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ABSTRACT. Necessary and sufficient conditions for a connected monounary al-
gebra (A, f), under which the lattice R?(A4, f) of all retracts of (A, f) (together
with () is algebraic, are proved. Simultaneously, all connected monounary al-
gebras in which each retract is a union of completely join-irreducible elements
of R?(A, f) are characterized. Further, there are described all connected mo-
nounary algebras (A, f) such that the lattice R?(A, f) is complemented. In this

case R?(A, f) forms a boolean lattice.
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1. Introduction

Monounary algebras, i.e., algebras with one unary operation, play a signifi-
cant role in the study of algebraic structures (cf., e.g., Jénsson [§], Skornjakov
[13], Chvalina [2]). The foundations of the theory of monounary and of partial
monounary algebras were laid by M. Novotny [10]; cf. also his expository pa-
per [9]. Further, there exists a close connection between (partial) monounary
algebras and some types of automata [1], [12].

The notion of retract was first introduced and studied for topological spaces.
The importance of this notion is now well known and commonly appreciated:
the notion has been investigated for many types of algebraic structures, groups,
partially ordered sets, lattices, etc. From these results let us mention the paper
of Novotny [11], where it is proved that constructions of homomorphisms and
retracts of monounary algebras enable to make constructions of homomorphisms
and retracts of arbitrary algebras.
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Let us recall that a substructure M of a structure A is said to be a retract
of A if there exists and endomorphism (called a retraction) ¢ of A onto M such
that ¢(z) = z for each element z of M. We will deal with retracts of monounary
algebras which were studied first in [4]-[6].

This paper is a continuation of [7], where some properties of lattices R?(A4, f)
of all retracts (together with the empty set) of a monounary algebra (A, f) were
dealt with. Namely, there were studied semimodularity and concepts related
to semimodularity (M-symmetry and Mac Lane’s condition) of retract lattices
of monounary algebras. Next, there was given a description of all connected
monounary algebras such that their retract lattice is modular.

Clearly, a retract is a subalgebra of a given algebra, though the lattice of
retracts need not be a sublattice of the subalgebra lattice in general. However,
though the retract lattice of a monounary algebra is always complete, it is not
algebraic in general. We prove necessary and sufficient conditions for a con-
nected monounary algebra (A, f), under which the lattice R?(A, f) is algebraic.
Simultaneously, all connected monounary algebras in which each retract is a
union of completely join-irreducible elements of RQ(A, f) are characterized.

Further, there are described all connected monounary algebras (A, f) such
that the lattice R?(A, f) is complemented. In this case R?(A, f) forms a boolean
lattice.

2. Preliminaries

In the paper we will use notations of universal algebra due to [8] and of lattice
theory due to [3].

By a monounary algebra we understand a pair (A, f) where A is a nonempty
set and f: A — A is a mapping.

Let (A, f) be a monounary algebra. A nonempty subset M of A is said to
be a retract of (A, f) if there is a mapping ¢ of A onto M such that ¢ is an
endomorphism of (A4, f) and ¢(x) = z for each x € M. The mapping ¢ is then
called a retraction endomorphism corresponding to the retract M.

If ) # B C A, then we denote f [ B the partial operation on B such that
dom(f | B) = {b € Bndom(f) : f(b) € B} and if b € dom(f | B), then
(f I B)(b) = f(b). Then (B, f | B) is called a relative subalgebra of (A, f).
Instead of (B, f | B) we will write also (B, f). If dom(f [ B) = B then (B, f)
is said to be a subalgebra of (A, f).

A monounary algebra (A, f) is called connected if for arbitrary elements x,y €
A there are non-negative integers n,m such that f"(x) = f™(y). A maximal
connected subalgebra of a monounary algebra is called a (connected) component.
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An element x € A is referred to as cyclic, if there exists a positive integer n
such that f™(z) = z. In this case the set {z, f1(z), f2(x),..., f* 1(z)} is said
to be a cycle.

The notion of degree s¢(x) of an element z € A was introduced in [10] (cf.
also [9]) as follows. Let us denote by A(°) the set of all elements € A such
that there exists a sequence {x, }nenu{o} of elements belonging to A with the
property zo = « and f(z,) = x,_; for each n € N. Further, we put A®) = {z €
A: f~'(z) = 0}. Now we define a set AX) C A for each ordinal A by induction.
Assume that we have defined A® for each ordinal o < A\. Then we put

AN = {x ceAN A @ c Y A(O‘)}.

a<A a<<

The sets A are pairwise disjoint. For each x € A, either z € A(>) or there
is an ordinal A with x € A®). In the former case we put s;(z) = oo, in the
latter we set sy(x) = A\. We put A < oo for each ordinal .

Let (A, f) be a connected monounary algebra. We say that (A, f) is un-
bounded, if

(i) s¢(z) # oo for each = € A,
(ii) if # € A, n € N, then there is m € N such that f=m+™)(f™(z)) # 0.

The connected monounary algebra (A, f) is said to be bounded if (A, f) sat-
isfies (i) and does not fulfill (ii).

