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A set of differential equations describing the material balance of PSA operated at periodic steady state was
expanded into a power series of small value of 4 (= K ,at./p,) and the following solution was derived for the average

concentration of product C,; and its swing 4C,,,.
Cy=CY1+1*H®), AC =2CHMD

in which
CA=-mn/A—-npplps), n1=(1—E)/(1—E u,/up)
MD =1 —pplp Y1 —E)K4|Kp+uyfup)
InE; = — (K amL/u)(1—u,/up)/(1+K,/Kp)
In E, = — (K amL]u J(K 4/ Kp+u,Jup)/(1+ K,/ Kp)

and H? is a function given in the text. Parameters K, a, L, m, p, u and p,, respectively, are overall volumetric
mass transfer coefficient, column length, adsorption coefficient, pressure, superficial gas velocity and bulk den-
sity. Subscripts 4 and D, respectively, refer to adsorption and desorption steps. The present analysis holds when

4 <2 and the term A>2H® can be neglected when 2 <0.5.

Introduction

Pressure swing adsorption (PSA) has gained in-
creasing intetest in commercial application to gas
separation. Many variables are coupled complicatedly
in a PSA system and thus the prediction of perform-
ance cannot be made straightforwardly even when
the system is restricted to gas purification in which a
trace of a single adsorbate is removed from non-
adsorbable carrier gas. Earlier equilibrium theory has
been followed by a recent analysis based on a
dynamic model, which is more realistic in that the
finite rate of mass transfer is taken into account to
predict the profiles of the adsorbate concentration
and amount adsorbed. The recent development of the
dynamic model for gas purification is as follows.
Kawazoe and Kawai® extended a breakthrough curve
in fixed bed to interpret the PSA separation of 8°Kr
from nitrogen. Mitchell and Shendalmann® and
Carter and Wyszynski,! respectively, interpreted their
experimental results for CO, removal from He and air
drying by numerical simulation based on the dynamic
model. Chihara and Suzuki®*® solved numerically the
governing differential equations for both isothermal
and non-isothermal operations by the finite difference

Received January 29, 1986. Correspondence concerning this article should be ad-

dressed to T. Hirose.

-300

method and discussed effects of various parameters
on PSA performance. Suzuki” has proposed a sim-
plified model based on the analogy to countercurrent
mass transfer. Raghavan, Hassan and Ruthven® de-
veloped an orthogonal collocation method to save
computation time and discussed the effect of axial
dispersion of gas.

The present work is also concerned with simulation
of PSA performance based on such a dynamic model
as above>>®7) but three points should be mentioned.
Firstly, all available analyses employ numerical
methods, which can yield a solution for any set of
parameters. However, they cannot give any guidance
in correlating the effects of variables, while analytical
solution automatically involves the interrelation be-
tween variables. In addition, an analytical solution is
handier for the estimation of performance in practice.
Thus the purpose of the present work is to propose an
analytical solution to PSA performance in a simple
form. Secondly, PSA operation finally reaches a
periodic steady state after an oscillating transient
period. The present work is, howevér, limited to the
periodic steady state because it is more important in
long-time operation in practice. Finally, the highest
possible performance can be obtained when adsorp-
tion and desorption steps are alternately switched in
a short cycle time for frequent regeneration of ad-
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sorbent. The present analysis covers in particular
this high-performance operation.

1. Basic Equation and Its Expansion

Figure 1 shows schematically a dual-column ad-
sorber in which each column is operated alternately
in a high-pressure (adsorption) step and a low-pres-
sure (desorption) step. This two-step mode of PSA
is considered in this study because this mode is very
fundamental in PSA and is mathematically simple.
Other simplifications employed are: single-component
adsorption of dilute adsorbate, linear isotherm, linear
driving force with constant mass transfer coefficient,
plug flow of gas with constant superficial velocities
and isothermal operation.

The basic material balance is formulated in terms of
nomenclature shown in Fig. 1 as follows.

dc dc
_"Aﬁf—gﬁézKAa(ch_qA) (v
0
ps-gtﬁz K a(mes—q4) 2)

for adsorption step (0<<1t,)

aCD aCD

uDFx__ga—tzKDa (mcp—qp) 3)

0
Ps—aqt—D—_—KDa(mCD—CID) 4)

for desorption step (1, <t<2t,)

The second term in Egs. (1) and (3), &dc/ot, is
negligibly small relative to the first term since half-
cycle time ¢, is much greater than space time of gas
(L/u). Thus, sufficient initial and boundary conditions
for the periodic steady state lead to

cyq=C4 at x=0 (5)

CD‘I =(PD/PA)¢A|;-,C at x=L (6)
94=qp at =i, )
Gali=0=4ple=2, (8

The initial condition Eq. (8) is equivalent to the
equation

te 21,
K4 J (mcq—q)dt+Kp J (mep—qp)dt=0  (9)
0 te

which is obtained by summing Eqs. (2) and (4) after
integration.

