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MIXED-MEAN INEQUALITY FOR SUBMATRIX

LN S1* — SUYUN ZHAO**

(Communicated by Sylvia Pulmannovd)

ABSTRACT. For an m x n matrix B = (b;;)mxn with nonnegative entries b;;,
let B(k,l) denote the set of all k x | submatrices of B. For each A € B(k,),
let ag and g4 denote the arithmetic mean and geometric mean of elements of A
respectively. It is proved that if k is an integer in (7}, m] and [ is an integer in
(%] respectively, then
\ 1
H aA) (1) > (™) () ( Z gA),
A€B(k,l) k/\L) "AeB(k,l)
with equality if and only if b;; is a constant for every 1, j.
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1. Introduction

Let x1,...,x, be positive real numbers, then the arithmetic-geometric mean
inequality is
T+ -+
! . "> Yxy ... Tp,
with equality if and only if 1 =--+ = x,.

There are many research articles devoted to the classical arithmetic-geometric
mean inequality and its generalizations ([1], [2], [4], [9], [10]). The mixed-type
arithmetic-geometric mean inequalities ([3], [5], [6], [7], [8], [I1]) are one of the
most important branch in these generalizations.

In [6], Kedlaya established the following mixed mean inequality, which was
conjectured by F. Holland and whose inductive proof was given by T. Mat-
suda [§]:
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The arithmetic mean of the numbers

I, \/I1$2, \?’/I1132I3, ey {L/I1$2 eIy
does not exceed the geometric mean of the numbers
T1+T2 T1HT2H+T3 T A ToA Ty

2 7 3 ’ n ’
with equality if and only if x1 = -+ = xy,.

Z1,

In [3], Carlson established the following mixed mean inequality:

Let the arithmetic and geometric means of the real nonnegative num-
bers x1,...,x, taken n — 1 at a time be denoted by
1+ +xTy — T1...Tp\ n-1
a; = ) gi = ( ) .
n—1 T
Then for n > 3,
1 e
(al...an)"291+ +gn,
n
with equality if and only if x1 = -+ = x,,.
In [7], Leng, Si and Zhu generalized the above result to any subsets and
established another mixed arithmetic-geometric mean inequality:

Let X be a set of real nonnegative numbers x1,...,x,. For A C X,
let aq and ga denote the arithmetic mean and geometric mean of all
elements of A, respectively. If k is an integer in (1, n], then

(1 o) ® o (X ). (11)

|A|=Fk k A=k
ACX ACX
with equality if and only if x1 = -+ = xy,.

In this note, we established a new mixed arithmetic-geometric mean inequality
for submatrix, which was an extension of the Carlson inequality and also an
extension of (1.1).

Our main result is the following theorem.

THEOREM 1.1. For an m X n matric B = (bij)mxn with nonnegative entries
bij > 0, let B(k,l) denote the set of all k x | submatrices of B. For each
A € B(k,l), let ax and ga denote the arithmetic mean and geometric mean of
elements of A respectively. If k is an integer in ("), m] and [ is an integer in
(%, n] respectively, then

1 aA)mi(?) . (7:)1(”)( > aa). (1.2)

AcB(k,l) L) " AeB(k,l)

with equality if and only if b;; is a constant for every ¢, j.
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Remark 1. If £ <[], for the matrix B = (bij)mxn, taking b1y = bip = ---
=bip=byy =bypp=-=byy = =bp1 =bpa = =bpn, =1, b; =0 for
k+1 < i< m, then the right-hand side of (1.2) equals 1/(’}'), but the left-hand
side is zero. If [ < [J], by the same argument, one can get a contradiction.
Hence the statement of Theorem 1.1 fails for k < ['}] or [ < [}].

Remark 2. Taking Kk = m, I = n in Theorem 1.1, inequality (1.2) is just
the classical arithmetic-geometric mean inequality. For m = 1 or n = 1 in
Theorem 1.1, inequality (1.2) is just the inequality (1.1).

