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WEAK RELATIVELY UNIFORM CONVERGENCES
ON ABELIAN LATTICE ORDERED GROUPS
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ABSTRACT. The notion of relatively uniform convergence has been applied in
the theory of vector lattices and in the theory of archimedean lattice ordered
groups. Let GG be an abelian lattice ordered group. In the present paper we
introduce the notion of weak relatively uniform convergence (wru-convergence, for
short) on G generated by a system M of regulators. If G is archimedean and M =
G7, then this type of convergence coincides with the relative uniform convergence
on (. The relation of wru-convergence to the o-convergence is examined. If G has
the diagonal property, then the system of all convex ¢-subgroups of G closed with
respect to wru-limits is a complete Brouwerian lattice. The Cauchy completeness
with respect to wru-convergence is dealt with. Further, there is established that
the system of all wru-convergences on an abelian divisible lattice ordered group
G is a complete Brouwerian lattice.
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1. Introduction

The notion of relatively uniform convergence (ru-convergence, for short) has
been applied in the theory of vector lattices (cf. the monographs [2], [15], [17])
and in the theory of archimedean lattice ordered groups (cf. the papers [1], [3],
[5], [6], [7], [14], [16]). Related notions for M V-algebras were studied in [4].

If H is an abelian lattice ordered group which fails to be archimedean, then
the definition of ru-convergence can be used for H, but it has certain rather
“pathological” properties, namely
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(i) there exists a sequence (x,,) in H such that the set of limits of this sequence
is infinite;

(ii) there exists a sequence (y,) in H such that 0 < y1 < y2... and (yn)
converges to 0 under the ru-convergence.

To avoid these patological properties, we introduce the notion of weak rel-
atively uniform convergence (wru-convergence, for short) on an abelian lattice
ordered group G generated by a system M of regulators of convergence. We
proceed as follows. The set of all positive integers will be denoted by N.

An element a € Gt will be said to be archimedean if, whenever 0 < b € G
and nb < a for each n € N, then b = 0.

Recall that a lattice ordered group G is called archimedean if all elements of
G™ are archimedean.

The set of all archimedean elements of G will be denoted by A.

Let A(G) be the ¢-subgroup of G generated by the set A. Then A(G) is a
convex (-subgroup of G having the following properties (cf. [11]):

(i) A(G) is an archimedean lattice ordered group:;

(ii) if H is an archimedean convex ¢-subgroup of G, then H C A(G).

We say that A(G) is the archimedean kernel of G.
Let b € A, (z,) a sequence in G and x € G. We say that (z,) b-converges

to x, written x,, LN x, if for each k € N there exists ng(b, k) € N such that
klz, —z| < b

holds whenever n € N, n = ng(b, k).

Let M be a nonempty subset of A. Assume that M is closed with respect to
the addition.

Let (z,) be a sequence in G and z € G. We say that this sequence
a(M)-converges to x and we write

T _>04(M) €z, (1)

if x, b & for some be M.

We denote this type of convergence as wru-convergence on GG with the system
M of regulators, or, shortly, as (M )-convergence.

If G is archimedean and if M = G, then the relation (1) is equivalent with
the condition that (x,) relatively uniformly converges to x.

Further, assume that G is archimedean and 0 < b € G. Consider the conver-
gence in G dealt with in [3] applying the fixed regulator b. Let us denote this
convergence as b-convergence on G. Put M, = {nb},en. It is easy to verify that
the b-convergence on G coincides with the convergence a(M;) on G.

A sequence (x,) in G is a Cauchy sequence with respect to the convergence
a(M) if for some b € M and each k € N there exists nq (b, k) € N such that

klx, —zm| S0
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whenever n and m are positive integers with n = ny(b, k), m = ny(b, k).

A lattice ordered group is Cauchy complete with respect to the convergence
a(M) if, whenever (z,) is a Cauchy sequence with respect to a(M ), then there
exists ¥ € G with x,, =) 7.

In the present paper, the basic properties of the a(M )-convergence in an
abelian lattice ordered group G are deduced. The relations between a(M)-con-
vergence and o-convergence are examined. The Cauchy completeness of G with
respect to a(M)-convergence is investigated. Some results of the paper [14] are
extended. We show that if G has the diagonal property, then the system of all
a(M)-closed convex ¢-subgroups of G is a complete Browerian lattice. Further,
there is proved that the system of all wru-convergences on an abelian divisible
lattice ordered group G is also a complete Brouwerian lattice.