Basic equations and auxiliary conditions are re-
written into nondimensional form as

0C4/0X=—=N,Cy—Q4) 1)
0Q4/0t=UCy— Q) @9
0Cp/0X=06N(Cp—Qp) (39
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Fig. 1. Nomenclature for material balance.

0Qp/0t=po M Cp—Qp) (4)
C,=1 at X=0 (59
Cple=BCy|,—y at X=1 (6
Q4=0Qp at =l )

J (Ca—Qudr+yd J (Cp—Qp)dr=0 (9

0

in terms of dimensionless variables defined by

C=c/cqo (10)
Q=q/mC (1D
T=1/t, (12)
X=x/L (13)
N=KamlL|u (14)
A=K at [p, (15)
B=polp4 (16)
V=ipfity (17
0=Np/N, (18)

The parameter- A can be written as A=
K, amLe 4ot /mc op L, which is a characteristic ratio
of cumulative amount adsorbed during half-cycle
time relative to the maximum amount adsorbed when
complete saturation is attained. Since the parameter 4
is a small quantity in a short cycle time operation, a
perturbation solution expanded around a small value
of A can be assumed as follows.

C=C(0)+/1C(1)+/12C(2)+ Ca +1ic(i)+ e (19)
QZQ(O)+/1Q(1)+/12Q(2)+.' .. +liQ(i)+ Cen (20)

When coefficients of like powers of A are equated after
substituting Egs. (19) and (20) into Egs. (1')<9), the
basic equations and auxiliary conditions are expand-
ed as follows for perturbed functions C® and Q®:

8CP/0X=—N(CYP—-0%) 1”
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009/o1=0 for i=0 } @
=CUD_QU-1  for >
ACDIGX=3N (CO— QW) (37
00P/or=0  for i=0 }(4”)
=yp8(C{ V-0 Dy for izl
Ch=1 at X=1 for =0,
CY=0 at X=1 for =1 } ¢7)
CPL=pCl at X=1 )
09=05 at <=1 77

1 e - 2 . .
j (CS’—QS))dTHéj (CH—QP)dr=0 (9"

0 1

For the new set of equations, i.e. Egs. (1")~9"),
mathematical difficulties are greatly reduced com-
pared to the original set, Egs. (1)+9").

2. Solution of Differential Equations

2.1 Solution of the zeroth-order term (i=0)

Functions Q9 and QY are found to be inde-
pendent of time t from Eqgs. (27") and (4’"), and this
fact implies that CQ’ and C are also independent of
7. Integration of Eq. (9”) yields

09=08=0"=(CY+yCH)(1+70) (21
and Egs. (1’) and (3") lead to

dCP/dX = — N, {y5/(1+y)}CY - CF) (22)

dCRJdX = — N 4{6/(1 +y)HCP-CT)  (23)

by substituting Eq. (21). Solution of the above equa-
tions satisfying boundary conditions can easily be
obtained as

(1-cy-
(1-Cci-

C=(-EDI-E) (24
C=(U—E{mI(1—E) (25

a-om-ct=(1-12 ) u-£) @

In the above equations, C%} is the concentration of
product gas and is given by

CO=(1—mi1—pm) (27)
in which
_(1—Ey)
“U-E/ (%)
and
nE, = — N,8(7— /(1 +75) (29)

2.2 Solution of the first-order term (i=1)
Substituting Eqs. (24)—(26) into Egs. (2°") and (4"
and integrating them yield
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Q‘B:xl(r—A)G‘“H‘” (30)

oY= —K1<r—%>6§})+A‘” (31

in which
=CQyd(1—p)/(1 +yd)E, (32)
GYV=GP=Ef (33)

Thus, one may expect the following form of solution
of CP and C§:

1
cP= Klsgp(ruz >+Bg,1> (34)
3
Cg)z—}clsg) ‘C——z' +B(Dl) (35)

In Egs. (30)<35), functions 4V, B, BY), SY) and
S depend on X only and must be determined to
satisfy the following equations:

dsPldX=—N,(SP—EY) (36)
dSP/dX =5N (SL — EY) 37
dBDjdX = —N (B —AD) (38)
ABY|dX=5N (BY — AD) (39)
BY — 4D 4 y5(BH — 4D)=0 (40)

with boundary conditions
SP=0, BYD=0 at X=0 (41)

