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A new model describing the effect of the adhesive force of particles on the bed structure in a fluidized bed is
proposed. Based on this model, equations for estimating the minimumfluidization bed voidage and gas velocity were
analytically derived as functions of the particle size and the adhesive force of particles. Froma comparison of
theoretical values with experimental values obtained in silica sand beds with various particle sizes at temperatures
up to 873 K, the analytical equations were found to give excellent predictions. The predicted values were also found
to agree well with the experimental values of bed voidage at ambient conditions by Leva.

Introduction

Although many fluidized bed processes are oper-
ated at elevated temperature, correlations developed
for the prediction of the minimumfluidization ve-
locity, umf, are mostly based on experimental work
carried out at ambient temperature. In the last de-

cade, some studies dealing with umf at elevated tem-
perature have been conducted: Desai et al.3) and

Doheimet al.4) proposed empirical correlations pre-
dicting umf as a function of temperature. Saxena et
al.,9) Svoboda et al.10) and Botterill et al.l) concluded
that the application of correlations based on ambient
conditions at elevated temperature show marked dis-
crepancies between the observed values of umfand
those predicted with the gas physical properties at the
operating temperature. However, no systematic elu-
cidation of the fluidization mechanism at high tem-
perature has been established because of lack of
knowledge of the causes of these discrepancies.

In the previous work, umf and the voidage at

incipient fluidization, smf, of relatively small particles
were examined experimentally at temperatures rang-
ing from 1 170K to 293K. The authors found that em/
varies with temperature and that the variation is
caused by change in the adhesive force of particles
with temperature.5)

In the present work, based on the previous one, an
analytical equation predicting minimumfluidization
velocity at elevated temperature is derived by assum-
ing a simple model which describes the relation
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between the bed voidage and the adhesive force of
particles. In addition, the validity and usefulness of
this analysis is discussed.

1. Theory

The following equation7) has widely been used for
estimating minimumfluidization velocity of relatively
small particles:

_(4>PdP)2 {pp-pf)g e,
à"mf

"m/ = 150
K

1-e,

à"mf

(1)

In this equation, the shape factor of a single particle,
4>p, and the bed voidage at incipient fluidization, em/,
are especially important factors for the estimation of
umf- Wen and Yu11} have proposed the following

equation on the relation between cj)p and smf.

This equation shows that the voidage depends upon
the shape factor of particles only. The experimental
results of Leva,8) however, show that smf depends not
only upon the shape factor but also upon the particle
size, dp, and it increases with decreasing particle size
for particles smaller than about 400 /mi. Furthermore,
the authors showed by experiment that smf also

depends upon the operating temperature and pointed
out that the changes in smf with particle size and
operating temperature were mainly caused by the

change in adhesiveness of particles.5)
Based on the results mentioned above, an equation

predicting umf at elevated temperature is analytically
derived by a newly proposed model describing the
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quantitative relation between emf and the adhesive

force of particles.
1.1 Model presentation

The general concept of the model for predicting em/
is as follows: In the case of fluidized particles with
negligibly small adhesive force compared with their
weight, each particle behaves as a single particle. But
in the case of fluidized particles with large adhesive

force, the particles stick together and behave as
clusters consisting of two or more particles. Whenthe
supply of fluidizing gas is reduced to the minimum

fluidization velocity, these clusters settle down and
make a packed bed with relatively loose packing
structure, because the clusters have an irregular

shape. Thus, it can be assumed that smf is expressed by
a function of the shape factor of the cluster.

In addition to the general concept, the following
assumptionsare made:

Assumption 1 It can be assumed that the shape
factor of the cluster, <P, is given by

<£ = </y </>a (3)

where <fia is the shape factor of the cluster composed
of spherical particles. And it is assumed that the shape
of a cluster is expressed by an envelope surface of the
surrounding clusters which come in touch with the

cluster concerned. The shape of the cluster is illus-
trated inFig. 1. Then, 4>a is expressed as (seeAppendix 1)

^=^(1 +0-188^) (4)
where n denotes the numberof particles in a cluster.
Combining Eqs. (3) and (4), <P is expressed as

*=4(l +0.188^) (5)

Assumption 2 At incipient fluidization, the hydro-

dynamic drag force acting on a cluster, averaged over
the total bed, counterbalances the weight of the
cluster. A certain difference in the local packing

structure of a cluster mayyield somedeviation in the
drag force on the clusters, and therefore, a separating
force, Fs, which is proportional to the weight of a

cluster. Furthermore, it can be assumed that the
separating force, Fs, counterbalances the adhesive
force at a contacting point between particles in a

cluster. Then

= (n/6)knppd3pg (6)

The following expression for n is obtained from Eq.
(6).

