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ASYMPTOTIC PROPERTIES
FOR THE LOGLOG LAWS
UNDER POSITIVE ASSOCIATION

X1A0-RONG YANG — KE-ANG FU

(Communicated by Gejza Wimmer)

ABSTRACT. Let {X, : n > 1} be a strictly stationary sequence of positively as-
n

sociated random variables with mean zero and finite variance. Set S, = Y. Xj,
k=1

o0
My, = gcn<ax|5k|, n > 1. Suppose that 0 < 02 = EX?+2 > EX1Xk < o0.
<n k=2
In this paper, we prove that if E|X1]|27% < oo for some § € (0,1], and
o0
> Cov(X1,X;) =0(n"%) for some a > 1, then for any b > —1/2

j=n+1
. (loglog n)b—1/2
2b+1
Eh\r()%s Z 3/2 logn {Mn faa\/inoglogn}+
271/27bE|N‘2(b+1) s (_1)k
(b+1)(20+1) = (2k+1)20+D
and

im —2(b+1) Z loglogn)b oe n M
e/ n3/2 logn 8loglogn " .

_Te+1/2) &~ (F)F
T V2(b+1) ;;) (2k + 1)20+2°

where 4 = max{x,0}, N is a standard normal random variable, and T'(-) is a

Gamma function.
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1. Introduction and main results

Let {X, X,, : n > 1} be a sequence of random Variables with common distri-

bution, EX; = 0 and 0 < EX? < oo. Set S,, = ZXk, n_r;1<ax|5k\ n>1.

Denote logt = In(t Ve), t > 0, and x4 = max{x 0} When {X,, : n > 1}is
a sequence of independent and identically distributed (i.i.d.) random variables,
Chow [5] first discussed the complete moment convergence, and got the following
result.

THEOREM A. Suppose that EX = 0. Assumep > 1, a > 1/2, pa > 1 and
E(X|P +|X|log(1+ |X|)) < oo. Then for any e > 0,

oo

E npa*Q*o‘E{max\Sj\ — En"‘} < 0.
j<n +

o

Recently, Jiang and Zhang [9], established the following precise rates in the
law of the iterated logarithm for the moment of i.i.d. random variables via strong
approximation methods.

THEOREM B. Let {X, X, : n > 1} be a sequence of i.i.d. random variables
with EX =0, EX? = 0% < 0o. For b > —1, we have

) (loglogn)®
2(b+1) _
il\rﬁ]s Z: 32 l0g n {|Mn\ 05\/2n10glogn}+
_ 27° |NJ20+3 Z
b+1)2b+3)" 2k+1 26437

where N s a standard normal random variable.

Inspired by Chow [5] and Jiang and Zhang [9], here we consider the exact
moment convergence rates in the law of the iterated logarithm and Chung-type
law of the iterated logarithm for positively associated (PA) random variables
including partial sums and the maximum of the partial sums. First, we shall
give the definition of positively associated random variables:

DEFINITION 1. A finite sequence of random variables { X} : 1 < k < n} is said
to be positively associated (PA), if for any finite subsets A and B of {1,2,...,n},
we have

Cov{f(X;;ie A),9(X;; € B)} >0,

whenever f and g are coordinatewise increasing and the covariance exists. An
infinite sequence of random variables is PA if every finite subsequence is PA.
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ASYMPTOTIC PROPERTIES FOR THE LOGLOG LAWS UNDER POSITIVE ASSOCIATION

The notation of PA was first introduced by Esary et al. [6]. Because of its
wide application in multivariate statistical analysis and system reliability, it has
received considerable attention in the past two decades. Under some covariance
restrictions, a number of limit theorems have been obtained for PA sequences.
We refer to Newman [10] for the central limit theorem, Newman and Wright [11]
for the functional central limit theorem, Yu [I4] [I5] for the law of the iterated
logarithm and the strong invariance principle, Wood [13] and Birkel [3| 4] for
the Berry-Esseen inequality and the moment equalities.