2. Basic properties of o(M)-convergence and examples

In this section, basic properties of a(M )-convergence and some examples will
be given. As above, we apply the assumption that G is an abelian lattice ordered
group and M is as in Section 1.

The fact that the set M of regulators of convergence is closed with respect to
the addition, ensures that the results of Lemmas 2.1-2.5 can be proved in the
same way as in [6].

The first lemma establishes that limits in «(M)-convergence are uniquely
determined.

LEMMA 2.1. Let (x,) be a sequence in G and x,y € G. If x, =) = and
Tn —a(M) Y, then z =y.

LEMMA 2.2. Let (x,), (yn) be sequences in G and x,y € G. If £ = () T and
Yn —a(M) Y, then
(i) n +yn —a(M) T+ Y,
(i) =0 VYn —amn T VY,
(iii) Tn AYn —an) TAY,
kxn, — oy kx for any integer k,
ifa,be G,alz, <bforallneN, thena <z < D.

)
)
(iv)
(v)

We use the symbol F' to denote the set of all sequences in G which are Cauchy
with respect to a(M)-convergence.

LEMMA 2.3. Let (z,) be a sequence in G and x € G. If v, — o) @, then
(xn) € F.

LEMMA 2.4. If (z,) € F then (x,) is bounded.
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LEMMA 2.5. Let (x,,), (yn) € F. Then
(i) (zn+yn) €F,
(ii) (xn Vuyn) € F,

(iil) (xn Ayn) € F.

Ezample 2.6. Let us modify the previous definition of the convergence a(M) in
such a way that we do not assume all elements of M to be archimedean. Let
b € M and suppose that b fails to be archimedean. Hence there exists x € G
such that 0 < nz < b for each n € N. Let x,, = nz for each n € N. Then we
have

Tp < Tpal and klx, —0] < b

for each n € N and each k € N. Hence x,, —q(ar) 0.

Further, let m be a positive integer. If n > m, then for each k£ € N we get
0 < klxy — xm| < klz,| < b,

whence x, —4(a) Tm. Thus the number of limits of the sequence (z,,) is infinite.
We verified that we arrived at the pathological properties mentioned in Sec-
tion 1 above. This is the reason to suppose all elements of M to be archimedean.
We remark that the possibility M = {0} is not excluded; in this case, the
only oM )-convergent sequences are those which are eventually constant.
The following example shows that there exists a lattice ordered group G # {0}
with 0 being the only archimedean element; in such a case we have M = {0}.

Ezample 2.7. Consider the lexicographic product G =TI'G; (i € N), G; = Z for
each i € N where Z is the additive group of all integers with the natural linear
order (for the notion of the lexicographic product of partially ordered groups
cf., e.g., Fuchs [8]). The component of an element ¢ € G in G; will be denoted

by g(i).

Let 0 < z € G. Then with respect to the order of GG, there exists igp € N with
z(ip) > 0 and z(i) = 0 for each i € N, ¢ < ig. Let i3 € N, i3 > ig. There exists
y € G such that y(i1) =1 and y(i) = 0 for each i € N, i # i;. Hence y > 0. We
get (ny)(i1) = n and (ny)(i) = 0 for each i € N, i # i;. Therefore ny < z for
each n € N. Consequently, x cannot be archimedean, so A = {0}.

Example 2.8. Let G; be any abelian linearly ordered group, G2 any abelian
lattice ordered group, and let G be their lexicographic product. It is easy to
verify that for every set M of regulators, the relation M C {0} x G5 holds.
Assume that M # {0}.

Let (x,,) be a sequence in G and let z,, —q(ar) 0.
Let k € N. There exist b € M and ng € N such that

kElx,] <0 foreach neN, n=ng.
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Since b(1) = 0, ,(1) = 0 for each n € N, n 2 ng and k|z,(2)| = klz,|(2) =
b(2) = b. Hence x,(2) =4 () 0.

Let (yn) be a sequence in G, y € G and let y, —o ) y. The above consider-
ations entail that there exists ng € N with y,, (1) = y(1) for each n € N, n = ng
and Y, (2) —a 1) ¥(2)-

We intend now to generalize the results established in the foregoing two ex-
amples.

Let I # () be a linearly ordered set and let A; # {0} be a partially ordered
group for each ¢ € I. Suppose that G is the lexicographic product of 4;, G =T'A;
(i € I). We distinguish two cases:

(a) The set I has no greatest element. Then all A; are linearly ordered groups.
Zero element 0 is the only archimedean element of G. Hence M = {0}.
For the proof of this, a similar procedure to that in Example 2.7 can be
applied.