Remark 3. The condition of our theorem is weaker than the ones of (1.1),
because the infimum of k x is ([7]+1) x ([3]+41), which is less than ["}*] 41,
the half of the element number of the matrix B = (bi;)mxn-

2. Proof of main results

Let X denote the finite set with positive real numbers x1, zo,...,z, and let
A denote the subset of X with k elements x;,,...,z;, . The r power mean of the
elements of A is denoted by
1
1 s
m(A) = k(xfl ++x:k) , (2.1)
where r > 0 is some real number. If » = 1 in the above equality, we get a4,
the arithmetic mean of the elements of A. Let r — 0 in (2.1), we get ga, the
geometric mean of the elements of A.

We first established the following lemma.

LEMMA 2.1. For any m x n matric X = (zij)mxn with nonnegative entries
z;; > 0. Denote by Xl,...,X(m)(n) its all k x l-submatrices of X. If k is
k l

m
2

n

5,1 respectively, then for any

an integer in (',m| and | is an integer in (

L<i< ()

me(X;) = { ml . [(mr(Xi NX1)) + (me(XiNXa)) + -
(%) (7) 29

o (e (X “Xm(?)))rﬂ E

Here the intersection of X; N X;, j = 1,..., () (), is just the general set
intersection.
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Proof. It suffices to prove the equality
1

(M2 (X)) = oy gy [0 (X 0 X0))" (0 (X3 1 X2))" -
() () (2.3)
o (e (X X)) |
Assume that X; = {z;,,...,2;,,, }, then the left hand of (2.3) is that
T 1 T '
(mT(Xl)) = k% l(xh +o Tt xikxl)'

Now we need show that the right hand of (2.3) is also the mean of {«7 ,...,z} }
with the same coefficient klx L

Assume that the right hand of (2.3) is ¢;, 2, + -+ + ¢, @] . By the arbi-
trariness of X;, we get that ¢;; =+ =¢;, ;-

Since k£ > "} and [ > 7, we have
XinX;#e,  j=12....(0)0).

Then the sum of all coefficients in (m,(X; N X;))"is 1, j =1,2,..., () (}). As
a result, the sum of all coefficients in the right hand of (2.3) is

1

+1+---+1) =1,
W~ ~ 7
()
ie, ¢, + - +¢,, =1 Thereforec;, =---=c¢;,, = klxl. U

Remark 4. (2.2) is the generalization of related result in [7]. But the condition
in Lemma is weaker, because the infimum of k x Lis ([]+1) x ([%]+1), which is
less than [")"] + 1, the half of the element number of the matrix X = (Zi;)mxn-
Remark 5. In (2.2), if » = 1, we have
1
aX; = (m n<aXiX+aXiX+'“+aXiXm n>~ 24
() () " T ROGVEE
In (2.2), if » — 0, we have

i) (2.5)

9x; = <9XiﬁX1 TIXinXp gXiﬁX<m)<7)> ()

2.1. Proof of Theorem

For an m xn matrix B = (b;j)mxn» With nonnegative entries b;; > 0, let B(k, 1)
denote the set of all k£ x [ submatrices of B. For each element of B(k,[), which
is composed by the rows (i1,is2,...,i;) of B and by the columns (j1,j2,...,71)
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of B, by the partial order of (i1,12,...,i) and (j1, j2,. - - ,jl)ﬂ we could get a

sequence of submatrices By, Ba, . .. ,B(Tg)(?).