SPH=—psP, BP=BBY at X=1 (42)
Solution of Egs. (36)—(40) gives

SP={(1+99)/(1 +)}ET(1 ~ EY) (43)
8P ={(1+98)/p(1 +YEF[1 — {1+ py(1— ER}ES ~]
(44)
AN =BP=BJ=0 (45)

in which
In E,= — N,(1+6)/(1+7yd) (46)
In E;=— N p5(1436)/(1 +yd) 47

2.3 Solution of the second-order term (i=2)

A procedure similar to that above leads to solution
of the second-order term, of which details are given in
Appendix. For example, the solution of C is derived
as

1 1 1
cP '—_EKZS%)(TZ -1+ €> + E’Cz(B(AZ) -5 48)

in which

Ky =K (1+78)/(1+0) (49)
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S@ = EX[— N, XE +{3(y— D/(1+)}(1—E3)]  (50)
BY=SP+{3/(1+ )} E{[y(1 - E3)
+ {1+ (1 - E)HES ™Y~ Ey)
—{(1=pIy—D}BY = SEH(1—-EY) (5D
and
B -5t
_5(V_ DE,[y(1 —Ey) + {1+ By(1 — E,)}(1 — E5)]
B (1+8){y(1 —B)—(1—BY)E, }

—_—

(52)

3. Results and Discussion

In the preceding section, a perturbation solution
was derived to determine the local and instantaneous
behavior of four variables C,, Cp, Q4, Qp of gas-
phase concentrations and amounts adsorbed in both
adsorption and desorption steps. The concentration
of product gas stream C,, is probably the most
important and thus the following discussion is de-
voted mainly to this variable C ;.

3.1 Result for product gas concentration C

Product gas concentration C,; can be evaluated by
equating X'=1, i.e.

Cau=CU+ICYHY+1CY (53)
in which subscript 1 refers to X=1. The final result
for C,; up to the second-order term is summarized in
Table 1.

Time average concentration C,; during the ad-
sorption step is given by

N 1 — [
Cur = J Cardt=CQ+iCH+1CH (59
The term C'Q} is independent of t as given by Eq. (27)
and thus
CR=CcY (55)
The first-order term does not contribute to C,;

because of symmetric and linear change with 7. The
second-order contribution C% leads to

CH=eBR-5%) (56)

which is given by Eq. (52). The difference in con-
centration between that at the beginning of adsorp-
tion or desorption and that at the end is called con-
centration swing. The concentration swing in prod-
uct gas AC,,; is written as

ACAI = CA1]:=1 - CAI]:=0
—ACQ +24CY) +224CH (57)

Since CY} is independent of T and C%) is symmetric
p
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Table 1. Result of analysis

1) Instantaneous concentration in product gas stream C

Cy=CQ+iCH+22CY

1 1
=C{ [1 + AM“><1—?>+ A2 {M‘Z) <r2—1+—)+H<2)H
6

(T-1)

in which
CU=(—m/(1—pn), (T-2)
n=-E)/(1—E/y) (T-3)

MO =1, SPICH ={6(1-P/(1+8)}(1 - E) (T-4)

20y —
M‘2’=%KZS£33/C5?;J5 (r—1)1 ﬁ){l_Ez_(lJr&)NAEz}

2(1+6)? o(y—1)
(T-5)
K3
HO="2(BR - SR
12
0%y =11 = A1 — Ex)+ {1+ By(1 — Ep)}(1 — Ey)] (T-6)
1201 +0)*{y(1 — B)— (1 — BY)E, }
2) Average concentration in product gas stream C,
Ca=CQ(1+2H?) (T-7)

3) Amount of concentration swing in product gas stream 4C,,

AC; =ACYM® (T-8)

about t=1/2, they do not contribute to A4C,;.
Concentration swing consists of only the first-order
term and thus

ACQY=4CH =0 (58), (59)
ACH =k, SY) (60)

which is given by Eq. (43). Average concentration C
and concentration swing AC,; for the product gas
stream are also summarized in Table 1.

Results for a symmetric case (y=1) may be ob-
tained straightforwardly by taking a limit as y—1.
Results for the purge gas concentration can be ob-
tained in a similar manner.

3.2 Time dependence of product gas concentration
Ca

As summarized in Table 1, the product gas con-
centration C,; consists of three contributions, each of
which has its own particular dependence on time, i.e.

a) the zeroth-order term C%) is time-independent

b) the first-order term C%) is linear with time

¢) the second-order term C%) is parabolic.

