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ABSTRACT. We establish a stability result concerning the functional equation:
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in a large class of complete probabilistic normed spaces, via fixed point theory.
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1. Introduction

The study of stability problems for functional equations is related to a ques-
tion of Ulam [27] concerning the stability of group homomorphisms, affirmatively
answered by Hyers [7] and further generalized by Aoki [1] for additive mappings
and by Rassias [24] for linear mappings. The notion of the Hyers-Ulam-Rassias
stability for a functional equation originates from the paper of Rassias [24].
There is a vast literature concerning the Hyers-Ulam-Rassias stability of func-
tional equations. For some information on such problems the interested reader
is referred to the papers [3, 5, 8, 9, 11, 25]. The notion of fuzzy stability of the
functional equations has been introduced in [20], and developed in the recent
papers [2], [13]-]22].

Radu [23] pointed out that a fixed point alternative method can be success-
fully used to solve the Ulam problem. The fixed point method in the study of

2010 Mathematics Subject Classification: Primary 54E40; Secondary 39B82, 46S50,
46540.
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the probabilistic stability of functional equations firstly appears in [17]. In [14]
and [15] a fixed point theorem of Luxemburg and Jung is used in order to prove
the probabilistic stability of some functional equations. In this paper we apply
the fixed point method to investigate the Hyers-Ulam-Rassias stability for the
functional equation:

Zf mx; + Z T; +f<2x1>—2f<2mxt>, (1.1)
i=1 G=1, 54 i=1 i=1

where m > 2 is a given integer and the unknown is a mapping f from a real
linear space to a Menger probabilistic ¢-normed space (the notion of Menger
probabilistic (-normed space has been recently introduced in this journal by
Golet [6]). We note that a mapping f: X — Y satisfies (1.1) if and only if it is
additive ([4]).

A function F': R — [0, 1] is called a distribution function if it is non-decreasing

and left continuous with sup F'() = 1 and gnﬂg F(t) = 0. The class of all dis-
teR €

tribution functions F with F(0) = 0 is denoted by DT. By &g is denoted the
distribution function defined through

0 0, t<0,
6 =
0 1, t>0.

DEFINITION 1.1. A mapping T: [0,1] x [0,1] — [0,1] is a triangular norm
(briefly, a t-norm) if T' satisfies the following conditions:
(i) T is commutative and associative;
(i) T(a,1) =a for all a € [0,1];
(iii) T'(a,b) < T(c,d) whenever a < ¢ and b < d (a,b,c,d € [0,1]).

Two typical examples of continuous t-norms are T, (a,b) = max(a + b — 1,0)
and T (a,b) = min(a,b).

The concept of Menger probabilistic ¢-normed space has been introduced by
Golet, in [6].

Let ¢ be a function defined on the real field R into itself, with the following
properties:

(a) @(—t) = ¢(t) for every t € R;

(b) ¢(1) =1;
(c) ¢ is strictly increasing and continuous on [0,00), ¢(0) = 0 and
ahﬁlgo (o) = 0.
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Examples of such functions are:

2t2n

o) =1ty ) =[t]", pe(0,00);  (t)= ]+ 1 (n € N).
DEFINITION 1.2. ([6]) A Menger probabilistic p-normed space is a triple
(X,v,T), where X is a real vector space, T is a continuous t-norm, and v is

a mapping from X into D such that the following conditions hold:

(PN1) v, (t) = eo(t) for all t > 0 if and only if = 0;

)
(PN2) va,(t ( )forallxlnX a#0andt > 0;
>

t
(a)
(PN3) vpyy(t+5) > T(ve(t), vy(s)) for all z,y € X and t,s > 0.

From (PN2) it follows that v_,(t) = v, (t) (z € X, ¢ > 0).
We note that probabilistic ¢-normed spaces include, in a natural way,

p-normed spaces ([6]).

If (X,v,T) is a Menger probabilistic p-normed space under a continuous
t-norm 7" such that T' > Ty, then

YV ={V(e,N): >0, Ae(0,1)}, Ve ) ={zeX: v(e)>1-)}

is a complete system of neighborhoods of null vector for a linear topology on X
generated by the ¢-norm v ([6]).

DEerFINITION 1.3. Let (X,v,T) be a Menger probabilistic p-normed space.

(i) A sequence {z,} in X is said to be convergent to z in X in the topology
7 if for every t > 0 and € > 0, there exists positive integer N such that
Vg, —z(t) > 1 — ¢ whenever n > N.

(ii) A sequence {z,} in X is called Cauchy in the topology 7 if, for every t > 0
and € > 0, there exists positive integer N such that v, _, (t) > 1—¢
whenever n > m > N.

(iii) A Menger probabilistic ¢-normed space (X, v, T) is said to be complete if
and only if every Cauchy sequence in X is convergent to a point in X.