In Lemma 2.1, let X; be B; and X;, j = 1,2,..., (',:L) (7), be corresponding
to By, B, ..., B(Zb)(”, then (2.4) is

1
aB, = n(aBiB+aBiB+"'+aBiBm n> 2.6
() () \"enen T "B 20
and (2.5) is
9gB; = (gBiﬂBl *9gB;,NBy " " 9B;NB/m\ (n >(7E)(7IL) . (27)
()
By the arithmetic-geometric inequality, it follows that
aB,NB; > 9B;NB;y), j = 17 27 sy (7]?) (7) (28)
From (2.6) and (2.8), we infer that
1
AB; 2y (n (gBi B: T 9B;nBy T " T 9B:NB/ 1y )
(k:)(l) " " i (%) (%)
Therefore
. (%)) ol
AeB(k,l) i=1

—_

(%)
> () ( I (

On the other hand, using the discrete case of Holder’s inequality in the form

i(ﬁ xﬂ{)é < (ﬁ(é%k)) Tiv

k=1 j=1 j=
where n, m are positive integers and x;, > 0 (j,k =1,2,...,m), we obtain
D0, @0 w00 00
(3 men)) 2 X (11 o) D0 a0
i=1 j=1 i=1 j=1
1If we consider two elements of B(k,l), By, composed by the rows (1,42, ...,i;) of B and by
the columns (j1,72,...,71) of B and B, composed by the rows (i1’,i2,...,4;’) of B and by
the columns (j1/,72’,...,7;’) of B, then here the partial order B,, < B,, means that i5 < is’

for some 1 < s<koris =15 foralll <s<kandj: <j forsomel <t<I.
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Combining (2.7), (2.9) and (2.10), it follows that
. )@, )) q
O ! GG
<AeB<k,l) ) e & (1L oncn)

. B0 .
= 2 e oyl 2 e)

k AeB(k,l)

—
S
hS
)
=
v

j=1

which is just the inequality (1.2).

REFERENCES

] BECKENBACH, E. F.—BELLMAN, R.: Inequalities, Springer-Verlag, Berlin, 1961.

] BULLEN, P. S.: A Dictionary of Inequalities. Pitman Monogr. and Surveys in Pure and
Appl. Math. 97, Longman, Harlow, 1998.

] CARLSON, B. C.—MEANY, R. K.—NELSON, S. A.: An inequality of mized arithmetic
and geometric means, STAM Rev. 13 (1971), 253-255.

] HARDY, G. H—LITTLEWOOD, J. E—POLYA, G.: Inegualities (2nd ed.), Cambridge
University Press, Cambridge, 1952.

] HU, Y. J—ZHANG, X. P—YANG, Z. H.: Mized mean inequalities for several positive
definite matrices, Linear Algebra Appl. 395 (2005), 247—263.

] KEDLAYA, K.: Proof of a mized arithmetic-mean, geometric-mean inequality, Amer.
Math. Monthly 101 (1994), 355-357.

] LENG, G. S.—SI, L.—ZHU, Q. S.: Mized-mean inequalities for subsets, Proc. Amer.
Math. Soc. 132 (2004), 2655-2660.

] MATSUDA, T.: An inductive proof of a mized arithmetic-geometric mean inequality,

Amer. Math. Monthly 102 (1995), 634-637.

MITRINOVIC, D. S.: Analytic Inequalities, Springer-Verlag, New York, 1970.

MITRINOVIC, D. S.—PECARIC, J. E—FINK, A. M.: Classical and New Inequalities

in Analysis, Kluwer, Dordrecht, 1993.

] MOND, B.—PECARIC, J. E.: A mized arithmetic-mean-harmonic-mean matriz inequal-
ity, Linear Algebra Appl. 237 (1996), 449-454.

Received 27. 1. 2011 * College of Science
Accepted 12. 7. 2011 Beijing Forestry University

10

Beijing, 100083
P.R. China

E-mail: silin@bjfu.edu.cn

** Key Laboratory of Data Engineering
and Knowledge Engineering
Renmin University of China
Beijing 100872
P.R. China

E-mail: zsyrose2007@yahoo.com.cn

06

Unauthenticated
Download Date | 2/3/17 9:28 PM



	Abstract
	1. Introduction
	2. Proof of main results
	2.1. Proof of Theorem

	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