\n/6)fPpdl g Wn=-
Fai

Fig. 1. Illustration of clusters.

Assumption 3 It is assumed that the adhesive force,
 Fad, is expressed as a following function of particle

 size and operating temperature.

        Fad = cf(T)dl      (8)

 in which/(T) denotes the ratio of the adhesive force
 at temperature T to that at room temperature. And c
 denotes a constant which depends upon the materials
 of the particle itself. (The basis for the dependence of
 adhesive force on particle size is shown in Appendix
 2.)
 Assumption 4 It is assumed that the following equa-
tion, which is analogous to Eq. (2) by Wen and Yu,n)
holds between <P and e^//(l -smf).

     J_!zw = K     (9)
          02
                  e;                        3                 °mf
 1.2 Derivation of smf and umf as functions of particle
 size and temperature
 Substitution of Eq. (5) into Eq. (9) gives

        F3    1      W2/3

 Since  0.188(n- l)/n< 1 ,

    1    s(n
-                =1-0.376   l+0.188^2^ ^'~V n

            =0.624(1+0.603/n) (ll)

 Using the above approximation, Eq. (10) is expressed
 as follows:

       g3      2/3
    -^_= 0.624-j (l + 0.603/n)  (12)
      l ~Smf   K(Pp

 Designating smf at n=1 in Eq. (12) by em/c, Eq. (12) is
 expressed as follows:

            F3    1
       *Wc =_L_      (13)

Elimination of K<f>2p from Eqs. (12) and (13) gives the
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final expression for the relation between smf and n as
follows:

^_Vf-^-Vo.624n2/3(l +O.6O3/n) (14)

The relation between n and dp, f(T), can be ob-
tained by substituting Eq. (8) into Eq. (7):

(n/6)k ppdpg
Designating the smallest size of particle which does

not form a cluster at room temperature, i.e. the
particle size at/(r)=l and n=l, by dpc9 Eq. (15) is
expressed as follows:

n =f( T)(dpc/dp) ( 1 6)

Substitution of Eq. (16) into Eq. (14) finally leads to
the following equations for 8^-/(1 - smf).

(T^)feH4/( T)Mfer
T 0.603 "I

T+/xwd (17)

for f(T){dpcldp)^\ (18)

while

£mf \H Zmfc \_1
i-£mfjl\i-£mfc; l (19)

for f(T)(dpc/dp)<l (20)

Using Eqs. (1), (17) and (19), umf is expressed as

follows for f(T)(dpJdp) ^ l :

"m/=

_(W2 (pP-pf)g (4rc
150 nf \l-

bmfcxl,/,r,»(t)M. [1+/1_A_5_] m

where
Kt=0.624, K2=0.603

and for f(T)(dpc/dp)<l:

150 ^ Vl-W ^

2. Experimental

A schematic diagram of the experimental apparatus
is shown in Fig. 2. The bed column, made of stainless
steel, was 60mmin diameter and 500mmhigh. A
porous plate made of stainless steel was used as a gas

distributor.

After particles of known weight were fully fluidized
with air from a blower (1), the bed was heated to a

Fig. 2. Schematic diagram of experimental apparatus.

scheduled temperature by heaters (6, 8). After the
temperature became constant, the air velocity was
gradually reduced from that for a fully fluidized state
to that for a static bed, and the relation between
pressure drop and air velocity was measured. umf was
then determined in the usual way as the point of
intersection between the two straight lines on a plot of
pressure drop vs air velocity.
The bed voidage at minimum fluidization, smf, was
also obtained, by the following procedure: After the
bed was kept at minimum fluidization, a 2mm-i.d.
stainless steel tube (1 1) connected to a pressure trans-
ducer (14) was inserted into the bed. The bed surface
was identified by detecting a small increase in pres-
sure. emf was then obtained from the bed height and
the density of the particles used. After umf and smf

were measured, the bed was returned to a state of
incipient fluidization again in order to traverse a
thermocouple (10) in the axial direction of the bed.
The temperature differences between the top and
bottom of the bed were less than 4% of the prescribed
temperature. The particles used were silica sand and
their sizes are listed in Table 1.
3. Experimental Results
The pressure drop, ZIP, against gas velocity, u, for
210/im sand is shown in Fig. 3. The minimum fluid-
ization velocities, umf, obtained from Ap vs. u plots
are shown in Fig. 4. The broken lines in this figure
denote the calculated values obtained by assuming
the bed voidage to be independent of temperature.
The observed values of umf are much larger than
the calculated values in the high-temperature region.
The solid lines in this figure are explained in the
following section. Observed values of smf are also

shown in Fig. 5. For any particle size, the general
tendency is that em/ decreases with increasing tem-

perature below 400Kand increases with tempera-
ture above 400K. This tendencv agrees with the
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Table 1. Size of silica sand used

Mean size Size range
[fim] Cum]

418 350-500

296 250-350

210 177-250

149 125-177

105 88-125

Fig. 3. APvs.u.