Now we are ready to state our main results. In what follows, let {X,, : n > 1}

be a sequence of strictly stationary PA random wvariables, EFX; = 0,
(o]

0< EX? <oo,and set 0 < 02 = EX? +2 Y EX; X} < oo unless it is men-
k=2

tioned otherwise.

THEOREM 1. Assume that E|X,|**9 < oo for some 6 € (0,1], and u(n) :=

Y. Cov(Xy,X;) =0(n"%) for some o > 1. Then for any b > —1/2, we have
Jj=n+1

)o=1/2

lim £2b+1 Z (loglogn)

limy 3/2 log n E{Mn —am/inoglogn}+

_1/2_bE‘N‘2(b+1) & (_1)k
(b+1)(2b+1) &= (2k +1)20+D

and
241 Z (loglogn)b—1/2

lim e
n3/2logn

E{Sn—as 2nloglo n}
lim S| = oey/2nloglogn

271/271)

T (b+1)(2b+ 1)E‘N‘2(b+1)' (1)

THEOREM 2. Assume that E|X|**° < oo for some 6 € (0,1], and u(n) =

Y. Cov(Xi,X;)=0(n"%) for some o> 1. Then for any b > —1/2, we have
j=n+1

i _ (loglogn)® m2n
1 2(b+1) _ Mn
oo Z n3/2logn 7\/'8 loglogn .

= \/Q(b-+»1) i (Qk'+’1)2b+2’

where I'(+) is a Gamma function.
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XIAO-RONG YANG — KE-ANG FU

Remark 1.1. It is well known that Theorems A and B investigated the complete
moment convergence and exact moment convergence rates for i.i.d. random vari-
ables, respectively. While our main results extend them to PA random variables,
and further we obtain the exact moment convergence rates of the maximum of
the partial sums by universal law of the iterated logarithm and Chung’s law of
the iterated logarithm, extending the results of Fu [7] where only probability
convergence rates of the universal law of logarithm is considered.

2. The proof of Theorem 1

From this section on, we begin to prove the theorems, and in the sequel, let
M, C, etc. denote positive constants whose values possibly vary from place to
place. The notation a,, ~ b, means that y» — 1 as n — oo, and [z] denotes the
greatest integer part of z. We first proceed with some useful lemmas.

LEMMA 2.1. ([2]) Let {W(t): t > 0} be a standard Wiener process, and let N
be a standard normal random variable. Then for any x > 0

P{ sup |W(s)| > x} =1- i (-1)*P{(2k — 1) < N < (2k + 1)z}
0<s<1 ke —o0

4

M8

(=1)*P{N > (2k + 1)z}

bl
Il
<)

(=)*P{|N| > (2k + 1)z}.

ot

ol
I
o

In particular,

2 z?
P{ sup W(s) >z ~2P(N >x) ~ exp | — as T — o0.
03521 (s) 2 } (V2 ) V21 p< 2>
Also, for any x > 0,
4K (—1)F 72 (2k + 1)?
< = _
P( sup |W(5)\_:I:) sz_:2k+1eXp{ 82

0<s<1

[

and
2

4
P( sup |W(s)\§m>~ exp | — g as = — 0.
0<s<1 m 82
Remark 2.1. In fact, from Lemma 2.1, it follows that for any = > 0,
P(IN| < z) < Cexp (—n°/82%),

since W(1) = N.
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ASYMPTOTIC PROPERTIES FOR THE LOGLOG LAWS UNDER POSITIVE ASSOCIATION
LeEmMA 2.2. ([II]) Under the conditions of Lemma 2.1 above, we have

M, Sn o
— sup |W(s)| and — N in distribution.
ovn  o<s<i ov/n

LEmMA 2.3. ([10]) Suppose that A1 and A2 satisfy
0< A < Ao and  (\g —A\)% > 02,
where 02 = ES2. Then we have
P(My, > X9) < (1= 02/(Aa — M)%) T P(IS0] > ).
Set

b(e) = exp(exp(M/e?)), M >4, 0<e<l1/4
and

B =min(1/4,60/ (2246 + (1 +8)a))).
Without loss of generality, assume o = 1.