(b) The set I possesses the greatest element ig. Then A;, is a lattice ordered
group and A; is a linearly ordered group for each i € I'\{ip}. We have
G = Ao A;, where A =TA,; (i € I\ {ip}). Assume that M # {0}.
Concerning a (M )-convergence in G, we obtain an analogous result to that
in Example 2.8.

The direct product of lattice ordered groups is defined in the usual way. Let
G = [] Gi be the direct product of the system {G;};cr and let H be a subset of
iel
all elements g € G such that the set {i € I : g(i) # 0} is finite. Then H is an
¢-subgroup of Gj it is said to be a direct sum of the system {G;};cr; we express
this fact by writing H = > G;. If the set I is finite then [[ G; = > G;. We
iel il il
apply the notion of direct sum to investigate the a(M )-convergence.

Let I be a nonempty set and let G; be an abelian lattice ordered group for
each i € I. In the following two lemmas we assume that G is the direct sum of
G;, G => G;, M is as before. It is easy to see that M; = {bi eG;: be M} is

il
a set of archimedean elements in G;, which is closed with respect to the addition.
We consider M; as the set of convergence regulators in G;. The set of all Cauchy
sequences in G; with respect to «(M;)-convergence is denoted by F;.

LEMMA 2.9. Let (z,) be a sequence in G. If (xz,) € F then (x,(i)) € F; for
each i€ 1.

LEMMA 2.10. Let (z,) be a sequence in G and v € G. If z,, = o) * then
T (1) = o) () for eachi € 1.

Lemmas 2.9 and 2.10 are easy to prove. If I is a finite set then also the
converse assertions are satisfied. However, if I is infinite, the converses fail to
hold in general.
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Ezample 2.11. Let G = Y G; where G; = R for each i € N. Consider the se-
ieN

quence (z,) in G, 1 = (1,0,0,...), zo2 = (0,2,0,0,...), z3 = (0,0, 3,0,0,...),

4 = (0,0,0,4,0,...), .... For each i € I and any M; C G} we have

T (i) =am;) 0, but (z,) ¢ F for an arbitrary M C G™.

Let My, My C A. Assuming that the sets M; and My are nonempty and
closed under the addition, we put a(M;) = a(Ms) if and only if 2, —4ar)
implies @, —q(n,) . If M1 € My then a(M;) = a(M;), but not conversely.
We will show that the converse implication is valid for a particular type of sets
M1 and MQ.

Let M be a nonempty subset of A4 closed under the addition. We form the set

M = {b e A: (Vx = (z,) € GN)(Vaz € G)(;z:n by — Tn —a(M) ;z:)}
In 2.12-2.14, GG is assumed to be an abelian divisible lattice ordered group (for

a construction of a divisible lattice ordered group cf., e.g. [10]).

THEOREM 2.12. The set M is closed with respect to the addition.

Proof. Assume that by,by € M. We have to show that b = b1+ by € M. For
this purpose, suppose that (z,) is a sequence in G and = € G with the property

b o
Tp — x. Our aim is to prove that z, —) 2.
: b . b .
The assumption z,, — z is equivalent to |z, —x| — 0. Denoting y,, = |z, —z|,

we have y,, =2 0 for all n € N and v, b 0. Thus for each k € N there exists
ng € N with the property

ky, <0 foreach n €N, n=ng.
Hence

1 1 1
n < kb:kb1+kb2 foreach neN, n 2 ng.

Applying the Riesz decomposition property, we get

Y

where
1

bi, 0592 < by foreach neN, n=ng.

0=
=Y L

1<
n = k
Whence y. % 0 and y2 %20, The assumption yields 1 —a(r) 0 and y2 —a() 0.

By 2.2, [v, — | =yn =y} + 92 o) 0, 1€, T —o ) T O

It is easy to see that M C M, 0 € M, M is a convex subset of A, a(M) =
a(M) and that M is the greatest of all M C A, closed under addition with
a(M) =a(M).
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LEMMA 2.13. Let My and My be nonempty subsets of A closed with respect to
the addition. Then a(My) < a(Ms) if and only if My C M.

Proof. If My C M, then obviously a(M) = a(M;) < a(My) = a(M,).
In order to prove the converse implication, we assume that b; € My, (z,) is a
sequence in GG and = € G such that z,, % 4. Then Tn —Fa(M,;) T- The assumption

implies &, —q(a1,) - This shows that by € ﬂQ. (I

Let b € A. The convergence a(Mb) is said to be the principal convergence
generated by the element b.