Further we will use the following notation for some algebras.

As usual, the symbols Z and N denote the sets of all integers or of positive
integers, respectively. Next, for n € N we denote by Z,, = {0,,1,,...,(n — 1)}
the set of all integers modulo n. We denote by (Z, suc) and (N, suc) the algebras
such that suc is the operation of the successor.

Next we denote Z,, oo = Z, UN and for z € Z,, o we set

z+1, if ze€eZ,
suc(z) =qx—1 if z e N {1}
0 if z=1.

Let M be a subset of Ng. We denote Zy; =ZU |J (Nx{j}) and for z € Zp
JEM
we set
x+1 if ze€Z,
suc(z) =< (i —1,7) if z=(i,5), ie N\ {1}, j€ M,
—j if 2 = (1,5), j € M.
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FIGURE 1. An example of (Z);,suc) for M = Ny

Let M be a subset of N. We denote ZI(\? =ZyUNU |J (Nx{j}) and for

jeEM
mGZI(\f[)weset
T+ 1 if x € Zy,
x—1 if 2 e N—{1},
suc(z) = { O if =1,
(t—1,7) it x=(1,5), te NN {1}, j€ M,
j if 2 = (1,5), j € M.

In [4] the following theorem characterizing retracts of connected monounary
algebras was proved.

THEOREM 2.1. Let (A, f) be a connected monounary algebra and let (M, f) be

a subalgebra of (A, f). Then M is a retract of (A, f) if and only if the following
condition is satisfied:

Ify € f~Y(M), then there is z € M with f(y) = f(z) and s¢(y) < sf(z).

The second one characterizes retracts of monounary algebras in a general
(non-connected) case.

THEOREM 2.2. ([]) Let (A, f) be a monounary algebra and let (M, f) be a
subalgebra of (A, f). Then M is a retract of (A, f) if and only if the following
conditions are satisfied:
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(a) Ify € f~Y(M), then there is = € M such that f(y) = f(z) and s¢(y) <
s7(2)-
(b) For any connected component K of (A, f) with KN M = (), the following
conditions are satisfied:
(bl) If K contains a cycle with d elements, then there is a connected com-
ponent K' of (A, f) with K' N M # 0 and there is n € N such that
n/d and K' has a cycle with n elements.

(b2) If K contains no cycle and xq is a fized element of K, then there is
Yo € M such that s¢(f¥(x0)) < sp(f¥(yo)) for each k € NU {0}.

Through this paper we will use the following notation: Let (A, f) be a con-
nected monounary algebra. For a subset B C A denote by B? = {:v € B:
= 0}. If (A, f) contains no cycle, we denote by B = {X C B :
(X f) (Z,suc)}.
Let (A, f) be a connected monounary algebra. Without quotation we will use
the following facts which can be derived from Theorem 211

(i) If (A, f) contains a cycle C, then C is a retract of (4, f).

(ii) If (A, f) contains a subalgebra (M, f), (M, f) = (Z, suc), then M is a retract
of (A, f).

(iii) Suppose that (A, f) contains no cycle. Then every retract M of (A, f) as
subalgebra is equal to a subalgebra generated by the set |J MZ U M°. We
note that for any system X of sets, JX = {z: (3X' € X)(z € X')}.

(iv) If M is a retract of (A, f) and A% # () then MZ # .

(v) Let M be a retract, and z € M be an element with s¢(z) = a, o € Ord, «
limit. Then the set {ss(y): y € f~'(z) N M} is cofinal in .

We note that a subset B of a partially ordered set A is cofinal if for every a in
A there is b in B such that a <b.

Next, we remind some results proved in [7]. The system of all retracts of a
given monounary algebra (A, f) is denoted R(A, f). This system together with
empty set ordered by inclusion is denoted R?(A4, f).

Retracts of monounary algebra (A, f) are closed under arbitrary unions, hence
RQ(A, f) forms a complete lattice with the greatest element A and with the least
element (). For B € R(A, f) U{0} denote by (B) the sublattice consisting of all
retracts of (A, f) containing B. Similarly (B) denote the sublattice consisting
of all retracts of (A, f) contained in B.

We also denote by R(A4, f) the system of all nonempty retracts of (A, f)
ordered by inclusion. If there exists the least retract of (A, f), then this system
forms a complete lattice, too. We note, that the conditions under which R(A4, f)
contains the least element were described in [7].
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Let (A, f) be a monounary algebra and A = |J A; where (A;, f), i € I are
i€l
connected components of (4, f). Put Iy = {i € I; BN A; # 0}.
LeEMMA 2.3. ([7, Lemma 3.2]) Let (A, f) be a monounary algebra with the system
(A;, f), i € I of connected components and let B € R(A, f) be a proper retract.