LEMMA 2.4. For any M > 4, we have

1 1 —-1/2
lim 204! Z (loglogn)” ‘nil/QE{Mn — 5\/2n log logn}
N0 o) nlogn +

—E{ sup |W (s \—5\/2loglogn} ‘:0

0<s<1

and

1 1 —1/2
lim £20+1 Z (loglogn)” ’n71/2E{|Sn| —E\/inoglogn}
eN0 o) nlogn +

—B{|N|- V2 loglogn} ‘ —0.
+

Proof. We only give the proof of the former one, since the proof of the latter
one is similar.
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Note that

1 1 b 1/2
£2b+1 2: (loglogn) ‘n—U2E{AL1—gVangbgn}
S nlogn +

—E{ sup |W(s |—6\/2loglogn}

0<s<1 +‘

£2b+1 Z (loglogn)>~1/2
nlogn

n1/2/P<Mn > x+5\/2nloglogn) dx
n<b(e) 0

—/P( sup |W(s)] Zx—l—e\/Qloglogn)dx
0

0<s<1

[oe]

/P(Mn > (:v+€)\/2nloglogn) dz
0

log 1 b
_ 2041 Z (og ogn)

nlogn

n<b(e)

—/P( sup |W(s)| > (x+€)\/2loglogn)d1:

0<s<1
0

loglogn)® [
< /221 Z (loglogn) /’P(Mn > (x—f—s)\/inoglogn)
n<b(e) nlogn 0

0<s<1
=:V2((I) + (I1)),

where

—P( sup |W(s)| > (x—l—e)\/loglogn)‘dx

loglogn)® [
) i= g20F1 Z (Ojlsgg:) /‘P(MnZ(:v—l-s)\/%zloglogn)
0

n<b(e)

—P( sup |W(s)| > (m+6)\/2loglogn>‘dx,
0<s<1

loglog n)® T
1) = 2b+1§j< /‘P(Mn> 2nlogl )
(II):=¢ 2 nlogn > (x4 ¢)y/2nloglogn
nsole T

—P( sup |W(s)| > (x+€)\/2loglogn)‘d:v,
0<s<1
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ASYMPTOTIC PROPERTIES FOR THE LOGLOG LAWS UNDER POSITIVE ASSOCIATION

I, = (loglogn)~1/2A;1/? and
(Mn > x\/n> - P( sup |W(s)| > x)‘

0<s<1

A

It is readily seen that A,, — 0 as n — oo by Lemma 2.2. Thus, by applying the
Toeplitz Lemma [12], we have

1 " A2 (loglog n)b1/2
0 .
(log log m)b+1/2 “ nlogn - wommee
Hence,
_2b+1 Z Ay 1/2 (loglogn)b—1/2
nlogn
n<b(e)
1 AI/Q(log logn)b=1/2
_ 2b+11 1 b b+1/2 "
€ (loglog[b(e)]) (loglog[b(s)])b“/Q ngbge) nlogn
1 A1/2(log logn)b—1/2
< MOTL/2 " —0 0.
- (loglog[b(e)])¥+1/2 nngE) nlogn v
As for (1),

(log] r
S2b+1 ;) Oflé)gg: /(P(an(x—i—g)\/inoglogn)

n

+P< sup |W(s)| > (x—l—s)\/Qloglogn))dx

0<s<1
£2b+1 Z (loglogn)® / (1) + (1)
nlogn
n<b(e) T,

From Lemma 2.3 with
A1 = (z+¢)y/2nloglogn/2 and A2 = (z 4 ¢)v/2nloglogn
and [4} Theorem 1], it follows that for some ¢ € (0, 1]

P{Mn > (z+ 5)\/2nloglogn}

1 202 —1P g \/2 - ,

< (1- n <

a ( ($+6)2nloglogn> {‘ n| 2 (z+¢)y/2nloglogn/ }
20, - —((2+6)/2) —(249)

: C<1  (z+¢)?nlog logn) (loglogn) (z +¢)
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<C n . 1
~ (z+¢)*nloglogn —202 = (z+¢)?
1 1
by the definiti f o2
(x+€)2loglogn_202 X <I+€)5 ( y the definition of o )
1

5(x+¢)?Tloglogn’

which guarantees that

/(Ih)dx < C(lOglogn)fl /(.Z +6)7(2+5) dz
ry, r
< C(loglogn) ™ /(x +e) P d
I'n

< C(loglogn)~'2A, /2.