As observed earlier in Section 1, b-convergence and «(My)-convergence coin-
cide. Then we get:

LEMMA 2.14. Let b € A. The following conditions are equivalent:

(i) zp 5 a.

(ii) = = o(ih) L

Let H be a convex {-subgroup of G, (z,,) a sequence in H and x € H. It can
happen that x, = o (iT,) T for some g € A, but there is no archimedean element
g

h € H such that z,, = (3 T

Ezxample 2.15. Let G be the set of all real functions f defined on the interval
[0,1] such that f(1) = 0. Then G is an archimedean lattice ordered group with
respect to the operation 4+ and the partial order performed componentwise. Let
H be the set of all functions f from G such that there exists 0 < x;y < 1 with the
property f(x) = 0 whenever x € [0,1], z > x¢. Then H is a convex ¢-subgroup
of G. Consider the sequence (f,(z)) with

Logfosae<1-1
fn(x) — {n = = n

0, f1-}<z=<1

and the function

oL osa<,
=0, iftz=1

We see that (f,(x)) is a sequence in H and 0 < g(z) € G\H. It is easy to

check that f,(z) 9%) 0, but there is no element 0 < h(z) in H with f,(z) "8,
Finally, we apply Lemma 2.14.
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3. Cauchy completeness of G and A(G)

Again, let G be an abelian lattice ordered group, A(G) as in Section 1 and
let M be as above. If the role of G is to be emphasized, then we write a(M; G)
rather than a(M).

We obviously have M C A(G); then from the definition of a(M;G) we im-
mediately obtain:

LEMMA 3.1. Let (z,,) be a sequence in A(G) and x € A(G). Then the following
conditions are equivalent:

(i) zn —a@na) 5
(ii) zn —a(m;a(c)) -

Order convergence (o-convergence) of a sequence (z,) in G to an element
x € G will be denoted by x,, —, x.

Also, the following assertion is easy to verify.

LEMMA 3.2. Let (z,) be a sequence in G and x € G. Then the following
conditions are equivalent:

(i) zp =0 x in G;
(ii) there exists m € N such that the sequence (Zp4y) 0-converges to x in G.

Assume that (x,,) is a sequence in G, = € G and that
Tn —a(M;G) T-
Thus there exists b € M and m € N such that
|z —2| = b

for each n € N with n = m.
Denote |x,, — x| = y,. Hence y,, € A(G) for n = m. Also,

Ym4n 7 a(M;Q) 0.

Then according to Lemma 3.1, we have
Ymtn —a(M;AG)) 0-

Assume that the lattice ordered group A(G) is either o-complete or divisible.
Then according to [14, Proposition 3.4, Proposition 3.5], we obtain that the
sequence (Ym+n) o-converges to 0 in A(G). From this and from the fact that
A(G) is a convex ¢-subgroup of G we conclude that the sequence (ym+n) 0-con-
verges to 0 in G. Then Lemma 3.2 yields that the sequence (y,,) o-converges to
0 in G. Due to the definition of y, we get that the sequence (x,) o-converges to
z in G.

Therefore we obtain:
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PROPOSITION 3.3. Let (2,) be a sequence in G, x € G and x, —q(m;G) T-
Assume that the archimedean kernel A(G) of G is either o-complete or divisible.
Then x, —, x in the lattice ordered group G.

This extends [14, Proposition 3.4, Proposition 3.5].

If G is divisible, then, clearly, A(G) is divisible as well. If G is o-complete,
then it is archimedean and hence A(G) = G. Thus from Proposition 3.3 we
infer:

COROLLARY 3.4. Let G, (z,) and x be as in Proposition 3.3. Assume that G
18 either o-complete or divisible. Then x, —, x is valid in G.

We remark that when speaking about Cauchy completeness in this section,
we always consider this notion with respect to a convergence generated by a
fixed system M of regulators.

PROPOSITION 3.5. Let M be as above. The following conditions are equivalent:

(i) G is Cauchy complete with respect to a(M);

(ii) A(G) is Cauchy complete with respect to a(M).
Proof. Let (i) be valid. From the fact that A(G) is a convex ¢-subgroup of G
we infer that (ii) holds.

