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ON Z-CONVERGENCE
IN RANDOM 2-NORMED SPACES
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ABSTRACT. Recently the concepts of statistical convergence and ideal conver-
gence have been studied in 2-normed and 2-Banach spaces by various authors.
In this paper we define and study the notion of ideal convergence in random
2-normed space and construct some interesting examples.
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1. Introduction and preliminaries

The idea of statistical convergence was introduced by Fast [4] and since then
several generalizations and applications of this concept have been investigated
by various authors. One of its generalizations is the ideal convergence or I-con-
vergence which was introduced by Kostyrko et al [11] and studied by Balcerzak
et al [2], Das et al [3], and Komisarski [12]. Recently, Karakus [10] studied the
concept of statistical convergence in probabilistic normed spaces.

The theory of probabilistic normed spaces was initiated and developed in [1],
[14], [18], [19] and further it was extended to random/probabilistic 2-normed
spaces [8] by using the concept of 2-norm [7].

Recently, statistical convergence and I-convergence have been studied in
2-Banach and 2-normed spaces in [9] and [17]. In this paper we define and study
I-convergence in random 2-normed space which is quite a new and interesting
idea to work with. For the study of statistical convergence and I-convergence of
double sequences we refere to [3], [13], [15] and [16].

2010 Mathematics Subject Classification: Primary 40A05; Secondary 46A70, 40A99,
46A99.
Keywords: t-norm, random 2-normed space, statitical convergence, I-convergence.
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DEFINITION 1.1. ([4, 5]) Let K be a subset of N the set of natural numbers.
Then the asymptotic density of K denoted by 6(K), is defined as

5(K):lim712|{k§n: ke K},

where the vertical bars denote the cardinality of the enclosed set.

A number sequence x = (xy) is said to be statistically convergent to the
number ¢ if for each ¢ > 0, the set K(¢) = {k < n : |z — ¢ > ¢} has
asymptotic density zero, i.e.

1
i <n: —l > = 0.
hrllnn|{k_n |z E]_EH 0
In this case we write st-limz = ¢.

DEFINITION 1.2. If X is a non-empty set then a family of subsets of X is called
an ideal in X if and only if

(a) D el,

(b) A,B € I implies AUB € I,

(c) For each A€ I and B C A we have B € I,
I is called nontrivial ideal if X € I # ().

DEFINITION 1.3. Let X be a non-empty set and P(X) be the power set of X.
A non-empty family of sets F' C P(X) is called a filter on X if and only if

(a) 0 & F,
(b) A,B € F implies ANB € F,
(¢) For each A € F and B D A we have B € F.

DEFINITION 1.4. A non-trivial ideal I in X is called an admissible ideal if it is
different from P(N) and it contains all singletons i.e., {z} € I for each x € X.

Let I C P(X) be a non-trivial ideal. Then a class
FI)={McCcX: M=X\A, forsome AeclI}
is a filter on X, called the filter associated with the ideal I.

DEFINITION 1.5. An admissible ideal I C P(N) is said to satisfy the condition

(AP) if for every sequence (A, )nen of pairwise disjoint sets from I there are sets
B, C N, n € N, such that the symmetric difference A,, A B,, is a finite set

for every n and |J B, € I.
neN
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DEFINITION 1.6. Let I be a non trivial ideal of N. A sequence x = () is said
to be I-convergent to L € X if for each £ > 0,

{keN: |z, - >c} el

In this case we write I-limx = L.

2. Random 2-normed space and Z-convergence

DEFINITION 2.1. A function f: R — R is called a distribution function if it
is a non-decreasing and left continuous with 21111{; f(t) =0 and sup f(t) = 1. By
€ teR

DT, we denote the set of all distribution functions such that f(0) = 0.

If a € R}, then H, € D, where

Ho(t) = 1, if t> a;
U o, if t<a.

It is obvious that Hq > f for all f € D™T.

A t-norm is a continuous mapping *: [0,1] x [0, 1] — [0, 1] such that ([0, 1], *)
is abelian monoid with unit one and c¢*xd > ax b if ¢ > a and d > b for all
a,b,c € [0,1]. A triangle function T is a binary operation on D' which is
commutative, associative and 7(f, Hy) = f for every f € DT.

