ps and ss.
Using the experimental axial pressure profile in the
spout at minimumspouting in a bed of height Hmyss
was calculated from Eq. (13) and the results are
shown in Fig. 9 along with the profiles obtained using
the different pressure profiles in the spout. The Lefroy
and Davidson5) and Grbavcic et al.3) profiles in Fig. 9
are obtained by applying their spout pressure distri-
butions in Eq. (13).
Morganet al.14r) have calculated the spout voidage

distribution at minimumspouting using a variational
technique and boundary conditions ss(0)= 1 and
ss(H)=emF. Their solution shows that there is no

variational solution at minimumspouting for which
ss decreases monotonically that can satisfy the afore-
mentioned boundary conditions unless a particular
parameter Co is bounded by 0.215 and 0.785. Since
the values of Co are 0.78 for 0.574-mm particles and
0.71 for 0.964-mm particles at minimum spouting in a
bed of height Hm, the axial voidage profiles for these
cases are also shown in Fig. 9.
Although the voidage profiles calculated from Eq.

(13) using the experimental spout pressure distri-
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Fig. 9. Voidage profiles in the spout: u=umS; H=Hm

bution are similar in shape to those from other
methods, there are substantial differences in ss as
z/Hm approaches zero. Since Morgan et al.14) specified
the boundary condition, es(0)= 1, and the slope of the
axial spout pressure profiles of Lefroy and Davidson5)
and Grbavcic et al.3) is zero at z=0, ss(0) is one of
these cases. This is not so, however, in our cases. As
can be seen in Fig. 9, the spout voidage distributions
calculated from Eq. (1 3) using the experimental spout
pressure distributions are more uniform axially com-
pared to the profiles reported for representing coarse
particle beds. Note that ss(0)< 1 and ss(0) approach
an asymptotic value of 1 as the particle size is
increased.

For the small particles of this study, it is observed
that the particles enter the spout primarily in the
region close to the spout inlet, and particles are
observed in the inlet to the spout in agreement with
the predicted spout voidage profiles.
The spout diameter is not always uniform axially
and is substantially wider than the average near the
top of the bed when H is approximately equal to Hm
at the minimumspouting condition, but it becomes
moreuniform in beds shallower than Hm.For a given
bed height, the spout diameter becomesmore uniform
as the fluid velocity is increased above the minimum
and the average diameter increases with the flow rate,
approximately following McNab's12) relationship

ds/(ds)mS = (u/umS)^2 ( 1 4)
for velocities up to l.5umS. Above this velocity, Eq.

(14) overpredicts our data.
The spout pressure drop, APS, did not vary greatly
with the inlet flow rate above the minimum,but the
normalized axial pressure profile in the spout became
flatter than that at minimum spouting as the inlet
flow rate was increased above the minimum.
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4. Conclusions

1. The fluid streamlines in the annulus are well
represented by our model.

2. The average fluid velocity at the top of the
annulus, calculated from the model, decreases as the
particle size and bed height decrease.

3. The calculated fluid residence time in the an-
nulus is broad and the calculated values are abouj:
27% lower than those measured.
4. For the fine particle system studied, £s(0) was

less than one and the axial voidage calculated was
more uniform than that for coarse particle systems.
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Nomenclature

Co

Hn

^0

*1

m

P

-I

*-d(z/H)=APmS/APm
o 1~<W

Pf l(Dc/(ds)mSrumS - smFu 2SH]
[(l - W)(Pp - P/)flfH]

spout inlet tube diameter
particle diameter
meanspout diameter
ds at u=umS and H=Hm
column diameter
hydraulic diameter of the column
1 50[(l - e)^3]LuA/2p]

gravitational acceleration
HIHm

bed height

[-]

[mm]
[mm]
[mm]
[mm]
[mm]
[mm]

H
[m/s2]

M
[mm]

= maximumspoutable height in the condition of
minimumspouting [mm]

= jet penetration or spour fountain height [mm]
= modified Bessel Function (1st kind, order zero)

H
= modified Bessel Function (1st kind, order one)

H
= modified Bessel Function (2nd kind, order zero)

h
= modified Bessel Function (2nd kind, order one)

H
=n/2H

= dynamic fluid pressure in the annulus
= fluid pressure in the spout along axis of

symmetry
= fluid pressure in the spout close to

spout-annulus interface

minimumfluidization pressure drop
Pst(0) -PsiW

ps(0)-ps(H) Sit u=umS

distance from vertical axis of symmetry
of the column

rc = column radius
=spout radius
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[mm"1]

[kPa]

[kPa]

[kPa]
[kPa]
[kPa]
[kPa]

[mm]
[mm]
[mm]

t

u

ua

<ua(z)}

UmS

us
"SH

vs
< Va>
<K>nm

z

8

%

c

\i

V

Pf

Pp

= fluid residence time in annulus [s]
= velocity vector of annulus fluid [mm/s]
= superficial fluid velocity in the annulus [mm/s]
å  '.

ua(r, z)rdr

/

lrl -rh
= <ua) SLt H=Hm
= minimumfluidization velocity
= minimumspouting velocity
= umS SLt H=Hm
= interstitial fluid velocity in the spout
=usatz=H
=interstitial particle velocity in the spout
=<«i.>(*Dj/8)

=(VayalH=Hm

= vertical height in the column from
spout inlet

= bed voidage
= voidage at minimumfluidization condition

spout voidage
z/H

fluid viscosity
kinematic viscosity of fluid
fluid density
particle density
stream function

[mm/s]

[mm/s]
[mm/s]
[mm/s]
[mm/s]
[mm/s]
[mm/s]
[mm/s]

[mm3/s]

[mm3 /s]
[mm]

[-]
[-]
[-]
[-]

[kg/m - s]
[m2/s]

[kg/m3]
[kg/m3]
[mm3/s]

H
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