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ABSTRACT. The purpose of this paper is to introduce and study the concepts
of double \-statistically convergent and double A-statistically Cauchy sequences
in probabilistic normed space.
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1. Introduction and preliminaries

The idea of statistical convergence for sequences of real number was first in-
troduced by Fast [5] and Steinhauss [18] independently in the same year 1951
and since then several generalizations and applications of this concept have been
investigated by various authors, namely Salat [14], Fridy [6], and many others.
The concept of statistical convergence for double sequences was studied by Mur-
saleen and Edely [11] and further studied by Mursaleen and Mohiuddine [10].
The idea of A-statistical convergence of single sequences = = (z) of real numbers
has been studied by Mursaleen [12]; and for double sequences of fuzzy numbers
by Savas [15]. Quite recently, Mohiuddine and Lohani [9] introduced the concept
of A-statistical convergence of single sequences © = () in intuitionistic fuzzy
normed spaces.

An interesting and important generalization of the notion of metric space was
introduced by Menger [8] under the name of statistical metric space, which is
now called probabilistic metric space. The idea of Menger was to use distribution
functions instead of nonnegative real numbers.
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In fact the probabilistic theory has become an area of active research for the
last forty years. It has a wide range of applications in functional analysis [4]. An
important family of probabilistic metric spaces are probabilistic normed spaces
(briefly, PN-spaces). The notion of probabilistic normed spaces was introduced
by Sherstnev [17] in 1963 and later on studied by various authors, see [2, 3, 7].

In [1], Alotaibi studied the notion of A-statistical convergence for single se-
quences in probabilistic normed spaces. In this paper, we study the concepts
of double A-statistically convergence and double A-statistically Cauchy for se-
quences in probabilistic normed spaces.

Let K be a subset of N, the set of natural numbers. Then the asymptotic
density of K denoted by §(K) (see [5, 18]), is defined as

1
(K)=Ilim |{ke K: k<n}|,
non
where the vertical bars denote the cardinality of the enclosed set.

DEFINITION 1.1. A number sequence x = (xy) is said to be statistically conver-
gent to the number ¢ if for each € > 0, the set

K(E)={keN: |z, - >¢c}

has asymptotic density zero, i.e.

1
limn’{keN: k<n, |z,—1{>e}|=0.
In this case we write st-limx = /£.

Notice that every convergent sequence is statistically convergent to the same
limit, but its converse need not be true.

The following definitions were giving by Mursaleen [12].

DEFINITION 1.2. Let A = (\,) be a non-decreasing sequences of positive real
numbers tending to oo and such that

Ant1 S A + 1, A1 =0.
Let K be a subset of N, the set of natural numbers. The number
oK) :1i7£rl)\1n|{kEK: n—A,+1<k<n},
is said to be the A-density of K.
If A\, = n for every n then every A-density is reduced to asymptotic density.

DEFINITION 1.3. A sequence xz = (zy) is said to be A-statistically convergent
to [ if for every € > 0, the set K(g) has A-density zero, i.e.,

1
lim | [K,()| = 0,
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where
Ky(e)={kel,: |zx—1>¢e} and I,=[n—\,+1,n]
In this case we write sty-limx = [.

Firstly, we recall the following concepts for which we refer the readers to
[7, 8, 16] for more details.

DEFINITION 1.4. A triangular norm (t-norm) is a continuous mapping
T:[0,1] x [0,1] — [0,1] such that ([0,1],7T) is an abelian monoid with unit one
and for all a,b, c € [0, 1]:
(i) T(¢,d) > T(a,b) if ¢ > a and d > b;
DEFINITION 1.5. A function f: R — Ry is called a distribution function if it is
non-decreasing and left-continuous with tinﬂg f(t) =0 and sup f(¢t) = 1.
€ teR

By D, we denote the set of all distribution functions.

DEFINITION 1.6. Let X be a real linear space and v: X — D. Then the
probabilistic norm or v-norm is a t-norm satisfying the following conditions:

(i) v2(0) = 0;
(ii) vy(t) =1for allt > 0 iff z = 0;
(iil) Vaz(t) = I/x(l(il) for all « € R\ {0};
(iv) Vaiy(s+1) > T(vy(s),vy(t)) for all 2,y € X and s,t € R,
where v, means v(x) and v,(t) is the value of v, at t € R.
Remark 1.1. We can say that t-norm is a binary operation * given by
T(a,b) = axb.