Then
B)= [[®B) x [] R A1) .

iely ieI~Io

Let (A, f) be a connected monounary algebra, € A be an arbitrary noncyclic

element. Denote A* = |J f7"(x) UN (we may assume that the sets N and
n€Ng

U f"(x) are disjoint) and for y € A* we set f(y) =fly)ifye U f(x),
neNy neN

f(z)=1and f(y) =y +1 fory € N.
Note that sf(z) = sp(z) forallz e |J f7" ().
neNy
LEMMA 2.4. ([7, Lemma 3.3]) If (A, f) is a connected monounary algebra, B €
R(A, f), then

(B)

1%

II RrR'@.5H.

z€f-1(B)~B
The following lemma was proved in [7], too:

LEMMA 2.5. ([7, Lemma 4.2]) Let (A, f) be a connected monounary algebra.
The lattice RY(A, f) is atomic if and only if (A, f) is not unbounded.

Lattice L is atomic if L has the least element 0, and for every a € L, a # 0,
there is an atom p < a.

3. Completely join-irreducible elements

Let L be a lattice. An element a € L is join-irreducible, if a = bV ¢ implies

that a = b or a = ¢, it is completely join-irreducible if @ = \/ a; implies that
iel
a = a;, for some ig € I.

THEOREM 3.1. Let (A, f) be a connected monounary algebra possessing no cycle.
A retract R € R(A, f) is completely join-irreducible in R?(A, f) if and only if
the following conditions are satisfied.

(1) Forallz,y € R, x #y, f(x) = f(y) implies that s¢(x) # s¢(y).

(2) Forallz € R, |[f'(z)NR| < 2.
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(3) For all z € R U|JR? there exist at most one n € N and z € R with
f(z) = (@) and s¢(z) < sp(f"7(2)).

FIGURE 2. An example of an algebra satisfying the condition (3) and not
satisfying (3)

Proof. Assume that a retract R does not fulfill the conditions of theorem.
First suppose that the condition (2) is not valid. Let z € R be such an element,
that | f~(z) N R| > 2. We are able to choose a subset S of f~!(z) N R with
the property that the set {Sf(y) oy € S} is cofinal in the set of ordinals
{sf(y): ye f~H{x)NR} and ’(f_l(:v) NR) ~ S‘ > 2. Denote by z an arbitrary
element of (f~*(z) N R) \ S and denote Z = (f~'(z) N R) \ (SU{z}). Since
|(f~*(z) N R) \ S| > 2 we obtain that Z # (. Now put By = (R~ J f~"(z))U
neN

(RN U f™(SU{z}))and Ry = (R~ UJ f~™(2))U(RN U f™(SUZ)). Using
n€Ng neN n&ENy

theorem 2Tl a the fact that the set {sf(y) : y € S} is cofinal in the set of ordinals

{sf(y): y € f~*(z)N R} and hence is also cofinal in {ss(y) : y € f~'(z)}, we

obtain that Ry, Ry are retracts, R;, R C R and R = R; U Rs.

Now assume that the condition (1) is not valid, i.e., there exist x,y,z € R
with z = f(z) = f(y) and sy(z) = s¢(y). We may assume that | f~!(z) N R| =2
(in other case the condition (2) is not satisfied, too).

Denote by R, = (R~ U f™"(2))U(RN U [ "(z)) and similarly denote

neN nENy

by R, = (R~ UNf’"(z)) U(RN L%\I f™"(y)). Now Ry, R, € R(A, f) by 2l
ne ne
and Ry, R, C R, R=R, UR,. '
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Finally suppose that the condition (3) is not valid. Let 2 € R® U |JR? be
such an element that there exist m,n € N, m < n and z,y € R with f(z) =
(@), fy) = f(a) and sp(2) < sp(F™ (@), sp(y) < sy(f7(z)). Since
sf(z) < sp(fm™ 1 (x)), according to 2T we obtain that By = R~ |J f7/(z)isa

J€No

retract and Ry C R. Likewise the same holds for Rs = R~ |J f77(y). Hence
J€No

R = R; U Rs and R is not completely join—irreducible.

Conversely, suppose that a retract R satisfies the conditions of the theorem
and R = |J R;. Due to the condition (1), R contains at most one copy of

il

(Z,suc) as a subalgebra, thus we may assume that R # (), otherwise R is an
atom. Also, we may assume that (R, f) is not isomorphic to (N,suc). In this
case for z € R® define

p(z) = min{sf(f"(:v)) : (In € Ng)(3z € R) (z # M (z) & f(z) = f"+1(x))}

Let & € R be an element with p(Z) = min{p(z) : = € R°}. Since Z € R =
U Ri, there exist ig € I with € R;,. We show that R" C R) , what implies
iel
R = R,,, since RZ = RiZO.

Let x € R°, x # 7 be an arbitrary element. Since (A, f) is connected, there
are m,n € N such that f™(z) = f™(x). According to the conditions (1) and (3)
and the definition of the element Z, we obtain s¢(f™ (7)) < sf(f" ().