The notion of generalized metric space has been introduced by Luxemburg
n [12], by allowing the value +oo for the distance mapping. In the proof of our
main theorem we use the following fixed point theorem in generalized metric
spaces [10] (also see [14]).
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LEMMA 1.4 (Luxemburg-Jung theorem). ([10]) Let (X,d) be a complete
generalized metric space and A: X — X be a strict contraction with the Lipschitz
constant L € (0,1), such that d(xg, A(zg)) < 400 for some zg € X. Then A
has a unique fized point in the set Y = {y € X : d(zo,y) < oo} and the
sequence (A" (x)), oy converges to the fived point x* for every x € Y. Moreover,
d(zo, A(xg)) < 0 implies d(x*, o) < 1EL.

Let X be a linear space, (Y,v,T)) be a complete Menger probabilistic
p-normed space and G be a mapping from X xR into [0, 1], such that G(z,-) € D4
for all z. Consider the set E := {g: X —=Y: g0)= 0} and the mapping dg
defined on F x FE through

da(g,h) = inf{a ceRt: Vg(z)—h(z)(at) > G(x,t) for all x € X and ¢ > 0}

(1.2)
where, as usual, inf ) = +oo.

The following lemma can be proved as in [13]:

LEMMA 1.5. (cf. [13, 17]) dg is a complete generalized metric on E.

2. Probabilistic stability of the functional equation (1.1)

For convenience, we use the following abbreviation for a given mapping
[ X =Y

m

Df(:z:l,...,xm)::Zf mx; + Z xj +f<in>—2f<mei>
i=1 i=1

i=1 j=1, j#i
forallz; € X (1 <j<m).
THEOREM 2.1. Let X be a real linear space, (Y,v,Ty) be a complete Menger

probabilistic p-normed space and let f: X — Y be a ®-approximate solution of
the equation (1.1), in in the sense that

VD f(arszm) () = (21, ) () (21,2 €X, t>0),  (2.1)
where ® is a mapping from X™ to DT.
If
(3 € (0,¢(m))) (Vo € X)(Vt > 0)(®(ma,0,...,0)(at) > ®(,0,...,0)(t))
(2.2)

and
n—oo

lim @(mnxl,...,m”xm)< (tl )) =1 (x1,...e0;m € X, t>0) (2.3)
o,
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then there is a unique additive mapping g: X — Y such that
Vg(a)—f(z)(t) = @(2,0,...,0) ((p(m) — a)t) (xe X, t>0). (2.4)

Moreover,

g(x) = lim J(m")

n—o0o mm

(x € X).

Proof. By setting ; =2 and 2; =0 (2 < j <m) in (2.1), we obtain
Vmf(z)— f(ma) (1) > @(2,0,...,0)() (re X, t>0),
whence
V=1 f(ma)—f(z)(t) = @(x,0,...,0)(p(m)t) (xe X, t>0).

Let G(z,t) := ®(z,0,...,0)(¢(m)t). Consider the set E := {g: X — Y :
g(0) = 0} and the mapping d¢ defined on E x E by (1.2). By Lemma 1.5,
(F,dg) is a complete generalized metric space. Now, let us consider the linear
mapping J: E — E, Jg(z) := | g(ma). It is easy to check that J is a strictly
contractive self-mapping of E with the Lipschitz constant L = a/p(m).

Indeed, let g, h in E be such that dg(g,h) < e. Then
Vg(m)—h(x)(gt) > G(.’E,t) (.’E S X, t> 0),

whence

a
Vig(a)—Th(z) (gp(m)gt> = Vg(ma)—h(ma)(Qet) > G(mz, at) (xe X, t>0).

Since G(mzx, at) > G(z,t) forallz € X and t > 0, then v4(2)— sn(a) (W("‘m) 515)
> G(z,t) (xr € X, t>0), that is, dg(g,h) < e = dg(Jg,Jh) < o(m) €+ This
means that

da(Jg, Jh) < dg (g, h),

Q@
p(m)
for all g,h in F.

Next, from

Vf(:p)—mflf(mx)(t) > G(xat) (x € Xa t> 0)

it follows that dg(f, Jf) < 1. By using Lemma 1.4 we deduce the existence
of a fixed point of J, that is, the existence of a mapping g: X — Y such that
g(mz) = mg(x), for all x € X.

Also, dg(f,9) < 1iLd(f, J f) implies the inequality dg(f,g) < L, from

@(m)

which it immediately follows Vg(w)*f(w)(gozon(g—)at) > G(z,t) (z € X, t > 0).
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This means that
Vg(x)*f(ac)(t) ZG(% (p(m>_at> (ze X, t>0),

whence we obtain the estimation
Vg(z)—f(x) (t) > (I)(I', 0) (((p(m) - Oé)t) (x €exX, t> 0)

Since for any x € X and t > 0,

t
da(u,v) <& = Vy(a)—v(@)(t) > G <x, 5) ,

n

from dg(J" f,g) — 0, it follows lim f(z,ix) =g(z) (z € X).
n—oo

The additivity of g can be proven in the standard way, see [14], [21]. In fact,
since Thy is a continuous t-norm, then z — v, is continuous and thus, see [26,
Chapter 12],

VDg(xl,...,x,,L)(t) = nlLH;OVDf(m,":E% ,,,,, m"z,,,,,)(t)

nm

. t
= nh%ngo VDf(mray,...m"x,) (S@( 1 )>

mn

t
> lim ®(m"zq,...,m"xy) ( )
n— 00 (mln)
= 1.
We infer that vpg(s, ... 2,,)(t) = 1 for all £ > 0, which implies
Dg(z1,...,xm) =0.