Fig. 4. Variation of umf with temperature.

Fig. 5. Variation of smf with temperature.

results for a two-dimensional bed.5)

4. Comparison of Theoretical and Experimental
Results

In comparing the observed values of smf with Eq.
(17) or Eq. (19) derived from the theoretical model, it
is necessary to determine the critical particle size, dpc,
and the critical bed porosity, em/c, as well as the

change in adhesive force between particles with tem-
perature, /(T). For /(T), the result of measurement
of the adhesive force of a silica sand bed at elevated
temperature can be used.6) The result is shown in Fig.
6. From this figure,f(T) is expressed as

T^473K; f(T)=l (23)

T>473K; /(r)=5x l(T3(r-473)+l (24)

For estimating dpc, and £m/c, s3mf/(l -emf) is plotted
against (f(T)/dp)2f3 in Fig. 7. The relation between
these two variables is well expressed by two straight
lines. £á"/c(l -£m/c) can be determined from the hori-
zontal line in this figure. dpc can also be determined
by reading the abscissa of the intersection of two
lines, putting/(T)= 1. From this procedure, £mfc and
dpc are determined as

8m/c=0.516(£^/c/(l - 8m/c)=0.284)

^pc=260/im(l/4/3 = 1 1.4cm-2/3)

The observed values of &mfare compared with those
predicted by Eqs. (17) and (19) in Fig. 8. Close

agreement between theoretical and experimental val-
ues is seen.

The observed values of umf can be comparedwith
the theoretical values by the following procedure. To
determine the value of $p in Eqs. (21) and (22), umf is
plotted against (d2p/^f)'(s3mf/(l -8mf)) in Fig. 9. This
figure shows that Eq. (1) is valid within 10% error and
therefore (j)p is independent of particle size. The
relation shown in Fig. 9 and Eq. (1) gives (j)p=0.633.
The solid lines in Fig. 4 show the calculated value of
Eqs. (21) and (22) using this value of <f>p. The experi-
mental values agree well with the calculated results.
To examine the accuracy in estimating umf with Eqs.
(21) and (22), the plot of observed vs. calculated
umf is shown in Fig. 10. From the figure, the calcu-
lated values correspond within 10% error.
The validity of Eqs. (17) and (19) can be confirmed
by applying these equations to Leva's results8) of emf
for various particles at ambient temperature.
Putting f(T)=l and assuming dpc=260{im for
any kind of particles used, a plot of (e^/(l -em/))/
(4/c/O -W,)) vs. 0.624(Jpc/J//3[l +0.603/(Jpc/^)]
was made with Leva's results. The plot is shown in
Fig. ll. The observed values are found to agree well
with the theoretical values. This also shows that the
assumption dDC=260jam is valid and that the adhe-
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Fig. 6. Variation of adhesive force of silica sand with
temperature.

Fig. 7. Plots of6^/(1 -smf) vs. [f(T)ldp]2

Fig. 8. Comparison of observed emf with calculated values.

siveness of these particles is almost the same.
Equation (21) can be transformed into a more

convenient form by replacing umf in Eq. (22) by umfc
and dividing Eq. (21) by Eq. (22); then the following
expression for umf is obtained.

Fig. 9. Plotsofumfvs. -
dA

fti-v

Fig. 10. Comparison of observed umf with calculated
values.

Fig. ll. Comparison of observed smf8) with calculated
values.

(25)
where

=(M>)2 (Pp-pf)a eifc
150 /if l-emfc

Umfc - ~~T^ ~+ ^°>
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In the previous paper12) the following relation was
obtained for the various particles under the laminar

flow condition.
rh2 p3 1
<Pp ^mfc _ X (27)
150 1-8m/c 1200

In this work, the values for <f>p and smfc are 0.663 and
0.516 respectively. Using these values, (cj)2pl\5G){s3mfcl
(1 - 8m/c)) has a value of 1/1200, indicating the validity

of the above equation/Substitution of Eq. (27) into
Eq. (26) gives

Umfc~ 1200^ ( 8)

umf can be estimated by using both Eq. (25) and Eq.
(28) when particles are strongly adhesive, and using
Eq. (28) when the adhesiveness is negligible.