Also, using the conditions (3) and (1) we obtain that, |f~'(f*(x))| = 1 for
all k=1,2,...,n— 1. Due to the characterization of retracts in [ZI] and by (2)
we obtain f"~!(z) € R;, and this also implies z € R;,. Hence R’ C R} , what

complete the proof. O

We note that in the first part of the previous proof we were able to find two
retracts Ry, Ry with R = Ry U Rs, hence we obtain the following corollary.

COROLLARY 3.2. Let (A, f) be a connected monounary algebra possessing no
cycle. A retract R € R(A, f) is completely join-irreducible in R(A, f) if and
only if R is join-irreducible.

If a connected algebra (A, f) possess a cycle C, then due to Lemma 24

R(A, f) = (C) & 1T RY(A”, f), thus a retract R € R(A, f) is com-
zef-1(C)NC
pletely join-irreducible in R?(A, f) if and only if R is equal to the cycle C or there

is exactly one z € RN (f~1(C)\C) and R, = (Rﬂf_jo f‘i(x))U_o_le fi(x) is com-

pletely join-irreducible in the corresponding algebra (A%, f). Again R € R(A, f)
is completely join-irreducible if and only if R is join-irreducible.
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THEOREM 3.3. Let (A, f) be a connected monounary algebra, R € R(A, f) be a
completely join-irreducible element. Then each retract Q € R(A, f), Q@ C R is
completely join-irreducible and moreover (R) forms a decreasing chain of order
type < w. This order type is equal to w if and only if (A, f) is unbounded.

Proof. We use the characterization of completely join-irreducible elements
from Theorem Bl If R satisfies the conditions (1),(2),(3) then also any re-
tract @ C R does. To prove that (R) forms a chain it is sufficient to show that
for any two incomparable retracts S, T there is no completely join-irreducible
upper bound. Since S and T are incomparable retracts, SUT is not completely
join-irreducible, hence S U T does not satisfy one of the conditions of Theorem
BI and so does any retract R D SUT.

Finally we prove that the order type of (R) is < w. First consider that
(A, f) possesses no cycle. We may assume that R is not an atom. In this case,
similarly as in the proof of the theorem B.Il define for all Q C R, @ being
not an atom and for all z € Q°, po(z) = min{ss(f"(x)) : (In € Ng)(Iz €
R)(z # f™(z) & f(z) = f**(x))}. Let zg be such an element that pg(zq) =
min{pQ(:v) :ox € QO}. For all @ C R the element z¢ is unique and zq
determines ) uniquely in the following sense: if @' C @ and zg € Q' then
@ = Q. Hence for all Q,Q" C R, Q # Q' implies zg # xq/. Moreover, if
Q' C Q and f*(zg) = fY(zg/) then k < L.

Since for all j € N there is at most one zg such that zg € |J f~(f/(xzr))~ U

i=0 i=0
J74(f77Y(zR)) we obtain that the order type of (R) is < w. It is obvious that
the order type of (R) is equal to w if and only if R?(A, f) contains no atom, i.e.,
(4, f) is unbounded.

Suppose that (A, f) possesses a cycle C. Let R be a completely join-irreducible
element of RQ(A, f). Suppose that R is not equal to the cycle. Then there is

exactly one x € RN (f~1(C)~C) and R, = (RN U f(z)) U U fi() is
i=0 i=1
completely join-irreducible in R?(A%, ). We may also assume that R, is not

an atom of R?(A%, f). In this case R # (. Since there is m € N such that
f™(xr) € C we obtain that (R) forms a finite chain. O

4. Algebraic lattice

The aim of this section is to describe all connected monounary algebras (A4, f),
such that a lattice RQ(A, f) is algebraic. Simultaneously we will investigate
under which conditions each element of R?(A, f) is a union of completely join-
irreducible elements.
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Let L be a complete lattice and let a be an element of L. Then a is called
compact if a < \/ X, for some X C L, implies that a < \/ X3, for some finite
X, CX.

A complete lattice is called algebraic if every element is a join of compact
elements.

LEMMA 4.1. Let (A, f) be a connected monounary algebra. If there exists an
element x € A with s¢(x) = w, then the lattice RY(A, f) is not algebraic.

Proof. To prove this statement it is sufficient to show that no retract of (A, f)
containing the element x is compact.

Suppose that R € R(A, f) and € R. Since s¢(z) = w, according to 2] we
obtain that the set S?_l(m) = {ss(y) : y € RN f(x)} is cofinal in w. We
note that the set S of ordinals is cofinal in w if and only if S is infinite. Let
S = {Si : i€ N} be an infinite partition of Sﬁ_l(x) where S; is infinite for
all ¢ € N. Each set .S; is cofinal in Sf,l(z) and hence in w. Put R; = (R ~

E:jlf’”(x)) U (Rﬁ U G f’”(y)), where SZ-A = {y € f ) sf(y) € Si}.

yesSA n=0
It is not difficult to verify that R; is a retract for all € N. We have R = |J R;
€N
and R # |J R; for all finite subset I C N, hence R is not compact. (]
iel

Obviously, if a retract R contains an element x with s¢(z) = w, then according
to Theorem B.I, R is not completely join-irreducible. Hence we obtain the
following lemma.