As to (I13), it follows from Lemma 2.1 that, for any m > 1 and = > 0,

2m—+1
2 3" (~1)FP{IN| > (2k + 1)z} < P{ sup [W(s)] > x}
k=0

0<s<1

< 2zm:(—1)kp{|N| > (2k+ 1)z}, (3)
k=0

and then we have
o0 o0

/(IIg)d:vg/P( sup |W(s)| > (x+6)\/2loglogn)dm
0<s<1
T, T,
2m o0
< 22(—1)’“/1)(]\7 > (2K + 1)(z + £) /2 loglogn) da
k=0 T,
2m 1 0
<2 loglogn) ™! —2
< Ckz_(](zk+1)2(ogogn) /(.T-f—E) dz
- I'n

< C(loglogn)~'/2A, 12,
Then using the Toeplitz Lemma [12] again provides

log 1 b—1/2
(IT) < Ce? Tt Z (log Of;n) A2 0 as € —0.
i nlogn

Thus the proof is ended. O
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LEMMA 2.5. For 0 < e < 1/4, we have uniformly

(loglogn)b—1/2
2b+1 Z

lim ¢
nlogn

M — o0

E{ sup |W(s |—€\/2loglogn} = 0.
n>be) 0<s<1 +

Proof. Recalling Lemma 2.1, we have that for k large enough,

1 1 b 1/2 7
g2b+1 Z og ogn /P{ sup |W ‘>5\/2]og10gn+$}d

r® nlogn ) 0<s<1
(loglogn)? [
< cemrr y (loslosn) /P{N > (2 +¢)y/2loglogn | do
o) nlogn

Ce2b+1 Z (loglogn)® / E|N| da
e nlogn (x + ¢)k(log log n)k/2
n 0

< et 3 (loglog n)>~+/2 okl
S5 nlogn

_ CMb+1—k/2 N O,

when M — oo, uniformly for 0 < e < 1/4. O

LEMMA 2.6. Forb> —1, if E|X{|**% < 0o (0 <6 < 1), then
b 1/2

241 Z (loglogn)

lim lim e 75/2 log E{

M, — 1/2nlogl }:.
i lim 5\/nogogn . 0

n>b(e)

Proof. Setting
A = (x +¢)y/2nloglogn/2  and Ao = (z +€)y/2nloglogn

again, by the fact 02 ~ n, as n — 0o, we have that (A2 — A\;)? > 02, whence
x >T,, n > b(e) and ¢ is small enough. By virtue of [4, Theorem 1} and Lemma
2.3, it leads to that for 0 < & < 1/4 and some ¢ € (0, 1]

P{M, > (z+¢)y/2nloglogn |} < CP{|Su| = (z +¢)y/2nloglogn/2 |
< O(loglogn)~((2+9)/2) (g 4 £)=(2+9)
< C(loglogn) ! (z + )~ (+9),
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Thus it leads to
2(6+1) Z (loglogn)b—1/2
n3/2logn

E{Mn - 5\/nlogn}
+

n>b(e)

255 Z (loglogn)b=3/2

3/2
no5e) n3/?logn

—1-5/2 (loglogn)
< Ce?% (loglog b(e)) > 3/ lonn
n>b(e) &

(2b+6—1)/2

— g2t —1-6/2 Z (log log n)(2b+3-1)/2

3/2
nS5e) n3/2logn

By letting ¢ — 0 and M — oo, the conclusion follows, as desired. O

Proof of Theorem 1. First we prove the following propositions:

PRrOPOSITION 2.1. For any b > —1/2, we have

b 1/2

) (loglogn)
lim g2b+1 E{ sup |[W(s)| —ev/2loglo n}
e\ Z nlogn 0<sI<)1| )| = V/2loglog +

2_1/2_bE‘N\2(b+1) 0 (—l)k
(b+1)(2b+1) & (2k+ 1)+

and

)b 1/2 2—1/2—bE|N|2(b+1)

) (loglogn)
2b+1 Z
lim b+1)(2b+1) ~’

e\0 nlogn

E{|N| - 5\/2loglogn} =
+
where N 1is the standard normal random variable.

Proof. Note that for any m > 1 and x > 0, ([3]) holds. Thus it follows that for
any t >0

Pz, W=}, = [P W02 o)
<2 %(—1)’“ 7P(|N| > (2k+1)(t+2))dz
k=0 0
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2m oo
(—=1)"
= >
222k+1 P(IN|> 2k + 1)t + ) dz
k=0 0
2m (_1)
:2Z2k+1E{\N\ (2k + 1)t}
k=0
and
2m—+1 (_1)k
E w —t >2 FE{|N| - (2k+ 1)t} .
L, W =t 22 30 5, 0 BUN| = 2k o+ 1t

So, it suffices to show that for any ¢ > 1 and b > —1/2,

, (loglogn)b—1/2
2b+1
il\r"%s E nlogn E{|N| —qe\/Qloglogn}+

71/27bE|N|2(b+1)
(b+1)(2b+ 1)

—2b—1 2

Obviously,

1 1 —1/2
lim e?0+! E (loglogn)” E{|N| —qs\/Qloglogn}
+

) nlogn
loe log 7)b—1/2 i
_ lim€25+1/(0g ogy) / P{|N|2m}d1}dy
N0 ylogy
ee qev/2loglogy
_ 21/2—bq—26—1 h{% ZZb/P{|N| >zxtdadz
V2qe z

) 271/27bE|N|2(b+1)
(b+1)(2b+1)

—2b—

(5)
Thus the Proposition follows by taking ¢ = 2k + 1 and ¢ = 1, respectively. [

PROPOSITION 2.2. For any b > —1/2, if E|X|**° (0 < 6 < 1), then we have

) (loglogn)®=1/2 _
lim £2+1 ’ 1/213{1\4n —ey/2nlogl }
81{%5 Z nlogn n ev/2nloglogn .

—E{ sup |W (s \—5\/2loglogn} ‘:0
+

0<s<1
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and
ii{% g2t Z Inglgogn v ‘n_l/ZE{\Sn| — ey/2nloglogn }+
—E{|N|—¢&\/2 loglogn}Jr’ =0.
Proof. It is trivial via Lemmas 2.4-2.6. O
Theorem 1 is implied from the above Propositions 1.1 and 1.2. O

3. The proof of Theorem 2
LEMMA 3.1. For any M > 4, we have

b
lim ¢~ 2(0+1) Z (logllogn) |n1/2E{5\/81 7r21n — Mn}
e oo n<b(1/e) nlogn oglogn .

Proof. Note that A, = sup‘P(Mn < zy/n) — P( sup [W(s)| < m)‘ — 0, as
z 0<s<1

n — oo. Thus following the same lines of Lemma _241, an application of the
Toeplitz Lemma [12] provides the result. 0

LEMMA 3.2. For e > 0 sufficiently large, we have

log 1 b 2
lim 20+ Z (loglog n) Eqe i — sup |[W(s)|p =0,
M—r00 noe(/e) nlogn 8loglogn  o<s<1 N

uniformly in €.

990

Unauthenticated
Download Date | 2/3/17 10:53 AM



ASYMPTOTIC PROPERTIES FOR THE LOGLOG LAWS UNDER POSITIVE ASSOCIATION

Proof. By Lemma 2.1, we have that

loc 1 b 2
SID DI {5\/81 rlogn S |W<s)}
b (1/e) nlogn oglogn  g<s<1 N
T2
E\/Sloglogn

b
D SR S O R o

n>b(1/e) nlogn 5 Oss<l1
o0
SC/ybl/Qeydy%O as M — oo.
M

LeEMMA 3.3. ([10]) Let 02 = ES?