Conclusion

Equations for estimating the minimum fluidization
velocity and bed voidage at elevated temperatures
were analytically derived from a newly proposed

model assuming the formation of clusters consisting
of several particles in the bed. It was found that the
analytical equation predicts the minimumfluidization
velocity within + 10%error.

Appendix 1

First, consider the case of a cluster of two spherical particles.
Provided that the cluster has an envelope surface which is formed

by the group of spheres (O3,O4, à"à"à") contacting two spheres

(Ol5 O2), it is expressed as the solid ADECBCE D' as shown in
Fig. A-l. The shape factor of the cluster can be obtained from
its volume and surface area. Using an x, y coordinate system

with origin at H as shown in the figure, the equation of the circle
O4 is expressed as

x2 +{y-j~jR)2 =R2 (A-l)

where R denotes the radius of the sphere. Then the volume of the
solid ABCD, v, is given by

cm 29 -V^v=n\ y2dx= nR3
Jo 24

= 0.302nR 3 (A-2)

The volume of the solid DHC, v', is given by

v^S/lAnR 7* (A-3)

Then the volume of the solid AHBCEDis expressed as

V=V0+v-v'

=. V0{\ + Av) (A-4)

where

Ko = (4/3)7rtf 3

Av=0.0705

The surface area of the solid ABCD,s, is expressed by the following
equation.

Fig. A-l. Definition of shape of cluster.

T/2 / (dy\2
5=271 y h+[JL)dx (A-5)

Jo V W

From Eqs. (A-l) and (A-5),

V6 2/

=0.812tcK2 (A-6)

The surface area of the solid DHC, j', is given by

s' =nR2 (A-l)

Equations (A-6) and (A-7) give the following expression for the
surface area of the solid ABCED, S.

S=4nR2-s'+s

=S0(l -As) (A-8)

where

S0=4nR2

As=0.041

In the case of the cluster comprising n particles, the volume, Vn, and
surface area, Sn of the cluster, are given by the following ex-

pressions respectively.

Vn=nV0+2(n- \)V0Av

=nv\\+2\- )Av\ (A-9)I \ n I J

Sn=nS0-2(n- l)S0As

=nS0\l -2(- )As\ (A-10)
Designating the diameter and the surface area of the sphere having
the volume of the cluster by De and Ss respectively, then

Ss=nD2e (A-l l)

From Eq. (A-9),

De=dpnll3]l+2 Uv\ (A-12)

Substituting Eq. (A-12) into Eq. (A-ll),

Ss=nd2pn2/3U+2\ )Av\ (A-13)
I V n J )

The shape factor of the cluster, 4>a, can be defined by the following
expression :
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(Surface of the sphere having the volume of the cluster)
(Surface of the cluster)

= SJSn (A-14)

Substituting Eqs. (A-10) and (A-13) into Eq. (A-14),
f /n-l\ 12/3

M-M
0 (A-15)

The following approximate equation holds for small values of Av
andAs.

I A-i\ 12/3

/n-l\
1-2 )As

\ n /

=il+2 LlsfiH-I )Av\

/n-l\f 4 1 fn-l\
=1+ h2zls+-Jw^=l+0.188 (A-16)

Substitution of Eq. (A-i6) into Eq. (A-15) gives Eq. (4).

Appendix 2

Although there have been few experimental works on the
measurement of the adhesive force of relatively large particles used
in fluidized beds, Buysman and Peersman2) obtained the adhesive
force of fluidizing particles from experiments on the stability of
ceilings in a fluidized bed. An example of their experimental data is

shown in Fig. A-2. The figure shows that the adhesive force is
proportional to the square of the particle size.

Nomenclature

c = constant defined by Eq. (8) [N/m2]
dp = particle diameter [yum,m]
Fad = adhesive force of particle [N]
Fs = separating force on particle [N]
f(T) = ratio of adhesive force at elevated temperature

to that at room temperature [-]
g = acceleration of gravity [m/s2]
K = constant defined by Eq. (9) [-]
k = ratio of separating force on particle to weight of

clu ster [-]
n = numberof particles composinga cluster [-]
AP = pressure drop [Pa]

T = temperature [K]
u = gasvelocity [m/s]

umf = minimum fluidization velocity [m/s]

Fig. A-2. Dependence of adhesive force on particle size

(results of Buysmanet al.2) were replotted).

smf = bed voidage at incipient fluidization [-]
[is = gas viscosity [Pa à"s]
pf = gas density [Vm3]

pp = particle density [k^/m3]
(j)a = shape factor of a cluster composedof spherical

particles (defined by Eq. (3)) [-]
4>p = shape factor of single particle [-]
0 = shape factor of a cluster (defined by Eq. (3)) [-]

( Subscript)
c = critical state where clusters are formed
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