LEMMA 4.2. No retract containing an element x with s¢(z) = w is a union of
completely join-irreducible elements.

LEMMA 4.3. Let (A, f) be a connected monounary algebra. If (A, f) contains
a subalgebra isomorphic to (Zyr,suc), M C Ny, M infinite, then the lattice
R?(A, f) is not algebraic.

Proof. Suppose that (A, f) contains a subalgebra (B, f) isomorphic to (Z, suc),
M C Ny. We will not distinguish (B, f) from (Zys,suc). We show that the re-
tract Z is not compact in R?(A, f). Denote by Z;, i € M the retract generated
by the set {(n,i) : n € N}. We note that each (Z;, suc) is isomorphic to (Z, suc).
Now Z C |J Z; and it is evident that Z ¢ |J Z; for any X; C M, X; finite.
ieM ieX
Hence Z is not compact. Since Z is an atom, 1it cannot be a join of compact
elements. |

Similarly as Lemma we can prove the following statement.

178

Unauthenticated
Download Date | 2/3/17 10:52 AM



SOME PROPERTIES OF RETRACT LATTICES OF MONOUNARY ALGEBRAS

LEMMA 4.4. Let (A, f) be a connected monounary algebra. If (A, f) contains a
subalgebra isomorphic to (Z](\Z), suc), k € N, M C N, M infinite, then the lattice
RY(A, f) is not algebraic.

4.1. Not unbounded algebras

Now we will deal with connected monounary algebras which are not un-
bounded. Further we will assume that (A, f) possesses no cycle. We say that a
retract R of a connected monounary algebra (A, f) is finitely generated if R® and
R? is finite. We note that the retract R as subalgebra is equal to the subalgebra
generated by the set R® U |J RZ.

LEMMA 4.5. Let (A, f) be a connected not unbounded monounary algebra pos-
sessing no cycle. If (A, f) contains no element x with s¢(x) = w and (4, f) con-
tains no subalgebra isomorphic to (Zyr,suc), M C No, M infinite, then finitely
generated retracts are compact elements of RY(A, f) and R?(A, f) is an algebraic
lattice.

Proof. First suppose that there is no element of degree equal to oo, i.e., (4, f)
is bounded. Let R be a finitely generated retract. Since retracts are subalgebras,
R is a compact element of the subalgebra lattice of (A4, f) and thus R is a compact
element of RQ(A, f) since the operation of join in the both lattices is equal to
union. Now assume that A% # (). Since (A, f) contains no subalgebra isomorphic
to (Zar,suc), M C Ny, M infinite, for all X € AZ there exists & € X such that
# belongs to no other Y € A%, i.e., & determines X uniquely. If R is a finitely
generated retract, R C |J R;, then it is evident, that there exists a finite subset
iel
Iy CIwithRRU{zeX: X eR*} C (J Ri. Thus RC |J R;. Hence Ris a
il icly

compact element of R?(A, f).

Now we show that RQ(A, f) is an algebraic lattice. For this purpose we prove
that for all R € R(A4, f) and 2 € RO there exists a finitely generated retract K,
with z € K, C R.

Let R € R(A,f), y € R, fYy) # 0. If sf(y) = oo then y € [JR? and
there is X € R? with y € X. Now suppose that Sf( ) # oo. There is no
element z € A with sf(z) = w, hence the algebra (AY, f) is bounded. It is not

difficult to verify that the set R = RN U f™y)u U f(y) is a retract of

(A%, f). Due to Lemma the lattice RQ(Ay f) is atomlc hence there is a
retract Y € R(AY,f), Y C R, (Y, f) = (N,suc). So we have proved that for
each R € R(A, f),y € R, f*(y) # 0 there exists a "chain” Y with the following

properties: Y C R,y € Y and for all y/ € f~1(Y) N J f"(y), thereis 2 € Y
n=0
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with f(y') = f(2), sf(y') < sf(2), i.e., the elements below y satisfy the condition
of 2111

Let z € R be an arbitrary element. Now we construct a retract K,. Since
(A, f) is not unbounded, the lattice R?(A, f) is atomic. Let m € Ny be the
least nonnegative integer, such that f™(z) € B for some atom B C R. Put
Kyo = {z} and for all i = 1,...,m — 1, K, ; = Y; where Y; is the ”chain”
corresponding to the element y; = fi(z). According to the properties of the

m—1
sets K, ; it is not difficult to verify that the set K, = BU |J K, ; satisfies the

=0
condition of Theorem 2] thus there is a retract of (4, f) with K, C R. Since
|Kx0| <m+1 and ’KOZ‘ < 1, the retract K, is finitely generated.

Finally, R= |J K, U|JRZ, hence each R € R(A, f) is a union of compact
zERO
retracts, which completes the proof. O

We note that the retract K, can be constructed in such a way that K, is
completely join-irreducible. We put K, ; = Y; if s¢(f**(2)) < max{ss(z): z €
f7H(f(x))} and K, ; = Yi U{f*(z)} otherwise. Hence we obtain the following
lemma.