In [7], Gahler introduced the following concept of 2-normed space.
DEFINITION 2.2. A 2-normed space is a pair (X, |-,-||), where X is a linear
space of greater than one and ||-,-||: X x X — R such that

(i) ||z, y|| = 0 if and only if x and y are linearly dependent,

(i) llz,yll = lly, |,
(ii) flaz, yll = [al]lz, ] for a € R, and
(iv) [l +y, 2| <z, 2] + ||y, 2|l for all z,y,z € X.
Ezample 2.1. The usual 2-norm on X = R? is |z,y| = |v1y2 — 2201|, © =
(z1,22), ¥y = (y1,92)-
Recently, Golet [8] used the idea of 2-normed space to define the random

2-normed space.

DEFINITION 2.3. Let X is a linear space of greater than one, 7 a triangle, and
F: X x X — D*. Then F is called a probabilistic 2-norm and (X, F,7) a
probabilistic 2-normed space if the following conditions are satisfied:
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(2.3.1) F(z,y;t) = Hp(t) if x and y are linearly dependent, where F(x,y;t)
denotes the value of F(z,y) at t € R,

(2.3.2) F(x,y;t) # Ho(t) if x and y are linearly independent,

(2.3.3) F(z,y;t) = F(y,x;t) for all z,y € X,

(2.34) Flazx,y;t) :]-'<x,y; Q) for every t >0, « 20 and z,y € X,
(2.3.5) Flx +y,z;t) > T(]-'(:z:,z;t),]:(y, z;t)) whenever x,y,z € X.

If (2.3.5) is replaced by

(2.3.5)" F(x + y,z;t1 + ta) > Flx,z;t1) * F(y, z;t2) for all x,y,z2 € X and
ti,to € Rg,

then (X, F, ) is called a random 2-normed space (for short, RTNS).
Remark 2.1. Note that every 2-normed space (X, ||, ||) can be made a random
2-normed space in a natural way, by setting

(i) F(x,y;t) = Ho(t — ||z, y||), for every z,y € X, t > 0 and a*b = min{a, b},
a,b e 0,1];

(ii) F(z,y;t) = t+”’; ol for every z,y € X, t >0 and a*xb = ab for a,b € [0, 1].

Quite recently, Mursaleen and Mohiuddine [16] studied the concept of ideal

convergence in intuitionistic fuzzy normed space. Now we define the concept of
convergence and I-convergence and I*-convergence in RTN space:

DEFINITION 2.4. Let (X, F, ) be a RTN space. A sequence z = () is said to
be convergent (or F-convergent) to £ in (X, F,*) if for every € > 0, 6 € (0,1),
there exists a positive integer ko such that F(xp — & 2z;¢) > 1 — 6 whenever
k > ko. In this case we write .F—lillcn zr = & and £ is called the F-limit of

x = (zg).

DEFINITION 2.5. Let (X, F, ) be a RTN space. A sequence z = () is said to
be I-convergent to & in (X, F, ) if for every € > 0, 6 € (0,1) and nonzero z € X

{keN: Flzr—&26) <1-0} €1,

or equivalently
{keN: Flap—&2e) >0} € F(I)
and we say that z is I(RTN)-convergent to &.
In this case we write I(RTN)-limx = ¢, and € is called the I(RTN)-limit of x.
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DEFINITION 2.6. Let (X,F,x) be a RTN space. We say that a sequence
x = (z1) of elements in X is I*-convergent to £ € X in (X, F,*) if there exists
a subset K = {ky, : k1 < ko < ---} of N such that K € F(I) (i.e. N\K € I)
and y—linrzn zg, = &. In this case we write I*(RTN)-limx = &, and £ is called the

I*(RTN)-limit of x.

3. Main results

We prove the following results:

THEOREM 3.1. Let (X,F,*) be a RTN space. If a sequence x = (xy) is
I(RTN)-convergent, then I(RTN)-limit is unique.

Proof. Suppose that I(RT'N)-limz = & and I(RT'N)-limx = &. Givene > 0
choose r > 0 such that (1—7)* (1 —r) > 1—¢e. Then, for any ¢t > 0 and nonzero
z € X, define the following sets as:
Kz (rt) = {nEN f(:l;n—fl,z;t)gl—r},
Kr,(r,t) ={neN: F(z, —&,2t) <1—r}.
Since I(RT'N)-limx = &, we have K, (r,t) € I. Similarly I(RTN)-limz = &
implies that Kz, (r,t) € I. Now let Kz(r,t) = Kz, (r,t) U Kx,(r,t). Then
from the definition of I, Kx(r,t) € I and hence its compliment K%(r,t) is a
nonempty set which belongs to F'(I). Now if k& € N\Kx(r,t), then we have
Fl& =&, zit) > Flan — &,z 5« Fon — &0, 8) > —r)xs(1-r)>1—e.
Since € > 0 was arbitrary, we get F (& — &2, 2;t) = 1 for all ¢ > 0 and nonzero
z € X. Hence & = &. O

THEOREM 3.2. Let (X, F,x) be a RTN space. If F-limx = £ then [(RTN)-lim x
= &. But converse need not be true in general.