Space (X, v, *) is called a probabilistic normed space (PN-space), and by a
PN-space X we mean the triplet (X, v, *).

DEFINITION 1.7. Let (X, v, %) be an PN-space. Then, a sequence z = (xy) is
said to be convergent to ¢ in probabilistic norm space X, that is, z — ¢ if for
every ¢ > 0 and 6 € (0, 1), there is a positive integer ko such that v,, _¢(g) > 1—6
whenever k > kg. In this case we write v-limx = /.

DEFINITION 1.8. Let (X, v, *) be an PN-space. Then, x = (z) is called Cauchy
sequence in probabilistic norm space X, if for every e > 0 and 6 € (0,1), there
is a positive integer ko such that v,, ., (e) > 1 —0 for all j, k > k.

DEFINITION 1.9. Let (X,v, ) be an PN-space. Then, z = (z}) is said to be
bounded in probabilistic norm space X, if there is 7 € R such that v, (r) > 16,
0<6<1.

We denote by ¢4 the space of bounded sequences in P N-space.
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2. Double \-statistical convergence in PN-space

In this section we study the concept of A-statistically convergent sequences
in probabilistic normed spaces. Before continuing with this paper we present
the definition of density and related concepts which form the background of the
present work.

By the convergence of a double sequence we mean the convergence on the
Pringsheim sense that is, a double sequence x = (xy;) has Pringsheim limit L
(denoted by P-limx = L) provided that given ¢ > 0 there exists N € N such
that |x; — L| < € whenever k,1 > N ([13]).

We now recall the definition of density and related concepts which form the
background of the present work.

Let K C NxN be a two-dimensional set of positive integers and let K (m,n) be
the numbers of (k,[) in K such that & < m and ! < n. Then the two-dimensional
analogue of natural density can be defined as follows [11].

The lower asymptotic density of the set K C N x N is defined as

J2(K) = liminf K(m, n)
m,n mn

In case the sequence (K (m,n)/mn) has a limit in Pringsheim’s sense then we
say that K has a double natural density and is defined as

K
im T 5.
monmn
For example, let K = {(i%,j%) : i,j € N}. Then
K
5a(K) = tim B P) oy, VIV
m,n mn m,n MmN

i.e. the set K has double natural density zero, while the set {(z, 25): 4,5 € N}
has double natural density 1/2.

DEFINITION 2.1. A real double sequence z = (zy;) is said to be double statis-
tically convergent ([11]) to the number ¢ if for each € > 0, the set
{(k,l) D kIeEN, k<m, I <n, |z —{ ZE}

has double natural density zero.
We denote the set of all double statistically convergent sequences by sts. In
this case we write sto- lllcr? T =4

DEFINITION 2.2. Let (X, v, *) be a PN-space. We say that a double sequence
x = (x) is said to be double statistically convergent to ¢ in probabilistic norm
space X (for short, S("N)_convergent), if for every e > 0 and t € (0,1),

S({(k,1): k,JleN, k<m, 1 <n, vg,—(e)<1—t})=0
102
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or equivalently
S({(k,1): kIEN, k<m I<n, vy,e(e) >1-1}) =1

In this case we write x5 — £ or SEN)-lima = ¢, and denote the set of all
S-convergent double sequences in probabilistic normed spaces by (.5),.

In this paper, we introduce the concept of double A-statistical convergence of
sequences in PN-Spaces.
The idea of A-statistical convergence of single sequences in PN-spaces was
studied by Alotaibi [1].
First we define the concept of A-density:
Let A = (\,) and p = (um) be two non-decreasing sequences of positive real
numbers each tending to co and such that
Ant1 < Ap+ 1, A =0
and
HBm+1 < fom + 1, p1 = 0.
Let K € N x N. The number
1
S5 (K)=P-lm - |{kel,, l€Jn: (ki) €K}
n,m )\nm

is said to be the A\-density of K, provided the limit exists, where A\ = A fim
We now ready to define the double A-statistical convergence.

DEFINITION 2.3. A double sequence 2 = (xy;) is said to be double \- statisti-

cally convergent or S5-convergent to ¢ if for every € > 0,

P-lim; kel ledn: lap—1 >c}|=0.

n,m Anm

In this case we write Sx-limxz = £ or zj R ¢(S5) and we denote the set of
all double S5-statistically convergent sequences by (S5 ).