LEMMA 4.6. Let (A, f) be a connected not unbounded monounary algebra con-
taining no element of degree w. Then every retract is a union of completely
join-irreducible retracts.

THEOREM 4.7. Let (A, f) be a connected not unbounded monounary algebra.
The lattice RY(A, f) is algebraic if and only if (A, f) satisfies the following con-
ditions:

(1) There is no element x € A with sf(x) = w.

(2) If (A, f) possesses no cycle, then (A, f) contains no subalgebra isomorphic
to (Znr,suc), M C Ny, M infinite.

(3) If (A, f) possesses a cycle, then (A, f) contains no subalgebra isomorphic
to (Z](\f[),suc), keN, M C Ny, M infinite.

Proof. If an algebra contains a cycle C' then R(A, f) = II RY(A*, f).
zef-HC)NC

Since (A, f) contains no subalgebra isomorphic to (Z](\‘/[C‘),suc)7 M C Nog, M

infinite, any algebra (A%, f), z € f~1(C)~ C contains no subalgebra isomorphic

to (Znr,suc), M C Ny, M infinite. A direct product of algebraic lattices is again

algebraic, hence R(A4, f) is algebraic and also R?(4, f). Now the statement

follows from Lemmas ] and O
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4.2. Unbounded algebras

Further we will deal with unbounded connected monounary algebras. We
note that in this case no retract is finitely generated, otherwise there is a retract
isomorphic to (N,suc). Also we will assume that an unbounded monounary
algebra (A, f) contains no element of degree equal to w. Then for all z € A,
sf(x) € w, i.e., s¢(x) is a finite ordinal.

Let z € A° be a fixed element. For i € N, denote d; = maX{Sf(y) Dy €
f7H(fi(x)}. Let M = {i € N: d; > sg(f""'(z))}. The algebra (4, f) is
unbounded, therefore M is infinite.

By a skeleton of (A, f) corresponding to x we understand the subalgebra
generated by a set {yl e MU {O}}, where yo = x and y; is an arbitrary
element with y; € A%, féitl(y,) = fi(x).

We note that it is not difficult to verify that each skeleton of (A, f) corre-
sponding to z is a retract of (4, f).

Denote by S(z) the set of all skeletons corresponding to z. We say that S(x)
is almost unique if the following condition is valid: if M’ C M and for all i € M’
there exist distinct elements v;,w; € A° with f4+1(v;) = féitl(w;) = fi(x),
then M’ is finite.

LEMMA 4.8. Each skeleton is completely join-irreducible in R?(A, f).

Proof. Let S be a skeleton of z with a generating set {y; : i € M U{0}}. We
verify that S satisfies the conditions of Theorem [3]l Since the only elements
z € S with |f’1(z)ﬁS| > 1 are of the form f(z), i € M, we obtain that
S satisfies (1) and (2) of Bl Further let y € S°. Then y = z or y = y;
for some j € M. If y = x then for all i € M, s¢(f""'(z)) < sf(z), where
z € 8, f(z) = fi(x). Now suppose that y = y;. For 1 < [ < d; we have
Y ) NS = =1 (y;) and for I > d; + 1, fi(y;) = =4+ (2), thus
d;j +1 is the only positive integer with f%¥1(y;) = f(z), where z = fi=1(z) and
s¢(f% (y;)) > s¢(2). Hence S also satisfies the condition (3) of Bl d

LEMMA 4.9. Let R € R(A, f) be a retract and x € R° be an arbitrary element.
Then there is a skeleton S, of x such that S, C R.

Proof. We prove that for all i € M there exists y; € R® with f%+1(y;) = fi(z).
Let ¢ € M. Since all elements of (A, f) have finite degree, the same holds for
an algebra (A/ (®) f). Moreover, (A7 (*), f) is bounded and sf(z) = sf(z) for
all z € L_Jof_"(fi(:v)). Since R = RN L_Jof_"(fi(:v)) u L_Jlf”(fl(:v)) is a
retract of (Afi(‘”), f) and Rw(Afi(m), f) is atomic, there exists a retract Y C R,
(Y, f) = (N,suc). Hence Y is generated by some element y;. Obviously y; € R°
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and f%+(y;) = fi(z), since s;(fi(x)) = s]z(fi(x)) = d; + 1. Take S, the
subalgebra generated by the set {y; : i € M} U {z}. O

As a consequence of this lemma we obtain that each retract R is a union of
skeletons, R = |J S;.
z€RC
The following theorem characterizes all connected monounary algebras where
any retract is a union of completely join-irreducible retracts.

THEOREM 4.10. Let (A, f) be a connected monounary algebra. In R?(A, f),
every retract is a union of completely join-irreducible retracts if and only if there
is no element © € A with sy(x) = w.