Conversely, assume that (ii) is satisfied. Let (z,,) be a Cauchy sequence (with
respect to a(M)) in G. Hence there exists b € M such that for each k& € N there
exists ny € N with

klx, —xm| <0
whenever n,m = ny.
For each n € N, let us put
Yn = Tp — Tp,y -
Let us notice that
[Yn| = |2p —xp, | =D
for all n = ny. Thus (yn4n,) is a sequence in A(G). Further, as
Elyn — Ym| = klxn — py — T + Ty | = klxn — 2| S 0.
for all n,m = ng, we infer that (y,), just like (y,4n,) is a Cauchy sequence in
A(G). By (ii), there exists y € A(G) such that
Yntny “7a(M;AG)) Y-
Then ypyn, —a(m;e) ¥ and this implies that
Tntny = Yntny T Tny _>a(M) Y+ Tn,.
Consequently
Tn _>oz(M) Y+ Tn,.

Therefore (z,,) is convergent with respect to ao(M). Thus the condition (i) is
satisfied. |
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4. Dedekind completion

In the present section we deduce some results concerning Dedekind comple-
tions of lattice ordered groups. We apply the notation as in [8, Chapter §10]
with the distinction that the group operation is written additively.

We recall some relevant notions. Let G be a lattice ordered group. For each
nonempty upper bounded subset X of G we denote by U (X) the set of all upper
bounds of X; further, let X# = L(U(X)) be the set of all lower bounds of
U(X). The system of all such sets X# will be denoted by Do(G); this system is
partially ordered by the set-theoretical inclusion. For X# and Y# from Dy(G)
we put

X* 4+ Y* = (X +Y)7.
Further, let D(G) be the set of all sets X# having the property that there
exists Y# € Dy(G) with
X#* 4 Y% = {0},

Then (cf. [8]) D(G) is closed with respect to the operation +;. If we consider
the mapping G — D(G) defined by

then we obtain an embedding of G into D(G). In fact, we will identify x and
{x}#; in this way, G turns out to be an ¢-subgroup of D(G). We say that D(G)
is the Dedekind completion of G.

We denote by D the class of all lattice ordered groups G such that G = D(G).
Obviously, each complete lattice ordered group belongs to D. On the other hand,
a lattice ordered group belonging to D need not be complete. A necessary and
sufficient condition for a lattice ordered group G to belong to D is given in [9].

The notion of a generalized Dedekind completion D1(G) of a lattice ordered
group G has been introduced and studied in [11]; cf. also [12] and [13]; we recall
the relevant basic facts.

Let G be a lattice ordered group. There exists a lattice ordered group D;(G)
such that the following conditions are fulfilled:

(i) G is an ¢-subgroup of Dy (G).
(ii) D(A(G)) is an f-ideal of Dy (G).
(iii) If z € G and X is a nonempty subset of z + A(G) such that X is upper-
bounded in x + A(G), then there is g € D1 (G) with sup X = xo.
(iv) For each xy € D1(G) there exists x € G and a nonempty subset X C
z + A(G) such that X is upper-bounded in z + A(G) and xzg = sup X.

The lattice ordered group D1 (G) is said to be the generalized Dedekind com-
pletion of G. A constructive description of D;(G) was presented in [11].

696

Unauthenticated
Download Date | 2/3/17 10:51 AM



WEAK RELATIVELY UNIFORM CONVERGENCES ON LATTICE ORDERED GROUPS

In fact, D1(G) is an amalgam of lattice ordered groups G and D(A(G)) with
the common ¢-subgroup A(G). The generalized Dedekind completion D;(G) is
uniquely determined, up to isomorphisms leaving all elements of G fixed.

If G is archimedean, then D;(G) = D(G). There exists an abelian lattice
ordered group G such that D;(G) fails to be isomorphic to D(G) (cf. [13]).

ProPOSITION 4.1. (Cf. [11, Proposition 2.14].) For each lattice ordered group
G, the relation
A(D1(G)) = D(A(G))

1s valid.

We remark that since the lattice ordered group A(G) is archimedean, D(A(G))
= D1(A(G)). Thus the relation given in Proposition 4.1 can be written in the
form

A(D1(G)) = D1(A(G)).

It is well-known that the Dedekind completion of an archimedean lattice or-
dered group is a complete lattice ordered group. Hence applying Proposition 4.1
we get:

LEMMA 4.2. For each lattice ordered group G, the lattice ordered group
A(D1(G)) is complete.

Similarly as above, when speaking about Cauchy completeness, we have in
mind the convergence a(M), where M is a fixed system of regulators of conver-
gence with M C (A(G))™" (cf. Section 1).

PROPOSITION 4.3. Let G be an abelian lattice ordered group. Then D1(G) is
Cauchy complete.