If \pm = nm, for all n, m, then the set of S5-convergent sequences reduces
to the space st?.
Now we define the S5-convergence in PN-space.

DEFINITION 2.4. Let (X, v, *) be a PN-space. We say that a double sequence
x = (xg) is said to be Sx-convergent to ¢ in probabilistic norm space X (for

short, S;PN)—convergent), if for every € > 0 and ¢t € (0,1),
S5({k €ln, 1€ Jm : Vagy—t(e) <1 —1t}) =0
or equivalently
6x({k €1, L€ It Voy—e(e) >1—1t}) =1
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In this case we write 3 — £(S5) or S§PN)—limx = ¢, and denote the set of
all Sx-convergent double sequences in probabilistic normed spaces by (S5)..

THEOREM 2.1. Let (X,v,*) be a PN-space. If a sequence x = (xx;) is a double

\-statistically convergent in probabilistic normed space X, then S;PN)—limit 18
unique.

Proof. Suppose that S;PN)—lim:L‘ = {1 and S/E\PN)—limx = /{y. Let ¢ > 0 and
t > 0. Choose s € (0,1) such that (1 —s)* (1 —s)>1—t. Then we define the
following sets as

Ki(s,e) ={k €I, 1 € Jp: Vgy—0,(e/2) <1 —s},
Ko(s,e) ={k €I, L € Jp i Vay—1,(e/2) <1 —s}.

So that we have d5(K1(s,¢)) = 0 and d5(K2(s,e)) =0 for all e > 0. Now let
Ks(s,e) = K1(s,e) U Ka(s,¢).
It follows that d5(K3(s,e)) = 0, which implies
I5(Nx N\ K3(s,¢)) = 1.
If (k,1) e Nx N\ Ks(s,¢e), we have

Ve, —t, (5) = V(€1*Ikz)+($kz*€2)(5/2 + 5/2)
2 Vgt (5/2) * Vg —Lo (5/2)
>(1—8)x(1—s)>1—t.

Since t > 0 was arbitrary, we get vy, g, (¢) = 1 for all € > 0, which gives ¢; = ¢5.
Hence SE\PN) limit is unique.
This completes the proof of the theorem. O

THEOREM 2.2. Let (X,v,*) be a PN-space. If a sequence x = (xy;) is a double
statistically convergent to £ in probabilistic normed space X, then S;PN)—lim:z:

=0 if

P-limint " > 0. (2.1)
nm nm

Proof. For given e > 0 and ¢t € (0,1),
{k<n, 1<m: vy,—e(e) <1—t} D{k€l,, 1€ Jn: vy,—o(e) <1t}
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Therefore,
1
nm{k <n, l<m: vy,,_e(e) <1t}
1
> nm{k €ln, L€ Jmt Vgyy—e(e) <1—1t}
A 1
> o Xnm{k €ln, 1€ Jm i Vg, (e) <1 —1t}.
Taking the limit as n, m — oo and using (2.1), we get SE\PN)—Iim;L’ =/ d

THEOREM 2.3. Let (X, v,*) be a PN-space. Ifv-limx = ¢ then S;PN)- limz =¢.
But converse need not be true.

Proof. Let v-limx = ¢. Then for every t € (0,1) and € > 0, there is a couple
(ko,lo) € N x N such that v,,,_¢(e) > 1 —t for all k > kg, I > ly. Hence the set
{kel, l€Jn: vy,—e(c) <1—t} has natural density zero and hence

6x({k €In, L€ It Vpy—e(e) <1—1t}) =0,
that is, S§PN)—limx =/.
For converse, we construct the following example:

Ezample 2.1. Let (R, |-|) denote the space of real numbers with the usual norm.
Let a xb = ab and v,(e) = 6+E|w|’ where z € X and € > 0. In this case, we
observe that (R, v, x) is a PN-space. Define a sequence x = (zx;) by

(k,1), for n— [\/)\n] +1<k<n and
Ty = m— [\pum | +1<1<m (k1€N);
0, otherwise.
It is easy to see that, this sequence is Sy-convergence to zero in PN-space, i.e.,
T —> 0(S5), while xy, 5 0.
This completes the proof of the theorem. O

THEOREM 2.4. Let (X, v, %) be a PN-space. Then, S§PN)-limx = £ if and only
if there exists a subset K = {(kn,ln) ki <k <. lh<la< } C NxN
such that 05(K) =1 and v- lim xg,; =¢.