Proof. If (A, f) possesses no cycle, then the statement follows from Lemmas

42 20 and
If (A, f) possesses a cycle C, then R(A4, f) = (C) & I R?(A%, f).

zef~1(C)NC
The statement follows from the fact that (A, f) contains no element of degree w
if and only if the same holds for all (A%, f), z € f~1(C) \ C. O

LEMMA 4.11. A skeleton of x is compact if and only if S(x) is almost unique.

Proof. Let x € AY. First suppose that S(z) is almost unique. Let S € S(z) be

an arbitrary skeleton of x generated by a set {yi cie MU {O}} and S C |J Ry.
teT

Let ig be the greatest positive number such that there exist distinct v;,, w;, € A°
with fdioﬂ( o) = fliot(w;,) = f“J( ). Hence for all S1, 5, € S(x) we obtain

that S7 ~ U " (flo(x)) = Sa U f7"(f(x)). Since z € |J Ry, there exists
teT
toeT such that x € Ry,. Due to Lemma A9 there is a skeleton S; of x with

S1 C Ry,. Since S(z) is almost unique we have {y; : i € M, i > io} C 5.
Hence for each 1 < ¢ < 4 there is ¢; € T with y; € R;, and we obtain that

S g U Rt, where |T0| S i(] + 1.
teTy

Conversely, suppose that S(z) is not almost unique. Let M’ = {z'j :
N} € M be an infinite subset, such that there exist v; € A°, v; # y; with
f3+(v;) = fdit(y;) = fi(z). Denote by R; the skeleton generated by the set
{yi: i€ MM} ULy, Yisr--rui, } U{vy, © 1>} Now S € |J R; and
jEN
S ¢ U R, for any finite J C N, hence S is not compact. O
jeJ

Since in any algebraic lattice, completely join-irreducible elements are com-
pact, we obtain the following theorem.
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THEOREM 4.12. Let (A, f) be an unbounded monounary algebra containing no
element of degree w. The lattice RQ(A, f) is algebraic if and only if for all v € A°
the system S(x) of skeletons is almost unique.

5. Complemented and boolean lattices

In this section we will find conditions under which R(A, f) or R?(A, f) re-
spectively, is complemented. Also we will show that in this case the system
R(A, f) forms a boolean lattice.

Let (A, f) be a monounary algebra, x € A. We say that the ordered pair
(z, f(x)) forms a gap if sy(x) +1 < s¢(f(x)).

LEMMA 5.1. Let (A, f) be a monounary algebra, x € A be an element such that
(a;, f(x)) forms a gap. Then the lattice RY(A, f) is not complemented.

Proof. Suppose that there is z € A such that (m,f(:v)) forms a gap. Since
(z, f(x)) forms a gap, there exists y € f~!(x) with sy(z) < sf(y). Consider the

set R=A~ U f"(z). The only element z € f~!(R), z ¢ R is equal to z and
neNy
the element y satisfies the condition of 2] therefore R is a retract of (A, f). Let

R’ be aretract with R UR = A. Thenz € R and R N (f~'(f(z)) ~ {=}) # 0,

sincey € f~1(z) and sy(z) < sy(y). Theset RNR=RN[ A~ U f‘"(q:)) =

neNg
R ~ U f"(z)is a retract and RAR = RN R # 0, hence R?(A4, f) is not
neNg
complemented. O

The condition that a connected monounary algebra (A, f) contains no gap is
not sufficient for a lattice R?(A4, f) to be complemented.

Denote by C the class of all infinite connected monounary algebras, consisting
only of elements of degree oo and possessing a cycle. Next, denote by Z a
class of all connected monounary algebras (A, f) with all elements of degree co
and satisfying the property: there exists a subalgebra of (A, f) isomorphic to
(Zp,suc), M C Ny, M infinite.

LEMMA 5.2. Let (A, f) be a connected monounary algebra such that (A, f) €
CUZ. Then RY(A, f) is not complemented.

Proof. Suppose that (A, f) € C. Then (A, f) contains a cycle and the cycle is

the only atom covering the empty set, thus RQ(A, f) is not complemented.
Further assume that (A, f) € Z. Let (B, f) be a subalgebra of (A, f) iso-

morphic to (Zps,suc), M infinite, M C Ny. We will not distinguish (B, f) from
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(Zur,suc). We show that the retract Z does not have a complement in R? (A4, f).
Let R be a retract with R UZ = A. Then all elements (1,7), 7 € M belong to
R’ and since R’ is closed with respect to f we obtain that Z C R’ O

THEOREM 5.3. Let (A, f) be a connected monounary algebra, (A, f) ¢ CU Z.
The system RQ(A, f) forms a complemented lattice if and only if there is no
element x € A such that (z, f(z)) forms a gap. In this case RY(A, f) is a
boolean lattice.

Proof. According to Lemma [5.I] we obtain that if R?(A, f) is complemented
then (A, f) contains no gap.

Conversely suppose that (A, f) contains no gap. Since (A, f) is connected,
the existence of an element of degree oo would imply that all elements in A have
degree equal to oco.