The uniqueness of g follows from the fact that g is the unique fixed point of
J in the set {h eE: go(f,h) < oo}, that is, the only one with the property

(3C € (0,00)) (Vo € X)(Vt > 0)(vg()— () (Ct) > G(x,1)).
U

COROLLARY 2.2. Let X be a real linear space, (Y, v, Tyr) be a complete Menger
probabilistic p-normed space and let f: X — Y be a ®-approzimate solution of
the equation (1.1). Suppose that

(3 € (0, p(m))) (Va1,..., 2m € X)(Vt > 0)

2.5
(®(may,...,mzy)(at) > O(z1,...,2m)(t)) (2:5)

and
nl;rrgo ap <7Ti"> =0. (2.6)
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Then there is a unique additive mapping g: X — Y such that
Vg(x)—f(z)(t) = @(2,0,...,0) ((p(m) — a)t) (xe X, t>0). (2.7)

Moreover,
g(x) = lim fm" )
n—o0o mm

(x € X).

The proof immediately follows from the remark that

t t
lim ®(m"zq,...m"x,,) ( > > lim ®(xq1,...,2m) ( > =1.
s P = ol 1)

m" m"
We note that although the condition (2.5) is stronger than (2.2), it is more
convenable to work with the condition (2.6) than with (2.3).
The next Corollary provides a Hyers-Ulam-Rassias stability result for the
equation (1.1), similar to that in [4, Theorem 2.2].

COROLLARY 2.3. Let X be a real linear space, let f be a mapping from X into a
Banach p-normed space (Y, ||-||,) (p € (0,1]) and let ¥: X™ — RT be a mapping
with the property

(Ela € (O,mp))(Vazl,...,xm € X)(\I/(m;z:l,...,mxm) < a¥(zy,... ,xm)).
If
I Df(xi,...;xm)llp S V(21,...,2Tm) (1,...,2m € X),
then there is a unique additive mapping g: X — Y such that

o) = F@ly < V@000 (@eX).
Moreover,
g(x) = lim fm") (x € X).

n—oo mm

Proof. Recall that a p-normed space (0 < p <1) is a pair (Y,||-||,), where Y’
is real linear space and || - ||, is a real valued function on Y (called a p-norm)
satisfying the following conditions:

(i) ||z|l, > 0 for all z € Y and ||z||, = 0 if and only if = 0;
(ii) ||[Az|lp = [AP||lz||p for all z € Y and A € R;
(1) 1+ gllp < ol + [yl for all 2,y € V.

A p-normed space (Y| - ||p) induces a Menger probabilistic ¢-normed space
(Y,v,Ty), through
t

t —
o= e,

and @(t) = |t[P.
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Indeed, (PN1) is obviously verified and (PN2) follows from
B t B t B t/|aP
t+lloxl,  t+laPllzl,  t/laP + ],

:%<£p>:%<w&0’

, then the inequality

Ve (t)

<

Finally, if . ! s
ALYy L tizll, = s+llylly

t+s t
ttstllzt+yl, — t+[lzlp

follows from [zl + sz, = tl|xll, + tlyllp =tz + yllp-
If we consider the induced Menger probabilistic ¢-normed space (Y, v, Thr)

and the mapping ®: X™ — DT, &(z1,...,2,)(t) = t+\II(m1t...x X then the

condition
O(mxy,...,mzy)(at) > D(x1,...,2,)(t) (Z1,...,zm € X, t>0)
is equivalent to
U(mxy,...,mxy) < a¥(r1,...,Tm) (1, ,Tm € X)

and the condition

. n Ly _
s e () =0

reduces to

lim ( @ )n =0.

n—oo \MmP
Now the conclusion follows from Corollary 2.2. a
Conclusion

We established the stability of the functional equation

if mx; + Zm: Z; —I—f(f::l;i)—Zf(f:mxi) (meN, m>2),
‘ i=1 i=1

i=1 j=1,j#i

where the unknown f is a mapping with values in a Menger probabilistic
p-normed space. As a particular case we obtained a Hyers-Ulam-Rassias stabil-
ity result for this equation when Y is a p-Banach space, similar to that in the
recent paper [4].

Acknowledgement. The authors are grateful to the Managing Editor and the
reviewer for their valuable comments and suggestions.
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