Proof. In view of [6, Corollary 4.5], each complete lattice ordered group is
Cauchy complete. Thus according to Lemma 4.2, A(D;(G)) is Cauchy complete.
Now, it suffices to apply Proposition 3.5. O

Our aim is to verify that a result analogous to Proposition 4.3 is valid for the
Dedekind completion of an abelian lattice ordered group.

LEMMA 4.4. (Cf. [11, Corollary 2.19].) Let 0 # {a;}icr be a set of archimedean
elements of a lattice ordered group G. Assume that the relation \/ a; =b is
valid in G. Then b is an archimedean element of G. Tel

PROPOSITION 4.5. (Cf. [13, Proposition 3.1].) The archimedean kernel of D(G)
is the set of all elements h € D(G) with the property that |h| = sup Z for a subset
Z C AG).

From Lemma 4.4 and Proposition 4.5, we obtain by a simple calculation:
PROPOSITION 4.6. Let G be an abelian lattice ordered group. Then the relation
A(D(G)) = D(A(G))

is valid.
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PROPOSITION 4.7. Let G be an abelian lattice ordered group. Then D(G) is
Cauchy complete.

Proof. Since A(G) is archimedean, from Proposition 4.6 we get the assertion
A(D(G)) is a complete lattice ordered group. (%)

Now, it suffices to apply the same argument as in the proof of Proposition 4.3
with the distinction that (x) is used instead of Lemma 4.2. O

5. a(M)-closed convex (-subgroups

Again, let M C A, M # (). We assume that M is closed under the addition.

The set ¢(G) of all convex ¢-subgroups of GG is a complete lattice under the
set inclusion. The lattice operations in ¢(G) will be denoted by A and V. Let
{G;: i €1} Ce(G@). Then A\ G; = () G; and \/ G; coincides with the lattice

i€l il i€l

operation of join in the lattice of all subgroups of G, i.e., it is the subgroup of
G generated by the subgroups G; (i € I) of G.

Let A be a convex {-subgroup of G. Then A is called a(M)-closed if for every
sequence (z,,) in A with x, =) = in G, the limit 2 belongs to A.

The set of all a(M)-closed convex ¢-subgroups of G will be denoted by cl(G).
Let {G;: i € I} C cl(G). It is easy to check that () G; € cl(G). As G € cl(G),

i€l
the set cl(G) is a complete lattice under the set inclusion. The lattice operations
in cl(G) will be denoted by M and U; thus  G; = () G; and || G; is the set
i€l i€l iel
intersection of all convex a (M )-closed ¢-subgroups of G including the set |J G;.
i€l

Assume that A is a convex f-subgroup of G. Let {A; : i € I} be the system

of all elements of cl(G) with A C A;. Then A = () A; is the least convex
iel

a(M)-closed ¢-subgroup of G containing A as an ¢-subgroup.

The following lemma is easy to verify.
LEMMA 5.1. Let {G,;: i € I} Ccl(G). Then || Gi =V G;.

icl il
Let {G;: i € I} C cl(G). It can happen that \/ G; is different from | | G;
i€l i€l

in a(M)-convergence for some M C A.

Ezample 5.2. Let G = []| G; where G; = R for each i € N and G? = {:1; eG:
ieN
z(j) =0 foreach j €N, j# z} Then GY? is a convex a(M )-closed ¢-subgroup
of G for each M C A and for each i € N. Since H = \/ GY is the subgroup
ieN
of G generated by all subgroups GY of G, H consists of all elements z from G
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such that the set {i € N : x(i) # 0} is finite. It suffices to prove that H is
not a(M)-closed for some M C A. Consider a(M )-convergence such that the
element b= (1,1,...) € M. The sequence (z,,) with z, = (1,3,..., 711,0,0, )
for each n € N is a sequence in H and x, —q) T = (

1, ;, é,...), because
2, % x. Then z € G, but ¢ H and so H fails to be a(M)-closed.

Let A be a convex ¢-subgroup of G. We denote by A’ the set of all elements
x of G such that there exists a sequence (z,,) in A such that x, —, ) .

LEMMA 5.3. A’ is a convex £-subgroup of G.

Proof. Evidently, A’ is an f-subgroup of G. To prove that A’ is convex, as-
sume that x € A", y € G, 0 = y < x. There is a sequence (z,) in A such
that x, —onr) 2. It is easy to verify that without loss of generality we can
suppose that x,, = 0 for each n € N. Hence, (2, A y) is a sequence in A and
Tp ANY oy Ay =y,s0yc A and A’ is convex. O

In [15] there is defined a diagonal property for relatively uniform convergence
in a vector lattice. This notion can be defined analogously for a/(M)-convergence
in G. The definition is as follows.