Figure 2 shows a typical example of each contribution
to product gas concentration C,, for the case of
B=0.1,7=5,56=0.2 and N,= 10. The linear term C4)
always has a positive slope-given by x,$%) and itis a
point symmetric about (1/2, 0). The parabolic term
C'3) is symmetric about t=1/2 and is concave or
convex depending on a combination of parameters.
Variation of product gas concentration C,; with time
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Fig. 2. Typical time dependence of perturbed terms of
zeroth, first and second orders.

is obtained by summing the three contributions
weighted by a factor of A9 according to Eq. (53). A
sample calculation is given in Fig. 3 for various values
of 1. Broken lines represent numerical results by the
Euler method. Gas concentration does not change
with time at the limit of A—»0 and only the time-
independent term C) is important there. For a small
but finite value of A, say 1<0.5, the concentration
changes linearly with time. Variation of C; with time
can sufficiently be represented by approximation up
to the first-order term, i.e.

1
cA1=C§’3+ACA1<r—7> (61)

which is shown by chain lines in Fig. 3. As the value of
A increases further, the value of C,; begins to deviate
from a straight line. Deviation from linear depen-
dence can be corrected by Eq. (T-1), which includes
the contribution of the second-order. parabolic term.
When the A-value further increases beyond 2, the
second-order correction becomes insufficient and
higher-order approximation is necessary.

3.3 Average concentration of product gas C,,

Some typical results of average concentration C ,,
in the product gas stream are shown in Fig. 4 for
B=0.1, y=5, 6=0.2 and various values of N, and A.
As cycle time z,, and then the J-value, decrease, the
average concentration C ,, reaches a constant limiting
value at which PSA operation gives the highest
performance. This trend of the asymptotic behavior
agrees with the result of numerical analysis by
Chihara and Suzuki.? Equation (T-2), shown by
chain lines in the figure, is a solution to this limiting
situation with short cycle time and agrees very well
with the exact numerical solution up to 1=0.5.

It should be noted that the quantity of # in Eq. (T-
3) is equal to the mass transfer efficiency through a
membrane when feed gas of concentration ¢,y is
contacted countercurrently with another gas stream
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Fig. 4. Average concentration of product gas.

of concentration cp,, i.e.
n=(c10—Ca1)/(Cao—Cp1) (62)

Substitution of fc,, for ¢p, and rearrangement gives
Eq. (T-2) straightforwardly. Thus, the direct analogy
holds between countercurrent membrane transport
and PSA operation when cycle time i$ sufficiently
short. Suzuki” has recently proposed a method of
computer simulation for this situation.

Equation (T-2) is reduced to

o_ 71 _y—1) 3
CAl_y(l—B)eXp{ 1+y5NA} (63)

for large positive values of (y—1)N,. In this region,
the product concentration C ,, is greatly influenced by
number of transfer units N,, as shown in Fig. 4,
because it decreases exponentially with increasing N 4
according to Eq. (63).

As the A-value increases beyond 0.5, the exact value
deviates from the limiting solution Eq. (T-2) but this
deviation is evaluated by the second-order approxi-
mation Eq. (T-7), which may be valid for 1<2.
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3.4 Concentration swing 4C

The concentration swing is another important in-
dicator to characterize the performance of PSA. Some
examples of results for the concentration swing in the
product gas stream are shown in Fig. 5, again for
B=0.1, y=5, 6=0.2. When A is small in a short cycle
time operation, the concentration swing is propor-
tional to A as shown in the figure. Equation (T-8) well
represents this dependence quantitatively. The effect
of N, on AC,, is very large and similar to that on
C ;. For large values of N, the relative swing M @),
Eq. (T-4), is reduced to

M P =95(1—B)/(1+5) (64)

which is independent of N,. Thus, concentration
swing is directly proportional to C'§}.
3.5 Criterion of applicablity

As shown by sample calculations in the preceding
sections the present analysis is found to be an ac-
curate approximation if the value of 1 is less than
about 2. Further, the second-order term may be safely
neglected for 1 <0.5. This criterion for applicability of
the present analysis was confirmed with various sets
of parameters other than shown in Figs. 3-5. The
parameter A is rewritten as

X*KAamL/uA Ny

= = (65)
mpsL/uAtc ny

in which 7, is a ratio of adsorption capacity to feed
volume. The above criterion (A1<2) means that n,
must be greater than N,/2. For example, n,> 10 at
N,=20.