n—oo

Proof.
Necessity. Suppose that S;PN)—lim:z; = /. Then, for any ¢ > 0 and s € N, let

1
K(s,e) = {k €ly, L€ Jpm: Vgpy—u(e) <1-— s}’
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and
M(s,e) = {k €L, 1€ Jm: ey it(e)>1— ;}.
Then §5(K(s,e)) =0 and
M(1,e) D M(2,e) D--- D M(i,e) DM(i+1,e)D... (2.2)
and
05 (M (s,¢e)) =1, s=1,2,....
Now we have to show for (k,1) € M(s,¢€), z = (x) is v-convergent to £. Suppose
that for some (k,l) € M(s,e), the double sequence x = (zy;) is not v-con-
vergent to £. Therefore there is ¢ > 0 and are positive integers Iy, ko such that
Up—e(e) <1 —t foralll >y, k > ko. Let vy,,—¢(e) > 1 —t for all k < ky,
l <lp. Then
65 ({k €In, L € It Vgy—e(e) >1—1t}) =0.
Since t > i, we have
65(M(s,€)) =0

which contradicts (2.2). Therefore x = (x;) is v-convergent to £.

Conversely, suppose that there exists a subset K = {(kn, In): k1 <ky<...;
li <l < ...} € NxN such that 05(K) = 1 and v- (klgnkal =/, there exists

e
N € N such that for every ¢t € (0,1) and € > 0
Vg —e(e) >1—1t, for all k,1> N.
Now
M(te)={k el 1 € Jm: vy,—i(c) <1—t}
CNxN—{(knt1,In11), (Engas Ins2),-- -}

Therefore 65 (M(t,e)) <1—1=0. Hence SE\PN)-Iimx =/
This completes the proof of the theorem. O

In the next we now define double A-statistically Cauchy sequence in proba-
bilistic normed space.

DEFINITION 2.5. Let (X, v, *) be a PN-space. Then, a double sequence = ()
is said to be S5-Cauchy in PN-space X if for every € > 0 and ¢ € (0, 1), there
exist N = N(e) and M = M () such that

O3({k € I, L€ Tt Voymaun () S1—1}) =0.

THEOREM 2.5. Let (X,v,*) be a PN-space and 0., be any double lacunary
sequence. Then, a double sequence x = (k) is S§PN)—convergent if and only if

it 1s S§PN)-Cauchy in probabilistic norm space X.
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Proof. Let x = (zx) be S;PN)—convergent to ¢, i.e., S;PN)—lim:z; = (. Then
for a given ¢ > 0 and t € (0,1), choose r > 0 such that (1 —¢)* (1 —¢t) >1—r.
Then, we have
§x(A(t,e) =05s({k € Ln, 1€ Tt Vgp—i(e/2) <1—1t}) =0 (2.3)
which implies that
5x(A%(te)) =0x({k € In, L € T vgp—i(e/2) > 1 —t}) = 1.

Let (p,q) € A%(t,e). Then vy, _o(c) >1—t.

Now, let

B(t,e) ={k €I, L€ Jn: Voyou,,(e) <1—1}
We need to show that B(t,e) C A(t,e). Let (k,l) € B(t,e) \ A(t,e). Then we
have
Vg —ape(€) <1 =1 and Vp—0(€/2) > 1 —1,

in particular v, _¢(¢/2) > 1 —t. Then

=72 Ve, (6) 2 Vayy—0(6/2) ¥ Vg, —0(e/2) > (1 =) % (1 =) > 1 -1,
which is not possible. Hence B(t,e) C A(t,e). Therefore, by (2.3), d5(B(t,¢))
= (. Hence z is SgPN)-CauChy.

Conversely, let = (x;) be SE\PN)-Cauchy but not SgpN)—convergent. Now

kaz—fEMN(E) > Vﬂckz—ﬁ(s/z) * VIMN—4(€/2) > (1 - t) * (1 - t) >1-r,

)

since z is not S§PN -convergent. Therefore 05 (B (t,£)) = 0, where

B(t,e) = {(k,l) ENXN: vy apyn(e) <1 T}

and so 05(B(t,e)) = 1, which is contradiction, since z was S§PN)—Cauchy. Hence

2 must be S/E\PN)—convergent.
This completes the proof of the theorem. O
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