We say that the lattice ordered group G has the diagonal property if the
following condition is satisfied:

Let (x,r) be a double sequence in G, (z,,) a sequence in G and xg € G such
that xnx —o(m) Tn for each n € N (if £ — 0o) and x, —4(ar) 0. Then for each
n € N there exists k(n) € N such that x,, yn) —+a(ar) To-

LEMMA 5.4. If G has the diagonal property for a(M)-convergence then A’ = A
for each convex £-subgroup A of G.

The proof is analogous to that in vector lattices for relatively uniform con-
vergence [15].

LEMMA 5.5. Let G possess the diagonal property. If A, B € ¢(G), then AN B
=ANB.

Proof. From AN B C A, B we infer that ANB C A,B,so ANB C ANB.
Conversely, we will show that AN B C AN B. With respect to hypothesis and
Lemma 5.4, we have to verify that A/ NB C (ANB). Let 0 <z € A/ NPB.
Then there are sequences (z,,) in A and (y,) in B such that x,, =) = and
Yn —>a(m) T in G. Similarly as in the proof of Lemma 5.3, we can suppose that
Tp,Yn 2 0for any n € N. The sequence (2, Ayy) is in ANB and &, Ay —a(ar) T
in G. This yields that z € (AN B)’. Therefore, we obtain the desired result. O

THEOREM 5.6. Let G have the diagonal property. Then the lattice cl(G) is
Brouwerian.
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Proof. Let A € cl(G) and B; € cl(G) for each i € I. We have to verify that

An <|_|B,~) = |_|(A|—|Bi)
icl iel
is valid. It is well-known that ¢(G) is a Brouwerian lattice. Using this fact
together with Lemmas 5.1 and 5.5 we obtain

AT <|_|Bi> :Am\/Bi:Am\/Bi:Am(\/Bi) =\/(AnB))
el el el el iel
= JAanB) = |(AnBy).

i€l i€l

6. The system s(G)

Let s(G) be the system of all wru-convergences on G (for all possible () #
M C A closed under the addition). It will be established that s(G) is a complete
Brouwerian lattice.

LEMMA 6.1. (Cf. [11].) Let by,by € A. Then by V by € A.
LEMMA 6.2. Let by,bs € A. Then by + by € A.

Proof. Let b1,b € A. By Lemma 6.1, by V by € A. From by,by < by V by we
get by +ba < 2(by V be). Then 2(by V be) € A implies by + bs € A. O

Let b1,...,b, € A. Applying Lemma 6.2 and by induction we obtain b; +
o+ by, € A

When dealing with regulators of a relative uniform convergence, in some sit-
uations, it seems to be more convenient to proceed without the assumption that
the set M under consideration is closed with respect to the addition.

Thus, we introduce the following definition.

Let M be a nonempty subset of A, (z,) a sequence in G and = € G. We say

that this sequence ag(M)-converges to x, written x, —qo,(ar) 2, if o, b 2 for
some b=">by +---+by, withb; e M (i=1,...,m).

Remark that ag(M)= a(M) whenever M is closed with respect to the addi-
tion.

Given ) # M C A, the symbol M will denote the set consisting of all
elements b € G which can be expressed in the form b = by + - -+ + b,,, for some
bi,...,bym € M. The set M? is closed with respect to the addition and ag(M)=
a(MY) is valid.
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Analogously to definition of M in Section 2, we define the set
M = {b cA: (Vx = (z,) € GN) (Vaf; € G) (xn by — Tn —ag (M) x)}
In 6.3-6.7, we assume that GG is an abelian divisible lattice ordered group.

LEMMA 6.3. Let ) # M C A. Then the set M is closed with respect to the
addition.

Proof. It is easy to verify that the relations

M = MO = Mo (2)
are fulfilled. By 2.12, MO is closed under the addition. Then (2) completes the
proof. O

LEMMA 6.4. Let ) # M C A. Then ag(M) = ao(M).
Proof. In view of (2) and 2.12 we have
(M) = ap(MO) = a(M®) = «(M°) = ag(M).
d
It is easy to see that M C M, 0 € M, M is a convex subset of A and that M

is the greatest of all ) # M C A, with ag(M) = ag(M).
The proof of the following lemma is analogous to that of Lemma 2.13.

LEMMA 6.5. Let MyandMsy be nonempty subsets of A. Then ao(My) < ap(Ma)
if and only if My C M.