Conclusion

A set of partial differential equations describing the
gas concentration and amount adsorbed of PSA
operated at periodic steady state was expanded into
power series functons of small value of 4 and a
solution was derived up to the second-order term. The
final result of analysis for the product gas con-
centration is shown in Table 1.

The zeroth order term is independent of time. The.

first-order term is linear with time and contributes to
the concentration swing though it does not contribute
to the time average product gas concentration. The
second-order term is parabolic with time and con-
tributes to a second-order correction of the average
concentration but not to the concentration swing.

It is found that the present analysis is an accurate
approximation when half-cycle time is short enough
to satisfy the criterion of A<2. The second-order
correction can be safely neglected if 1<0.5.

Appendix. Derivation of the second-order term

In a similar manner to the first-order solution in 2.2, time
dependence of C® and Q' takes the form of
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b Eq.(T8) 5
I -=------- Numerical r/

001

Fig. 5. Concentration swing of product gas.

1 1 1
Q%?"%G%)(*”+Z>+E"Z(A‘2>~G£f’) (A-1)
1 13y 1
O e R I
C(z):i g 72 _ i i @) _ ¢ (A-3)
q ZKZ Pt r+6 +12K2(BA S
C(2)=—1——K S(Z) 12_3.[__13 +i B(Z)_s(Z) (A-4
b 52 D 6 lz’cz( D 5 )

In Egs. (A-1)~(A-4), functions A%, B, B®, SP and ¥ depend
on X only and satisfy the following €quations:
GY=E{o(y~ D1 +9d) - E}} (A-5)
GE'=E{{3(y— DL +y8)} +6{1+ By(1 — E}YE =]
(A-6)

In Egs. (A-1)~(A-4), functions 4@, BZ), B® S? and S@ depend
on X only and satisfy the following equations:

dS@dX = —N(SP - GP) (A-7)
dS@ldX = Ny(SE - GP) (A-8)
dBPdX = — N (B ~ 4?) (A-9)
ABDdX = Np( B ~ A (A-10)

(SP =GP +y0(SP - GPY=(BP +y6BF) —(1+90)4®  (A-11)

When they are solved using boundary conditions same as Eqgs. (41)
and (42) with superscript @ replaced by @, one gets Egs. (50) and
(51) for S and B and the following functions for S@ and B

S§'=E{[6(y— Dyl +6)+ 8 N {1+By(1 - EY(1— X)E§

T/ +)H~ DB —1/y)— BN A1 +06)d+y—1E} ES ~¥]
(A-12)

B =(1/n)[BY — (5T —ySE)—(1 - By BG - SED] (A-13)

in which B} — S%2) is given by Eq. (52). Function 4? is derived by
Eq. (A-11) by substituting S, S, B? and B thus obtained.

Nomenclaturé

AN, 4? = functions of X to be determined ) f—i

a = specific mass transfer area {m?/m?]

BM B@ = functions of X to be determined —]

¢ = dimensionless concentration (=c/c ) [—]

Ca = average concentration of product gas 1]
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concentration swing of product gas [—1
concentration of adsorbate gas {mol/m?]
functions defined by Egs. (29), (46) and (47),

respectively ]
functions of X to be determined [—]
function defined by Eq. (T-6) [—]
integer ]

overall mass transfer coefficient based on solid
phase driving force (=1/(1/k,+mjk;))  [kg/m?s]
gas-phase and solid-phase mass transfer
coefficient [m/s], [kg/m?s]

= column Jength [m]

functions defined by Eqgs. (T-4) and (T-5) -]

adsorption coefficient, (g/c)equi- [m?/kg]
= number of mass transfer units defined by

Eq. (14) 1

capacity ratio defined by Eq. (65),

(=mp.Liuyt,) 1

pressure in column [Pa]

dimensionless amount adsorbed (=g/mc4,) [—

]
]

amount adsorbed [mol/kg
functions of X to be determined [—1
time [s]
half cycle time (s]
superficial gas velocity [m/s]
distance from feed inlet [m]
dimensionless distance (=x/L) —]
PolPa [~
upfuy [~
Np/N4 =1
void fraction [—]

= defined by Eq. (28) or Eq. (T-5) ]

n

A = defined by Eq. (15) [—]
Ds = bulk density of bed [kg/m?]
T = dimensionless time defined by Eq. (12) [—1
Ky, Ky = defined by Egs. (32) and (49) 1]
{Subscripts)

A,D = adsorption step and desorption step

0,1 = x=0 (bottom) and X=L (top)

{Superscripts)

0),(1),(2),(i)= zeroth, first, second and i-th order term
in expansion
— = time average value
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