Proof. Let F-lima = £. Then for every € > 0, t > 0 and nonzero z € X, there
is a positive integer N such that

F(xn —5 zit)>1—¢

for all n > N. Since the set A(e) := {k € N: F(ap —&2t) < 1—¢} C
{1,2,3,...} and the ideal I is adm1881ble A(e) € I. Hence I(RTN)-limz =

The following example shows that the converse need not be true.
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Ezample 3.1. Let X = R? with the 2-norm ||z,z| = |r120 — 2221], ©* =
(x1,22),2 = (21,22), and a x b = ab for all a,b € [0,1]. Let F(x,z;t) = t+\|§c 2l
for every x,z € X, z9 # 0, and t > 0. Now we define a sequence z = (z) by
(k,0); if k=n2 neN,
Ty 1=
(0,0); otherwise;
and write
Kn(e,t):={k<n: Flzr—&2zt) <1—¢}, 0<e<1; £=(0,0).

We see that
¢ if k=n? neN;
Flxp — &, z;t) = { tHk=’ ’ ’
( ) { 1, otherwise;
and hence
0, if k=n%neN;
1, otherwise;

lilzn]-'(xk — &, 2;t) = {

Therefore © = (xj) is not convergent in (X, F,x). But if we take [ = I5 =
{ACN: §(A) = 0}, then since K, (e,t) C {1,4,9,16,...}, 6(Kn(e,t)) = 0,
that is [(RTN)-limz = €.

THEOREM 3.3. Let (X, F,*) be a RTN space. Let I(RTN)-limz = & and
I(RTN)-limy = &. Then

(i) I(RTN)-lim(x £y) =& £ &.

(ii) I(RTN)-limax = a&, o € R.
FEasy to prove.

THEOREM 3.4. Let (X,F,*) be a RTN space. If I*(RTN)-limx = & then
I(RTN)-limz = ¢£.

Proof. Suppose that I*(RTN)-limz = ¢. Then K = {k‘m Dk < ko < } €
F(I) (i.e. N\K = H (say) € I) such that F-limzy, = &. But then for eache > 0

and t > 0 there exists a positive integer N such that F(xg, —&,2;t) > 1—¢
for all m > N. Since {kn, € K : F(xp, — & 2;t) < 1— ¢} is contained in
{k1 < ky < -+ < kny—_1} and the ideal I is admissible, we have

{km € K: Flay, —&2t) <1—e} el

Hence

{kEN: Flrp —&,2;t) < 1—5} CHU{ki <ky<---<kn_1}€1I
for all e > 0 and t > 0. Therefore, we conclude that I(RTN)-limz = &. O
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Remark 3.1. The following example shows that the converse of Theorem 3.4
need not be true.

Example 3.2. Let X = R?, with the 2-norm ||z, z|| = |x122 — X221, ¥ = (1, T2),
z = (z1,22), and a x b = ab for all a,b € [0,1]. Let F(z,z2;t) = t+\|§? ol for every
z,y€e X, t>0.

Then (X, F,x) is a RTN space. Let N = [JA; be a decomposition of N

J
such that for any n € N each A; contains infinitely many j’s where j > n and
A;NA, =0 for j #n. Now we define a sequence z = (z,,) by z, = (},0) if

1
j
n € Aj. Then F(x,,z;t) = t+\|9§n y| — Lasn — oo. Hence I(RTN)-limz = 0.

Now suppose that I*(RTN)-lim z,, = 0. Then there exists a subset K = {n; :

ny < ng < ---} of N such that K € F(I) (i.e. N\ K = H (say) € I) such that
F-limz,, = 0. Since K € F(I) there is a set H € I such that K = N\H. Now,
J

p
from the definition of I, there exists, say p € N such that H C ( U An). But
n=1

Apy1 C K, and therefore z,,; = (p}H,O) > (0,0) for infinitely many n;’s from
K which contradicts F-lim z,,, = 0. Therefore the assumption [*(RT'N)-lim z,,
] n

= 0 leads to the contradiction. Hence the converse of the theorem need not be
true.
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