THEOREM 6.6. The set s(G) is a complete lattice. If I is a nonempty set and
for each i € I, M; is a nonempty subset of A closed with respect to the addition,
then

(i) Aa(r)=a( N M),

i€l iel
(i) V a(M;) = a( U M)
i€l i€l
Proof.
(i) The relation A a(M;) = A ao(M;) is valid, since all sets M; are closed
iel i€l

with respect to the addition. According to Lemma 6.3, all M; are closed under

the addition, thus so does (| M;. Hence a( N Mt> = a0< N Mt> Thus we
iel iel iel

have to prove that the relation
/\ ao(M;) = aO(ﬂMz) 3)
iel iel

is valid.
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From (| M; € M;, for each i; € I and from Lemma 6.4 we deduce that
iel
a0< N Mt) < ap(M;)) = ag(M;,) for each 47 € 1.
iel

Suppose that M C A and that ag(M) < ao(M;) for each ¢ € I. Then by

Lemma 6.5, M C M; = M, for eachi € I and so ag(M) = ap(M) < ao( N MZ>
iel
because M C [ M;. Consequently, (3) is valid and hence (i) is satisfied.
iel

The convergence a(.A) is the greatest element of s(G). Hence s(G) is a com-
plete lattice; a({0}) is the least element of s(G).

(ii) By using the same argument as above we get \/ a(M;) = \/ ao(M;) and

i€l i€l

a( U Mz) = ao( U Mz) = ao( U MZ> Hence we want to show that

i€l i€l i€l

\ ao(M;) = ayg ( U Mi> (4)

iel iel
holds.
For each iy € I, M;, C |J M; is valid, so ap(M;,) < a0< U Mz) for each
i€l il
i1 €1.

Assume that M C A and ao(M;) < ag(M) for each ¢ € I. Lemma 6.5 yields
M; € M for each i € I. Hence |J M; C M. This and Lemma 6.4 imply
i€l
ao( U M:) £ ao(M) = ag(M).
i€l
Now we show that

ao(ieLJIMZ) :a(](ieLJIMi). (5)

On account of |J M; C |J M; we have a0< U MZ> < ao( U MZ> The

i€l i€l i€l i€l
inclusion M;, C |J M; for each i1 € I yields M;, C |J M; for each i; € I,
i€l il
so U M; C |J M;. Therefore a0< U MZ> < ao( U MZ> = ao( U Mz> by
i€l i€l i€l i€l i€l

Lemma 6.4, whence (5) is satisfied which completes the proof of the part (ii). O

THEOREM 6.7. The lattice s(G) is Brouwerian.

Proof. Let I be a nonempty set, M; C A for each i € I and M C A. Suppose
that all M; and M are nonempty and closed under the addition. We have to
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prove that the relation
a0 A (V a(h)) = V(@) A a(ir) 0
iel
holds.
In view of (3) and (4) we get

a(M) A < \/ a(Mi)> = ap(M) A ( \/ ao(Mi)>

iel iel
=ap(M) A« M; | =apl M| |M; ),
o(M) 0<16LJI ) 0( ZeUI )
\/(a(M) Aa(My)) = \/(Oéo(M) A (M)
iel i€l
—\/ao(MﬂMi):ao(U(MmMi))
icl el

To prove that the relation (6) is valid, it suffices to verify that a(M) A
(V a)) £ V (a(M) Aa(dy), ie. that

i€l il
Oéo(Mﬂ UM1> < Odo(U(MﬂMi)).
i€l iel
Assume that x,, —>a0 (Mm U M) x. Then xz,, o) L and x,, —>a0( U M) x.
i€l el
By Lemma 6.4 and (5), z,, — 2. Therefore there are uy,..., Uy, € M
oo (U M)
1€
and vy,...,v; € |J M; such that for each p € N there exists ng € N with the
i€l
property
plen, — x| Sur 4+ 4 up, and  plr, —z| Svr 4+ vk
for each n € N, n 2 ng. Hence
plen, — x| S (ur + -+ um) A (v1 + -+ + vg)
SUup AL+ F U AV A Uy AVL+ -+ U A
for each n € N, n 2 ng. We have uj Avg S wuj,ve (j=1,....m; £=1,...,k),
so uj Avp € M N ( U Mt) =UWMnM;)(G=1,...,m; £=1,...,k). Conse-
i€l i€l
quently, z, —>a0( AUI(MﬂMi)) x and the proof is finished. O
1€
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