2, and then we have

A, = sup |P(Sn/an <z)- <I>(x)| < C<n71/4 +n- 2<2+af71+a)a>>7
where C' is a constant.
LEMMA 3.4. Forb> —1/2 and ¢ > 0 sufficiently large, we have

loc 1 b 2
im0 3 ( Zg/z(ign) E{g\/gl - Mn} =0,
—00 nobiyey T logn oglogn .

uniformly in €.
Proof. Since 8 =min(1/4,0a/(2(246+ (140)w))), it follows from Lemma 3.3

that A, = O(n™?). Combined with Remark 1.1, it implies that for n large
enough,

P(M, <z) < P(|S,| < )
< |P(|Sn/an| <z/o,) — P(IN| < x/an)| + P(|N| < z/oy)
< Cn? + Cexp(—(n?02)/827%).

Then for any ¢ large enough (entailing n large enough) and b > —1/2, we have

logl b 2
S ST
nsb(ife) U108 glog .
7\'277/
E\/Sloglogn

b
_ _—2041) Z (loglogn) / P(M, < t)dt

n3/2logn
n>b(1/e) )
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o log logn)b—1/2 m2n
< Qe ( Pl M, <
= Z nlogn = 8loglogn

n>b(1/¢e)
—2b—1 (loglog n)P=1/2
= Ce Z nl+8logn
n>b(1/¢)
L2 Z (loglogn)>—1/2 exp _loglogn
ST nlogn g2

—2b-1 (loglog n)"=1/2 b—1/2 —y
< Ce Z 48 log 1 +C |y e Ydy — 0,
n>b(1/¢e) M

by letting ¢ — oo and M — oo. O

Proof of Theorem 2. We need the following propositions:

ProroOSITION 3.1. For any b > —1/2, we have

i (loglogn)® 2
1 —2(b+1) _ 174
51/1206 Z nlogn c 8loglogn 022' ()] N

S T+1/2) & (—1)k

Proof. It follows from [8 Lemma 2.4] and Lemma 2.1 that

i (loglogn)® 2
1 —2(b+1) o w
slfnolos Z nlogn © 8loglogn 0221| ()] N

T2
8loglogmn

(log1l
— lim g—2<b+1>z oglogn)” / Pl sup (w(s)| <t} ar

e, loo nlogn 0<s<1
0
(log] Sloglog"“ (1 2(2k 4 1)2
— lim e—20+D) oglogn)® / T &
iy Z nlogn e 02k+1e P 8t2

o o0 1 1 b E\/Slogi)gz 9 2k 1 9
- Zék lim e Q(b“)/(Og 08 ) / exp{—ﬁ( +1) }dtdx

+1e 00 xlog x 8t2
k=0 ee 0
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1 & . oo(loglogfv)b T o
= /2 Z(_l)kgl}rgf 2(b+1)/ 2log y 3/24 Y dy dz
k=0 e (2k+1)2 loglog z /2
1« Ji b Ji —3/2,—
:\/QZ 2k+12b+261/00 /S /y Ze7v dyds
0 (2k+1)2/e2 s
L& D s
= a1 e e B[ e
0 (2Kk41)2 /2
Oy (b
- 264+2°
V2(b+1) = (2k+1)
Thus we terminate the proof. O

PROPOSITION 3.2. For any b > —1/2, we have

limsupe™ Z(b“)z loglogn) n~Y2E{ o n

£ Moo nlogn 8loglogn B .
2
—FE<e — sup |W(s)| =0.
8loglogn  o<s<1 N
Proof. It can be readily seen via Lemmas 3.1, 3.2 and 3.4. O
Based on Propositions 3.1 and 3.2, Theorem 2 follows immediately. (I
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