First suppose that there is no element € A with sf(x) = oo. Applying
Theorem [27] we obtain that each retract of (A, f) is equal to a subalgebra
generated by a set of elements of the zero degree. Let [M] denote the subalgebra
generated by a subset M C A% We put [0] = 0.

We show that each subalgebra [M], M C A° is a retract of (4, f). Let
y € f71([M]) be an element such that y ¢ [M]. There exists * € M such
that f(y) = f*(z), k € N. The algebra (A, f) contains no gap, thus z =
fF=1(z) satisfies f(2) = f(y) and sf(y) = sf(z). Therefore this implies that
R € RY(A, f) if and only if R = [M], M C A°.

Hence R(A, f) = (P(A°),C) and it forms a boolean lattice.

Further suppose that sf(x) = oo holds for all x € A. Since (A, f) ¢ C we
obtain that A% # () and we note that each subset X € A% determines a minimal
retract isomorphic to (Z,suc). We define ¢: P(A%) — RP(A, f) by putting
o(@) =0 and p(M) = |J X forall M C AZ, M # (). Every retract is a union

XeM
of all subalgebras isomorphic to (Z,suc) which it contains, thus the mapping
@ is surjective. Suppose that M, My € P(A%), My C Ms,. Then obviously
o(My) C o(Ms). If My € M, then there is X € M; such that X ¢ M,. Since
(A, f) ¢ Z, forall x € X aset {y;y € X,(Tn € N)f"(y) = z, |f_1(y)| > 2}
i.e., the set of all y € X below x with |f’1(y)| > 2 is finite. Hence there exists
z' € X such that |f~™(2)] = 1, thus 2’ does not belong to any other Y € S,

Y # X and we obtain that ' € |J Z=¢p(M;)and 2’ ¢ |J Z = p(Ms).
zeM, ZeM,

We have M; C M, if and only if o(M;) C ¢(Ms), hence the mapping ¢ is
a lattice isomorphism and R?(A, f) = (P(A%),C). Therefore R(A, f) forms a
boolean lattice. O

Further we will deal with algebras having a least retract.
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LEMMA 5.4. Let (A, f) be a connected monounary algebra with the least retract
O. If the system R(A, f) forms a complemented lattice, then the only gaps are
(z, f(x)) where f(z) € O.

Proof. Suppose that there is an element x € A, such that (x, f(x)) forms a
gap and f(x) ¢ O. Since (z, f(x)) forms a gap, there exists y € f~!(z) with

sp(x) <s¢(y). Aset R=A~ |J f"(x)is aretract. Let R’ be a retract with
neNg

neNy neNy

aretract and RAR = RN R # O, since f(z) € RNR and f(z) ¢ O. Hence
R(A, f) is not complemented. d

R UR = A. The set R’mR:R’m(A\ U f"(a,-)>:R’\ U f(x)is

Denote by Z¢ the class of all connected monounary algebras (A, f) such that
there exists a subalgebra of (A, f) isomorphic to (Z](\I;), suc), ke N, M C N, M
being infinite.

The following lemma can be proved similarly as Lemma

LEMMA 5.5. Let (A, f) be a connected monounary algebra such that (A, f) € Z¢.
Then R(A, f) is not complemented.

THEOREM 5.6. Let (A, f) be a connected monounary algebra with the least re-
tract O. Suppose that (A, f) ¢ Zc. The system R(A, f) forms a complemented
lattice if and only if the only gaps are (x,f(x)), where f(x) € O. In this case
R(A, f) is a boolean lattice.

Proof. The necessary condition is due to Lemma 5.4l

Suppose that x € f~1(0) \ O. According to the assumptions, the algebra
(A*, f) defined in Lemma 24 contains no gap. Since (A, f) ¢ Z¢ we also obtain
that (A%, f) ¢ Z. Due to Theorem 5.3, R?(A*, f) forms a boolean lattice, for
all z € f~1(0) \ O. Since R(4, f) = (0), applying Lemma 2.4] we obtain that
R(A4, f) is a direct product of boolean lattices. O

THEOREM 5.7. Let (A, f) be a monounary algebra with the least retract O. The
system R(A, f) forms a complemented lattice if and only if

(i) every component B having a nonempty intersection with the least retract O
satisfies (B, f) ¢ Z¢ and B contains only gaps (z, f(x)), where f(z) € O,

(ii) every component B having an empty intersection with the least retract O
satisfies (B, f) ¢ CU Z and B contains no gap.

Proof. Suppose that A = |J A; where A;, i € T are connected components of
iel
the algebra (A, f). We have R(A4, f) = (0) = J] (0;)x [ R4, f), where

i€lp i€INIp
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In={iel: ONA; # 0} and O; = O N A;. Since the product of lattices is
complemented if and only if every factor is complemented the assertion follows
from Theorem and Theorem O

COROLLARY 5.8. Let (A, f) be a monounary algebra. The system R(A, f) forms
a boolean lattice if and only if R(A, f) is complemented.

We remark that if in [5.8] the system R(A, f) is replaced by R?(A, f), then
the assertion need not be valid in general (for the non-connected case).

SN

8

(9]
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